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We discuss black hole solutions of Einstein-A gravity in the presence of nonlinear electrodynamics
in dS spacetime. Considering the correlation of the thermodynamic quantities respectively
corresponding to the black hole horizon and cosmological horizon of dS spacetime and taking the
region between the two horizons as a thermodynamic system, we derive effective thermodynamic
quantities of the system according to the first law of thermodynamics, and investigate the
thermodynamic properties of the system under the influence of nonlinearity parameter c. It is shown
that nonlinearity parameter « influences the position of the black hole horizon and the critical state
of the system, and along with electric charge has an effect on the phase structure of the system,
which is obvious, especially as the effective temperature is below the critical temperature. The
critical phase transition is proved to be second-order equilibrium phase transition by using the Gibbs

free energy criterion and Ehrenfest equations.
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1. Introduction

Since the four laws of black hole mechanics were discovered,
black holes have been widely believed to be thermodynamic and
they possess standard thermodynamic quantities, such as temp-
erature and entropy [1, 2]. The particular thermodynamic quan-
tities of a black hole and its holographic properties are quantum
essentially, so a black hole is a macroscopical quantum system.
The studies of black hole thermodynamic properties provide an
important window to investigate quantum gravity [1-3]. Phase
transitions and critical properties are important and interesting
subjects when studying a thermodynamic system, and recently,
the critical behavior and phase transitions of black holes in anti-
de Sitter (AdS) spacetime have been extensively investigated. By
considering the cosmological constant as thermodynamic pres-
sure, charged black holes show similar phase transitions to that of
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van der Waals—Maxwell’s liquid-gas. [4-25]. Researchers have
also been trying to discover a series of common thermodynamic
systems to simulate the phase transition and critical properties of
black holes [26-29].

In the early period of inflation, the Universe is in quasi de
Sitter (dS) space. The cosmological constant corresponding to
vacuum energy is usually considered as a candidate for dark
energy, with which our Universe will evolve into another dS
phase. In order to construct the entire evolution history of our
universe, we should have a clear perspective of the classical and
quantum properties of dS space. Promoted by the recent success
of AdS/CFT correspondence in theoretical physics, the duality
relation of dS space has also aroused interest [30, 31]. Therefore,
from an observational or theoretical point of view, it is rewarding
to have a better understanding of the classical and quantum
properties of dS space.

As the thermodynamic properties of AdS black holes are
investigated in depth, the study of the physical properties of
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dS black holes has gradually aroused great interest [32—37],
and more attention has also been paid to the phase transitions
and critical behavior of dS black holes [38—47]. It is known
that with the appropriate parameters dS space possesses not
only a black hole event horizon (BEH) but a cosmological
event horizon (CEH). Moreover, the two horizons generally
have different radiation temperatures. Considering the two
horizons as two thermodynamic systems that respectively
correspond to two sets of thermodynamic quantities, both
satisfy the first law of thermodynamics [48, 49]. Taking into
account the thermodynamic relevance of the two horizons of
dS black holes and considering the region between the two
horizons as a thermodynamic system in non-thermal equili-
brium [42-45, 50, 51], the thermodynamic behavior of some
dS black holes is discussed by utilizing effective thermo-
dynamic quantities.

As advances in related fields steadily grow, we start to gain a
better understanding of the nature of black holes. In this work, we
want to generalize the phase transition study to dS black hole
solutions in Einstein gravity coupled to a nonlinear electro-
magnetic field. Nonlinear electrodynamics (NLED) theories are
considerably richer than Maxwell field and in a special case they
reduce to the linear Maxwell theory. About eighty years ago,
Born and Infeld introduced an interesting kind of NLED in order
to remove the divergence of the self-energy of a point-like charge
[52]. Recently, it was shown that NLED objects can remove both
the big bang and black hole singularities [53-58]. The first
attempt to couple the NLED with gravity was made by Hoff-
mann [59]. Since then, the effect of Born—Infeld (BI)-type NLED
coupled to the gravitational field has been extensively studied. In
addition, BI NLED has another impetus, since it naturally arises
in the low-energy limit of open string theory [60-62].

