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Abstract

CrossMark

Nonlinear Schrodinger-type equations are important models that have emerged from a wide variety of
fields, such as fluids, nonlinear optics, the theory of deep-water waves, plasma physics, and so on.
In this work, we obtain different soliton solutions to coupled nonlinear Schrodinger-type (CNLST)

equations by applying three integration tools known as the (g—;)-expansion function method, the

modified direct algebraic method (MDAM), and the generalized Kudryashov method. The soliton
and other solutions obtained by these methods can be categorized as single (dark, singular), complex,
and combined soliton solutions, as well as hyperbolic, plane wave, and trigonometric solutions with
arbitrary parameters. The spectrum of the solitons is enumerated along with their existence criteria.
Moreover, 2D, 3D, and contour profiles of the reported results are also plotted by choosing suitable
values of the parameters involved, which makes it easier for researchers to comprehend the physical
phenomena of the governing equation. The solutions acquired demonstrate that the proposed
techniques are efficient, valuable, and straightforward when constructing new solutions for various
types of nonlinear partial differential equation that have important applications in applied sciences and

engineering. All the reported solutions are verified by substitution back into the original equation

through the software package Mathematica.

Keywords: soliton solutions, exact solutions, CNLST equations, (%)—expansion function

method, MDAM, generalized Kudryashov method

(Some figures may appear in colour only in the online journal)

1. Introduction

For many years, investigating the exact solutions of nonlinear
partial differential equations (NLPDEs) has turned out to be a
charming and challenging area of research for mathematicians
and research communities, because they play a broad and
significant role in the study of nonlinear physical phenomena
in mathematical studies and applied physics, with essential
applications in several areas of engineering and natural sci-
ence including fluid mechanics, chemistry, thermodynamics,
physics, electromagnetism, biomathematics, mathematical
physics, and so on. Scholars have focused on exact or ana-
lytical solutions, due to their essential contribution to the
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analysis of the real features of nonlinear problems. Due to
their wide utilization and applications in the domain of non-
linear sciences, interest in the study of NLPDEs has been
increasing [1-9].

Moreover, solitons are also famous as a particular type of
solitary wave, which are the solutions to various kinds of
NLPDE. This incredible type of solitary waves has various and
substantial use in different fields because of its specific char-
acteristic of stability. In short, waves (mainly dispersive in nat-
ure) inelastically scatter solitary waves and lose energy due to
radiation phenomena; as a result of the solitary wave’s dis-
appearance, the dispersive waves hold their shape and speed
after a fully nonlinear connection. Soliton theory has made a
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significant contribution to the narration and expression of the
physical behavior and meaning of nonlinear phenomena. Soliton
theory has involved researchers in exploratory investigations due
to its use in such diverse fields as media transmission, design,
numerical materials science, mathematical physics, and different
parts of nonlinear science [10-17]. Therefore, it has recently
become more appealing for the research community to acquire
exact solutions by the use of capable computational packages
that alleviate the complex and tedious algebraic computations. In
the literature, various powerful computational techniques have
been designed to describe the natures of the diverse forms of the
solutions [18-21] that have been established for nonlinear
physical models.

To the best of our knowledge, it is known that in the
existing literature, the solutions of the governing model have

not been investigated using the (%)-expansion function

method [22], the modified direct algebraic method (MDAM)
[23], and the generalized Kudryashov method [24]. Motivated
by this, we employed these three mathematical techniques to
obtain different forms of the solution. The proposed meth-
odologies are powerful, reliable, capable of examining
NLPDEs, consistent with computer algebra, and yield more
general solutions. The discovered constructed solutions are
novel and have potential applications in the nonlinear
sciences.

The structure of the rest of this paper is organized as
follows. In section 2, the governing equation is presented. In
section 3, we discuss the application of the proposed methods.
In section 4, the results and a discussion are presented.
Finally, the conclusions are revealed in section 5.

2. Governing equation

This paper is concerned with the CNLST system, as presented
by Ma and Geng [25],
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where ¥ = +1 is a real constant, ¢ and i represent real
functions of the spatial variable x and the temporal variable ¢,
respectively, while 6 is a complex function.

In the following section, the applications of three meth-
ods are discussed.

