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Abstract Considering time-dependence of both interactions and external potential, we analytically study the colli-

sional behaviors of two bright solitons in Bose–Einstein condensates by using Darboux transformation. It is found that

for a closed external potential, the soliton-soliton distance is decreased with nonlinearly increased interactions, while the

amplitude of each soliton increases and its width decreases. For linearly increased interactions but nonlinearly decreased

external potential, especially, the atom transfer between two solitons is observed, different from previous theory of no

atom transfer in solitons collision in a fixed external potential. In addition, it is shown that the collisional type, such as

head-on,“chase”, or collision period between two solitons, can be controlled by tuning both interactions and external po-

tential. The predicted phenomena can be observed under the condition of the current experiments and open possibilities

for future application in atoms transport.
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1 Introduction

Bright[1−3] and dark solions[4−10] in Bose–Einstein

condensates (BECs) have been observed experimentally.

The dark solitons were generated for the repulsive atomic
interactions of BECs in the magnetic trap[4] or the opti-

cal trap.[10] The bright solitons were obtained for attrac-
tive atomic interactions in the optical trap,[1−2] while the

bright gap solitons were observed for the repulsive atomic

interactions in the weaker periodic potential.[3] Theoreti-
cally, the properties of the BECs are usually described by

the Gross-Pitaevskii (GP) equation based on the mean-

field approximation.[11−45] In the GP equation, the con-
trolling macroscopical parameters are the s-wave scatter-

ing length (SL) as and the external potential.

The atomic interaction in BECs is represented by the

SL.[46−47] The SL can be tuned by means of Feshbach res-
onance (FR) in the experiment, and even it is possible to

change the sign of the SL from positive to negative.[48−49]

The external potential, such as a harmonic potential, is
usually considered to be fixed in the experiments.[8] It was

found that the collisional properties of solitons in BECs

depend strongly on the atomic interactions and external
potential.[7−9,20,29] For the repulsive interactions and fixed

attractive harmonic potential, it was shown that the soli-
tons did not pass through each other at the collision point

but there was a momentum exchange between them.[7−8]

For the attractive interactions and fixed repulsive har-

monic potential, it was predicted that the solitons can

pass through each other and accomplish the collision.[20]

In these two cases, the collisions between the solitons

were elastic, and there was no atoms transfer between

solitons.[8,20] Meanwhile, the collision points can be con-

trolled by tuning the interactions through FR.[20] In fact,

it is noticed that the external harmonic potential can be

modulated experimentally,[50−51] which offers a good op-

portunity for manipulation of soliton collision in BECs.

This means that the transverse trapping frequencies ωx

may be time-dependent, which should be taken into ac-

count for exploring the collisional behaviors of solitions.

In this paper, considering time-dependence of both in-

teractions and external harmonic potential, we analyti-

cally study the collisional behaviors of two bright solitons

in BECs by using Darboux transformation. It is found

that there is atom transfer between two solitons with lin-

ear increased interactions and nonlinear decreased exter-

nal potential, and two solitons can merge into one soliton

with stronger attractive interactions. These phenomenon

open possibilities for future application of BECs in atoms

transport. Furthermore, the predicted phenomena, such

as head-on, “chase” or collision period between two bright
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solitons in BECs, can be observed under the condition of
the current experiments.

2 Molel

At the mean-field level, the evolution of BECs is de-
scribed by the GP equation

i~
∂Ψ(r, τ)

∂τ
=

[

− ~
2

2M
∇2 + Vext +G|Ψ|2

]

Ψ , (1)

where M and Ψ are the atomic mass and the macroscopic
wave functions of BECs, and G = 4π~

2as/M . The nor-
malization of wave functions is taken as

∫

dr|Ψ|2 = N
with N the atomic number. Experimentally, the tuning
SL can be achieved by FR[48−49]

as(τ) = abg

(

1 − △
B(τ) −B

)