In previous works, researchers discussed the thermodynamic
properties and stability of AdS black holes with a series of
nonlinear sources [63, 64, 20, 65], and it is shown that the
structures of black holes in the presence of nonlinear electro-
dynamics are quite different compared to the linear Maxwell
theory, and its phenomenology also describes a more general
case. In the work of Nam [66], the thermodynamics of dS black
holes with a nonlinear electromagnetic Lagrangian was investi-
gated in extended spacetime and with the system entropy
S =S, — S.. The stability of Reissner—Nordstrom dS black holes
has been investigated with a linear electromagnetic Lagrangian
[42, 39]. In this paper, we investigate the effects of the non-
linearity of a series of weak nonlinear sources on the phase
transitions and critical properties of charged dS black holes.
Taking the region between the black hole horizon and cosmo-
logical horizon in dS space as a thermodynamic system, M as the
mass (energy), and the entropy, volume and electric charge Q as
thermodynamic variables of the system, the expression of the first
law is obtained on the basis of the entropy S =S.+ S, [67] and
the volume V=1V, — V, [68] of the system.

The outline of the paper is as follows. In the next section,
we introduce the topological black hole solutions with a weak
nonlinear source and two sets of thermodynamic quantities
corresponding to the BEH and CEH of dS spacetime. In the
third section, we analyze the relations of the thermodynamic
quantities corresponding to the two horizons, and derive the

effective thermodynamic quantities of the (n + 1) dimensional
dS black hole with the nonlinear source. The critical state
quantities and possible phase transitions of dS spacetime with
the effect of the nonlinearity parameters are analyzed for
n=73 in the fourth section. In the fifth section, using the
Ehrenfest scheme we prove that the critical behavior belongs
to second-order equilibrium phase transition. In the final
section, we discuss the findings and make some conclusions.
(We use the units G;=h=kg=c=1).

2. Topological black hole solutions with a nonlinear
source in dS spacetime

The (n+ 1)-dimensional action of Einstein gravity in the
presence of NLED is [64]:

Ic = _#fM d"tx /=g [R — 2A + L(F)]
1

_— n —

e AR C N CICON @.1)
where R is the scalar curvature and A is the cosmological
constant. In this action,

L(F)=—-F+ aF?+ O@?), (2.2)

is the Lagrangian of NLED. F = F,, F" is the Maxwell
invariant, in which ¥, = 0,4, — 0,4, is the electromagnetic
field tensor and A, is the gauge potential. In addition, o
denotes the nonlinearity parameter, which is small, so the
effects of nonlinearity should be considered as a perturbation
(o is proportional to the inverse value of the nonlinearity
parameter in Bl-type theories), and the series expansion for
the Lagrangian is only preserved up to the first-order term of
a . In this paper, we take into account equation (2.2) as the
NLED source, because both BI types of NLED, in logarith-
mic form [69] and in exponential form [70], tend to the form
of equation (2.2) for weak nonlinearity.

The (n 4 1)-dimensional topological black hole solutions
can be written as [64],

2
ds? = —f(r)di® + % 2402, 2.3)
where
m 2Ar?
= k — —
fr) 2 w1
2q2
+
(n — D(n — 2)r—*
4
447a 2.4)

TR -2 +2) + (n— 3 — e

in which m is an integration constant related to the mass of the
black hole, and the last term in equation (2.4) indicates the
effect of nonlinearity, where only the first-order term of « is
preserved. The asymptotical behavior of the solution is AdS
or dS, provided that A <0 or A >0 and the case of an
asymptotically flat solution is permitted for A =0 and k= 1.
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Figure 1. Black hole solution in dS spacetime with k=1, n =4,
g=1,m=1.2, A =1 and different nonlinearity parameter «.

We consider asymptotically dS (A > 0) and spherically
topological black holes, which have BEH and CEH, whose
positions are located at r, and r., and f(r; ) =0.

In figure 1, on each curve, the two points on the right, at
which the curve intersects the horizontal axis, correspond to
ry and r., and r, <r. One can see that the nonlinearity
parameter « influences the position of BEH (r,) obviously,
but the effect on r. is not obvious.