3. Mathematical preliminaries

To solve the above equation (1), we utilize the traveling-wave
transformations 0(x, )= U(n)e‘q’, p(x, f)=H(n),and Y(x,

1) = Q(n), where ® = px — wt and n = x —c t + (o. Here p, w,
¢, and (, represent the wave number, frequency, velocity, and
phase constant, respectively. Imposing these transformations
onto equation (1) yields

A+ U" — plp + @)U + - _2192U3+ (H— QU=0,
2
He c U? , 3)
A+DHA+9+ 0
B c U?
Qi(ﬁ—l)(ﬁ—l—c)’ @
w=—p2+ o). %)

By substituting equations (3)—(5) into equation (2), we obtain
the following ODE,

2 3 2717 —
e Tl ©

3.1. (g—; )-expansion method

Using the homogeneous balance rule that equation (6) yields,
n = 1. The solution of equation (6) reduces to:

n G/ J G/ —J
Um) = Bo + ;(5;(5) + 5,‘(5) ),

! 7\—1
Um) = Bo + ﬂl(%) + 61(%) . )

Substituting equation (7) into equation (6) together with
Gl

"= T+ (Y, and af ing the coeffici
(?) =1+ (E),an after comparing the coetficients, a

set of strategic equations are obtained. By using a software
package such as Mathematica, we get solution sets as follows:

Set —1:80=0,6=QJ@ — (c+ )@ + ¢ + 1),
51=0, p=1iV2JTV9.

Set —2:060=0, 8 =0,

S =iTJ(0+c+ DD +c+1),
p:fi\/zﬁ\/ﬁ.

Set —3:80=0, 81 = —iQJ(=0 + c + D@ +c + 1),
Si=—iTJ(=9+c+DW+c+ 1),
p=—2JTVJQ.

Set —4:80=0,5=iQJ(-9 +c+ D@ +c+ 1),
1= —iVJ(=9+c+D@W+c+ 1),
p=—2i2JTVQ.

For Set 1,
Case-1 (Trigonometric solutions:
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If TQ >0,
O1.1(x, 1)
:ﬁ JOJ@ = ¢ = D@ + ¢ + D (Esin(pVTR) + Z;cos (W TQ)) « 2 ®
Zycos (MVYR) — Fsin(pVYQ)
¢ 160y 1(x, 1)
o 1) = —— A DE ©
A+HA+9+c)
2
bt ) = — <A@ O (10)
@-1DW—-1-2¢)
Case-2 (Hyperbolic solution:
If TQ2 <0,
Or2(x, 1) =
N0 — @~ 2e - 1JITQ[(Ei(sinh @0yTQD) + cosh @y [TQN) + ) e Dpep an
Zi(sinh 21| T2]) + cosh 2n/|TQ])) — =,
c1012(x, D
Pl 1) = |01 2(x, 1) , (12)
(1 +NA+9+0)
c|0i2(x, I
X, 1) = : . 13
dhale 1) = P B (13)
For the soliton solution, taking =, = =,, we get a singular wave solution as follows:
O12(x, t) = —JU? — (c + 1)?J|TQ] coth ({/|TQ|n)
% ei((c+2)pt+px)’ (14)
c1012(x, O
o1l 1) = — [012(x, 1) ’ (15)
1+HA+9+ 0
2
biax, 1) = c|012(x, )| ‘ (16)
W -1DW-1-2c¢)
For Set 2,
Case-1 (Trigonometric solutions:
If T2 >0,
02,1(x, 1)
_ WYV + e+ DO + ¢ + D(Ercos VTQ) — Sysin(pyT2) ierDprep0). an
Zisin(MVYR) + Zpcos (nV YY)
¢ 10, 1(x, 1)
ot 1) = PR DE (1)
A+HA+9+c)
2
ey pupm—" LA L] (19)

W-1DW—-1-¢
Case-2 (Hyperbolic solution:

IfYQ <0,
by — XN T e & DO F e+ DErsinh @nyTTOD + Z1cosh @ITOD = %) - eenmian, (a0
o JITQ (E1sinh 20/|TQ]) + Zjcosh 2n/|TQ]) + =,) ’
¢ 1020(x, D)
(x, 1) =— ’ , Q21
722 A+ H0+0+0
2
’(/JZ,Z(-X, t) _ c |02,2(x’ t)l (22)

