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Modeling of Neurodegenerative Diseases Using Discrete Chaotic Systems
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Abstract Parkinson’s and Huntington’s diseases are two of the most common neurodegenerative disorders. Tremor,
muscle stiffness, and slowness of movement are symptoms of Parkinson’s disease. The symptoms of Huntington’s disease
are severe reduction in muscle control, emotional disturbance, and pathological disorders in brain cells. These diseases are
caused by destruction of the cells that secrete a substance called dopamine. In this paper, a new discrete chaotic system
is introduced, which can mimic the brain’s behavior for neurodegenerative diseases such as Parkinson, Huntington, and
Hypokinesia. This system is described based on the similarity between the brain’s behavior in normal and abnormal
conditions and the chaotic systems. Bifurcation analysis is carried out with respect to different parameters, providing
full spectrum of the behavior for different parameter values. Our results can be used to mathematically study the
mechanisms behind these diseases.
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1 Introduction

Parkinson’s Disease (PD) is a neurodegenerative dis-

ease that often begins with trembling in one of the hands,

sluggishness and muscle stiffness progressing throughout

the body. It often occurs in old people, however some

young individuals are also diagnosed with PD.[1−2] The

neurodynamic dysfunction and destruction of the interac-

tions between different parts of the nervous system, as well

as communications within the neuromuscular system have

been recognized in patients with Parkinson’s disease.[3−4]

This disease occurs due to destruction of cells that secrete

a neurotransmitter called dopamine, which is the active in-

gredient that regulates the movement. Increasing the ratio

of acetylcholine to dopamine in the cerebral arteries leads

to symptoms such as tremor, muscle stiffness, and slow-

ness of movement. PD can be caused by the use of drugs

such as phenothiazines (PTZ), brain damage, tumors,

post-infectious encephalitis, infection with slow-growing

viruses or possibly carbon monoxide poisoning.[5−6] Cur-

rently, laboratory tests, such as blood tests, are not avail-

able to diagnose PD. Diagnosis is usually based on physi-

cal examination accompanied by neurological examination

and brain scans.

Huntington’s disease (HD), as another neurodegenera-

tive disease, is a hereditary disease, which results in neuro-

logical degeneration and leads to motor neuron, cognitive

and psychiatric disorders, and finally evolves to loss of

autonomy and death. This disease occurs in adults aged

between 35 and 50 years. The progression of the disease

follows extremely different forms from one individual to

another. The statistical studies evoke an average dura-

tion of about 20 years since the onset of motor symptoms

to the most advanced stages, which involve severe motor

and cognitive impairments. The clinical signs of this dis-

ease are of three types including motor, cognitive, and

psychiatric.[7−8] As a neurological and psychiatric symp-

tom, Hypokinesia is a lighter form of akinesia, that is to

say “less moving” as opposed to “not moving”. Hypokine-

sia is one of the main symptoms of Parkinson’s syndrome

and is a result of a disorder of the extrapyramidal system.

In addition, it occurs in depression or schizophrenia. Hy-

pokinesia also occurs as a side effect of neuroleptics. It is

not to be confused with the bradykinesia in which not the

frequency of movement but the speed is reduced.[9−10]

Generally, biological nervous system can present var-

ious modes of electrical activities that can produce par-

ticular patterns[11−13] to support specific functions and

behaviors in both health and disease.[14−16] In order to

detect these patterns, the analysis of the EEG signals has

been considered frequently.[17] Some studies highlight dif-

ferences in EEG signals for healthy persons and patients
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with neural diseases, such as the differences of synchro-

nization in the EEG signals for these patient as compared

to healthy subjects,[17−18] or lower alpha band connectiv-

ity and lower dominant frequency in these patients rather

than healthy people,[19] etc.

In this manuscript, we introduce an analysis based on

chaotic systems to model PD and HD. Chaos is a common

feature that can occur in dynamical systems. There are

several evidences indicating that many biological systems,

especially human brain behaves in both chaotic and peri-

odic manner.[20−24] Freeman et al. showed that the brain’s

function always switches between different states. These

alternations are because of abnormality or disorders.[25]

Figure 1 displays the phase portrait of electroencephalo-

gram (EEG) signals obtained from a rat in normal and ab-

normal situations,[26] supporting chaotic behavior of brain

functions. Providing a useful tool for scrutinizing and bet-

ter understanding of biological systems, chaotic models

have been frequently used in research studies to analyze

and model biological systems.[27−28]

Fig. 1 (Color online) (a) Phase portrait of EEG signal taken
from a rat in abnormal situation. (b) Phase portrait of EEG
signal taken from a rat in normal situation. These figures
are taken from Ref. [14].