The radiation temperatures on the two horizons, respec-
tively, are [64],

AL WS W (G V)
* 47 2r(n — 1) 2ry

2 2%«
ry re

Cfl) 1 (n—1D0n = 2)k
47 2n(n — 1) 2r,

2 4

(2.5)
rCZn—3 rc4n75

The ADM (Arnowitt—Deser—Misner) mass M and electric
charge Q of the black holes are,

M= M (2.6)
167
_ 4
Q=—"V, (2.7)
4
in whichV,,_| = Fz(://;) is the volume of the unit-radius (n-1)-

sphere.
Considering f(r; ) = 0, the mass of the black holes can
be expressed by r, or r, as,

2Ar}

o Ymin = D ke 2
’ nn —1)

167
2 2
+ q -
(n—Dm—2)r,

B 4q*a ]
_ _ _ 3n—4 |
20 =20+ 2) + = o= IS

The entropy and thermodynamic volume of the black holes
corresponding to BEH and CEH are [67],

n—1 n—1
S, — Vn,1r+ S — V,,,lrc
+ = > c — 5
4 4
n n
V. — Vn—lr+ V. — anlrc
+ =7 > c— —
n n

2.9

From the perspective of extended phase space, the cos-
mological constant is considered as the thermodynamic
pressure of black holes [71, 72],

A
Py=——.
0 o

From equations (2.5), (2.8), (2.9) and (2.10), two sets of
thermodynamic quantities can be obtained corresponding to
BEH and CEH, respectively, whose thermodynamic proper-
ties have been dealt with separately in some researches [49].
They satisty, respectively, the first law of thermodynamics,

SM =T8S, + .60 + V,6P,,
oM = _TC(SSC + <I)C(SQ + V. Py,

(2.10)

Q2.11)

in which &, and &, are the charge potentials of BEH and
CEH, respectively.

Two baffling problems exist with regard to the two
horizons being two thermodynamic systems unless they are
very far apart. First, the energy M, electric charge Q and
cosmological constant A are the common state parameters of
the two systems. Thus, the thermodynamic quantities of the
two systems are not independent. Second, the black hole
horizon radiation temperature 7, and cosmological radiation
temperature 7. present in equations (2.5) and (2.11) are
usually different. Consequently, we take the dS space region
between BEH and CEH as a thermodynamic system, but it is
generally in thermal non-equilibrium. At present, a mature
and general purpose method to analyze a non-equilibrium
thermodynamic system has not been found. However, the fact
that the two horizons possess some common state parameters
reminds us that we need to build a set of effective thermo-
dynamic quantities to investigate the thermodynamic prop-
erties of the thermal non-equilibrium system in dS spacetime.

3. Effective thermodynamic quantities of a (n+ 1)
dimensional dS black hole with a nonlinear source

Taking the dS space region between BEH and CEH as a
thermodynamic system, the thermodynamic volume and
entropy of the spherically symmetric dS spacetime satisfy
[67, 68],

Vol
V=V, -V, =2le g o,
n
‘/’17 n—1
S=8, +8, =2V (1 4y, 3.1
in which x = = < 1. From equation (2.8), considering the

rL’
conserved quantities M, Q and A of the dS spacetime, the
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energy (mass) M can be expressed as,

— Mrle:k(an _ xn)
167(1 — x™)

+ 26]2 (1 _ x2n—2)

n—1Dn — 2)r62(”_2) xn—2
. 4q4a

2 — 2)(n +2) + (n — 3)(n — )]

1 — 4dn—4
| a2

Taking « as a constant and combining equations (3.1)
and (3.2), one can see that the energy (mass) of the dS black
hole system is a function of the entropy, thermodynamic
volume and electric charge, that is:

M=M(S,V, Q0. (3.3)
They should satisfy the first law of thermodynamics:
dM = TdS + &dQ — PdV, 34

in which T is the effective temperature, ® is the effective
electric potential and P is the effective pressure. They are
conjugates of S, Q and V of dS spacetime, respectively.

