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Coulomb Friction Driving Brownian Motors*

Alessandro Manacorda,! Andrea Puglisi,?? and Alessandro Sarracino?3*

IDipartimento di Fisica, Universitd “Sapienza”, p.le A. Moro 2, 00185 Rome, Italy

2Istituto dei Sistemi Complessi - CNR and Dipartimento di Fisica, Universita “Sapienza”, p.le A. Moro 2, 00185 Rome,
Italy

3Kavli Institute for Theoretical Physics China, the Chinese Academy of Sciences, Beijing 100190, China

4Laboratoire de Physique Théorique de la Matiere Condensée, CNRS UMR 7600, case courrier 121, Université Paris 6, 4
Place Jussieu, 75255 Paris Cedex, France

(Received February 27, 2014; revised manuscript received April 2, 2014)

Abstract We review a family of models recently introduced to describe Brownian motors under the influence of
Coulomb friction, or more general non-linear friction laws. It is known that, if the heat bath is modeled as the usual
Langevin equation (linear viscosity plus white noise), additional non-linear friction forces are not sufficient to break
detailed balance, i.e. cannot produce a motor effect. We discuss two possibile mechanisms to elude this problem. A
first possibility, exploited in several models inspired to recent experiments, is to replace the heat bath’s white noise
by a “collisional noise”, that is the effect of random collisions with an external equilibrium gas of particles. A second
possibility is enlarging the phase space, e.g. by adding an external potential which couples velocity to position, as in a
Klein—Kramers equation. In both cases, non-linear friction becomes sufficient to achieve a non-equilibrium steady state
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and, in the presence of an even small spatial asymmetry, a motor effect is produced.

PACS numbers: 05.40.-a, 05.20.Dd, 05.70.Ln
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1 Introduction

Thermal fluctuations rule the dynamics of micro- and
mesoscopic objects. In equilibrium conditions, where de-
tailed balance (DB) holds, the effect of fluctuations can be
described exploiting the underlying symmetries for time-
reversal and time-translation. In nonequilirbium steady
states, only the latter symmetry holds and a rich phe-
nomenology can take place, which would be ruled out in
equilibrium conditions. One of the main interesting be-
haviors, peculiar to nonequilibrium dynamics, is the pos-
sibility of rectifying unbiased fluctuations, when a spatial
asymmetry is present in the system.

Among the many ways to break the time-reversal sym-
metry in statistical models, the action of Coulomb friction
has been recently put in evidence.l'~4 This is a form of
energy dissipation that is observed in the relative motion
of sliding surfaces of macroscopic objects, and its micro-
scopic theory is still at the core of an intense debate.!”!
Here we consider the macroscopic modelization of the fric-
tional force, namely we consider it as a constant force op-
posite to the motion direction. The presence of Coulomb
friction introduces a strong nonlinearity in the system and
is a source of dissipation that can drive the system out of
equilibrium.

In Sec. 2 we introduce our general model with thermal
baths and non-linear friction, discussing the conditions to

break detailed balance. In the same section we also put
our model in the context of previous models and experi-
ments. In Sec. 3 we make a particular choice for the heat
bath, in the form of a dilute gas at equilibrium. Three spe-
cific examples are discussed in detail. In Sec. 4 the role of
heat bath is played by white noise with linear drag, in the
presence of an external potential which makes the system
spatially inhomogeneous. Conclusions are drawn in Sec. 5.

2 A General Model with Non-linear Friction

We consider a general model describing the motion of
a probe, also called “tracer” or “intruder”, of mass 1, in
contact with a heat bath and/or a gas of particles at equi-
librium. Beside the interaction with the baths, the motion
of the object may take place in a spatial potential and is
affected by some kind of non-linear dissipative force. We
assume that memory effects are negligible and the system
is a Markovian stochastic process. The general differential
equation describing the probability density function of the
system is therefore

OP(z,v,t) 0
5 = 5 [vP(z,v,t)]
0

— S {[Fuv) - U @) P, 0,0}

+ JLang[V| P(2, v, )] + Jeol [v| Pz, v, 2)], (1a)
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Jrang|V|P(z,v,t)] = —%[(—”yv)P(x, v, )]

2

0
+")/Twp($,’0,t) ) (1b)

Jeol[V| P(z,0,1)] Z/dU/[WE(U|U/)P(SC,U/,t)

— W' |v)P(x,v,t)]. (1c)

In Eq. (1), U(z) is an (optional) external potential, while
F,;(v) represents the effect of non-linear dissipative force,
for which we assume that vF,;(v) < 0. A realistic proto-
type of this force is Coulomb friction, which acts between
sliding rough surfaces and takes the form

Fu(v) = -Ac(v), (2)

where A is friction intensity and o (v) is the sign of v (and
o(v) =0 when v = 0).