From the dynamical view, external stimulus or alter-

ation of intrinsic parameters can generate different re-

sponses and thus, different electrical patterns in the ner-

vous system. On the other hand, chaotic systems are

known to be capable of presenting multiple modes in os-

cillation. Therefore, chaotic models can be useful means

to mimic the nervous system. In this study, a new chaotic

map is proposed in order to mimic brain’s behavior in both

normal and abnormal situations. The model is based on

physiological interactions between thalamus, cortex, and

basal ganglia. Results indicate that this model can be

used to study the complex mechanisms behind neurode-

generative diseases.

2 Physiological Background

Basal ganglia comprises Striatum (caudate nucleus

putamen), Globus pallidus, subthalamic nucleus, and sub-

stantia nigra. Globus pallidus is further divided into two

distinct parts including the internal (or GPi) and the ex-

ternal (or GPe) segments.[29] Substantial nigra is also di-

vided into two parts including SNc (substantia nigra com-

pacta) and SNr (substantia nigra reticulate). All these

components form the neural circuit of basal ganglia.[29−30]

The input of Basal Ganglia is provided by cortex, pro-

viding the excitatory input for the striatum, which, in

turn, acts as a gateway for basal ganglia.[31] Basal gan-

glia also provides input for the thalamus, which connects

basal ganglia to the cortex. Scientists have found two

major pathways from striatum to GPi/SNr.[29] These two

pathways are known as direct and indirect pathways. In

the indirect pathway, the neurons projecting from stria-

tum inhibit the external segment of the Globus pallidus.

The indirect pathway goes to striatum, GPe, STN and

collectively GPi/SNr. Neurons from GPe inhibit STN,

which has excitatory production to GPi/SNr that itself

has tonic inhibition to thalamus. In sum the indirect path-

way starts with striatum, which inhibits GPe,[29−31] and

the net result of the inhibition and excitation processes

are inhibition of the thalamus.[32−33]

Unlike the indirect pathway, the net result of the di-

rect pathway is to reduce inhibition of thalamus. Even-

tually, the opposing effects of both pathways are regu-

lated by SNc whose productions are the neurotransmit-

ters called dopamine.[34] Thalamic neurons make excita-

tory projections on the cortex. Because SNC cells produc-

ing dopamine are progressively lost in PD patients, little

dopamine is produced. Since dopamine increases the ac-

tivity of direct pathway, the inhibition activity of direct

pathway decreases in PD. However, the reverse occurs in

HD, which means that the striatum inhibitory neurons in

indirect pathways are damaged causing the lack of inhibi-

tion in neural circuit.[31,33] In summary, PD symptoms

include loss of ability to keep and initiate movements,

whereas HD is lack of inhibition against movements.[2,35]

3 Proposed Chaos-Based Model

In this section, a new mathematical model is proposed

to mimic and predict the brain’s behavior in normal and

abnormal situations associated with PD and HD. Our aim

is to model neural circuit of cortex, basal ganglia, and tha-

lamus. To this end, we used the model proposed by Bagh-

dadi et al.[20] to model the Cortex. In this model, hyper-

bolic tangent function is used to mimic neurons activation

function and Positive and negative signs model excita-

tion and inhibition of neurons, respectively. According to

physiological background discussed in previous section, we

propose a neural network for Basal ganglia. This network

comprises two direct and indirect paths in Basal ganglia.

In the indirect path, G(x) indicates the Globus pallidus

(GPe), which is modeled by hyperbolic tangent function.

S1, S2, and S3 are the synaptic weights that can be reg-

ulated by dopamine release. E(x) and I(x) are neurons

activation functions which are modeled by hyperbolic tan-

gent function.[20] Parameters S1, S2, and S3 are all posi-

tive and the minus sign indicates inhibition function of the
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synapses. The input for Striatum comes from the Cortex

and the output of SNr/GPi goes to thalamus. The overall

model of the Brain (Cortex-Basal ganglia-Thalamus) can

be seen in Fig. 2. We assume that the input of Basal gan-

glia (or output of the Cortex) is x(n) and the output of

Basal ganglia (or input of the Thalamus) is y(n). There-

fore, the mathematical model is formulated as follows and

its presented in Fig. 3.

y(n) = −(−S2tanh(−S1x(n))− S3) ,

x(n+ 1) = Btanh(w1y(n))−Atanh(w2y(n)) . (1)
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Fig. 2 (Color online) The aggregate Brain model (Cortex-Basal ganglia-Thalamus) based on the proposed chaos-based
model.

Fig. 3 (Color online) Schematic of the proposed model.

4 Results and Discussion

In this section the dynamical properties of the model

are scrutinized. The behavior of the proposed model is

investigated for different values of parameters. There are

a number of parameters in the proposed system whose

values are essential to change its behavior. The bifur-

cation diagrams are plotted by changing one parameter

while other parameters are fixed. The values of these pa-

rameters are same as Ref. [20] Computer simulations are

performed by taking the parameters as follows:

B = 5.821 , A = 18 , w1 = 1.487 , w2 = 0.2223 ,

S1 = 0.5 , S2 = 1.5 , S3 = 0.25 .

