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Abstract We construct general Wigner rotations for both massive and massless particles in D-dimensional spacetime.
We work out the explicit expressions of these Wigner rotations for arbitrary Lorentz transformations. We study the
relation between the electromagnetic gauge invariance and the non-uniqueness of Wigner rotation.
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1 Introduction and Summary

In quantum field theory, one-particle states are clas-
sified according to the representations of little groups of
the Lorentz group.[!l For a systematic introduction of little
groups or Wigner rotations for both massive and massless
particles in four-dimensional spacetime, see Ref. [2].

In this paper, we wish to study the Wigner rotations
for both massive and massless particles in an arbitrary
D-dimensional spacetime. We begin by introducing the
little groups in D-dimensional spacetime. For a chosen
“standard” D-momentum k", the little group or Wigner
rotation is defined as W# k¥ = k*, p,v =0,1,...,D — 1.
For an arbitrary Lorentz transformation A and a given
momentum p#, the little group can be constructed as
follows, 2!

W(A,p) = L™ (Ap)AL(p). (1)

Here L(p) is some standard Lorentz transformation, bring-
ing k* to p*, i.e. p* = L*,(p)k”.

In this paper, we work out the explicit expressions of
little group elements (1) for both massive and massless
particles in D-dimensional spacetime.

Our main idea is to use spinor algebra to construct the
little groups or Wigner rotations. Generally speaking, the
spinor algebra in D dimensions is slightly easier than the
tensor algebra. Nevertheless, the spinors can still furnish
faithful representations of the little groups; So they can be
used to work out (1). The technical details will be intro-
duced in the next section. For the massive particle case,
we use two distinct methods to derive the explicit expres-
sion for the Wigner rotations; In the special case of 4D,
we provide a third way to work out the explicit expression
for the Wigner rotation.

The spinor representation of little group for massless
particles is particularly interesting. For instance, in the
case of 4D, the little group is ISO(2), with the rotation

generator J> and two translation generators T and T2.
If the physical state is a superposition of the eigenvectors
of T' and T2, and if the eigenvalues of 7" and T? are not
zero, the helicity o of a massless particle would have a
continuous value without taking account of the topology
of the Lorentz group.!?) However, in the spinor realization
of ISO(2), the eigenvalues of A! = T3 and A? = T2 are
zero automatically. (Here “S” stands for the spinor rep-
resentation.) So a continuous value of the helicity o of a
massless fermionic particle can be avoided, without even
considering the topology of the Lorentz group.

It is obvious for a given Lorentz transformation, the
Wigner rotation cannot be uniquely defined. For a fixed
“standard” D-momentum k", one may choose two differ-
ent standard Lorentz transformations L(p) and L(p), in
the sense that L(p)*,k* = L(p)*, k¥ = p* but L(p) #
f/(p) The resulting two Wigner rotations satisfy

W(A,p) = S(Ap)W (A, p)S™H(p) , (2)
where S(p) = L' (p)L(p). The above equation may be
useful in studying gauge fields: Here S(p) may have a
connection with the gauge transformation of U(1) gauge
field in D dimensions. As an example, we discuss the re-
lation between the electromagnetic gauge invariance and
the non-uniqueness of Wigner rotation in four-dimensional
spacetime (see Sec. 4).

The results of this paper may be useful in studying the-
ories in the higher dimensions, such as superstring theory
or M-theory.

Our paper is organized as follows. In Sec. 2, we work
out the Wigner rotations for massive particles in D dimen-
sions, and discuss the special case of D = 4. In Sec. 3,
we derive the Wigner rotations for massless particles in D
dimensions. In Sec. 4, we investigate the relation between
the Wigner rotation and the U(1) or abelian gauge sym-
metry in 4D. We summarize our conventions and some
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useful identities in Appendix A. In Appendix B, we verify = This can be fulfilled by requiring that

that the little group elements for massive particles be- LS(UA)’YOLs_l(T]A) = ASLS(U)’YOLs_l(U)As_l- (12)

long to SO(D — 1), and In Appendix C, we verify that On one hand

some little group elements for massless particles belong to ’ _ _ y

SO(D — 2). AsLs(m Lg" (MAg" = AL (n)y (13)
On the other hand, in analogy to Eq. (5), we have

2 Wigner Rotations for Massive Particles Ls(na) = cosh(ny /2) + sinh(na /2)ii (2570) . (14)

2.1 D Dimensions So 0r_1 0 .

For a particle of mass M in D dimensions, we choose Ls(na)y"Ls ™ (na) = Ly (na)vy 0
the standard vector as k* = (0,0,...,0,M). The spinor = (cosh(na) + sinh(na )7} (25) )"
representation of the “standard boost” can be constructed = cosh(na)y°? — sinh(na) AR Y" . (15)

as follows
10
Lg(n) = e™>". (3)

Here ¥ = (1/4)[y°,~%] is the set of boost generators (our
conventions are summarized in Appendix A), and 1’ the
set of rapidities; The subscript “S” stands for spinor rep-
resentation. The relation between Lg(n) and L(n)? is the
standard one:

Ls(my"Lg* () = L*(n)" - (4)
Using (2%%°)2 =1 (no bum) one can convert (3) into the
form

Lg(n) = cosh(n/2) + sinh(n/2)7' (25") , (5)

where 7' = n'/n and 1 = |ij] = \/(n?)2. Substituting (5)
into (4), we find that

L (n) = 6" + (coshn — 1)i'd’ ,
Ly (n) = L;°(n) = =’ sinh7,
Ly (1) = cosh. (6)
Substituting
' =p', sinhn = [p]/M (7)
into Eq. (6),

L (p) =69 + (v = 1)p'p

Ly'(p) = L,°(p) = =p' V2 - 1,

Ly’(p) =7, (8)
where v = /[p|2/M?2 + 1 = p°/M. We see that L(n) or

L(p) does carry the D-momentum from k* to p*. Since
now, we do not distinguish L(n) and L(p). It can be seen
that if D = 4, the standard boost (6) is exactly the same
as the one in Ref. [2].

For a given general Lorentz transformation A, we de-
note its spinor counterpart as Ag;¥ They satisfy the equa-
tion

Asy!Agh = A (9)

Then the Wigner rotation in the spinor space reads
Ws(A, 1) = Lg ' (na)AsLs(n) - (10)

Here np must be defined such that L(na) transforms p#
into (Ap)*, i.e.,

i =@p),  ((Ap))’ = Msinh(ny). (1)

Comparing (13) and (15) gives
cosh(np) = (AL)o® = Ag® cosh(n) — Ag'#; sinh(n)
i sinh(na) =—(AL);® = A; i sinh(n) — A;” cosh(n) , (16)
where we have used Eq. (6), and for readability, we have
written A,PL," as (AL),".