Two “bath” terms, Jrane and Je1, are present for
larger generality: however — in the examples discussed
below — they are mutually exclusive, i.e. only one of
the two is used.l®) The Langevin term Jyang represents
the interaction with a heat-bath at temperature T' (Boltz-
mann’s constant is put to 1), with a thermalization time
1/~. This term vanishes for a Gaussian steady state at
temperature T, i.e. Jrang[v|Gr(v)] = 0 with Gr(v) =
(1/V27T)e=>"/@T) . The “collisional” bath term, Jeol
takes the form of a Master equation for jump processes:
in this term, W (v|v) represents the rate for the transi-
tion v — v when the tracer is in contact with a very
large volume of a gas of hard-core particles of mass €2,
with the assumption that the velocity distribution of the
particles of the gas is not affected by collisions with the
tracer.l”) One way to derive expression (1c) is based upon
two assumptions: Molecular Chaos (MC) for gas-tracer
collisions, and a very large number of particles in the gas.
Indeed, the MC hypothesis is necessary to factorize the
joint gas-tracer velocity distribution, so that a Boltzmann
equation for the gas-tracer mixture can be written. The
large number of gas particles, instead, guarantees that the
gas velocity distribution is not affected by collisions with
the tracer and therefore can be set to be stationary. The
particular form of W (v|v') depends on the kinematic of
the gas-tracer collision, e.g. on the gas density and the
geometric shape of the tracer. Different possibilities will
be considered below, with explicit examples of W¢(v|v’).
In most of the cases we consider the gas of particles to be
at equilibrium at a temperature T'. In the case of elastic
collisions, the rates W (v|v') satisfy detailed balance with
respect to Gr(v), which however does not imply that de-
tailed balance holds for the model, because of the presence
of Fyi(v). In previous works it has been considered the
more general case where the collisions between the tracer
and the gas particles can also be inelastic: however this is
an additional mechanism of dissipation, not strictly neces-
sary to get a motor effect, introduced in order to describe

granular experiments.[?! This mechanism is not discussed
here.

We conclude the introduction of the general model, by
mentioning that a motor (or “ratchet”) effect can be ob-
tained in a steady state only if detailed balance is broken
and a spatial asymmetry is present. As discussed in the

examples below, the spatial asymmetry!®!

may be explic-
itly present in the potential U(z) or in the shape of the
object. In the last case, it appears encoded in the transi-

tion rates W, (v'|v).

2.1 Conditions to Break Detailed Balance

As announced, a motor effect requires the absence of
symmetry under the operation of time-reversal, which in
our Markovian model is equivalent to the breakdown of
detailed balance condition. When the non-linear fric-
tion is absent, i.e. F,;(v) = 0, the model satisfies de-
tailed balance, reaching a steady state with P(x,v)
e~U@)/T ¢=v*/(2T) Ty the absence of non-linear friction,
mechanisms to break detailed balance are the introduction
of inelastic collisions!”! in the rates W, (v'|v) or unbalanc-
ing the temperatures of the two baths defined by Ji,ang and
Jeol. These mechanisms are not discussed in this paper,
where elastic collisions and baths at the same temperature
are always considered.

A point which is not much discussed in the litera-
ture, is the following: non-linear friction (Fy;(v) # 0)
does not break detailed balance in a simple Langevin
model, i.e. with U(z) = 0 and W,(v'|v) = 0. Indeed,
in that case, the Fokker—Planck equation gets an “equi-
librium” steady state with P(z,v,t) oc e~ #®)/0T) with
H(v) = y0?/2 — [" Fu(v')dv’. See also the discussion in
[10], and in [11-12] for the case of multiplicative noise.

Cases which have been demonstrated to break detailed
balance with F,; # 0 are: (i) in the presence of collisional
noise, W, # 0 (even for elastic collisions);[*13] (ii) in the
presence of a spatial potential, U(x) # 0.4 We consider
three possible examples of the first case, Sec. 3, and one
example of the second case, Sec. 4.

