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Abstract In this paper, under the Painlevé-integrable condition, the auto-Béicklund transformations in different forms
for a variable-coefficient Korteweg-de Vries model with physical interests are obtained through various methods including
the Hirota method, truncated Painlevé expansion method, extended variable-coefficient balancing-act method, and Lax

pair.
balancing-act method is testified.
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Additionally, the compatibility for the truncated Painlevé expansion method and extended variable-coefficient
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1 Introduction

Since the discovery of the soliton,!!] it has been a ma-
jor concern to study the nonlinear evolution equations
(NLEEs) and solitons.>=17] Originating from the inves-
tigation of the surfaces of constant negative curvature,
the auto-Backlund transformation provides an effective
means of constructing multi-soliton solutions for a wide
class of integrable NLEEs.!*# Recent investigations have
shown that much attention has been paid to the study of
NLEEs with variable coefficients and/or with additional
terms.[*=17]

In this paper, we would like to investigate the damped
variable-coefficient Korteweg-de Vries (veKdV) model, )

us + f(t) uuy + g(t)ugze + 1(E)u =0, (1)

aiming at constructing its auto-Béacklund transformations
through various methods under the Painlevé-integrable
condition, where the wave amplitude u(x,t) is a function
of the scaled “space” x and scaled “time” ¢, the real func-
tions f(t) # 0, g(t) # 0 and [(t) represent the coefficients
of the nonlinear, dispersive and damped terms, respec-
tively. Equation (1) can be widely used to describe the
nonlinear physical phenomena such as nonlinear excita-
tions of a Bose gas of impenetrable bosons, propagation of

weakly nonlinear solitary waves in a varied-depth shallow-
water tunnel, evolution of internal gravity waves, etc.

We notice that some other physically interesting
vcKdV models are actually transformable into the
damped vcKdV model without any constraint. For in-
stance, describing the nonlinear waves in a fluid-filled
tubel® and trapped quasi-one-dimensional Bose-Einstein
condensates,'® the following veKdV model with dissipa-
tive and damped terms

vr + f(T)vve + 9(T)veee +UTIV+g(T)v, =0, (2)

can be transformed into Eq. (1) through the transforma-
tion

xz(—/q(t)dt, t=7. w@t) =G 7). (3)

Another veKdV model with dissipative, damped and
external-force terms!23]

vr + f(T)vve + g(T)veee +UT)v+q(T)ve = h(T),  (4)
which governs the pulse wave propagation in blood vessels

and dynamics in the circulatory system,[® is also equiva-
lent to Eq. (1) with the following transformation

o(C,7) = e*f“”‘“/efl(” Whe) dt+u ),  (5)
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with Sec. 5, the auto-Bécklund transformation for Eq. (1) in
c=C— /[effl(t) dtf(t)/efl(t) dth(t) dt] dt tl.le aC(.:epted form Will.be given.. Section 6 will be the
discussions and conclusions for this paper.

- /q(t) dt, t=r, 2 Auto-Backlund Transformations in Bilin-

. _ . ear and Lax Pair Forms
where v((,7) satisfies Eq. (4), while wu(z,t) satisfies

Eq. (1).
Reference [16] has addressed that equation (1) has the
Painlevé property only when

In this section, with the help of symbolic computa-
tion,!®17 we will derive out the auto-Bécklund transfor-
mations in bilinear and Lax pair forms for Eq. (1).

Introducing

9t) = £(5) eSO o1y 4 / 7ty e S0 at] (o) _12g(1) 0%

where ¢; and ¢y are both arbitrary real constants with f(t) 0x?
c? + ¢2 # 0. Under Condition (6), we plan to construct directly into Eq. (1) with Condition (6), we can get the
the auto-Bécklund transformations for Eq. (1) through following general variable-coefficient bilinear form
various methods. . 2A'(t)

The rest of this paper is organized as follows. In Sec. 2, [Dz Dy + g(t) D] (7 - 7) + A(t) 7Ty =0, (7)
the auto-Bécklund transformations in two different forms
for Eq. (1) will be derived. In Sec. 3, the auto-Backlund
transformation for Eq. (1) will be presented through the A(t) = [01 +/e_fl(t)dtf(t)dt}
truncated Painlevé expansion method and the compatibil-
ity of such method will be testified. In Sec. 4, the auto- and the prime sign denotes the differential with respect
Bicklund transformation for Eq. (1) will be obtained by  to ¢, while D, D; and D3 are both the bilinear operators
the extended variable-coefficient balancing-act method. In  defined in Ref. [18] as