The inverse transformation reads

Lg ' (na) = cosh(na/2) —sinh(na/2)7;3 (227) . (17)
It is possible to recast it into the following form:
_ ADTILG2 ()AL + 1
LS 1(771\) _ ( S) S (77) S (18)

2 cosh(na /2)
To see this, let us evaluate ASLgAg first. Using Egs. (5),
(9), and Ag' =~°AL(7%)"!, we find that
AsL2AL = Ag[cosh(n) + sinh(n)7! (25°)]AL
= [Ao” cosh(n) — Ag'iy sinh(n)] + [A;")" sinh(n)
—A,% cosh(n)](2%7°) . (19)
Using the above result, it is not difficult to compute
(M) Ls* ()AL
(ADT'L2 )AL = (AsLEAD ™' =1 (AsLEAD (/)
= [Ag” cosh(n) — Ag™# sinh(n)] — [A;"9’
x sinh(n) — A;° cosh(n)](227%) . (20)
Plugging the above equation into Eq. (18), and using
Eq. (16), we find that Eq. (18) is exactly the same as
Eq. (17).

Plugging Eq. (17) into Eq. (10) gives the spinor repre-
sentation of the general Wigner rotation for massive par-
ticles in D dimension:
(AH) LG () + AsLs(n)

2 cosh(ny/2)
1 AsLs(n) (%)~ + AsLs(n)

WS (A’ 77) =

= ;o (21)
2(1+[AL(p)]o°)
where we have written the denominator as
2 cosh(na /2) =+/2(cosh(na) + 1) =+/2(1 )]o?) -
(22)
It is easy to check that
WA, ) = Wg' (A,m). (23)
So according to our convention in Appendix A, Wg(A,n)

must furnish a unitary representation of SO(D — 1).

81n this paper, Lorentz transformations without the subscript “S”, such as L(p), A, R, and W (A, p) are in the vector representation.
91f D < 4, it is relatively easy to work out the explicit expression of Ag for a given general A. (See Subsec. 2.2)
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The general Wigner rotation or the little group element
W(A,n) can be worked out via the equation:

Ws(A, ﬁ)W“W§1 (A,n) = WM (A m)y” (24)
First of all, if v* = 40, it is easy to verify that
Ws (Av n)Vows_l (A, 77) = 70 ) (25)
that is,
OO(Av 77) =1, WiO(Av 77) =0. (26)

Secondly, if v# = ~¢, using Eqgs. (4), (9), and the commu-
tation relations in Appendix A, we obtain

Ws (A, )y Wg  (A,n) = W, (A, n)y” = W, (A,n)y/

_( [AL()]o’[AL(n)];° i\ i
= (AL AL ) (27)
In summary,
Wol(A,p) =1,
Wzo(Aap) = WO’L(A7p) = Oa
i 0 )
WA p) = - TP L) (28)

We see that once the explicit expression for A is known,
one can calculate W;%(A, p) immediately, without having
to work out the explicit expression of Ag.
Using Eq. (7), a short calculation gives
WA p) = [—Ao"p" /M + Ao’ + (v = D)Ao" prp’) (Ap);
T M + (Ap)°

— NP /M + (v = DA prp’ + A (29)
The Wigner rotation (28) can be also derived without

relying on Clifford algebra. We begin by writing down the
standard boost L(Ap):

Lij(Ap) = 69 + (ya — AP A,

L(Ap) = Lig(Ap) = Ap'y /23 — 1,
L% (Ap) =y, (30)
where
= (Ap)° /M = [AL(p)]°,
i (Ap)* [AL(p)]o
Ap = — : 31
V(Ap)i(Ap) /AR —1 By

The inverse transformation (L_l)”
by the fundamental equation

(L™ (Ap) = "1y L7 (Ap) -
Substituting Eq. (30) into the above equation gives
AL(p)]io[AL(p)]jo

[AL(P)%+1 7
'o(Ap) = =[AL(p)]'y,

v(Ap) are determined

(32)

(L7 (Ap) = 69+

(L7H%(Ap) = (L™
(L7 (Ap) = [AL(p)], -

Substituting Eq. (33) into the equation
W, (A, p) = (L7 (Ap)A?6 L7, (p),
after a slightly length algebra, one obtains
WOO(Aap) =1 )

WZ()(Aap) = Woi(Aap) = 07

[AL(p)]%;[AL(p)]o’
1+ [AL(p)]°,
which are in agreement with Eq. (28).

Using A*,AY 0?7 = n* and L,"L,"nP" = n™”, it is
not difficult to verify that

Wki(Aap)ij (Aap) = 51']' . (36)
(For a detailed proof, see Appendix B.) Namely, the little
group is indeed SO(D — 1). Egs. (36) are also consistent
with the fact that W9 (A,p) = 0 (see the second line of
Eq. (35)). Notice that
nMVW”i(Avp)WVj (Aap) = _Woi(Avp)WOj (Aap)
which are exactly the same as Egs. (36) taking account of
WOZ(A7p) =0.

We now proceed to discuss two important special cases:
A is a general pure boost or a general pure rotation.

If Ag is a pure rotation, i.e., Ag = Rg, then by (All),
one has (R;)*1 = Rg. Plugging it into equation (21), and
using (5), we are led to
RslLs' () + Ls(n)] _ cosh(n/2)

2 cosh(na /2) ~ cosh(na/2)

Wji(A,p) = — + [AL(p)]]m (35)

Ws (R7 77) =

= Rg. (38)
In the last equity, cosh(na/2) = cosh(n/2) can be proved
as follows: If A = R, one has Aq” = 1 and Ay’ = 0; Plug-

ging them into the first equation of (16) proves cosh(ns) =
cosh(n). Using (38), we find that

Ws(R,n)y'Wg ' (R,n) = W,'(R,n)v"=Rsy'Rg "

i (39)
Namely, Wy'(R,n) = 0 and W;*(R,n) = R;". That is
W(R,n) =R. (40)

(One can also prove the above equation by substituting
A = R into Eq. (28).) In other words, if A is an arbitrary
pure rotation R, the Wigner rotation W (R, n) is exactly
the same as R, independent of the parameter 7 or momen-
tum p. In 4D, the above important equation is proved by
using a different method.[?) We see that in D dimensions,
this equation still holds.

However, we have to emphasize that W (R,n) = R is
due to the particular “standard boost” (6) or (8). If we
use another “standard boost” L(p), satisfying L(p)*, k" =
L(p)*, k" = p*, but L(p) # L(p) = (8), it is possible that
W (R,n) # R. This can be seen as follows: According to
Eq. (2),

W(R,p) = S(Ap)W (R, p)S~" () = S(Ap)RS™"(p), (41)
Where S(p) = L~(p)L(p); Generally speaking, S(Ap)R

“1(p) £ R.