2.2 Other Models with Non-linear Frictions

It is interesting to notice that in the literature many
other models and experiments featuring a ratchet-like ef-
fect have appeared, where non-linear friction is an impor-
tant ingredient. Some of these works involve experimental
observation of an average drift in the sliding motion be-
tween vibrated surfaces, also of biological origin, in several
different setups.[15—20]

In all those works friction is counterbalanced by mech-
anisms for energy injection which are non-thermal. In
particular in [15] and in [16] energy is injected by me-
chanical periodic vibrations of the plate supporting the
substrate; in [19] the length at rest of the springs connect-
ing three massive blocks is periodically modulated in time;
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in [17] a substrate is posed on a shear polarized piezoelec-
tric plate which is excited by a periodic electric signal; in
[18] a model with generic periodic acceleration is consid-
ered; and finally in [20] a model with random acceleration
in the form of a Poissonian shot noise is considered, with
explicit calculations performed for an exponential distri-
bution of the amplitude of the random kicks.

Already at a first look one realizes that the above
mechanisms do not closely correspond to thermal fluctua-
tions. In our opinion none of the above mechanisms may
mimic a thermal bath. This can be understood from both
a physical and a mathematical point of view:

(i) Physically, a thermal bath gives and takes energy
to/from the system in such a way that — if other
dissipations are switched off — the system remains
at the same temperature of the bath: this is never
verified in the model/experiments considered above.
As a matter of fact all the above systems consist in
a combination of two or three basic ingredients: (a)
dry friction, (b) other dissipations (e.g. viscous fric-
tion, not present in all cases), (c¢) external energy
injection. If all the dissipations (a) and (b) are re-
moved, their energy will increase indefinitely; if only
friction is removed and some other dissipation (b) is
retained, the system will reach a balance of energy
coming from (c) and going into (b); therefore there
is a non-zero current of energy and the attained
stationary state is clearly a non-equilibrium one;

(ii) Mathematically, all those systems — when friction
is removed — do not satisfy time-reversal symmetry;
for instance the models considered in [18] and in
[20], which are Markovian, do not satisfy detailed
balance.

Summarizing, in all the above models/experiment the
system is already out-of-equilibrium, even without the
presence of dry friction. The model in Eq. (1) is of a
different nature: here the energy dissipated by friction is
balanced by a thermostatting mechanism (Jpang and/or
Jeo1) which is a thermal bath precisely in both senses dis-
cussed above.

3 Collisional Noise

In this Section we review some examples of Eq. (1) with
only collisional noise, i.e. Jpang = 0 and Jeo1 # 0, and no
need for the external potential, U(z) = 0. The first two
examples are idealised models for a translational piston in
contact, through elastic collisions, with a gas of particles:
the first one takes into account an over-simplified collision
rule and an asymmetric distribution of the gas particles’s
velocities, with zero average velocity; the second example
treats hard-core collisions with a gas at equilibrium, with

a spatial asymmetry introduced by considering different
masses for the particles hitting the piston from the left or
from the right. The third example concerns the dynamics
of a rotator colliding with particles of a gas at equilibrium:
spatial symmetry is broken by considering an asymmetric
shape of the rotator.

The explicit expression of the transition rates appear-
ing in Jeol, see Eq. (1), is different for each particular case.
An almost general expression is presented here to explain
the basic idea:

(v'|v) —pS/ /du¢ (vZ —u) - PO[(vE — u) - A
x O0[v" — v —dv(v,u,e )], (3)

where p is the gas density, u represents the velocity of a
gas particle, ¢(u) its pdf, © is the Heaviside function and
dv(v, u, €, s) is the change of velocity in a collision between
the intruder at velocity v, the gas particle of mass €2 at
velocity w, and a position of impact on the intruder sur-
face parametrized by the curvilinear ascissa s, where the
normal going out from the surface has direction 1. We as-
sume to be in two dimensions and that the motor has total
impact surface S. For this particular example (similar to
the one presented in Subsec. 3.3), it is restricted to move
along the Z direction. The two main physical assumptions
justifying Eq. (3) are Molecular Chaos, typically justified
by diluteness of the gas, and independence of the gas
from the state of the intruder, which allows one to keep
¢(u) as a constant parameter of the problem, see discus-
sion in Sec. 2. The term (v@ — u) - 7o represents a hard
core interaction potential (but one can make more general
choices, of course). In most of the calculation below, ¢(u)
is assumed to be Gaussian.

