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Abstract
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Water waves are one of the most common phenomena in nature, the studies of which help
energy development, marine/offshore engineering, hydraulic engineering, mechanical
engineering, etc. Hereby, symbolic computation is performed on the Boussinesq—Burgers
system for shallow water waves in a lake or near an ocean beach. For the water-wave

horizontal velocity and height of the water surface above the bottom, two sets of the bilinear
forms through the binary Bell polynomials and N-soliton solutions are worked out, while two
auto-Bécklund transformations are constructed together with the solitonic solutions, where N
is a positive integer. Our bilinear forms, N-soliton solutions and Béacklund transformations are
different from those in the existing literature. All of our results are dependent on the water-

wave dispersive power.
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Water has been known as a constant reminder that life
repeats and the only element that has a visible cycle [1]. The
water cycle has been believed to result in the distribution of
water on land surface, to purify water, to support plant
growth, to facilitate agriculture and to sustain aquatic eco-
system [2]. Water waves have been seen as one of the most
common phenomena in nature, the studies of which help the
energy development, marine/offshore engineering, hydraulic
engineering, mechanical engineering, etc [3—10]. On the
water waves, each year, hundreds of papers have been pub-
lished, a few of which, e.g. are [3-10] recently. More recent
nonlinear-physics contributions have been seen as well
[11-13].

For the propagation of shallow water waves in a lake or
near an ocean beach, people have investigated the

0253-6102/20/095002-+05$33.00

Boussinesq—Burgers system [14—19],

ﬁ_

1
u; = Uy + 2uu, + va, (la)

u= (1= L)+ 200+ 2 an)
2 2

where x and ¢ are the normalized space and time, the sub-
scripts denote the partial derivatives, the differentiable func-
tion u = u(x, f) represents the horizontal velocity, and the
differentiable function v = v(x, f) denotes the height of the
water surface above the bottom level [16], while 3 is a real
constant representing the dispersive power [15].

For system (1), finite-band solutions have been investi-
gated with the help of the Lax representations of some sta-
tionary evolution equations [14], rational solutions have been
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obtained via the bilinear method and Kadomtsev—Petviashvili
hierarchy reduction [15], non-auto-Bécklund transformations,
nonlocal symmetries, conservation laws and interaction
solutions have been constructed [16], Darboux transforma-
tions and multi-soliton solutions have been presented
[17, 18], bilinear form and multi-soliton solutions have been
studied [19]. By the way, other issues related to system (1)
have been seen [20-28].

However, to our knowledge, Bell-polynomial invest-
igation on the bilinear forms and N solitons for system (1) has
not been carried out, where N is a positive integer. Auto-
Bicklund-transformation work on system (1), which is dif-
ferent from that in [16], has not been discussed, either. In this
paper, we will briefly review the Bell-polynomial concepts.
With the binary Bell polynomials and symbolic computation
[29] we will work out the bilinear forms for system (1), which
are different from those in [15, 19], and N solitons for
system (1), which are different from those in [15-19]. Also
with symbolic computation, we will construct two auto-
Bécklund transformations with some soliton features. Con-
clusions will come out last.

Let us begin the work with the Bell-polynomial pre-
liminary: Bell polynomials have been said to provide a rela-
tively-direct way to get the bilinear forms for certain
nonlinear evolution equations, instead of the dependent
variable transformations [30-32]. References [30-32] have
presented the following:

* The two-dimensional Bell polynomials:

me,nt(e) = Ym,n (91,17' i »el,na' ot aem,lv' o 56m,n)
=e99707e, ()

where 0 is a C> function of x and t, 6, = 000,
k=20,---,m, | = 0,---,n, with m and n being the nonnegative
integers, e.g.

Y;c,r = ex,t + ert’

Y2x,t = 92x,t + 92x9t + 29x,t9x + e,zret’ (3)

* The binary Bell polynomials:

References [33-35] have linked the % polynomials to the
Hirota D operators as

qymx,nf|:p =In (g} q= In (fg):| = (fg)ilD):nDtnf' 8> (6)

where f(x, ) and g(x, ?) are the C* functions of x and #, while
D, and D, are the Hirota D operators defined by

DI'D/ f(x, 1) - g(x, 1)

. a 7in’[ giin ;o
(- 2] (2 - 2 rexnseen

)

x’:x,l’:l (7)

with x’ and ¢’ being the formal variables.

Hereby, through the binary Bell polynomials, we need to
work out the bilinear forms and N solitons for system (1).

To begin with, what is reported in [19] can be considered
as a special case of our results in this part.