If Ag is a pure boost, i.e., Ag = Lg(§), then by (A11),
we have L§(€) = Ls(€) .
Eq. (21), we obtain

WS(& ) WS A )1 |A L(¢)

IS OLE ) + Ls(©)Ls(n)
V20 + L@ L")

Plugging this equation into
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Using Eqgs. (5) and (6),@& short cal;ulatioznA giivzejj — exp (@ éiﬁj Zjij > , (43)
Ws(&,n) = cos (2) +sin (2)5’% 1—(&-1)?
1—(&-7)? where O is defined via the equation
sinh(¢/2) sinh(n/2)\/1— (& - 7)?
tan(—) _ (£/2) (72/ )W 1=(&- 1) ' m
2 cosh(§/2) cosh(n/2)+(§ - 1) sinh(&/2) sinh(n/2)

Note that Ws(€,n) is invariant under the discrete transformation n — —¢ and & — n, or n — & and §& — —n (see

Eq. (43)), i.e.,

Ws(§m) = Ws(n, =) = Ws(-n,§) . (45)
Using

Ws(&m)v' W (&,m) = W' (€,m)y (46)
and Eq. (A7), we find that )

Wi (€m) = exp (© &CWAM )5 (47)

1—(&-7)2"’
where )
(rHh);" = oligk — Mgl (48)

is the set of SO(D — 1) matrices, defined via Eq. (A7). We see that W;%(£,n) is a rotation on the 7-¢ plane, possessing

the symmetry property W;*(§,n) =

Wt (n, =€) = W;(—n,£). The explicit expression of W;%(£,n) can be worked out

by either plugging (44) into (46), or expanding (47) directly:

i

W (&,m) = 6} + sin O ——"F——
1—(§-7)?

(Tkl)ji + 2(1 — cos @) (émﬁn)(ékﬁl) (TmnTkl) K

1—(€-7)? ’

(coshn —1)(cosh & — 1)[2(7 - )77 — (£'¢7 + ')

:5;,4_

1+ coshncosh¢ + (7 - é) sinh 7 sinh &
3 27li€/)[sinh 7y sinh € + (coshn — 1)(cosh & — 1)(7) - €)]

1+ coshncoshé + (7 - €) sinhnsinh &

where (67 = (%€ +77€") /2 and 7l&I) = (€7 — 7€) /2. |

In deriving (49), we have used (44). The Wigner rotation
(49) can be also worked out by substituting the pure boost
A = L(&) into the general Wigner rotation (28).

2.2 4 Dimensions

For four dimensional spacetime, the Lorentz group
SO(3,1) = SU(2) x SU(2). Since the irreducible represen-
tation of SU(2) is well known, it is possible to work out the
explicit expressions for the irreducible unitary representa-
tions of any dimensionality of the little group W (A, n) (see
(83)).

Our first goal is to work out the explicit expression of
the spinor representation of the little group (21). We be-
gin by calculating the general Lorentz transformation in

spinor space

1
Ag =exp <2wWZ‘“’) . (50)

To simplify calculations, we decompose the generators 3+

; (49)
and the parameters into the irreducible parts,
1 .
g S W B (51)
2 2
W — 1 WY 4 igﬂl/ﬁf’w (52)
=2 2 )

where the totally antisymmetric tensor is defined as

e0123 = —g193 = 1. Notice that they satisfy the dual-

ity conditions

e T (53)
wh? = :i:%e"”’”wipg. (54)
Now the general Lorentz transformation (50) reads
1 LV 1 1%
Ag = exp<§w+u,,2‘+ )exp(iw_,wzli ) . (55)
Define
1 v
Agy = exp(iwiWEi ) , (56)
wi = /wipwh” and @i, = Yy (57)
Wi

Note that Agy are nothing but the SL(2, C') matrices. By
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a direct calculation, we find that
1
5(1$iv5) cos %miwz sin %—&- 5 (14iys), (58)

= Y07Y17273, Or V5 = (1/4-)5;U/pa
xyHyY~yP~7 . Using the above equations, it is not difficult

Agt =

where 5 is defined as 75

to work out Ag,

1
AS = AS+AS_ = (1 — 1")/5) COS - +

2
+ L:}_;,_,LDE_,'_ sin 7 + W_HVE'L:

1
(1 + i7s5) cos %
w
sin — .
2

(59)

The vector counterparts of Ag4 are defined via the equa-

tions
ASi’Y”AS_j[ =AM (60)
A straightforward computation gives
Ay,” —cos( )6 +251n(w2i)w;“”. (61)
That is
Ao® = cos(wi/2), Aso’ = AL;® = —2sin(ws/2)@140,
Arid = cos(w/2)6Y F 2i sin(wi/Q)sijkdziko . (62)

If it is a pure boost, i.e., w;; = 0 and w;o — 1’, one has

Lo (n)=cosh(1/2) , Lo’ ()= Las () = —sinh(n/2)77
L% (n) = cosh(n/2)8% F isinh(n/2)e*Hk . (63)
The standard Lorentz transformation (6) can be also de-

(L,LJF)“”( ) and (63). The vector
counterpart of Ag is given by

A =(AZAy), = cos(%) cos( )%”

+2cos<%) Sin(w2 )w_# +2cos<w2 )51n(w2+)w+u”

rived using L,"(n) =

Ws(A,n) = (cos(a/2) + cos(a—

/2)) — 2i(sin(a4 /2)dq40 + sin(a

+4 sin(%) sm(w2 )(w+w ) (64)
Alternatively, using the relation between SL(2, C) and the
4D Lorentz group, one can calculate A,” as follows

Ast (W:t'VV)AEi =N (Ve") (65)
where

74 = 5015 hs). (66)

We now would like to work out the spinor little group
(21). We expect that it takes the “standard” form

Y°AsLs(n)(7°) " + AsLs(n)

Y VAT
= cos% + sin @G) (2%;), (67)
where
Y= %Eiﬂczjka ©; = ; er®*, 0= 0:;/Ve?, (68)
and ©' = ©%(A,n) is a function of A,” and n’. To de-

termine O, let us first calculate AsLg(n). According to

Eq. (59), it must take the general form

1 1 _
AsLs(n) = 5(1 — iv5) cos O% + 5(1 + iv5) cos 0[7
+ Gp 28 sin % + &, X" sin % , (69)

where the new parameters 4,y = G4, (w,n) and oy =
a+(w,n) are functions of w,, and 7;, to be determined
later. The definitions and properties of &+, and a4 are
similar to that of &1, and wi (see Egs. (52), (54), and

| (57)). Inserting Eq. (69) into the first equation of (67),

—/2)81i0) (25:)

(70)

2(1+ [AL(p)]o?)

We now must determine the relations of a4, between wy,,,, and 7;. According to Eq. (61), the vector representations

of ALLy(n) are given by

« (0N .,
(AsL+(n))” = cos(%)&ul’ + 251n<7i)aiu . (71)
Substituting Egs. (62) and (63) into Eq. (71) one obtains
(a2 w4 W+ o
(A+L+(n))o® = cos - = 08—~ cosh 1 5 + 2sin 7 sinh — (wi 1), (72)
(A+L+(n))o" = —2sin %aﬂo = —cos % sinh 5771- — 2sin % cosh goﬁ)ﬂo F 2isin % sinh g(d)i X 1), (73)

where (I}i 77 = @iio'ﬁz‘ and ((I)i X 77)2 = Eijkwijoﬁk-
Eq. (70) can be expressed in terms of w4, and ;.