In[r(z,1)]

where in the following analysis,

0 o \m /0 o \"
DmDn . = = - )
2 Di(a-b) (Bx 895') (at 875') ol 8) b, ¢) o b=t ®)
Let 71 (x,t) and 7o (z,t) be two distinct solutions for Eq. (7), the following equation
At At
P = 7'12 [Dm Dt + g(t) Di] (TQ . 7'2) — ’7'22 [Dg; Dt + g(t) Di] (7'1 . ’7'1) + T(t))lergTQ’x — T(t)) 7'22’7'17'1’93 = 0, (9)

can be regarded as the auto-Bécklund transformation for Eq. (7) in bilinear form. By virtue of the properties of bilinear
operators,18720 P can be transformed into

Atz
2A(t)

DI} (72.71)}.(7172)+6Dz{ [g(t)Dﬁ)\(t)g%E} (72.71)}.@”1.72) =0. (10)

2Dz{ {Dt+3)\(t)Dx+g(t)D§+

Accordingly, equation (10) could be split into two parts: | where the operators L and M satisfy LU(z,t) = —A(t)

D \OD D A'(t) 5 U(z,t) and MU (x,t) = 0;Y(x,t), respectively. With sym-
[ 1+ 3AH) Do +9(1) D + 2 A(t) I} (r2-m) =0, (11) bolic computation, under Condition (6), it is easy to verify
: 2
Atz that Ly — [M, L] + N (t) = 0 with A(¢) = co g(t)/A(¢)? (co
2 _
[g(t)Dx —Alt) — 6 A(t) }(TQ ') =0, (12) is an arbitrary parameter). Equivalently, the Lax pair can

which constitute the auto-Béicklund transformation for 10 be written in the form

Eq. (1) in bilinear form, where A(¢) is an arbitrary func- B 1 A'(t)
. Vow =505 [f(t)m(x,t) -0 A(t)}xp, (16)
Furthermore, if we let /
’ 1 2A4'(t) x
ol t) = (@, U ), ap Y=gl OmEn -0+ ]
and substitute it into Eqgs. (11) and (12), the Lax pair for 1 Ouy(z,t)  A'(¢)
Eq. (1) is derived as follows: T 6 [f(t) or A(t) ]\IJ (17)
I
L =6g(t)02 + f(t)ui(z,t) — i(;)x, (14) Since 71 (z,t) and mo(z, t) are both solutions for Eq. (1)
(t) in bilinear form, hereby, the following relation
1 2A'(t) x
M = ——|f(Hur(z,t) — 2X\(t) + Z==——=10, 12 2
3 [ (D (@, 1) ®) Alt) } ug(x,t) = uy(x,t) + f(gt()t) % In[¥(z,t)], (18)
b g2t _ Al (15)
6 B A(t) 1 can also be regarded as the auto-Backlund transformation
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in the Lax pair form for Eq. (1), where property?!l when the solutions written as
wila 1) = f(t() )Y () (= 1.2). u(e,) =67 (00 S wle e, (19
while ¥(z,t) satisfies Eqgs. (16) and (17). ) ) o= .
are single-valued in the neighborhood of a noncharacteris-
3 Auto-Backlund Transformation Through tic, where J is a natural number to be determined, u;(x,t)
Truncated Painlevé Expansion Method and ¢(z,t) are both analytic functions with ug(z,t) # 0.
In this section, we will determine the auto-Backlund According to the leading-order analysis of Eq. (1), we

transformation for Eq. (1) through the truncated Painlevé  obtain the truncated Painlevé expansion as

expansion method. _ _9 _1
It is known that the necessary condition for Eq. (1) to u(z, t) =to(@, )¢~ (@, t) Fur (2, 1)~ (2, 1) +ua(z, 1) , (20)

be completely integrable is that it possesses the Painlevé  which is substituted into Eq. (1), yielding