Similar to the work in [36, 37], the scaling transforma-
tion,

B — 3,

v — o 2y,

X — @ox, t— 2,

u— o lu,

leads to our assumptions
uCx, 1) =N p.(x, 1),
v ) =N p, () + BGg, 0 + o,

(8a)
(8D)

where T, T,, T3 and o are all the real constants. With the
substitution of assumptions (8) and the assumptions that

1

B=2Y., L=(1-/AY% and =t

back into system (1), Bell-polynomial procedure and sym-
bolic computation help us to reduce assumptions (8) to

ux,t) = :I:%px (x, 1), 9a)

1-5

1
v(x, 1) = iTpxx (x, 1) + qux(x, 1+ o, (9b)

and then to convert system (1) into two sets of the coupled

O]/mx,nt(p7 f]) = Y;ﬂx,nt("/)l,la""wl,m"'a¢m,1"'"7~pm,n)| ) {I’kj’ if k+1 is odd, (4)
Y=

where p(x, f) and ¢g(x, ) are both the C* functions of x and z,
Yrs’s are all the functions of p and g, p;;, = 9%9!p and

/% 8§8£q, c.g.

Ypo @) =P Dou(pr @) = o + PP
(P, @) = PPy + Gy
Ysx(p, @) = P3x + 30y + D], . S

. if k+1 is even,

systems of the %/ polynomials:

1 _
igqux(pa q) — %(p) =0, (10a)
+2%.4(p, @) — (P, ) — 40%(p) = 0. (10b)
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Further, with

(. t)zln[f(x’ ”], (11a)
glx, 1)
(e 1) = In[f @ Ng@. . (11b)

we transform system (1), through systems (10), into the fol-
lowing two branches of bilinear forms with the binary Bell
polynomials:

(j:%D)? - D, )f- g =0, (12a)

(£2DD, — D} — 40D, )f - g =0. (12b)

The reason for the existence of two branches of bilinear
forms (12) is that there appear the ‘£’ signs.

It is noted that bilinear forms (12) are different from
those in [15, 19].

Expanding f(x, f) and g(x, #) in bilinear forms (12) with
respect to a small parameter € as

N
fa, =14+ €ef(x0), (13a)

¢=1

N
g, =1+ g (x, 1), (13b)

w=1

and then setting ¢ = 1, we obtain the N-soliton solutions for
system (1) as

u(x, = expressions (9) and (11), with (14a)
v(x, 1)=
N
faen = 3 exp [ZN[()VX + 7t + wi)
it;=0,1 i=1
N)
+ 20 by, (14b)
1<i<j
N
gl ) = 37 exp[Zui()\ix + 7t + ki)
it =0.1 i1
N)
+ D0 by s (14c)
1<i<j
2
5. \laibj - \/ajbi
e =Y (14d)
Jaiaj — \bib;
e =a, (14e)
e =bi (14f)
AT
2(a; — b))
A =(ai = b) | z, (14h)
a;b;

s, w, i and j being the positive integers with ¢ < N, @w < N,
i< Nandj<N, w’'s and k;’s denoting the real constants,
f.(x,t)’s and g_(x, t)’s being all the real differentiable

functions of x and ¢, a; and b; representing the parameters

characterizing the i-th soliton, a; ¢ > 0, b; ¢ > 0, the sum

>, —o0,1 taken over all the possible combinations of y; = 0,1
(K] 4

while 2512,- «; being the summation over all the possible pairs
chosen from the N elements under the condition i < j.

It is noted that there exist two branches of N-soliton
solutions (14) because of the ‘£’ signs. Both of the branches
are dependent on (3, the water-wave dispersive power.

It is also noted that N-soliton solutions (14) are different
from those in [15-19].

Our next goal should be auto-Béicklund transforma-
tions (17)—(25), which are different from those reported in [16],
and the relevant soliton features for system (1), to be seen below.

For system (1), we need to consider the Painlevé expan-
sions in the form of the generalized Laurent series [38, 39] (and
references therein), i.e.

u(x, t) = ¢ =(x, t)i ug (x, 1) S (x, 1), (15a)
£=0
vix, 1) = ¢t (x, 1) i vy (x, D PX(x, 1), (15b)

x=0
and to balance the powers of ¢ at the lowest orders, so as to get
X=2, E=1, (16)

where = and & are the natural numbers, u,’s, v,’s and ¢ are all
the analytic functions with ug = 0, vo = 0 and ¢, = 0.

With symbolic computation, we will truncate Painlevé
expansions (15) at the constant level terms [38, 39], as

up(x, t)
P(x, 1)
vo(x, 1) vi(x, 1)
P ) o1
and substitute expansions (17) into system (1). Then, we

require that the coefficients of like powers of ¢ vanish, and
see the Painlevé-Bécklund equations:

ulx,t) = + ui(x, t), (17a)

vix, t) = + va(x, 1), (17b)

w=0=D=1g (18)
up = j:%, (19)
b= i2<z5, - 4¢xu12— B - 1)%7 20)
+é., + ddu — 2¢, =0, 1)
+48¢%u1 « F 402, + 169, 6,uy
F 166°ul + 4¢°v; F 497 + 397,
T4, b + 120U, + 240, by
- 4¢xx¢z‘ - 8¢x¢xt = 0’ (22)