Using the above two equations, all terms in the numerator of

Using Egs. (72) and (73), we see that Eq. (70) also takes the following form'

WS (Aa 77) =

Here

(See the first equation of Eq. (16)).
Using Egs. (72), (73), and (75), Eq.

(Ay Ly (1)o® + (A_L_(n))o" i(A+L+( m)o’ + (A_L_(n))o’ (25,). (74)
201+ [AL(®)") 2(1+ [AL(@)°) 1
V2 + (AL)) = y/2[1 + Ag® cosh(n) — Agir sinh(n)], (75)
(67) or (74) can be readily worked out:
Ws(A,n) = COS% + sin 291(222) = exp(06,%)), (76)
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where
cos o _ [(cos(wy /2) + cos(w—/2)) cosh(n/2) + 2(sin(w /2) (D4 - 7)) + sin(w_ /2)(W_ - 7)) sinh(n/2)] (77)
2 V2[1+ Ao® cosh(n) — Ag¥j; sinh(n)] ’
8¢ . — ! — coswi—cos e sin N; sin wiof) ;0+sin w;of) 0 ) cos i
S 561_ V/2[T+ A0 cosh(n) — Ag?7; sinh ()] [ (( 2 2 ) h(77/2)77z+2( g WS 7’()) h 2

+ Qi(sin %d)ﬂ-o + sin %df—jo)eijknk sinh(n/Z))} . (78)

In Egs. (77) and (78), the set of parameters i’ is related to the momentum § and mass M via (7), and the relation
between A,"” and w,, is given by (64).

Note that Eq. (76) provides a third way to construct the vector representation of the little group (28) in four-

dimensional spacetime. Since now cos ©/2 and sin(©/2)0; have been worked out completely, it is not difficult to

complete the calculation
W, (A7) = (exp(©6x7%)),;* = cos ©5;; + (1 — cos ©)O;0; + sin Oc;;,OF | (79)
where 7% = (1/2)e*r;;, with (1) = dikdj1 — 0;104. Plugging the data of Egs. (77) and (78) into Eq. (79), a slightly

length calculation gives

AL [AL ()],
1+ [AL(n)]o°
which is exactly the same as (28) or (29), with ¢,j = 1,2, 3.
The Wigner rotation in any irreducible representation can be constructed by replacing 7; — —iJ; in the right-hand
side of the first equity of Eq. (79):

Wit (An) = — +AL()];* (80)

Wil (Asm) = W2 (O(A 1)) = (exp(~i0Ok T (81)

Here the irreducible representations of J; are the familiar ones,
IV = mhSrm s (I £ Y = W (G £ m o+ 1) (G F m), (82)
where m’;m =j,7—1,...,—(§—1), —j. The Wigner’s formula for d-function may be useful in calculating Wr(nj,)m(A, n).

For instance, in the special case of O = J or @élegj) = @Jéj), Eq. (81) is nothing but the the Wigner’s d-function:?!

W(j,) (@(A7,’7)) :Z(_l)kfmem' \/(.] + m)‘(] - m)'(] + m/)'(.] — m/)' ( @>2j72k+mim/<sin 9)2k7m+m" (83)

Grm—REG—k—m)NG—m+m)i\ "2 j
|

k

where the expressions of cos ©/2 and sin ©/2 are given ' pressions of L(p) and L(n) are given by Eqgs. (6)—(8). And

by Eqgs. (77) and (78). As and Lg(n) are spinor counterparts of A," and L,"(n),
respectively. The explicit expression for Lg(n) is given by
2.3 Summary of This Section 5) )

In summary, in D dimensions, the spinor representa-
tion of the Wigner rotation is given by 3 Wigner Rotations for Massless Particles

_ PAsLs(m)(v°) " + AsLs(n)
2(1+[AL(p)]o")

and the vector representation of the Wigner rotation is

WS(A7 77)

,  (84) 3.1 D Dimensions

We now turn to the case of massless particles in D di-
mensions. We define the standard D-vector of energy

given by
AL@)AL(P)L," as
A(A,p) = — . I [AL(p));
W' (A, p) 1+ AL(D)) + [AL(p)]; E* = (0,0,..., 5 K). (86)
_ [—Ao®p' /M + Ao* + (v — 1)Ao"prp'] (Ap); We see that k,v* = k(=" + vP~1). Tt is therefore more
M + (Ap)° convenient to work in the light-cone coordinates (our con-
— NP /M + (v = DA prp’ + A5 (85)  ventions are summarized in Appendix A),

Here A,” is an arbitrary Lorentz transformation, and N = L(:I:VO + 4P Bt — i(ko + kP (87)

L(p) or L(n) carries the standard D-momentum k# = V2 V2

(0,0,...,0,M) to p*, ie. LF,(n)kY = p*, with p the In the light-cone coordinates, we have
D-momentum of the particle of mass M. The explicit ex- k" =k =V2ky". (88)
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The little group W#, preserves k*, in the sense that
WH, k¥ = k. In the spinor space, this is equivalent to
require that

WSA/_W§1 = ’Y_ ’ (89)

where Wy is spinor representation of the little group.
We define the “standard Lorentz transformation” in
spinor space as follows
Ls(\) = exp(A\ 21T exp(A_XT7) |
A A
= cosh > + e M/2)\, 27 4+ 2sinh 7Z+7 , (90)
where the set of generators is (X7¢,XT7), a=1,...,D —
2, with £t = (1/1/2)(2% 4 £P~1e) and ¥+~ = x0.P—1,
and the parameters are defined asll
(Aas A=) = (=pa/p—, —In(p-/k-)), (91)
where p_ = pt = (p® + pP~1)/V2. The vector counter-
part of (90) L,”(\), defined via the equation

Ls(M"Lg*(A) = L (A", (92)
is therefore given by
L(A\) = exp(Ag7 ) exp(A_7T7). (93)

Here 7% = (1/4/2)(r% + rP=1¢) and 7= = 7001,
The matrix elements of 7/ are defined as (7#¥),” =
OknrPr — §¥ntP (see Eq. (A9)). The matrix elements of
L(\) can be either read off from (92) or calculated directly
using (93): In the lightcone coordinate system, they are

given by

L (\) =6, Lo~ (\) = 5—“ . Lt =0,

L\ =0, L:(A):%‘, L.t(\) =0,

pey=-2 =P nrpy=f
p_ k_ p_

It is straightforward to verify that L(\) does bring k* to
ju
The Wigner rotation in spinor space is defined as
Ws(A, ) = Lg*(An)AsLs(N) . (95)
Here Ag is the general Lorentz transformation in spinor
space, and
L5 ' (An) = exp(—=Aa-E77) exp(—Ana 2 1)
= cosh /\AT_ — e M2\, 2 — 95inh )\AT_ZJF_ , (96)

where the set of parameters Ay is defined such that L(Ap)
transforms k* into A*,p¥ = (Ap)*, i.e.,
(Ap)a (Ap)-
MasAa—) = (— ,—1 .
(M, An-) ((Ap)_ . k_)
(The matrix elements of L(Ap) are given by Eq. (107).)