, (2)

where abg is the SL far from the resonance; B(τ) is
the time-dependent external magnetic field; B and △
are the resonance position and width, respectively. In
the real experiments, various forms of the time depen-
dence of B(τ) have been explored.[49] In theoretical stud-
ies, several forms of time-dependent SL have been pro-
posed, such as the exponential function,[52−53] the peri-
odic function,[54−58] and so on. We here choose that the
SL is the linear, exponential, and periodic functions of the
time, as discussed in Refs. [17] and [18]. And the time-
dependent harmonic external potentials is given by[59−60]

Vext(r) =
M

2
[ω2

⊥(Y 2 + Z2) + ω2
1(τ)x

2] . (3)

Here, ω⊥ and ω1 are the radial and transverse trapping
frequencies, respectively. When ω⊥ ≫ ω1, it results into
a cigar-shaped BECs.

To study the dynamics of multisolitons of one-
dimensional (1D) BECs, we consider the solutions

Ψ =

√
N√
πa⊥

u(X, τ) exp
(

− iω⊥τ −
Y 2 + Z2

2a2
⊥

)

, (4)

with a⊥ =
√

~/Mω⊥. Substituting Eq. (4) into Eq. (1),
an effective 1D form is given by

i~
∂u(X, τ)

∂τ
= − ~

2

2M

∂2u(X, τ)

∂X2

+
GN

2πa2
⊥

|u|2u+
Mω2

1(τ)

2
X2u . (5)

Subsequently, we introduce some dimensionless variables
X = a⊥x, τ = 2t/ω⊥, and ψ =

√
a⊥u, so the Eq. (5) is

reduced into

iψt + ψxx + g(t)|ψ|2ψ + f(t)x2ψ = 0 , (6)

where g(t) = 2as(t)N/a⊥ and f(t) = −ω2
1(t)/ω

2
⊥.

3 Darboux Transformation and Exact Soliton
Solutions

To obtain the exact solutions of a 1D nonlinear
Schrödinger Eq. (6), we make use of the Darboux trans-
formation.[21,61−63] The seed solution of Eq. (6) can be
chosen as

ψ0 =
√
gQ exp

[

i

∫

2g2dt
]

, (7)

where Q = exp[−iA(t)x2 − iB(t)x − iC(t)]. Substituting
Eq. (7) into Eq. (6), we have

A− gt

4g
= 0 , f(t) = At − 4A2 ,

Bt − 4AB = 0 , Ct −B2 = 0 . (8)

Subsequently, we introduce the following Lax-pair

Φx = UΦ , Φt = V Φ , (9)

where Φ = (φ1, φ2)
T, the superscript “T” denotes the ma-

trix transpose. Here,

U =

(

λ p

−p̄ −λ

)

, V =

(

v11 v12

v21 −v11

)

,

with

p =
√

g(t)ψQ̄ , v11 = 2iλ2 + ig|ψ|2 + (4Ax+ 2B)λ ,

v12 = 2i
√
gψQ̄λ+ i

√
gψxQ̄+ (2Ax+B)

√
gψQ̄ ,

v21 = −2i
√
gψ̄Qλ− i

√
gψ̄xQ− (2Ax+B)

√
gψ̄Q

(the overbar denotes the complex conjugate). From the
compatibility condition ∂2Φ/∂x∂t = ∂2Φ/∂t∂x, we have
Ut − Vx +UV − V U = 0. By using the Darboux transfor-
mation, N soliton solution is given by

ψn = ψ0 + 2
N

∑

n=1

(λn + λ̄n)
φ1[n, λn]φ̄2[n, λn]Q
√
gΦ[n, λn]T Φ̄[n, λn]

, (10)

with

Φ[n, λ] = (λI − S[n− 1]) · · · (λI − S[1])Φ[1, λ] .

Here

Sl1l2 [n
′] = (λn′ + λ̄n′)

φl1 [n
′, λn′ ]φ̄l2 [n

′, λn′ ]

|φ1[n′, λn′ ]|2 + |φ2[n′, λn′ ]|2

− λ̄n′δl1l2 ,

l1, l2 = 1, 2 , n′ = 1, 2, . . . , n− 1, n = 2, 3, . . . , N .