(2 - !
S \3S Joy  Amxn 21— 2+ 0)r
[k(x" 3 — 2 — nx®)(1 — x™) + nx""1(x""2 — x7)
+(n — 2)x"1(x"2 — XM
24> ((Zn — 2)x" — nx?2 — (n — 2)
+ -
(n— D(n —2)r2"?
(=20 - x2"2))

x—l

xn—l

4q* o
+
[2(n — 2)(n + 2) + (n — 3)(n — 4)]r" O

(3n _ 4)%

x2n73

(@ — Hx" — x4 — Gn — 4))]

x3n73
(3.5)
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1 2n—2
(;+)] (3.6)

()
av Q’S
_ 1
16w (1 + x0)(1 — x")?
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r. X

_ ann + 2xn+2 — D+l + nxS)
2q2(xn + x) (2n _ 2)(xn+2 _ x2n)
(n—2)

r(.z"*zxz”

+ (xn _ x)(x2n + x))

B 4g*a(x + xM) [ (4n — 4)(x"T* — x4
Gn — 4)

4dn—4 _4n
r. X

&" — ) + x)(x2 + xz))]. 3.7)

These effective thermodynamic quantities reflect the ther-
modynamic properties of the whole dS spacetime rather than
that of a horizon. Therefore, they give a more comprehensive
view of dS spacetime.

4. Critical state and phase transition in the dS black
holes with the effect of NLED

We investigate the critical properties, phase transitions and phase
structure of the spherical topology (k= 1) of dS black holes with
a weak nonlinear source by using effective thermodynamic
quantities. According to van der Waals’ idea regarding phase
transitions, we analyze the relation of the effective pressure and
thermodynamic volume when the effective temperature is kept
constant. And using the Gibbs free energy criterion, we discuss
the phase transition of the system.

When both the electric charge g and the nonlinearity
parameter « are kept as constants, the critical points of the
phase transition of the system can be obtained by,

() (22)
oV )r vz ),

in which all the quantities V, T and P are functions of (r., x)
according to equations (3.1), (3.5) and (3.7). Thus, the critical
quantities can be derived when Q, @ and dimensionality n are
given certain values. Table 1 below shows some critical
values at the dimensionality n = 3.

Under the conditions 0 < x < 1 and T > 0, the relation of
P and V is derived numerically as T takes some certain values
near the critical temperature 7°, and the corresponding
effective isotherms of the system are depicted in figure 2.

It can be seen in table 1 that with increasing « the critical
values x°, critical temperature 7° and critical pressure P° are
all increasing as Q is given, and when Q is greater, they
increase faster. The other critical quantities in the table are
just the opposite. With the increasing of «, they decrease.

.1
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Figure 2. Isotherms in P — V diagrams of a (n + 1) dimensional dS black hole with the weak nonlinear source of n = 3. Dashed lines match
T < T, red thick solid lines match 7= T¢ and thin solid lines match 7 > T°.

Table 1. Critical values of effective thermodynamic quantities for different Q and o when n = 3.

n=3 Q=1 0=2 0=3

a=0.001 a=0.01 a=0.1 a=0.3 a=0.6 a=0.1 a=0.1 a=0.3 a=0.6
x€ 0.732 22 0.732 30 0.733 16 0.735 59 0.74274  0.13443 0.08697 0.15771 0.23708
re 3.5058 3.5025 3.4675 3.3760 3.1627 7.5636 13.915 10.554 8.8944
T 0.008 015 0.008018 0.008053 0.008 139 0.008312 4.103E-5 6.541E-6 4.562E-5 1.601E-4
pe 6.055E-4 6.061E-4  6.128E-4  6.298E-4  6.666E-4 1.775E-6 1.550E-7 1.409E-6 5.746E-6
Ve 109.64 109.30 105.82 97.019 78.215 1807.9 11278.4 4904.4 2908.1
Mc 1.2086 1.2080 1.2007 1.1821 1.1404 2.1764 3.6970 3.1454 2.9283
S¢ 59.315 59.207 58.077 55.179 48.758 182.96 612.89 358.61 262.50
G* 0.7996 0.7995 0.7979 0.7942 0.7873 2.172 3.695 3.136 2.903

Similarly, as a=0.1, x°, T° and P are all increasing with
increasing Q. The other critical quantities in the table decrease
oppositely when Q increases. From table 1, it is shown that
the nonlinearity parameters o along with the electric charge O
influence the position of the critical state. When a =0, the
values of the critical quantities are consistent with those in the
work [42], which is not shown in the table 1.