(97)

For a massless particle of unit energy, k— = v/2k = /2.

The general Wigner rotation W,*(A,\) can be read
off from the following equation:
Ws (A, )Y Wg H (A, 0) = W (AN, (98)
where in the light-cone coordinates v* = (y%,v~,~™").
First of all, it is not difficult to verify that Eq. (89) is
obeyed,
Ws(A A7 Wg (A X) =7~
The above equation implies that
W (M) =Wo" (AN =0, W_"(AN)=1.
Secondly, after a length calculation, one obtains
Wi (A N7 W (A, 0) = [(A + XAy ™) + (A_°
FAA_ ) MY F M (AT XAy
It can be seen that
WL (AA) =0,
W (A, N) = (Ap® + X*Ap™) + (A% + A*A_T)App
= ])_(/\%)_((Pff\ba — Ay ) (Ap) -
—(p-A_* = p " A_F)(Ap)y),

W_%(AN) =eM(A_*+ XNA_T) =

(99)

(100)

(101)

AL
[AL(N)]-~

In calculating Egs. (102), we have used Eqgs. (94) and (97).
(The relation between the standard Lorentz transforma-

(102)

tion L(\) and the momentum p* is given by Eq. (94).)
Finally, we consider the following equation
W (A, )y W (A, N) = W, (A, M)y .
We find that the results are

(103)

W++(A7 /\) =1,
_[AL(V)) T
WA oy
Wyt (A, 2) = —AEQTALILT Ly o+ g0

[AL(N)]-~
where L(p) is defined by Eq. (94).
Note that the matrix elements in Eqgs. (104) are not
independent quantities, in the sense that they can be ex-
pressed in terms of the other matrix elements by using the

Lorentz transformation

Wuvaanpo = Nuv - (105)
For instance, using Wy*W_71,, = m— = 0, we obtain
that
W (A, A) = =W (A, ) W_(A, \)
AL _T[AL(N)]p™

[AL(A)]-~
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which is exactly the same as the last equation of Eq. (104).  of L,”(Ax),
On the other hand, the elements in Eq. (100) are either (L™, (An) = 7o Lo”(An) - (108)

13 _ b 7 a
0 or 1, so the only “non-trivial” elements are W, %(A, \) A straightforward computation gives

and Wp*(A, A).
L—l b A _5b L—l —(\ _ (Ap)a
Here is another way to calculate the little group ele- ( Ja"(An) =05, ( Ja” (An) = — (Ap)_’
ment W#”((A, A). First, one can obtain I)/#”()\A) by replac- (LY 0) =0, (L7H_*(0) =0,
ing p* — (Ap)* and A — A in Eq. (94), i K_ B
) ( (L)) = = (L)) = 0.
b b — (Ap)a + ( p)—
L,”(Ar) =60, Lo (Ma) = ., Ly"(Aa) =0, b A
k_ —1y b _(p) 1\ — _(p)+
o~ (0w = O gy = B2
L) =0, Lo"(w) =55, L-(w) =0, (Ap)
: - (L) () = B2 (109)
Lboay o A (Ap)y -
+(An) = T(Ap)_ T (Aa) = L’ Finally, one can calculate all matrix elements W,"”
b (A, \) by substituting Eqs. (94) and (109) into the equa-
+ —
L+ ()\A) - (Ap)_ . (107) tion
Second, using the fundamental conditions L,,”(Ax)L,7 W(A,X) = L7HAM)AL(N) - (110)
(AA)Mpo = Nuw, it is not difficult to determine the inverse  For instance, using Eq. (109), we find that
|
Wy (A, 0) = (L7 T (A)ALN]* + (L7~ (A)ALN)] - + (L7 (M) [AL(A)]"
A AL(N)]a " [AL(N)]-°
=0 B 00 e g any)e = ~EEMe BED e (1)

(Ap)- [AL(N)]-~
which is exactly the same as the second equation of Eq. (102). In the last line, we have used Eq. (94).
By a length but direct calculation, one can show that
WA, WAL ) = dap - (112)
(For a detailed proof, see Appendix C.) So W;*(A, \) must be the elements of the SO(D — 2) subgroup. Hence the
group elements W;,%(A, \) are the most important result of this section. Eq. (112) also follows from
N W (A, )WY (A, X) = ap (113)

and W™ (A, A) = 0 (see Eq. (100)).
However, we still need to show that the little group is ISO(D — 2). Using (101) and (y~)? = 0, one obtains

immediately

W (A, A W LA, N) = W% (A, \) AP (114)
where A% = ¥7% (see Eq. (A19)). On the other hand,
Ws (A, \)SPWG (A, N) = We (A, N)WaP (A, N)E 4+ (W_ (A, N)WL(A,N) — WP (A, )W (A, X)) AC. (115)
After defining
a®(A,N) = W_P(A, WA N) = =W, T (AN, (116)
(See Eq. (106)) Eq. (115) can be written as
Ws(A, N)ZPWGH (A N) = WA (A, N)WP (A, A) (2 4 a®(A, N) AL — a% (A, N)A°). (117)

Equations (114) and (117) are the standard transformation law of the set of generators of ISO(D — 2), with the spinor
group parameterized as
1
We(A, \) = exp(a®(A, \)A%) exp(§@cd(A, )\)ECd) . (118)
Here the set of parameters ©.4(A, \) is defined via the equation

exp((50ua(A M) ¥ = WAL N), (119)

a

with (74),% = 656% — §i5e.
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It is interesting to note that in our construction, the spinor representation matrices of the translation operators A%

satisfy

(Aa)2 =0,

(no sum) (120)

where we have used Eq. (A19). So the eigenvalues of A* are zero automatically, without even considering the topology

of the Lorentz group.[?

Equation (118) suggests that the general representation of the little group takes the form

1
Wiy (A, X) = expla® (A, NTTgy) exp(50ea(A N IH))

with T

(121)

() and J(Cg) furnishing a representation R of the generators of the ISO(D — 2) group. However, to avoid

continuous degree of freedom of massless particles, we require that the physical states are eigenstates of T(“R), but all

eigenvalues are zero.[?!

3.2 Summary of This Section

In D dimensions, the vector representation of the SO(D — 2) part of the Wigner little group ISO(D — 2) is given by

ALV [AL(V))-"
[AL(N)]-~

and the translation part is defined as

1

Wy (A, A) = AL =

v (ap)-

p-Ap” = p* N ") (Ap)— — (p—A-" = p"A_T)(Ap)y), (122)

+ — P .
() =~ A,y = BEOI Ry, - vae(A (B0 2oy

ALV

Here A,"” is an arbitrary Lorentz transformation, and
the “standard Lorentz transformation” L(\) carries the
standard D-momentum k* = (0,...,0,k,k) to pH, i.e.
L*,( Nk = p*, with p* the D-momentum of any massless
particle. The matrix L,"(\) is defined by Eq. (94).