To get the collisional behaviors, we here chose N = 2. So,
the exact 2-order solution of Eq. (6) is given by

ψ2 = ψ0

(

1 +
2F1

F2

)

, (11)

where

F1 = (λ01 + λ02)
2(h1 + h2)(k1 + k2)

− 4λ01λ02(h1k1 + h2k2 + 2h3k3

+ 2
√

λ2
01 − 1

√

λ2
02 − 1) sinϕ1 sinϕ2) ,

F2 = 2λ02

(

λ2
02 − λ2

01)(h1 + h2)(k3 + i
√

λ2
02 − 1 sinϕ2

)

+ 2λ01

(

λ2
01−λ2

02)(k1 + k2)(h3+i
√

λ2
01 −1) sinϕ1

)

,

with

h1 = cosh θ1 − cosϕ1 , k1 = cosh θ2 − cosϕ2 ,

h2 = (2λ2
01 − 1) cosh θ1 + 2λ01

√

λ2
01 − 1 sinh θ1 − cosϕ1 ,

h3 = −λ01 cosh θ1 −
√

λ2
01 − 1 sinh θ1 + λ01 cosϕ1 ,

k2 = (2λ2
02 − 1) cosh θ2 + 2λ02

√

λ2
02 − 1 sinh θ2 − cosϕ2 ,
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k3 = −λ02 cosh θ2 −
√

λ2
02 − 1 sinh θ2 + λ02 cosϕ2 .

Here

θi = 2
√

λ2
0i − 1

∫

(4Ax+ 2B)gdt ,

ϕi = 4
√

λ2
0i − 1

∫

g2dt ,

and λi = λ0ig (i = 1, 2, and λ0i is constant)

4 Results and Discussion

As a typical example, we consider a BEC consist-
ing of 7Li. Based on the currently experimental condi-
tions, the radial frequency is chosen as ω⊥ = π × 100 Hz,

and the time and space units correspond to 6.4 ms and
5.4 µm in reality, respectively.[2] The FR position and
width of 7Li atoms are 725 G and 2 G, respectively.[2,49]

The abg and atoms number are chosen as 4aB (here aB is
Bohr radius)[49] and 103,[64] respectively.

4.1 External Potential is Closed

Here, we consider a 7Li condensate is formed in a
magneto-optical trap.[2] The external trap is turned off
after the solitons was created. In this case, the strength

of external potential is f(t) = 0. Then, we propose that
the time-dependent SL is as(t) = −51/(30− ct)aB.

Figure 1 shows the corresponding space-time distri-
butions of two bright solitons. From Fig. 1(a), one can

see that two sharp peaks appear at t = 0 for a constant
attractive interactions (c = 0). The width, amplitude,
and position of each soliton keep unchanged with time.
Such a localized bright soliton is mainly attributed to
the constant interactions. For the increased interactions
(c = 0.5), the space-time distributions of two solitons is
shown in Fig. 1(b). With the increasing time, the width

of each soliton decreases and its amplitude increases. The
similar results can be found in Ref. [33]. Meanwhile, two
bright solitons are heading towards each other, a collision
taking place. The distance between two solitons becomes
smaller. These results illustrate that the width and ampli-
tude of each soliton, and the distance between two bright
solitons can be manipulated by tuning the interactions.

The validity of the GP equation relies on the condi-
tion that the system be dilute and weakly interacting,
d|as(t)|3 ≪ 1, where d is the average density of the con-
densate. In the real experiment of 7Li atoms, the typical

value of the atomic densities is 1013 cm−3. In the Fig. 1,
the absolute value of the SL is |as(t)|max = 2.55aB, so
that d|as(t)|3 < 10−8 ≪ 1 and thus GP equation is valid.
Thereby, we can design an experimental protocol to con-
trol the distance between two solitons in BECs. Here, we
briefly discuss the experimental setups. Firstly, we cre-
ate a condensate in a magneto-optical trap and tune the
magnetic field strength of FR technologyB(t) = 726.41 G.