Figure 2 shows that when either of the values a or Q is
greater or both are greater, a more acceptable thermodynamic

state exists within the smaller volume ranges and the iso-
therms are more like the ones of the van der Waals liquid-gas
system. Thus, compared with linear electrodynamics, NLED
has an effect on the phase structure of the dS black hole
system. In figures 2(a), (b) and (c), when T < T, the slopes of
the isotherms are positive in the region of smaller volume,
which means the system is thermodynamically unstable,
while the slopes of the isotherms are negative in the region of
larger volume, which means the system can be
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Figure 3. Isotherms in the G — P diagrams of a (n + 1) dimensional dS black hole with a weak nonlinear source of n = 3. Dashed lines match
T < T¢, red thick solid lines match 7= T¢ and thin solid lines match T > T¢.

thermodynamically stable. All the isotherms with 7> T¢ in
figure 2 always have negative slopes, which means the system
can always be thermodynamically stable. In figures 2(d), (e)
and (f), where Q is larger than the ones in figures 2(a), (b) and
(c), each isotherm for T < T° implies two thermodynamically
stable regions with negative slopes. The two regions are
discontinuous on the isotherms, but they may be connected by
a phase transition at a certain pressure according to Maxwell’s
equal area law, which can also be tested by the Gibbs free
energy criterion, that is, the lower the Gibbs free energy, the
more stable the thermodynamic system is at certain pressure
and temperature. It is worth noting that, when either of the
values of « or Q is smaller or both are smaller, each isotherm
has a left endpoint corresponding to the smallest volume,
which is too small, which means that we do not have a proper
real horizon solution for the dS black hole. This is also the
case when o = 0 [42]. However, when either of the values of
a or O becomes greater, the endpoints on the isotherms
gradually move to the left until they disappear, which quali-
tatively shows the effect of NLED on the phase structure of
dS black holes as its effect on a AdS black hole [65].
Gibbs free energy is defined [73] as:

G = M—-TS+ PV. 4.2)
Under the conditions 0 <x <1 and 7> 0, we depict the
G — P diagrams with some certain effective temperatures near
the critical temperatures T° for the dS black hole systems with
the nonlinear source in figure 3.

In figure 3, the curves for Gibbs free energy G versus
effective pressure P present a swallow-tail form when 7 < T°
is near the critical effective temperature. According to the
Gibbs free energy criterion, below the critical temperature a
first-order phase transition can exist with volume dis-
continuous change, but above the critical temperature, it does
not. The larger Q and «, the more obvious the phase trans-
ition. Figure 3 shows that, near the effective critical points,
the phase structure of the system is similar to that of the van
der Waals—Maxwell’s liquid-gas system.

5. Analytical check of critical behavior by using
classical Ehrenfest scheme

According to Ehrenfest scheme, at the phase transition point,
the fact that the chemical potential (molar Gibbs free energy)
and its first partial derivatives are continuous but its second
partial derivatives are discontinuous and divergent indicates
that the phase transition belongs to second-order equilibrium
phase transition. The specific heat Cp, expansion coefficient 3
and isothermal compressibility s of a thermodynamic system
are defined by:

2
Cp = 7(3_5) _ 796G (5.1)
ot ), oT?
1 (oV e
f= —(—) _ 196G (5.2)
vlar), ~ voropr
2
= _l(@_V) — _la_G (5.3)
vier ), ~ “vop

Cp— P, B— P and k — P curves of the dS black holes with
NLED for given values of Q and « are shown in figure 4 for
n = 3. The red thick solid lines corresponding to 7= T* are all
divergent at P = P, so the phase transitions at the critical
points belong to second-order equilibrium phase transition.
Phase transitions below the critical temperature are more
complex, while no phase transition is displayed by the curves
above the critical temperature in figure 4.
The Ehrenfest equations are:

(6_P) . G-G _ AG (5.4)

oT )s  TVe(BL— By  TVAB, '
(57), - hh A (55)
aT )y mé — /-i}l AV ’ '

where superscripts 1 and 2 represent phases 1 and 2, respec-
tively, and subscript g represents g remaining unchanged.
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Figure 4. Isotherms in the Cp — P, § — P, k — P diagrams of (n + 1) dimensional dS black holes with NLED of n = 3. Black dashed lines,
red thick solid lines and black thin solid lines represent T < T, T'=T, and T > T, respectively.

According to Maxwell relations:

(5), = (&)

[(g_ff)r] - [(Z_I;)V]’ (5.6)
(G T =[G, ]
(), ] - [(g_;)v ] (.7)

Note that the superscript ‘c’ denotes the physical quantities at
the critical point. By substituting equation (5.7) into (5.4) and
(5.5), we get:

el (G|
reveas, — [ \ov/p |

By _ (d_S) ‘
Ak, | Nov)r |

(5.8)

From equation (4.1), when the independent variables are
(r., x), the critical points meet.

orP,T) 0

= 59
O(re, x) 69
Moreover,
o5 9GS, P) a5 s, T)
_ 0@x) o% ) 9Gx)
(a_V)P AN (aV)T AN 10
Ore, x) 01 x)
By substituting equation (5.9) into (5.10), one can get:
C C
(8_5) = (8_5) . (5.11)
ov/p ov ),

To date, we have proved the validity of both Ehrenfest
equations at the critical points. Utilizing equations (5.11) and
(5.8), the Prigogine-Defay (PD) ratio can be calculated:

I = ACP Aﬂq

=, 5.12
TV°AS, 12
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Hence, the phase transition occurring at 7=T° is a sec-
ond-order equilibrium phase transition.

6. Discussion and conclusion

In this paper, considering the correlation of the thermo-
dynamic quantities respectively corresponding to BEH and
CEH of black holes in dS spacetime in the presence of weak
NLED and taking the region between BEH and CEH as a
thermodynamic system, we discuss the thermodynamic
properties of the system and the effect of NLED. When M is
regarded as energy (mass) of the thermodynamic system and
the volume V=V.4V,, entropy S=S.+S, and electric
charge Q are taken as the variable of dS spacetime the first
law of spacetime has the same form as that of ordinary
thermodynamic systems, and the effective thermodynamic
quantities P, T and ¢ are obtained with the first-order term of
nonlinear parameter « preserved. Using these thermodynamic
quantities of dS spacetime, we investigate the possible phase
transitions and critical behavior of the dS black hole system,
and find that nonlinearity parameter « along with electric
charge Q influence the possible phase structure of a thermo-
dynamic system. When either or both nonlinear parameter «
and electric charge Q are smaller, the system has a minimum
volume with physical meaning at a certain temperature 7T as
T < T., which is similar to the results of a previous work [42]
where o = 0. It is worth noting that as either or both o and Q
increase, the minimum volume becomes smaller and smaller.
When « and Q reach certain values, the isotherms in the
P — V diagrams are very similar to those of the van der Waals
gas-liquid system. A more precise conclusion requires further
quantitative discussion. The important effect of NLED on the
phase structure of AdS black holes has recently been dis-
cussed [65]. We also study the phase structure of the system
near the critical points by using the Gibbs free energy cri-
terion and Ehrenfest scheme. Although far from the critical
points, the system possibly has a different phase structure to
that of the van der Waals gas-liquid system. Near the critical
points, there are always similar phase transitions of the van
der Waals gas-liquid system in the dS black hole system with
NLED, which can be seen from the isotherms of the G — P
diagrams and C, — P, 3 — P and x — P diagrams. The critical
thermodynamic quantities change regularly under the influ-
ence of «, which can be seen in table 1, but the critical phase
transitions always belong to second-order equilibrium phase
transition, which is verified by the Ehrenfest scheme. The
possible phase transitions of the dS black hole system with
NLED far away from the critical points needs further study.
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