W-DW-1=c¢)
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For the soliton solution, if we take =; = =,, we get a dark soliton solution, as follows:
022(x, 1) = —iJ|ITQ[J(=0 + ¢+ D@ +c + 1)
x tanh ({/|TQ|n) x elctDprtpo) 23)
¢ 16220, 1)
Prat 1) = — [022(x, 1)] , 24)
1+3HA+39+c)
¢ 02n(x, D
X, 1) = - . 25
Yaa(x, 1) T-DW-1-9 (25)
For Set 3,
Case-1 (Trigonometric solutions:
If T2 >0,
. _ 92 2 =2 (in2 =2 2 )
ba 1o 1) = 2T Q0 +2c + 2¢ + 1 (23 51;1 (NTQ) + Z3cos? (pVTN)) X eierDptm) 26)
E2sin? (W YQ) — E5cos? (pVTQ)
c |05.1(x, B)?
oy 1) = —— A& DE @)
A+9HA+9+0)
c051(x, DI
Gsar, 1) = — AP OF 28)
@ -DW—-1-20)
For the soliton solution, if we take =; = =,, we get a periodic wave solution, as follows:
O3.1(x, 1) = —2iNT V(=9 + ¢ + D@ + ¢+ 1)
x sec 2V YO n) x ellctDprtpo) 29)
c |05.1(x, B)?
oy 1) = —— A0 DE (30)
A+9HA+9+0)
c051(x, D
s, 1) = — <100 D G1)

@W-DW-1=c¢)
Case-2 (Hyperbolic solution:
If T2 <0,

iTQJ(—=9 + ¢ + D@ + ¢ + 1) (Zsinh 2ny|TQ]) + Zjcosh 2ny|TQ]) — =)

JITQ (S sinh @] TQ]) + Zcosh 2ny[TQ]) + ,)

O32(x, 1) =

N iJ(=9 + ¢ + D@ + ¢ + D JITQ|(E;sinh 2n/[TQ]) + Z1cosh 2| TQ) + =) « itk

= sinh 20[TQ) + Zjcosh 2ny/[TQ]) — =5
c1032(x, D
(1+NA+9+¢)

c10320x,
W-DW-1-=c¢)

For the soliton solution, if we take =; = =,, we get a combined dark—singular wave solution, as follows:

@3,2()‘.’ t) - -

P32(x, 1) =

iJ(—=9 + ¢+ D@ + ¢ + Dtanh ({/[TQn)(|TQcoth? (/|TQ[n) + TN) y

O32(x, 1) = o eillc+2)pr+px)
_ ¢ 032(x, DI
@3,2(% 1 =— ,
I+NHA+9+0)
c|052(x, )
P32(x, 1) = 1932, D)

@W-DW-1=¢)

(32)

(33)

(34)

(35)

(36)

(37)



Commun. Theor. Phys. 73 (2021) 085005

M Bilal et al

Case-3 (Rational solutions:
IfY=0 Q=0,

Sy +c+ D@ +c+ 1)
=+ 2
x eillctDprpx)

O33(x, 1) =

c1033(x, 1)
L+NA+9+0)

c1035(x, )
@W@—-—DW-1-=c¢)

903,3()5, 1 =—

P3a(x, 1) =

If we take =; = =,, a plane-wave solution is obtained:

WO e+ D@ +c+ 1)

033(x, 1) =
n+1
X eilc+2)pr+px)
ora, 1) = ——C 035(x, DI ’
’ 1+ 9NA+9+0)
Das 1) = —C 1633(x, 1) .
' @W—-1DW—-1-=0)
For Set 4,
Case-1 (Trigonometric solutions:
If T2 >0,

B 2iﬁ5152\/§\/7192 + c2 +2c+1 sin(217\/TQ) % ei((c+2)pt+px),
E3sin? (nJTQ) — Z35cos? (NVTN)
c 1041 (x, 1)
(I+NDA+9+0)
c |Os1(x, D
@W-DW—-1=c¢)
For the soliton solution, if we take =; = =,, we get a periodic wave solution, as follows:

O(x, t) =

@4,1()5» 1) =—

Py (x, 1) =

O1(x, 1) =2iJ(=9 + ¢ + D@ + ¢ + DJTQ
x tan VYT VQn) x eiCcrDprpm
¢ |0s1(x, DI
I+ DA +9+0e)
c |0, (x, DI
@W-DW-1-0

Op(x, 1) = —

Pa1(x, 1) =

Case-2 (Hyperbolic solution:
If TQ <0,

iTQJ(—=9 + ¢ + D@ + ¢ + 1)(Zsinh 20 |TQ|) + Zcosh 2ny|TQ]) — =)

VITQ] (E;sinh 20| T2]) 4+ E1cosh 2| TQ]) + =»)

Oo(x, )=

(38)

(39)

(40)

(4D

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

_iJ(—ﬁ—%c—%lXﬁ—+c—+I)Jﬂxﬂ(Eﬁhm(%%HTQ|)+-EﬂmdﬂZmHYTﬂ)%—Ez)X sieH Dt )

Z;sinh 2n/[TQ]) + Zicosh 2n/[TQ]) — =,

¢ |04 (x, D)
1+ +9+0c)

c0s2(x, DI
W—-DW—-1-c¢)

@4,2()(7, t) - —

P (x, 1) =

For the soliton solution, if we take =; = =,, we obtain a combined dark—singular wave solution, as follows:

(50)

&1y

(52)
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_jﬂ—§+c+Dw+m+&ﬁmMJﬁmmﬂﬂﬂwm%ﬂﬂﬂm—Tﬂ)wawww

94,2()6, 1) = T (53)
c |042(X, Z)IZ

- _ ’ 4

CERE I+NHA+9+¢) (>4)
2

Paae, 1) = — A2 D (55)

@W-=DW-1-c¢)
For all the above sets, n=—ct+ (o + x.

3.2. MDAM
By utilizing the homogeneous balance rule on equation (6), we obtain n = 1, which implies the solution of equation (6) is as
follows:

U =ao+ aZ+ biZ71, (56)

where ag, a;, and by are parameters. In order to find the parameters involved in equation (56), we substitute equation (56) along
with (Z' = x + Z%) into equation (6), and we get a cluster of equations on equating the same power coefficients of of Z.
Furthermore, by using Mathematica, we obtain a cluster of solutions, as follows:

Set — 1:a9=0, a; =9 — (c + 1?2,
2
p
bi=0,x =2
1 X 2

Set —2:a9=0,a, =0,

I.
bl = Elpz\/(—'ﬂ +c + 1)(79 +c+ 1),

__r
X 2
Set —3:a9=0,a = ¥ — (c + 1)?,
1 p?
b= —p3J9* —(c+ D?*, vy = -2,
1=gf ( )7, X s
For Set 1
Case-1 :

When x <0, we get the following solutions.
Dark soliton structure:

pJ9? — (¢ + 1)? tanh (%)
01()6, t) = — \/E X ei((CJrZ)thrpx)’ (57)
c|0ix, D
(x, 1) = — , (58)
7 (1+9NA+9+c)
c|6ix, D
, 1) = . 59
D) = T (59)
Singular wave structure:
pwf@+n%m(%)
Gz(x, t) = - X ei((c+2)pt+px)’ (60)
V2
clbr(x,
(x, 1) =— , ©61)
72 1 +9HA+9+0)
2
wz(x’ t) — Clez('xa t)l (62)

@W—-—DW-1-=¢)
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Case-2 :
When x > 0, then the following periodic solutions of different forms are obtained:

\/_pz\/ﬁz — (¢ + 1) tan(nﬁp_)

03(-x7 t) = -

J2
« eilc+2prpn)
or(6, 1) = — clf3(x, D
3’ A+DA+9+0)
clf3(x, 1)?
’t = 9
¥slx ) W - D —1-0)
and
\/fpz\/ﬂz — (c + 1)? cot(g)
Os(x, t) =
4 (x, 1) 7
X ei((c+2)/>t+pX)’
¢ 0s(x, 1)?
(x’ t) - - s
“ A+ D1 +9+0
c|6s(x,
, 1) = .
a (s, 1) W - D —1—0
For Set 2
Case-1 :