The general representation of the little group for mass-
less particles is given by Eq. (121), where the parameters
©.q and a® defined by (119) and (116), respectively.

4 Applications to Gauge Theory in 4D
In this section, we discuss the applications of Wigner
rotation to the 4D gauge theory. We begin by construct-
ing the Wigner rotation for massless particles such as pho-
tons. In 4D, it is relatively easier to determine the angle
of Wigner rotation ©(A, \),
sin(O(A, 1)) = Wi*(A,0) = —W2' (A, ),
cos(O(A,N) = Wit (A, N) = WR?(A, N, (124)
where the matrix elements W3%(A,\) (a,b = 1,2) are
given by the second equation of Eq. (102). According to
Eq. (116), the set of parameters of the translation part of
ISO(2) is
a*(A,p) = =W, (AN, (125)
whose values can be read off from Egs. (106) and (107).
It is interesting to consider a different “standard
Lorentz transformation”. For instance, let us try

L(p) = exp(—¢7'2) exp(—071) exp(A7?) (126)

with the parameters relating to the momentum p’ as fol-

(123)

Ap) 2

lows

p' = (sinf cos ¢, sinfsin ¢, cos @), |p| =re . (127)

This L(p) is adopted from the textbook, but rewritten
in terms of our notation. It can be seen that L(p)H, k" =
L(p)*,k” = p" but L(p) # L(p). (Our L(p) is defined by
Egs. (93) and (91)) Now the “new” little group reads

W(A,p) = L™ (Ap)AL(p) (128)
According to Eq. (2), we must have
W(A,p) = S(Ap)W (A, p)S ™ (p). (129)
Note that
S(p) = L~ (p)L(p) (130)
is itself a little group, since
St (p)k” = (L7, (p) LP (p) K
= (LY, (p)p” = k" (131)

In light-cone coordinates, we can decompose Eq. (129)

into the following two essential parts

W, (A, p) = Sy (Ap)We (A, p)(S™1)a" (), (132)
a*(A, p) = Sa"(Ap)a’(A, p) — SuT(Ap) — S."(Ap)
xWy(A,p) (S~ (p) - (133)

In deriving Eq. (133), we have used the definition a*(A, p)
= —WaJr(A,p). Equations (132) and (133) also hold in
D-dimensions.

We now would like to work out W,%(A, p) (a,b = 1,2).
Inserting Eq. (127) into Eq. (126), a direct calculation
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gives L, (p): (We set k = 1) - 2

P3
L3 p)= - "9
1( ) p%
B B—1. - P21 L% (p) = L% (p) = L°1(p) = 0, (134)
L'(p) = Zp% . Lo(p) = 20 where €4, = —€pq and €120 = 1, and i = 1,2,3. One
i (p) = pa+1, 7o (p) = p2—1 can obtain D",,(Ap) from the above equation by simply
3\P) = 2p3 P 3\P) = 2p0 replacing p* by (Ap)*. The inverse transformation ma-
i (p) p3p® E9y(p) —eapp?® trix (L~')*,(pa) can be calculated by using the equation
1Py = PO/pE—p2 2\P) = /o8 —p2 | (L=, (pa) = 11,5 L7 ,(pa); Tts expression is
= -1 . (PR +1 - (PR)* +1
L_l Oz YN _(pA pl ) L_l 00 D = A y L_l 37; YN A p )
L)) = =Bty (7 0(n) = AL (L) = B
7 (P?\)Q -1 F—1y1 P?\PZ F—1y2 —Eabp?\
(L% (pa) = —F5—, (L7H)'alpa) = o (L) %alpr) = s
20} V)7 — ()3 22 - (P})?
F—1y1 _ (p?\)Q —1,\2 _F-1\2 _(F-1\1 _
(L) 3(pa) = —/1 - 0)E (L77)%s(pa) = (L77)%(pa) = (L) o(pa) =0, (135)
A

where pl stands for (Ap)*.

In terms of matrix elements, the Wigner rotation (128) reads
Wy (A, p) = (L) o (pa)A 6 L7 (). (136)
Substituting Egs. (134) and (135) into the above equation, we find that
PAPR[=A"3(1 — B3) + A“p°p°] — [1 — (BR)°][—A%s (1 — P3) + A%p°p’]
VL= 3040 - 53)

Wll(A7p) = COS(é(Avp)) = ’ (137)

abPo(A%a — A%D})
VIL= 0D -53)
where the unit vector 5 = p’/|p] is the direction of the momentum 7, and 7 has a similar definition. Since W%,(A, p)
is an SO(2) matrix, we have W25(A,p) = W' (A, p) and W2 (A, p) = —W'y(A, p).

Similarly, using Eqs. (134), (135), and (136), the translation part of ISO(2)
a*(A,p) = =W, " (A,p), (139)

(see Eq. (116)) can be worked out, as well. However, since we do not need the explicit expression for a*(A, p), we do

Wa(A, p) =sin(O(A,p)) =

(138)

not present it here.

It is interesting to verify Egs. (132) and (133). One can calculate S(p) = L~!(p)L(p) using the definition of L(p)
(94) and (=Y, (p) = n"*1,5 L7 ,(p), with L7 ,(p) defined by (134). And S~*(Ap) = L~ (Ap)L(Ap) can be calculated
in a similar way. We have verified Egs. (132) and (133) in the case of infinitesimal Lorentz transformation

A*, =61 + (bw)H (140)
under the condition that (p°)? — (p3)% # 0.

We now apply our results to the U(1) gauge theory in 4D. In the interaction picture, the physical or on-shell gauge

field** in 4D takes the form (see Chapter 5 of Ref. [2])

100 = e | e o [eam ) atio) + 7 el o) (141)
u(@ (27?)3/2 \/ﬁ eu(p,o)e e o)e Do) .

Here the polarization vector e”(j, o) = L(p)“,e”(k, o), with the standard Lorentz transformation L(p)¥, defined by

Eq. (94). Following the convention of Ref. [2], we specify the polarization vectors as
ek, +1) = (1,4i,0,0)/v2,
where k is the standard momentum.
In 4D, the vector representation of Eq. (121) reads
WH, (A, p) = exp(a®(A,p)T~4)*, exp(@(A,p)rg)”y , (142)

**That is, the gauge field of helicity £1 satisfies the equation of motion 8¥9, A, (x) = 0.
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where (77", = (1/v/2)(=7% + 7301, ()4, = (712)4,, and (7P7)*, = nP*8S — 50, From now on, the letter a
will be reserved for the creation and annihilation operators, and following the convention of Ref. [2], we will denote

the translation parameters of ISO(2) as « and (3, namely,

a"(A,p) = (a(A, p), B(A, p)) - (143)

Under an arbitrary Lorentz transformation A, the creation and annihilation operators transform as!?