4ﬂ¢mul,x + 4ﬁ¢xul,xx
— 320, uy iy + 8¢ uy ;s + 8dupx — 4o«

— 4wy — 160 ul + 166 u; + 4¢ va

+ 49, v2 — 49, + G = 0,
(23)
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-1
U = 6

(24)

1
Uy xx + 2I’tl uy x + Ev2,x’

Vo = (1 - g)ﬁul,xxx + z(uIVZ)x + - BVZ,XX' (25)

Hereby, u(x, f) and v,(x, ) can be treated as the seed
solutions for system (1) [38, 39]. The sets of equations (17)—
(25) constitute two auto-Bécklund transformations, since
there exist the ‘+’ signs, and the whole sets are mutually
consistent, or, explicitly solvable with respect to ¢(x, 1), uy(x,
1), ui(x, 1), vo(x, 1), vi(x, 1) and v,(x, £), to be seen right below.

Each of auto-Bécklund transformations (17)—(25) works
as a system of equations relating a set of the solutions of
system (1), e.g. one set of solutions (27) or (28), to another
set of the solutions of system (1) itself. Therefore, we could,
in principle at least, be able to progressively construct more
and more complicated solutions of system (1).

Each of auto-Bédcklund transformations (17)—(25) is
dependent on (3, the water-wave dispersive power.

We will try to find the explicitly-solvable soliton exam-
ples, assuming that

d)(x’ t) = G Ox+4 (1) +1,
u(x, 1) = C3(t) + <4(t)X,
va(x, 1) = (5(1) + Co(Dx + G(D)x?,

(26)

where ()(1)’s (I = 1, ..., 7) are the real differentiable functions,
with ¢ () = 0 since ¢, = 0.

With symbolic computation, we substitute assump-
tions (26) into equations (18)—(25), and work out

[/ (1) — 2¢(1) (P
<1(t)2

C7(t) =

with the “’” sign denoting the derivative, with respect to ¢.
There exist two cases, (;(f) = constant or (;(f) = constant.
Case (1): ((t) = constant

G =¢ge zfc“(t) dt,

1 .
G = Y with (5 — 2t = 0,
P
P
(5(1) = G — 7

_ Gg@p £ ()
Q@)= —4(<9 ~ 20 + 2p3,

p,=1—-p34+1,

where (g = 0, (o, p1, p2 and ps are all the real constants.

Computing with expressions (17) as well, we can obtain
the following (-dependent soliton solutions of system (1):

G
S H=+—8
=R T
x Tanh ng C8(4pl + CS) + p3
20 —2t)  8(C — 20)
b oG (27a)
Co — 2t 4(Cy — 2t)
2 J—
v(x’ t) f— M
8(Co — 21)?
xTanhz[ G G4 £ G) + 3]
2(Co — 20) 8(Cy — 21)
N GAFBED +8(1— B+ (G —20)

2
8(Co — 21) 27b)
There exist two branches of those solutions because of the ‘+’
signs.

Case (2): (;(f) = 1, = non-zero constant

Similarly, we can obtain the following (-dependent
solitonic solutions of system (1):

4n, + t
u(x, t)::l:% Tanh[% + M@, £ n)t + E]

4 2
Ui
+772:tz’ (28a)
2(+ 1-1
v(x’t):m( BF )
8
dn, £t
Tanh2 [ 1% 4 M@ £ 001 15
o [2 * 4 )
2(+ 1-1
~( B;E )’ (28b)

where 7, and 73 are also the real constants. There exist two
branches of those solutions because of the ‘£’ signs.

Right now, let us finish up the paper. Water has been
known as a constant reminder that life repeats and the only
element that has a visible cycle. The water cycle has been
believed to result in the distribution of water on land surface, to
purify water, to support plant growth, to facilitate agriculture and
to sustain aquatic ecosystem. Water waves have been seen as
one of the most common phenomena in nature, the studies of
which help the energy development, marine/offshore engineer-
ing, hydraulic engineering, mechanical engineering, etc. Hereby,
on system (1), the Boussinesq—Burgers system for the shallow
water waves in a lake or near an ocean beach, symbolic com-
putation has been performed. For u(x, f), the water-wave hor-
izontal velocity, and v(x, 7), the height of the water surface above
the bottom, two sets of the bilinear forms through the binary Bell
polynomials, i.e. bilinear forms (12), and N-soliton solu-
tions (14) have been worked out, while two sets of auto-Béck-
lund transformations (17)—(25) have been constructed together
with solitonic solutions (27) and (28). It has been noted that
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bilinear forms (12), N-soliton solutions (14) and Bécklund
transformations (17)—(25) are different from those in the existing
literatures. All of our results have been shown to be dependent
on [3, the water-wave dispersive power.
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