Then, we close the magneto-optical trap and manipulate
the magnetic field B(t) ramped down from 726.41 G to
726.22 G. While the time t ≈ 128 ms, one sees that the

distance between two bright solitons decreases and two

bright solitons take place a collision.

Fig. 1 The space-time distributions of two bright soli-
tons in a BEC with the closed external potential and
the attractive interactions of (a) constant (c = 0), (b)
increase (c = 0.5). The other parameters used are
λ01 = 2.0 and λ02 = 2.5.

4.2 External Potential is Fixed

We consider a 7Li condensate is firstly created in a
magneto-optical trap then loaded to a fixed harmonic

potential.[2] To obtain the collisional behaviors between
two solitons with a fixed harmonic potential, we choose
the strength of harmonic potential f(t) = −c2/4 and the

time-dependent SL as(t) = −5.1 exp(ct)aB.[21]

Figure 2 shows the collisional behaviors between two

bright solitons in a condensate with the fixed external po-
tential. At the initial time (t = 0), there appear two
bright solitons. When the time increases to t = 2, one

can see that the amplitude of each soliton increases and
its width decreases. Meanwhile, the right bright soliton
moves along the negative direction of x-axis, and the left

bright soliton moves along the positive direction of x-axis.
The distance between the two solitons becomes smaller.
When the interactions further increases, the two bright

solitons take place a head-on collision at t = 10. While
t = 15, interestingly, it is observed that two solitons in-

teract very strongly and merge into one soliton with a
high peak and the narrowest width, which illustrates that
two bright solitons only exist at the weaker atomic in-

teractions. After the fusion, the soliton moves along the
negative direction of x-axis due to the repulsive force of
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the external potential (see t = 17). In Fig. 2, the abso-
lute value of the SL is |as(t)| = 153aB at t = 17, so that

d|as(t)|3 < 10−2 ≪ 1 and thus GP equation is still valid.
Thereby, we can briefly conclude that the experimental
protocols are: firstly, a condensate containing two bright
solitons is created in the magneto-optical trap; then, we
load it to a fixed harmonic potential; finally, we manip-
ulate the magnetic field B(t) of FR technology exponen-
tially ramped down as exp(−t/L) (here L = 96 ms) from
725.88 G to 725.08 G. When the time t = 96 ms, one can
see that two solitons interact very strongly and merge into

one soliton.

Fig. 2 The head-on collision between two bright soli-
tons and the fusion of two bright solitons in a BEC with
the exponential increased attractive interactions and the
fixed external potential. The parameter used is c = 0.2.
The other parameters used are the same with Fig. 1.

4.3 External Potential is Time-Dependent

In previous theory, the time-dependent external po-
tential can generally be regarded as nonlinear decreased

or periodic.[14,53] For studying the collisional behaviors
between two solitons with a nonlinear decreased exter-
nal potential, we choose the strength of external poten-
tial f(t) = −c2/(

√
2 +

√
2ct)2 and the time-dependent SL

as(t) = −5.1(1 + ct)aB .

Fig. 3 The “chase” after collision between two bright
solitons and the fusion of two bright solitons in a BEC
with linearly increased attractive interactions and nonlin-
early decreased external potential. The parameters used
are λ01 = 1.2, λ02 = 2.5, and c = 0.02.

The corresponding collision properties between two
bright solitons are plotted in Fig. 3. At the initial time
(t = 0), the left bright soliton is at x = −9.0 and the right
bright soliton is at x = 0.5. When t = 5, the left soliton
is at x = −10.0 and the right solitons is at x = −1.5. It
illustrates that both two solitons move along the negative
direction of x-axis. And the velocity of the right soliton
is bigger than that of the left soliton. That is to say, the
right soliton chases after the left one. At t = 10, the left
soliton is at x = −10.5 and the right one is at x = −3.8.
This indicates that the propagating velocity of the left
(right) soliton decreases (increases) due to the stronger at-
tractive interactions between the two bright solitons. The
two bright solitons interact and exhibit a “chase” colli-
sion. Meanwhile, the amplitude of right soliton increases
but the amplitude of left soliton decreases, which means
that there is atom transfer from left soliton to right soli-
ton. While the time t = 40, all of atoms in left soliton
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have transferred to the right soliton, and two bright soli-

ton merge into one soliton at x = −10.4. After the fusion,
the soliton moves along the negative direction of x-axis

due to the repulsive force of the external potential (as
t = 42).