When x <0, we get the singular and dark soliton structures, respectively:

ipJ(=9 + ¢+ 1)@ + ¢ + 1)coth (%)
95()(, t) =
NG3
X ei((c+2)pt+px)’
T |05 Cx, D)
S A+NA+9+0)
c 0s(x, 1)?
, 1) = .
¥sx 1) W —D@—1-0)
and
ipJ(=9 +c+ D@ + ¢ + 1)tanh<%)
Og(x, t) = —
6 (x, 1) 75
X ei((6+2)ﬂt+ﬂx)’
oo ) = ——€ 10s(x, )2
or A+NHA+9+¢)
¢ |0s(x, 1)
, 1) = .
Volx, ) W -0 —1-0
Case-2 :

When x > 0, then the periodic solutions are:

=22+ 2+ 2+ 1 cot(”J_p)
0:(x, 1) =—

— 2
7
V2

X ei((c+2)pt+px) ,

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75
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@ (.X t) — _ c |07(X, t)l2 (76)
e A+NHA+9+0)
c|07(x,
, )= . 77
P (x, 1) G- D0 —1—0 (77
and
i\/—sz/—ﬁz +c?+2+1 tan("é’ﬂ)
Og(x, 1) =
8( 7
% ei((c+2)pt+px), (78)
© (x t) — ¢ |08('x’ t) |2 (79)
s (I+DHA+9+¢)
¢ |0s(x, DI
LD = . 80
a0 = o (80)
For Set 3
Case-1 :
When x < 0, we get the following mixed hyperbolic solution:
J;EJﬁz—-®—%1ﬁtmm(Z§§)
Oo(x, t) = —
o(x, 1) il
JﬁfJﬁz—(c+-U2cmh(2§§)
- 22
% ei((c+2)pr+px)’ (81)
© (x l) — _ C|69(X, t)lz (82)
o A1+DHA+9+¢)
clfo(x,
, 1 = . 83
Yol 1) = ST (83)
Case-2 :
When x > 0, then the periodic solution is expressed as:
\/fpz\/ﬂz — (c + 1)? tan(ng)
Oro(x, t) =
10(x, 1) i3
P20 — (c + 1)? cot("ﬁ)
+
22— p?
% ei((c+2)pt+px)’ (84)
¢ |010(x,
x, 1) =— , (85)
w10 I+ 91+ +0)
2
Yro(x. 1) = c |Oip(x, 1| (86)

@W—-DW-1-=¢)
For all the above sets, n=—ct+ (o + x.

3.3. Generalized Kudryashov method

In this section, we apply the above method to obtain the solutions of the governing model. To begin with, we take account of
the fact that the homogeneous balance between U° and U” gives the relation T= H + 1. In particular, for H = 1, we get T =2.
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Therefore, equation (6) along with (G'(n) = Gz(n) — G(n)) take the following form of the solution:

ag + aiG(n) + a>,G*(n)
by + b1G(n)

U = (87)

where ag, a;, a», by and by are to be determined. Also,

G = (88)

1 + Sen’

Now, solving equations (6) and (87), the following system of equations is obtained:

—92agbl p* + agbd c2p® + 2apbdcp* + aghl p* + 2a3 = 0.

fﬁzalbozpz — 29%agbob p* — 192(111902 + P2agbob; + a]bozczp2 + 2agbobc?p? + albozc2

—aobobic? + 2a1b§ cp* + 4agbobicp® + 2aibic — 2agbobic + aibd p? + 2aobobip* + aib§ — aobob; + 6aia; = 0.
—92a,b¢ p? — D2aghi p? — 29%a1bob p* + 302a1b¢ — 49%arbi — 92agb? — 30%agbob; + 92aiboby + axb§cp?
+agblc?p? 4 2a1bobic2p? — 3aibdc? + darbic? + agblc? + 3agbobic? — aibobic? + 2a,bicp? + 2agbi cp?
+daibobicp? — 6arbic + 8aybic + 2agbic + 6agbobic — 2a1bobic + aybi p? + aobp? + 2a1bobip* — 3a1bd
+4darbd + agb? + 3agbob, — aiboby + 36a¢al + 6aia; = 0.