Ul (4) = | S o000 ), (144)

Ap)°
0
Here pa stands for A?,p* or (Ap)". On the other hand, under the Lorentz transformation A,

At ye? (i, £1) = L, (Ap) (L™ (Ap)AL(p))” pe” (F, £1) = L, (Ap)W"Y o (A, p)e? (, £1)

UN)a! (5,0) U1 (A) = ( 7 ONP ot (Fy o) . (145)

i A, p) £ B(A
_ eil@(A,p) <€M(ﬁ/\,:t1) + Oé( ,p)|]—€'/8( 7p) (Ap)“) ] (146)
In the last line, we have used Eq. (142). That is, the polarization vectors cannot transform as a true Lorentz vector, 2

a(A,p) £iB(A, p)

e_(ii@(A,P))e#(ﬁ, Zl:l) = Auﬂey(ﬁ/\y :l:].) + |E|

D - (147)

Or, according to Weinberg’s notation,?!
e"(Pa, £1)eTONP) = AL e (5, 4+1) + (Ap)" Qs (A, p) . (148)
Here Q:(A,p) = —e= 9N a(A,p) £iB(A,p))/ K.

So under the Lorentz transformation,

UM A (x)U(A) = A AL (Az) + 8,9(x, A), (149)
where
i d3p a+if a—if _;
Q(z,A) = — L eir (M) p,0) — —=—e ip-(A2) ot (5 o) | 150
(@:8) =~ m;[ i (7o) == (7,0) (150)

The second term of the right hand side of Eq. (149) is a typical gauge transformation: It is this sense that the generators
T and T?'of the translation part of the little group ISO(2) generate the gauge transformation.®! On the other hand,

if we calculate everything using
W, (A, p) = exp(a® (A, p)7~")" , exp(O(A, p)T°)7, | (151)

where

a®(A,p) = (a(A, p), B(A, p)), (152)
in stead of W (A,p) (see Eq. (142)), the angle © in Eqs. (144) and (145) must be replaced by ©, and « and § in
Eq. (150) must be replaced by & and 8. (One can transform the set of parameters (a, 3,0) into (d,B,(:)) by using
Egs. (132) and (133).) After making these replacements, the only change in Eq. (149) is that Q(x, A) gets replaced by

- i d3p &+i5‘-A d_ilé —ip- (A
O, A) = — [ 1D ip(82) o (5, o) — L ot (A0) gt (5 )] (153)
@72 | v 2 1
namely, | mations” can generate a gauge transformation.
UM A, (2)U~Y(A) = A Ay (Az) + 9,Q(z, A) . (154) However, no matter that we apply (149) or (154) to the

gauge field, the field strength F,, = 0,4, — 0, A, trans-

This is the result caleulated by using Eq. (151). We see forms like a true tensor under arbitrary Lorentz transfor-

that Egs. (149) and (154) are only up to a gauge transfor- mations, ie.,

mation, which is due to the difference between two “stan-
U(A) Fu (U (A) = A, A7 Fpo(Aa),  (155)

dard Lorentz transformation”, defined by Eq. (130). Or
in other words, two different “standard Lorentz transfor- even we choose two different “standard Lorentz trans-

f1In Chapter 2 of Ref. [2], the generators T and T2 are denoted as A and B, respectively.



530 Communications in Theoretical Physics

Vol. 71

formations”. But one cannot construct an interesting
gauge theory such as quantum electrodynamics using F},,
alone.[! In order to construct an interesting theory, one
must introduce a conserved current J* into the theory,?l

and allow the gauge field A, to couple it as follows

JIA, . (156)
Here J,, is conserved in the sense that
ouJ' =0, (157)
and under a Lorentz transformation, it transforms as
U(AN)J*(z)UH(A) = A JTY (Ax) . (158)
Using (149) or (154), we learn that
U(A)[J*4,) (@)U (A)
= [JFAL(Ax) + AH TP (Ax)0,Q(x)
= [JFAL(Ax) + Ou(AH TP (Az)Q(x)) (159)

In the second line, we have used A,"0,J°(Ax) =
0, J(x") = 0 to rewrite the second term as a total deriva-
tive, where x'” = (Ax)?. According to the action princi-
ple, the total derivative term does not affect the equations
of motion, so the theory is Lorentz invariant.

Let us consider an explicit example. We introduce a
physical spin 1/2 field ¢ () into the theory and construct

the following current

T4 (@) = ied(a)y ) (x),

where e the is the U(1) charge, such as the electric charge,

(160)

and () = if(2)7°. Using the Dirac equation
(70 +m)ip(z) =0, (161)
where m is the mass of the spin 1/2 particle, it is easy
to verify that 0,J"* = 0. The field ¥(x) has the Lorentz
transformation law!?l
UN)$(x)U™HA) = Ag'v(Az). (162)
Using Eqs. (162), (A1l), and (9), one can easily verify
that J#, defined by (160), satisfies Eq. (158).
The Lagrangian density, by which one can derive all

equations of motion, is given by

1 _
L= —ZFWF“” — (o +m)Y + JHA, .

(163)
Using Eq. (160), it can be rewritten as
1 _
L= —{FuF™ — (Dt m)s,  (164)
where
D, = (0, —ieA,)Y (165)

is the covariant derivative of the spinor field. We now see

that the action
S = / d*zL (166)

is invariant under the Lorentz transformations (149) and
(162), or (154) and (162); And the action is also invariant

under the gauge transformations

SAL(@) = Due(x), () = iec(a)ib(x).

Here €e(x), depending on z*, is the parameter of U(1)

(167)

gauge transformation. It would be interesting to study
the relation between the Wigner rotation and gauge in-
variance for theories in the higher dimensional spacetime
(D > 4).

Appendix A: Conventions and Useful Identi-
ties

In this appendix, we introduce our conventions for the
gamma matrices and Clifford algebra of SO(D —1,1), and
Lorentz transformations. The set of gamma matrices sat-
isfy

{%7%} = 277uu ) (Al)

where 799 = —1 and 7;; = 0;;. We will use 9" (1)
to raise (lower) indices. For instance, v* = n**~,. The
gamma matrices obey the reality conditions

=" 4T =4 (A2)

The set of generators of SO(D — 1, 1) are defined as

v 1 v
o =10 (A3)
It is convenient to decompose the generators into the two
sets,
i Lo
=0 =20 (A4)
i _ 1o
Y= 1b% (A5)
They obey the reality conditions
0t _ — 050 (50)=1 = 50
N = "5 (y0) 7 = -7, (A6)
and satisfy the commutation relations
(B2 AP = ot =ty = (T)5 (A7)

[Z/Ll/7 Zpa’] — nl/pz,u.o' _ n/l,pzud _ nl/o'E/Lp + n/l,a'zl/p7 (AS)

1
{2,507} = SO 0t — a7
where y#P7 = ylia¥ Pyl = (1/41)(yH4¥ P47 + permuta-

tions), and

(7)o = 8 — S

(A9)