Before entering the discussion of the different exam-
ples, we recall that in the limit of very light gas particles
the effect of the collisional noise tends to become equiva-
lent to the effect of a Langevin bath.

3.1 White Noise Limat

Assuming that the surrounding gas has an equilibrium
Gaussian velocity distribution at temperature T, in the
limit of small mass of the gas particles ¢ — 0 (we re-
call that we set to 1 the mass of the intruder), one can
simplify the integro-differential Equation (1). Performing
a Van Kampen expansion!” up to the second order, the
master equation contribution J, reduces to the sum of
a linear viscous friction term and an uncorrelated white
noise

/dU/[WE(U|U/)P(.’L',U/,t) — W' |v)P(z,v,t)] —

— (g0 + F) P, 1)

2

+ W[/YQTP(‘T7 v, t)] ) (4)
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where v, and F, depend on the particular form of the
original transition rates We(v|v').

Putting Eq. (4) in Eq. (1) (setting for simplicity v =
0), one obtains the following equation for the drift at sta-
tionarity
E, |, (Fu)
Vg Vg
In the many examples discussed in the literature, as well
as on the basis of general arguments, it is observed that
the constant force Fy takes a simple form of the kind

Fy = AT, -T), (6)

(v) = (5)

where T, = (v?) is the “tracer temperature”, and A is a
coefficient denoting the spatial asymmetry in the system.
This general form will be reproduced in all the examples
discussed below.

Equation (6) shows that, in the absence of non-linear
friction, a ratchet effect can be present if the rates do not
satisfy detailed balance (e.g. when collisions are inelastic),
so that the tracer temperature T.. is different from that of
the external bath T'. However, we stress that a non-zero
drift can also be obtained when the rates do satisfy de-
tailed balance (e.g. for elastic collisions): the presence of
non-linear friction reduces the average ratchet energy so
that T, < T.

3.2 Flat Colliston Rule

Consider the following rates, which only depend on the
final state: )
fW)

Te

We(v'|v) = (7)
Here f(v) is the probability density function for the post-
collisional velocity and 7, is the mean time between two
collisions. We are therefore considering a collisional pro-
cess where at each collision the state is completely inde-
pendent from the previous one. This assumption, which
over-simplifies the interaction between the ratchet and the
environment, allows us to find out exact results about the
motion of the system in the stationary state. We want
to stress that this kind of process represents a legitimate
heat bath: indeed, in the absence of all other dissipative
terms (that is Eq. (1) with only Jeo # 0), and assuming
for simplicity U(z) = 0, a steady state is reached with
steady pdf P(x,v) = f(v), such that detailed balance is
trivially satisfied. Even in this case, the model we are
considering is different from other proposed models with
“simple” collisions rules, e.g. from [20]: in our case the
instantaneous change of velocity is v’ — v, which is cor-
related with v, while in [20] the instantaneous change of
velocity is a Poissonian process totally independent from
.

We consider the Coulomb friction law for F,;(v) so
that between two collisions, the ratchet follows the motion

equation © = —Aoc(v). The parameters of the system such
as temperature and spatial asymmetry are fully contained
in the pdf f(v), and the breaking of the time-reversal sym-
metry is ensured by the presence of friction.
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Fig. 1 (Color online) (a) Velocity vs. time for the

ratchet, when asymmetry is present and 7./7a =~ 10°
(rare collisions limit). Simulations of the dynamics are
performed using an f(v) exponential, with different de-
cay rates for positive or negative v. (b) same plot, with
Te/Ta =~ 1073 (frequent collisions limit). See caption of
Fig. 1 for the definitions of A and T'.