—92ab p? — 20%arbobi p* — 20%a1b¢ — 92aiboby + 109%a,b¢ + 92agh? + 29%agbob; — 39%a;bb;
+a1b]262p2 + 2a,bobc?p? + 2a1b02c‘2 + aybob;c? — 10a2b0262 — a()blzcz — 2a0bobic? 4 3arbobic? + 2(11b12€p2
+daybobicp® + daibc + 2aybobic — 20a2bic — 2agblc — dagbobic + 6asbobic + aibi p* + 2aybob p?
+2a1b¢ + aiboby — 10a,b¢ — agbi — 2agboby + 3a,boby + 2a + 12agaza; = 0.

—92a,b2 p? — 60%a2b5 — 2a,bl + 99%arboby + ablc?p? + 6aybic? + arbic? — 9arbob;c?

+2a,bcp® + 12arbdc + 2arblc — 18asbobic + arbl p® + 6a,b¢ + azbi — 9arboby + 6agay + 6ala, = 0.
39%2a,b2 — 692aybob; — 3abic? + 6a,bobic — 6aybic + 12a,bobic — 3a,bE + 6aybob; + 6ajai = 0.
—20%a2b3 + 2a,b2c* + 4ablc + 2arbf + 2a5 = 0.

A

(89)
With the assistance of computational software such as Mathematica, we solve system 89, and a variety of solution sets is

obtained, as follows:
Set 1

a) = 0, b1 = 72b0,

1.
ap= —Elbo\/(—ﬁ +c+ D@ +c+1),

1
p=———=,a,=0.

NG

On substituting the above values of parameters into equation (87) and setting S =1 in equation (88), we secure the soliton
solution to equation (1) in terms of hyperbolic functions.

O0i(x, 1) = —%i\/(—ﬁ +c+ DWW+ c+ l)tanh(g)

% eilc+2)pr+pm) (90)

el 0l
(14+NHA+9+¢)

pi(x, 1) = 91)
c10i(x, D

Yl 1) = D@ —-1-0

92)
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Set 2

aj=—ibo\J(=9 +c+ D@ +c + 1),

b= —(1 + 29)by,
1.
aoz—glbo\/(—ﬁ +ec+ D@ +c+ 1),

P**f,

For § =1, and solving equations (87) and (88) together, we get a soliton solution, as follows:

a2:0.

iv—92 + ¢ + 2c + 1 (sinh(n)) + cosh(n) + 3)

92()6, 1) =

« eilct2)prtpx)

Py(x, 1) = —

Pa(x, t) =

Set 3

2(—sinh(n) — cosh(n) + J29)

s

C|92()C, t) |2
A+NA+9+¢)

clba(x, 1)?

@W—-—DW-1-=¢)

1.
a = —Elle(—ﬂ +ec+ D@ +c+ 1),

1

CloZO,bOZO,p:—

7

ay=ibJ(=9 + ¢+ D@ + ¢ + 1).

For § =1, and solving equations (87) and (88) together, we get a singular soliton solution as follows:

05(x, t) = —%i\/(—ﬂ +c+ D@+ ¢+ l)coth(g)

i 2
x elctDprpn)

@3()&', t) = -

P3(x, 1) =

Set 4

a) = 0, bl = 2b0,

clf3(x, 1)
A+NHA+9+0)

clf3(x, D

@W—-—DW-1-c¢)

1.
%zgmMeﬁ+c+nw+c+1Lp=

a, = —2ibo /(=9 + ¢ + D@ + ¢ + 1).

For S =1, and solving equations (87) and (88) together, we get the dark soliton solution as follows:

L
\/5 s

O4(x, 1) = %i\/(fﬁ +c+ D@ +c+ 1)tanh(g)

% ei((chZ)thr px) ,

o x, 1) = —

¢ |0sx, DI

A+9HA+9+c)

10

93)

(94)

95)

(96)

o7)

(98)