As mentioned in Sec. 2, in PD the cells producing

dopamine die off, and as a result, dopamine release reduces

and the inhibition activity of direct pathway decreases.

Considering the brain’s behavior and the proposed model,

we anticipate that as parameter S3 diminishes, the sys-

tem switches from periodic behavior to chaotic behavior.

In the previous studies[22,28] on biological systems, it is

noted that the chaotic behavior is a signature of the ex-

istence of disorder in the system. The results represented

in Fig. 4 concur with these expectations while it can be

seen that as parameter S3 decreases the system exits from

periodic region and enters into chaotic region. The pe-

riod doubling route to chaos is observable in the system’s

bifurcation diagram with respect to parameter S3.

In HD, the striatum inhibitory neurons in the indirect

pathways are damaged leading to lack of the inhibitory

activity of Basal ganglia’s indirect path. Considering the

proposed model, HD occurs when parameter S1 is suffi-

ciently low, therefore we expect that if parameter S1 de-

creases, the system should act chaotically. Accordingly,

Fig. 5 demonstrates that as the number of damaged neu-

rons increases (i.e. parameter S1 decreases) system starts

to act in a chaotic manner. Although some small periodic

windows exist in the wide chaotic region, finding the ex-

act values of the parameters in which the system switches

between chaotic behavior and periodic behavior is not the
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aim of this study. However, it can be noticed that even a

small change in system’s parameters results in remarkable

alteration of the system’s behavior.

Fig. 4 (Color online) Bifurcation diagram of the pro-
posed model with respect to different values of param-
eter S3.

Fig. 5 (Color online) Bifurcation diagram of the pro-
posed model with respect to different values of param-
eter S1.

The thalamic neurons make excitatory projection on

the cortex. It means that the more neurotransmitters re-

lease in the indirect pathway, which is responsible for the

inhibition of the thalamus, the less thalamus excitation

on the cortex is available. Thus, the motor movement,

also known as Hypokinetic state, is reduced.[30−34] From

modeling perspective, Hypokinetic occurs when the pa-

rameter S2 is high enough. Therefore, as shown in Fig. 6,

it can be argued that as the absolute value of parame-

ter S2 increases, the system switches from periodic state

(healthy) to chaotic state (Hypokinetic). For better dis-

playing of different dynamic behaviors of System (1), two-

dimensional bifurcation diagrams of System (1) are shown

in Fig. 7. Regions denoting the periodic, chaotic and sta-

ble (fixed point) behaviors are shown in blue, green, and

red, respectively. Figure 7 shows the distribution of fixed

point and periodic region (normal condition) in two sep-

arated chaotic regions (abnormal condition). With help

of Fig. 7 in S1–S2 and S1–S3 parameter spaces, the re-

lationships between different bifurcation processes can be

constructed.

Fig. 6 (Color online) Bifurcation diagram of the pro-
posed model with respect to different values of param-
eter S2.
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Fig. 7 (Color online) Two-dimensional bifurcation di-
agram of system (1). For (a) the S1–S2 space with the
fixed value of S3 = 0.25, and (b) the S1–S3 space with
the fixed value of S2 = 1.5.

5 Conclusion

In order to mimic the human brain behavior and bet-

ter understanding of brain diseases, such as Parkinson,

Huntington, and Hypokinesia, a new discrete mathemati-

cal model was proposed in this manuscript. This model is

based on previous mathematical model of the Cortex and

the interactions between the Cortex, Basal Ganglia, and

Thalamus in the human brain. The dynamical proper-

ties of the model were investigated in different sets of pa-

rameters. We have also investigated the dynamics of the

proposed system by one-dimensional and two-dimensional

bifurcation diagrams by varying the control parameters.

We could explain three kinds of neurodegenerative dis-

eases by changing the value of parameters in the proposed

model. First, the occurrence of Huntington’s disease (HD)
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was explained. In HD, the striatum inhibitory neurons are

damaged, so that the inhibitory activity of indirect path

of Basal ganglia is reduced. This was in line with the

reduction of parameter S1 in model. Second, we showed

how our model can explain Hypokinesia. The more neu-

rotransmitters release in the indirect pathway of Basal

ganglia, which is responsible for the inhibition of the tha-

lamus, cause less thalamus excitation on the cortex called

Hypokinesia state. In the model, this was in line with

increase of the parameter S2. Finally, Parkinson’s Dis-

ease (PD) was explained through proposed model. In PD,

dopamine release reduces and the inhibition activity of di-

rect pathway in Basal ganglia decreases. From modeling

perspective, it was in alignment with decrease of parame-

ter S3.

We showed that by changing the values of parameters,

system exhibits various behaviors. We also demonstrated

that when system acts in chaotic manner it is sign of PD,

HD or Hipokinesia. According to correspondence between

the brain behavior and chaos theory, it was shown that

the represented model is capable of simulating changes of

brain’s behavior in some neurodegenerative diseases.
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