Supposing the system to be ergodic, we can compute
the stationary averages of the dynamical variables of the
ratchet by performing their time average over long tra-
jectories. The calculation of time averages is possible
noticing that between two collisions the ratchet velocity
is v(t) = vg — o(vg)At, where vy is the velocity after that
collision; this motion introduces another time scale, the
mean stopping time of the ratchet 7a = (|v|)s/A (where
we denote with (-) ; the averages over the pdf f(v)). When
Te > Ta, the ratchet generally stops before a new collision
(rare collisions limit); viceversa, when 7. < 7a the ratchet
is almost always in motion (frequent collisions limit). Sim-
ulated trajectories for both cases are shown in Fig. 1. Per-
forming the time average, we find the average velocity of
the ratchet

(v) = (V)5 = Bl (L)L = e V7)), (8)
where v = A7, is a characteristic velocity. Through the

characteristic function q(k) = (ei*"), it is possible to com-
pute the stationary probability density of the velocity that
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Pv) = /+Oo dv'f(v’){ e 1V1/75 ()

+ # e(v=Ne(W/1g () — ) — @(—v)]} . (9)

From Eq. (8), we notice that the second term in the rhs
yields a net drift also if (v); = 0: this is the ratchet effect
we are looking for. To observe it, it is necessary that A # 0
(breaking of time reversal symmetry) and f(v) # f(—v)
(breaking of spatial symmetry). In the rare and the fre-

quent collisions limits, if (v); = 0 we find respectively
that
1
Te>TA = (V)& %w(v) v?) g, (10a)
TeLTA=> (W)= -0{(c());, (10b)

so, depending on f(v), the sign of the velocity can change
by changing the parameters of the system.

10° Fmetomoieis
. e®%eo,
10 Ff
—2|
10 . .
< —e— Simulations
=3 -5
=10 ¢ — A=10
B A=10"2
10 — A=10"
e uT
—6
10 — —
0 10"
10} _
¢ Simulations
o — A=10"
) )
102k A=10
— A=10'
2
1073 : 1 : 2 Ii] ; 2 : 1 > 6
10 10 10 10° 10 10°
T
Fig. 2 (Color online) (a) Numerical simulations and

analytical results for the average velocity of the ratchet,
Eq. (8), rescaled by A = (o(v)v?)s, which characterizes
the asymmetry of the system (A = 0 for even f(v)). The
temperatures T are given by T = (v?); (we are also as-
suming (v); = 0, and we set 7. = A = ¥ = 1, then
A ~ /T. f(v) is chosen as in Fig. 1. The dashed line
represents the 77! asymptotic behavior predicted in this
case for large values of T'. (b) Numerical simulations and
analytical results for v9. Same parameters as in (a). The
dotted line represents the T~/2 decay predicted in this
case for large T'.

Furthermore, from Eq. (9), we point out the presence
of a delta function into P(v): its weight represents the fi-

nite time that the ratchet spends in v = 0. Generally, the
stationary pdf of the velocity for ratchet with Coulomb
friction can be written as[?!

P(v) =700(v) + vrPr(v), (11)

where Pg(v) is a regular function of v. In our model, we
obtain vp = (e~"/?), that goes to 1 in the rare collisions
limit, and to 0 in the frequent collisions limit.

We simulate numerically the dynamics of the system,
using an f(v) exponential with different decay rates for
v positive or negative, finding perfect agreement between
simulations and theory; some results are shown in Fig. 2,
putting in evidence the asymptotic decays for (v) and 7o
at large T

3.3 The Asymmetric Rayleigh Piston

We study here the dynamics of an asymmetric
Rayleigh piston, introduced in [22], under the action of
Coulomb friction.['323] In this model a piston of mass
1, constrained to move along a given direction, interacts
via elastic collisions with two gases of particles, which are
placed on both sides of the piston (see Fig. 3). The par-
ticles of the two gases have different masses but are kept
at the same temperature 7. Therefore, in the absence
of nonlinear friction, the whole system is at equilibrium
at temperature T' and the spatial asymmetry introduced
by the different masses cannot produce any rectification
of fluctuations. On the contrary, when the motion of the
piston is also subjected to Coulomb friction, dissipative
effects intervene and a motor effect is observed.

(a) ) [ )
e oy | M ‘e ¢
. T [ J O @ T:
Left reservoir {p, m,} A Right reservoir {p, m,}

[ [T LI LI T

0.06- o (v) =001 . (b)

[ — IKM ]

0.04F w (1) s " ]

[ — IKM [ 1

0.02+ |

.
—0.02 »
—0.04 »
—0.06 I

TA/TIII

Fig. 3 (Color online) (a) A sketch of the asymmetric
Rayleigh piston model (in this paper the piston mass M
is set to 1). (b) Numerical simulations of the Rayleigh
piston, with 7' = 10, p = 0.5, a = 2, showing (v) as a
function of 7a /7¢n, for €2 =0.01 (black dots) and e =05
(blue squares). The continuous curves show the analyti-
cal predictions of the IKM, Eq. (14).
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The dynamics of the piston is described by Eq. (1),
neglecting the spatial dependence (U(z) = 0), with
Jrang[V|P(v,t)] = 0 and F,; = —Aoc(v). Denoting by
my = €2 and m, = ae? the masses of particles at left and
at right of the piston respectively, and by p,(u) and p;(u)
their velocity distributions, where u is the velocity of gas
particles, the asymmetric transition rates appearing in the
collision term Jeo1[v| P(v,t)] arel??!