We parameterize the general Lorentz transformation

Ag in spinor space as follows

1
Ag = exp(iwwE“”) ,

where the set of parameters w,, is a real antisymmetric

(A10)

tensor, and the subscript “S” stands for spinor represen-
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tation. Equations (A6) imply that Ag obeys the pseudo-

reality condition

AT =Ag" (A11)
The rotation and boost are given by
Rg = e(M/2%u3”  and  Lg = ewod” , (A12)

where wjg is the set of rapidities.
To describe massless particles, it is more convenient

to introduce the light-cone coordinates in D-dimensional

spacetime
1
+ 0 D—1
T = —(£x’ +x , Al3
vl ) (A13)
and the transverse space-like coordinates z%, a = 1,2, ...,
D —2.
In terms of light-cone coordinates, we have
1 _
7= =3+, (Al4)

V2
and the non-vanishing anti-commutators are given by
k=2t =2, (=2 (A15)
Hence the metric tensor n*” can be decomposed into
+— -+ _ 1’ 77ab _ 5ab7

n and

n

We will use 7~ or i, _ to raise or lower indices. For in-

=0

++:n77:na+:nb7:0. (Alﬁ)

stance, V_ = n_, VT = V*. The inner product of two
vectors reads

VW, =ViWe+ V.V + V. VT, (A17)
Using the rules of tensor analysis, one can write down

the general Lorentz transformation A in the light-cone co-

ordinates. For instance
ozt Ozt

1

- (—AOO — AP+ Ap O+ AD,lDfl) . (A18)

The set gf generators X*¥ is decomposed into
Ar=57 = 1hm,y], (A19)
£+ = 2ty = 200, (A20)
= 2bh), (A21)
2 = 200 (A22)

Under the above decomposition, the (spinor) algebra of
the little group ISO(D

[A®, A% =0,
[Eab’ Ac] — 5bcAa _ 6acAb7 (A24)
[Zab’zcd] — 6bczad _ 5aczbd _ 61)d2ac 4 6ad2bc ) (A25)

Notice that by the definition of A% (see Eq. (A19)),
(A%)? =0, (A26)

that is, in the spinor representation, the eigenvalues of A%

— 2) reads

(A23)

are zero automatically.

Appendix B: Verifying Little Group SO(D-1)
We now try to give a direct verification of Eq. (36),

which is essentially the same as the following equation:

For readability, we will write [AL(p)],” as (AL),”. Our

main equation for proving (A27) is the fundamental one:

Npo(AL) " (AL),7
(AL)M(AL),F

=1y, Or
= N + (AL),°(AL),°
Inserting the last equation of (28) into the left-hand side

(A28)

AT = %@A“V | of Eq. (A27) gives
WA DWSE(A,p) = i (ALY (ALY (AL),O(AL)," — (AL)F (ALY (ALY (AL),* — (AL)F(AL),*(AL),°
1+ (AP
—(AL)"(AL);*(AL)®(AL)o” + (AL)*(AL) (ALY (AL)" + (AL)* (AL);*(AL)o"
—(AL)O*(AL)F(AL) + (AL)H(AL)*(AL)® + (AL)F(AL),) (A29)
The summation of the first term of first line in the bracket of Eq. (A29) and the third term of the second line is
(AL)*(AL)G")(AL) (AL, + (AL)F(AL);*) (ALY (AL),
= (noo + (AL)°(AL)°)(AL);*(AL);° + (635 + (AL);°(AL);°) (AL)o° (AL)o"
— [6; + 2(AL) (AL, T[(AL) 2 — (AL), (AL)," (A30)
Let us now add the second term of first line in the bracket of Eq. (A29) and the second term of the second line,
~((AL)i* 2 (AL)o")(AL)o"(AL);” = ((AL)o"(AL);*)(AL):"(AL)o"
—(1mi0 + (AL)i*(AL)o")(AL)" (AL);° = (noj + (ML) (AL);°)(AL);*(AL)o" = —2(AL);°x(AL); [(AL)"]* . (A31)

The summation of the rest terms (the first term of second line and all terms of third line) in the big bracket of Eq. (A29)

—(AL)*(AL)o"(AL);* + (AL);*(A
= —((AL);*(AL)o")(AL),% — ((A
= —(mio + (AL);°(AL)%) (A )

L)o*"(AL);")(A
— (m0j + (AL)o" (A

L);*(AL)o® = (AL)o"(AL);"(AL):" + (AL);
L)’ + ((AL)i*(AL);")[2(AL)o°
L);°)(AL),°

k(AL)jk
+ 1]

(AL)o" + (AL)*(AL);*
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+(dij + (AL)°(AL);*)[2(AL)o" + 1] = =2(AL);*(AL);°(AL)” + (8i; + (AL);*(AL);")[2(AL)o” + 1]. (A32)
In deriving (A30), (A31), and (A32), we have used (A28). The big bracket of (A29) is the summation of (A30), (A31),
and (A32):
(A30) + (A31) + (A32) = 6;;(1 + 2(AL)" + [(AL)"]?). (A33)
Replacing the big bracket of (A29) by (A33), the right-hand side of (A29) becomes d;;. This completes the proof of
(A27).
Appendix C: Verifying Little Group SO(D — 2)
We now give a direct proof of Eq. (112). For convenience, we cite it here:
Wo (A, p) W (A, p) = bap - (A34)
We are going to use the fundamental equation
"7 (AL),M(AL)o" =0, or (AL)M(AL)” =" — (AL)4*(AL)-" — (AL)-*(AL)y" (A35)
to prove (A34), where we have written [AL(p)],” as (AL),”. Plugging the second line of the second equation of (102)
into the left-hand side of (A34),

WS (A, p)W(A, p) = (AL).™ (AL).” (AL)_“(AL)_"  (AL).”(AL)"(AL)_* + (AL). " (AL)*(AL)_"

[(AL)-~]? (AL)-~
+(AL)*(AL)L. (A36)
According to Eq. (A35),
(AL).™(AL).™ =5~ — (AL)4~(AL)-~ — (AL)-~(AL)s~ = ~2(AL)-~(AL); . (A37)
Taking account of (A37), the first line of Eq. (A36) becomes
1 _ _ 2(AL)y ~(AL)_*(AL)_"
—————((AL).~ (AL AL)_*(AL)_b = - . A
) (A0 (D) (AL)*(AL) D= (A38)
Similarly, one can convert the second of Eq. (A36) into the form:
1 _ _
- (AL)_, [((AL)C (AL)cb)(AL>*a + ((AL)C (AL)ca)(AL)*b]
1 _ _ - a
= [0~ (AL (D) = (AL)-"(AL))(AL)-" + (0 6 )
2(AL).—(AL)_*(AL)_?
_ 2Dy (iL)) — AD)-" (AL)4“(AL)_b + (AL)_“(AL)". (A39)
Inserting (A38) and (A39) into (A36),
WS (A, ))WAS(A, p) = (AL)4“(AL)_* + (AL)_*(AL)1* + (AL)*(AL). = 8ap. (A40)
This completes the proof.
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