[ Ft)uodr — 24g(t)uody”]
4[f(t)uouo » — 3f () uourds + 18g(t)ug, 202" — 69(t)urds” + 189(t)to By baa
[=2u0¢s + f(t)uruo,» + f(E)uour,» — f(H)ur’¢a — 2 f(t)uouads
+ Gg(t)ul 22’ = 69(t)Patto, 2w — 69(t) 0 2 Paz + 69(1) U1 GrPaz — 29(t) U0 Pra]
¢ 2 [1(t)uo + uo, ¢ — w1y + f(t)uguo, o + f(E)urts, ox + f(t) ot o — f(E)urusd,
- 39(15)(25 U1, gr — 39(A)U1 2 Pzx + 9(E)U0, 22z — 9(E)U1Prra]
T +ur, e+ fQusun, o + fF(E)urus, o + g(t)ur, aa)
+ g, + f(H)uguz, » + g(t)uz, vor +1(t)uz = 0. (21)

Let the coefficients of ¢ > and ¢~* in Eq. (21) be zero, Secondly, let ¢(z,t) = v1(x,t)/12(x,t) and require

we know that i(z,t) (i =1,2) to satisfy the following scattering prob-
12g( ) 12g( ) lem:
U/O(xvt) - QS ) u1($7t) . (22)
Thus, the truncated Painlevé expansion (2 ) becomes bie = V(@ )i o + Wz, s, (30)
u(z,t) = ug(z,t) + 129(t) (0 ¢z » (23)  where U(z,t), V(x,t), and W (z,t) are all real functions
f@®) of z and t to be determined.
which constitutes the auto-Backlund transformation for Introducing ¢(x,t) = 1 (z,t)/v2(x,t) into Eq. (28),
Eq. (1), while us(z,t) is a solution for Eq. (1) and ¢(x,t)  we have
ot Al(t
satisfies , , V=29t U+ ((t))x =o(t). (31)
¢r¢t + f(t)u%bm - 3g(t)¢x1 + 4g(t)¢x¢mxx = Oa (24)
'(t) The compatibility of Egs. (29) and (30), i.e., ¥; g0t =
(bwt + f(t>u2¢wa: + g(t)¢wa:$:c + m(bw =0. (25) wi,tmx (’L = 1, 2) giVGS rise to
In the following analysis, with the help of Schwarzian Uy =VUr +2UVy + Wee, (32)
derivative-scattering method,?? we will testify the com- 1
patibility of Egs. (24) and (25). 2
Firstly, eliminating uz(z,t) in Eqgs. (24) and (25) yields ~ Substitution of Eqs. (31) and (33) into Eq. (32) yields
& A'(t) A'(t)
t)H ,t = 0, 26 = T T TTT
S| S+ ot + ] (26) U= 69(8) U Us = 9(t) Usea — 352U
with A'(t)
- . 4)
¢zm 1 ¢mx 2 + Mo (t)Ua: 2 U (3
Mo oo} = 2(2)-4(E=) @ 0
2 bz Finally, we assume
where {¢ : 2} is called the Schwarzian derivative.[??! Inte- f(t
grating Eq. (26) with respect to z, we have Ula,t) = 6g(t @ t) +Y(2,1),
Al (t . . . .
Pt +g(t) H(z,t) + A( )x = no(t), (28) and substitute it into Eq. (34), yielding
2 (t) 1 A1)

where 70(t) is an integration function of t. Y(a,t) = 6g(t) LA®) T+ 6770(”} ’ (35)
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! . .

Uz, t) = — 1 {f(t)u(:c,t) A1) - 6770(75)} . (36) . Furthermore, by choosing )\.(t) = co-g(?f)/A(t)2 with ar-

69(t) A(t) bitrary parameter ¢y and substituting it into the Lax pair

where u(x,t) satisfies Eq. (1). From Egs. (31) and (33),
we obtain

Ve, t) = —% [Feyute,t) + 2’;11/((:)) r12m®)], G
W) = g (0252 22 . o)

where 71 (t) is an integration function of .