W (/o) = (1“2)2(1/ o (L

2¢2 2€2
1— ¢ ,
- e ’U), v >,
W) = (2222) (o = oy, (L2
€ 20v€? Pr 20ve?

1— 2
5 o;e ), v <. (12)
Qe

Notice that these transition rates satisfy DB with
respect to the Gaussian distribution Py(v) =
(2nT)~1/? exp(—v?/2T) even when a # 1.122

In this model it is important to point out two time
scales: TA = v*/A = /T /A, which is the stopping time
due to friction, and 7, ~ \/7/(2T)/[2p(Ve + Vae?)],
which is the thermalization time of the piston with the
gas in the absence of friction (proportional to the mean
collision time), where p is the gas density (equal on both
sides of the piston).

An analytical expression for the average drift can be
obtained in the limit of rare collisions, namely when
Tth > Ta. In this case, assuming that every collision oc-
curs when the piston is at rest, the average velocity can
be computed using the Independent Kick Model (IKM)
introduced in [21, 24]. For our model this yields

© = ([ dululpr o)+ [ aululp) [ otar, a3)

where v(t) = vg— Ao (vg)t, T = |vo|/A and vy is the veloc-
ity after a collision: vg = vt ifu > 0, and vg = v~ ifu < 0,
where v = 2u/(1+1/(ae?)) and v~ = 2u/(1+ 1/€?).
Using these expressions, and considering a gaussian dis-
tribution for p,./;(u) with variance T'/m,.;;, one obtains

~ 2p 213 Ve ae?
=2y T[(é +1)2 (ae+1)2

Notice that the average velocity is finite when the asym-
metry in the system is present (i.e. « # 1). Notice also
that in the limit ¢ — 0 the drift vanishes. In Fig. 3(b),
the analytical prediction (14) of the IKM (black lines)
is shown to be in perfect agreement with the numerical
results (see [13] for details) in the rare collision regime.
Figure 3(b), also shows (v) (black dots for €2 = 0.01 and
blue squares for €2 = 0.5, with a = 2) for a large range
of values of the ratio 7a/7n, which is varied by chang-
ing A, with the other parameters fixed (see caption). A
net drift is observed, as expected. It is interesting to no-
tice that thermodynamic (bulk) pressures are equal in the

(14)

two reservoirs and therefore the motion of the piston is
due to the fact that the average exchanged momentum
between gas and piston is not equal to bulk pressure. A
recent theory about non-equilibrium momentum deficit!?!
is difficult to be applied in this particular case, as noticed
recently by other authors.[?! Another interesting feature
which appears in simulations, but is hardly explained by
theory, is the presence of extremal points (even more than
one) and current inversion points. A similar behavior is

encountered in other models discussed here.

3.4 Rotator with an Asymmetric Shape

In this subsection, the tracer driven by the Brownian
motor effect is a rotator, and for this reason we replace x, v
by 6,w, i.e. angular displacement and angular velocity re-
spectively. The rotator has momentum of inertia I, mass
1 and radius of inertia Ry = VI. Tt is constituted by the
set of material points with cartesian coordinates {z,y, z}
with z € [0, h] (where h is its height) and y/22 + y2 < r(s)
for each s € [0, S] where s is the curvilinear abscissa, 7(s)
is the curve delimiting a section of the solid in the zy
plane, and S is the perimeter of the section. The rotator
changes its angular velocity for two reason: (i) because of
dry friction F,; = —Aoc(w), with A the frictional torque
rescaled by momentum of inertia, and (ii) for the effect
of elastic collisions with a dilute gas of particles at equi-
librium at temperature T = €?v?. The gas surrounding
the rotator has volume number density n and p = nh
is its two-dimensional projection, which is the only one
which matters in the problem. Note that pS = n¥ with
3 the total surface of the rotator parallel to the rotation
axis. We finally assume that no external potential and no
heat bath are present, i.e. Eq. (1) (with the replacements
x — 0, v — w) holds with U =0 and v = 0. A sketch of
the model with used symbols is shown in Fig. 4(a).