99

(100)
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2
G, 1) = — <A@ OE (101)
@ —-DW—-1-2c)
Set 5
ibipJ(=0 + ¢+ D)@ +c+ 1)
a = s
V2
ao :0, b() = 0, ay = 0.
For S =1, and solving equations (87) and (88) together, the plane-wave solution can be expressed as:
bux. 1) — ip(=9 +c+ D@ +c+1) « eilctprim) (102)
V2
¢ |0s(x, 1)
os(x, 1) = — |05(x, )| , (103)
A +9HA+9+0)
2
s, 1) = —ABCOE (104)
@ —-1DW—-1-2c0)
Set 6
a) = 21b()\/(*19 +c+ 1)(19 +c+ 1) s b] = 7217(),
ap=0, p=1i,a; = —2iboJ(—=9 + c + D@ + ¢ + 1).
For S =1, and solving equations (87) and (88) together, we obtain a singular wave solution as follows:
Os(x, 1) = —i\J(=9 + ¢ + 1)(J + ¢ + 1)csch(n)
% ei((c+2)pt+px)’ (105)
¢ |06(x, 1)
ps, 1) = —— M6 DE__ (106)
(1 +HUA +9+0)
2
votx, 1) = —<10s Dl (107)

W—-1DW—-1-c¢)
For all the above sets, n=—ct+ (o + x.

4. Results and discussion

In this section, a comparison is made between our outcomes and some existing results in published works. In this work, we
utilized an analytical mathematical method to solve the CNLST equations. A variety of solutions were extracted, such as single
(dark, singular), complex, and combined solitons as well as hyperbolic, plane wave, and trigonometric solutions. In published
works, we have observed that Elboree [26] only discussed one solution for the CNLST system using He’s semi-inverse
variational principle, whereas Ma et al [25] only presented two solutions through the Darboux transformation. Yong et al [27]
introduced eight solutions for the CNLST system using the truncated Painleve expansion and the direct quadrature method.
Abdelrahman et al [28] discussed exact soliton solutions and employed three methods. If we compare these methods and the
three proposed methods in this paper, our methods are more effective at providing many solutions than those other methods.
Consequently, these methods are proficient, adequate, and robust for handling other NLPDEs in mathematical physics and
applied mathematics. We observe that the results presented in this study could be helpful in explaining the physical meaning of
various NLPDE:s arising in the different fields of nonlinear sciences. To aid clear and good understanding, the absolute physical
behaviors of some of the reported solutions are exhibited through 3D, 2D and contour graphs using suitable parameter values.
To visualize the dynamics of trigonometric, dark, dark—singular, dark, and complex combined soliton and plane wave solutions
which appear in equations (20), (29), (53), (57), (69), (84), (90), and (105), we present figures 1-8, respectively. From the
physical description of some solutions and our discussion of the results, we conclude that our modified mathematical methods
presented here are fruitful tools for investigating further results of nonlinear wave problems in applied science.
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Figure 1. The plots of equation (20) are presented in 3D, 2D and contour wave profiles, respectively.
Re|6; 1 (x, t)]
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Figure 2. The plots of equation (29) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 3. The plots of equation (53) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 4. The plots of equation (57) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 5. The plots of equation (69) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 6. The plots of equation (84) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 7. The plots of equation (90) are presented in 3D, 2D and contour wave profiles, respectively.
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Figure 8. The plots of equation (105) are presented in 3D, 2D and contour wave profiles, respectively.

15



Commun. Theor. Phys. 73 (2021) 085005

M Bilal et al

5. Conclusion

In this study, three innovative integration norms have been
effectively implemented for the CNLST equations that have
emerged in several fields of applied sciences. Different types of
solution, such as single (dark, singular), complex, and combined
solitons as well as hyperbolic, plane-wave, and trigonometric
solutions were successfully obtained. All the solutions obtained
were verified by substituting them back into the original
equation via the software package Mathematica. The graphical
representations of some solutions were also depicted using 2D,
3D and contour profiles that displayed the physical behaviors of
some of the solutions obtained. These diverse solutions
demonstrate the power, capability, consistency, and effective-
ness of these methods and can be used to solve many other
NLPDEs in mathematical physics. We observe that the results
presented in this study could be helpful in explaining the phy-
sical meanings of various nonlinear evolution equations that
have arisen in the different fields of nonlinear sciences. For
instance, hyperbolic functions appears in different areas such as
the calculation of special relativity, the Langevin function for
magnetic polarization, the gravitational potential of a cylinder,
and the calculation of the Roche limit in the profile of a laminar
jet [29]. The wave results obtained confirm the value of this
research and also have significant applications in mathematics
and physics. Hence, our techniques, fortified by symbolic
computation, provide an active and potent mathematical imple-
ment for solving diverse interesting nonlinear wave problems.
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