We note that if the integration functions 7o (¢)
—6A(t) with arbitrary function A(t) and ()
—A'(t)/2A(t), then equations (29) and (30) become

e =~ [F(Oule.t) - ‘j((f)) z+A)]wi,  (39)
via = = [Fute) - 20+ 20w
1 ou(z,t)  A(t)
5O~ T v (40)

which are just the Lax pair for Eq. (1) and identical to
Egs. (16) and (17).

(39) and (40) under Condition (6), we have
—eJ® i (a, 1)
6ca A(t)
X g+ f (D) uttgtg(t) Ugea +1(t)u] = 0.(41)
Hereby, the compatibility of Eqgs. (24) and (25) is testified.

wi,xxt - ¢i, tex —

4 Auto-Backlund Transformation Through
Extended Variable-Coefficient Balancing-
Act Method
We know that the extended variable-coefficient ba-

lancing-act method is an effective means to construct

the auto-Bécklund transformation for a given system of

NLEEs."®! So, utilizing such method, we can seek for the

general auto-Bécklund transformation for Eq. (1) in the

form
82
u(w,t) = k(t)wF[Lp(a)‘, )] +uo(w,t),
where k(t), F(p), p(z,t), and ug(x, t) are all differentiable
functions to be determined.
Substituting Eq. (42) into Eq. (1) yields

(42)

1(t)uo + uo, ¢ + f(t)uouo, o + k() 1(t) F"p.” + K (£) F"0.” + k(t) F® g, ¢,
+ FORE)F w0 002> + FORE)uoF P, + F(O)k(E) F"F®p,® + g(t)k(t) F P,
+ 2k(t) F" 0uput + k(L) F oz + F'K (£)p0n + k() F 010z + f(£)k(t) F 0 200
+ 3 (kU0 F 0o pre + 3F (R F"* 2% pue + F(O)R()?F FO 0,0,
+ 10g(0)k(6) F D0, 0us + 3F (kL) F'F" 00p0® + 15g()k (1) F D 0000
+ k() F' aat + g(t)0 aar + F (k) U0 F Prza + F(E)R()* F'F" 00 Przn
+10g(t) k() F D) 02 0aae + F(OR(1) F pratpans + 10g(t)k(t) " raPaaa

+ 59(t)k(t)FN90m90mrx + g(t)k(t)F/SDzmm =0,

where k'(t) = (d/dt)k(t) and FY) = d7 F[p(x,t)]/dp’.
To simplify Eq. (43), we set the coefficient of 3 to be
zero and obtain

FOkE)? F'FO 4 gt)k(t) F® =0, (44)
which has a solution
Flo(x,t)] = 121lnp(z, t),
with 0
g
k(t) = ok (45)

Thus, the general auto-Bécklund transformation (42)
becomes

129(t)

MO
where ug(z,t) is an arbitrary solution for Eq. (1), which is
the same as truncated Painlevé expansion (23) and ¢(z,t)
satisfies the following equations

PPt + f(t)u09012 - 3g(t)901m2 +49(t)paprze =0, (47)

u(z,t) = up(z,t) +

(46)

(43)

A'(t)

— <, =0.
The compatibility of Eqs. (47) and (48) under condi-
tion (6) has been testified in Sec. 3.

Pzt + f(t)UO‘P;wc + g(t%@xwwx + (48)

5 Auto-Backlund Transformation Expressed
as Wahlquist—-Estabrook (WE) Form for
Eq. (1)

In the above sections, the auto-Bécklund transforma-
tions for Eq. (1) in various forms have been presented. In
this section, we will write the auto-Backlund transforma-
tion in bilinear form as the WE24 form, i.e.,

(49)

(w2 - wl)t = H(wh w2, T, t) ) (50)
where w;(z,t) = du;(z,t)/0x (i = 1,2) satisfy the po-
tential veKdV equation for Eq. (1), while I'(w, we, z,t)

and II(wq, we,x,t) are both analytic functions to be de-
termined.