The effect of the elastic collisions with the equilibrium
gas is to change w into w’ and that of the colliding particle

from u to u', following the rule

;o (v—u)-n ge
w =w+2 7 T+ g2 (15a)
o — u+2%ﬁ, (15b)

where v = wZ X r is the linear velocity of the rotator at
the point of impact =, 7 is the unit vector perpendicular
to the surface at that point, and finally g = r - £/R; with
t = 2 x i which is the unit vector tangent to the surface at
the point of impact. Equations (15) guarantee that total
angular momentum and total kinetic energy are conserved
and that relative velocity projected on the collision unit
vector is reflected. A few relations in cartesian coordinates
may be useful: v = (—wr,,wr;) and t = (—ny,n,). It is
also useful to realize that v-n = —wRg, and to introduce
the “equilibrium” angular velocity wy = evg/R; and the
rescaled velocity £ = w/wy.
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With the above collision rule, the transition rates W, take the explicit form

W~ PSR} ds (14 e2g%)? (v —w B R? (W —w)(1+€%2g?)\2
W(wlw) = 8v/2me2vg S W=l €2g2 6{ g } exp[ 2620} (weg—l— 2¢eg ) } ' (16)
(a) P | age velocity of the ratchet
[
Q) = VraB ' Arer (18a)
_/_olg)g®
Arcr = <(1 T eg)? >Surf, (18Db)

AL I I e

10°F ,_/-“i
_10°F (H')log e 7 i

107 B v a3

10° 10° 10" 10°
—2><1073 il il l{bl T T R R
0’ 10° 10 100 10 100 10

1/b

Fig. 4 (Color online) (a) Sketch of the model. (b) Re-
sults of numerical simulations for the rotator model with
asymmetric shape, for different values of 871.

Following the same lines of the two previous sections,
it is useful to realize that two time-scales are relevant
in the system: (i) the mean stopping time due to envi-
ronmental dissipation, which is dominated by dry friction
A = {(|w])pe/A ~ evo/RrA, where (-),. denotes a post-
collisional average; (ii) the mean free time between two
collisions 7. ~ 1/n¥vy. This implies the existence of a
main control parameter

g1 = enXvd . Ta
B \/§7TR]A ~ Te ,

which is an estimate of the ratio of those two time-scales,

(17)

as verified in simulations.

When the mass of the rotator is large, ¢ < 1, and
B~ > 1, friction becomes negligible and the collisional
noise becomes white noise, so that the average drift
A finite drift could be achieved in the
case of inelastic collisions, which has been considered

tends to zero.

elsewhere. [3:26]
In the opposite limit 3~ < 1, an independent kicks
approximation leads to the formula for the rescaled aver-

where Arcr, = 0 for symmetric shapes of the rotator.
Above we have used the shorthand notation for the uni-
form average along the perimeter (denoted as “surface”)
of a horizontal section of the rotator ()surs = [ ((ds/S).
Note that the limit A — 0 is singular in formula (18a),
since in the absence of dissipation between collisions the
stopping time becomes infinite, 7o — 00, and the assump-
tion of “rare collisions”, 37! < 1, breaks down. The mag-
nitude of the drift is predicted to increase with 8~!: this
corresponds to [(w)| ~ vg.

In Fig. 4(b), we have shown the results of numerical
simulations for the rotator model with a shape identical to
the one used in recent granular experiments, see Ref. [3]
for details. Both predictions for large and small values
of 371 are well reproduced. As expected by interpolating
the two predictions, the average drift velocity () goes
through a maximum. A still unexplained feature, com-
mon also to the Rayleigh piston case discussed previously,
is the presence of a current inversion and a second ex-
tremal point (a minimum), before going asymptotically
to zero at large 37 1.

4 Kramers Equation with Nonlinear Friction

In this section we consider the effect of an asym-
metric spatial potential U(x), coupled to nonequilibrium
conditions induced by the presence of nonlinear velocity-
dependent forces F,;.['% In particular, we consider a “gen-
eralized” Klein—Kramers equation for the motion of a par-
ticle of mass m = 1, with position = and velocity v, sub-
jected to thermal fluctuations,

.’L‘(t) = U(t) )

o(t) = —yv(t) + Fulo(t)] — U'lz()] +n(t), (19)
where 7n(t) is a white noise, with (n(t)) = 0 and
(n()n(t")) = 29To(t — t'), v and T being two parameters
and d(t) the Dirac’s delta. The corresponding Fokker—
Planck equation for this model is given by Eq. (1), with
Jcol =0.