For exploring the collisional behaviors between two
solitons with an external potential varying periodically

with time, we propose that the external potential strength
is f(t) = −0.5w2[sin(wt)+0.5+0.5 cos2(wt)]/[2+sin(wt)]2

and the SL varies periodically with the time, as(t) =
−5.1[1 + 0.5 sin(wt)]aB . Meanwhile, we introduce T to

represent the period of SL, i.e., T = 2π/w.

Fig. 4 (Color online) The periodic collisions between
two bright solitons in a BEC with periodic varied both
attractive interactions and external potential. The pa-
rameter used is w = 0.1. The other parameters used are
the same with Fig. 1. T is the period of time-dependent
interactions, and when w = 0.1, T = 62.8.

The corresponding collisional behaviors between two
bright solitons are shown in Fig. 4. One can see that

the two bright solitons are far apart at the initial time.
While the time varies from 0 to T/4, the absolute value

of SL increases. With the increasing SL, the interactions
become stronger. As a result, the amplitude of each soli-

ton increases and its width decreases. Meanwhile, the left
bright soliton moves rightward, the distance between two

solitons becomes smaller. Two solitons exhibit a collision

at t = T/4. While the time t varies from T/4 to 3T/4, the
absolute value of the SL decreases, and the interactions
become smaller. After collision, the left soliton moves
along the negative direction of x-axis, but the right soli-
ton is still not moved. So the distance between solitons
increases. Meanwhile, the amplitude of each soliton de-
creases and its width increases. With the time going on,
interestingly, the next similar collision can be observed at
t = 5T/4. Thus, these collisions are periodic, and the
frequencies of collisions depend strongly on the frequen-
cies of interactions. In Figs. 3 and 4, the SL is small,
the validity of GP equation is still satisfied. Thereby, the
“chase” collision and periodic collisions between the two
bright solitons can be observed under the current exper-
imental conditions by means of tuning the both SL and
transverse trapping frequencies ωx.

5 Conclusions

In summary, we analytically study the collisional be-
haviors between two solitons in BECs, taken into account
the time-dependence of both interactions and external po-
tential. Applying the Darboux transformation, we obtain
the exact two bright solitons solution. By numerically
calculating, we find that the width and amplitude of each
soliton, the distance between two bright solitons can be
controlled by tuning the interactions. Especially, when
the interactions exponential increases and the external
potential is fixed, two bright solitons exhibit a head-on
collision. While the interaction linear increases and the
external potential nonlinearly decreases, two bright soli-
tons show a “chase” collision and there is atom transform
between two solitons. When the both interactions and ex-
ternal potential vary periodically with the time, the col-
lisional orbit between two bright solions is also periodic,
and the collisional frequencies depend strongly on the fre-
quencies of the interactions. Moreover, two bright soli-
tons can merge into one soliton with stronger attractive
interactions. These phenomenon open possibilities for fu-
ture application of BECs in atoms transport. We believe
that these results will stimulate experiments to manipu-
late multisolitons in the BECs.
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[53] V.M. Pérez-Garćıa, V.V. Konotop, and V.A. Brazhnyi,
Phys. Rev. Lett. 92 (2004) 220403.

[54] H. Saito and M. Ueda, Phys. Rev. Lett. 90 (2003) 040403.

[55] D.E. Pelinovsky, P.G. Kevrekidis, and D.J. Frantzeskakis,
Phys. Rev. Lett. 91 (2003) 240201.

[56] G.D. Montesinos, V.M. Pérez-Garćıa, and H. Michinel,
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