(w2 +’LU1)93 = P(’wl,U)g,l',t) )
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In order to write the auto-Béacklund transformation in
the WE form, we introduce the relations

T1(z,t) = Exp{w] , (51)
o, 1) = Exp[w} , (52)

where 7y (z,t) and mo(z,t) are two distinct solutions of

the auto-Béacklund transformation in bilinear form, while

p(x,t) and &(x,t) are both differentiable functions.
Substituting expressions (51) and (52) into Egs. (11)

et — 3N pa — é’gztp)z N

z A'(t)paa
A1)

and (12), i.e., the auto-Bécklund transformation in bilin-
ear form, we obtain

z A'(t)

— e — 3\(t)ps - %2)’)
- g(t) (pr + 3pxber + me) =0. (54)

Taking derivative of both sides in Eq. (54) with respect to
x yields

(55)

We know that 71(x,t) and 72(x,t) are two distinct solutions for Eq. (7), hereby the following equations are satisfied,

_ T TLa _ Olnry B Onry  f(1) -

po= T2 - T = TR - S = o [t w0 (56)
_ Tie | T2, Ol Olnmy  f(1)

b = 1 T Ox oz 12¢9(t) [wg(x,t)—i—wl(x,t)} ' (57)

Substituting Egs. (56), (57), and their derivatives into Eqs. (53) and (55), we can get the auto-Bécklund transfor-

mation for Eq. (1) in the WE form below

W 2 QA 12A(1)
(st e = = g (v =) 3w T o
A G A FO) 2
(w2 =)o = = |5 A(t) AR £() Jewz =)+ [ 752 - Isg(py) (02— 1) (w2 e
- [s30+ g | e = 22 (0~ 02 = ) (e~ 1) 69

where equations (58) and (59) equate with the “space”
part and “time” part, respectively.

6 Discussions and Conclusions

The vcKdV models with additional terms, i.e.,
Egs. (1), (2), and (4), have been widely used in physi-
cal and engineering sciences. For instance, those mod-
els can describe the trapped quasi-one-dimensional Bose—
Einstein condensates, water waves in a channel with an
uneven bottom and/or deformed walls, nonlinear excita-
tions of a Bose gas of impenetrable bosons with longitudi-
nal confinement, dynamics of a circular rod composed of
a general compressible hyperelastic material with variable
cross-sections and material density, propagation of weakly
nonlinear solitary waves in a varied-depth shallow-water
tunnel. In the above sections, by using Mathematica, the
auto-Béacklund transformations in different forms for the
damped vcKdV model have been obtained through vari-
ous methods.

The discussions and conclusions of this paper are as
follows.

(i) Without any constraint condition, some other
vcKdV models are shown to be transformable into the
damped vcKdV equation, e.g., Egs. (2) and (4). Hereby,
the above different expressions of auto-Béacklund trans-
formations for Eq. (1) can be mapped to Egs. (2)

and (4) respectively through Transformations (3) and (5).
Meanwhile, the Painlevé-integrable conditions of Egs. (2)
and (4) are the same as Condition (6).

(ii) Different from the classical auto-Bécklund trans-
formation for constant-coefficient KdV modell*® and the
one in bilinear form presented in Ref. [25] for veKdV mod-
els under Condition (6) with co = 0, the obtained auto-
Béacklund transformations in various forms in this paper
include arbitrary functions of ¢, as seen in Egs. (11), (12),
(58), and (59).

(iii) In Secs. 3 and 4, through the truncated Painlevé
expansion method and extended variable-coefficient ba-
lancing-act method, we derive the auto-Backlund trans-
formation for Eq. (1). It is found that the results via the
two methods are in accord with each other. The primary
reason is that balancing f(t)uu, with g(t)ug., in Eq. (1)
leads to F[p(z,t)] being a logarithmic-type function in the
extended variable-coefficient balancing-act method, which
makes Eq. (42) have the same form as Eq. (23). Mean-
while, the compatibility of Egs. (24) and (25) (or equiv-
alent Eqs. (47) and (48)) has been testified through the
Schwarzian derivative-scattering method and Lax equa-
tion firstly.

(iv) As we know, the above auto-Backlund transfor-
mations in different forms for Eq. (1) are based on the
Painlevé-integrable condition. In addition, many other
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remarkable properties such as the N-soliton (or N-soliton-
like) solution, Wronskian expression, nonlinear superposi-
tion formula, Lax pair and Darboux transformation can
also be constructed under this integrable condition. Phys-
ically speaking, the Painlevé-integrable condition for a
certain veKdV model should be detailed as the suitable
dynamical conditions as depicted in Ref. [23].
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