We consider here the nonlinear force in the form of
Coulomb friction, namely

Fulo(t)] = —Aclv(t)].- (20)

Without external potential, model (19) with friction (20)
has been studied for instance in [1-2, 27-28].
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We also consider a model for active Brownian
particles,% inspired by the Rayleigh-Helmholtz model
for sustained sound waves, 3% where

Fulv(t)] = mo(t) — 20’ (1),
with 71 and 7 positive constants, and v = 0 in Eq. (19).

The motion of the particle is accelerated for small v and
is damped for high v. This model represents the internal

(21)

energy conversion of the active particles.

5

x10

5 T T T T T T T T
[ — Without Coulomb friction
—- With Coulomb friction ol
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0.002 - 7
0.001 ]

0 . | . 1 . 1 : 4
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Active particles |

T

Fig. 5 (Color online) (a) Evolution in time of the posi-
tion z(t) for the model in Eq. (19) without Coulomb fric-
tion (black continuous lines), with parameters v = 0.05,
~T = 0.5, and p = 0.4, and with Coulomb friction (red
dashed line), with same parameters and A = 1. (b) Av-
erage drift for the model with Coulomb friction (20) (top
panel) with parameters A = 1, v = 0.05, 4T = 0.5, and
for the model for active particles (21) (bottom panel)
with parameters 71 = 72 = 1, and 7T = 0.5, as a func-
tion of the parameter p.

The asymmetric ratchet potential is the one usually
studied in the literature of Brownian motors/®!]

U(x) = sin(z) + psin(2z) , (22)

where 4 is an asymmetry parameter. In the case of fric-
tional force (21) the effect of an asymmetric potential has
been investigated in [32-33].

We have performed numerical simulations of the model
(19), which are reported in Fig. 5(a). Here we show the
position of the Brownian particle in time, in the absence
(continuous black line) and in the presence of Coulomb

friction (dashed red line). Notice the strong rectification
phenomenon occurring in the nonequilibrium case, namely
when Coulomb friction is present.

In Fig. 5(b), we report the behavior of the system at
varying the parameter p of the asymettric potential. In
the top panel we show the average velocity of the par-
ticle described by Eq. (19) with Coulomb friction (20)
and in the lower panel, we show the results of numeri-
cal simulations of the model for active particles described
by Eq. (21). As expected, for p = 0, the ratchet effect
vanishes in both models, because the potential is spatially
symmetric in that case. By increasing the value of u a
non-monotonic behavior is observed. The decreasing of
the ratchet effect for large values of i is probably due to
the fact that the potential develops more than one mini-
mum. This causes an overall slowing down of the dynam-
ics and, therefore, of the average velocity.

5 Conclusions

We have reviewed a few models of Markovian Brown-
ian motors: the common ingredient is non-linear friction
as the only mechanism for energy dissipation. All other
features, such as an external potential as well as ther-
mostats at the same temperature, are of “equilibrium”
nature. Our focus is on a particular choice of non-linear
friction, which is found in many macroscopic experiments,
that is Coulomb friction between dry surfaces. The inter-
play between non-linear friction and the other (determinis-
tic and stochastic) forces acting on the motor is subtle and
not always generates a motor effect. We have shown two
possible routes toward rectification: they go through the
presence of thermal non-white noise (e.g. collisions with a
gas at equilibrium) or through the introduction of spatial
inhomogeneity (e.g. an external potential). What is com-
mon between these two mechanisms is that they grant
to the system a larger set of possible trajectories (with
In this
larger set, cyclic trajectories are accessible which guar-

respect to white noise in homogeneous space).

antee probability currents and (in the presence of a spa-
tial asymmetry) a motor effect. Apart from the simplest
model discussed in Subsec. 3.2, full analytical treatment
of these models is missing, and expressions for the drift
are known only in particular limits. Far from these limits,
numerical simulations suggest a rich and complex behav-
ior, with extremal and inversion points in the drift as a
function of the models’ parameters, which are still lacking
a satisfying explanation.
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