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Abstract
We study block-coherence measures based on the resource theory of block-coherence and
coherence measures based on positive-operator-valued measures (POVM). Several block-
coherence measures are presented, including the block-coherence measure based on maximum
relative entropy, the one-shot block-coherence cost under maximally block-incoherent
operations, and the coherence measure based on coherent rank. Their relationships are obtained.
Moreover, we describe the deterministic coherence dilution process by constructing block-
incoherent operations. Based on the POVM coherence resource theory, we also propose two
coherence measures and analyze their relationship.

Keywords: coherence measure, block-coherence measure, positive-operator-valued measure

1. Introduction

Quantum coherence is an important ingredient in quantum
information processing [1]. Baumgratz et al proposed the
theoretical framework (BCP framework) of the resource the-
ory of quantum coherence in 2014 [2]. This framework
comprises three basic elements: a set of free states that do not
contain resource, a corresponding set of free operations that
map an arbitrary free state to a free state, and a metric
functional [2].

In the resource theory of quantum coherence, the free
states are incoherent states, which can be diagonalized under a
fixed reference basis [2]. Free operations (incoherent opera-
tions) are some specified classes of physically realizable
operations [2]. According to different operational capabilities
and physical relevance, the sets of free operations may be: the
maximally incoherent operation [3, 4], the dephasing-covar-
iant incoherent operation [3, 5, 6], the incoherent operation
[2], the strictly incoherent operation [7, 8], and the physically
implementable incoherent operation [6]. In order to quantify
coherence, many coherence measures are proposed in the
resource theory of coherence, such as the l1-norm coherence
measure [2], relative entropy coherence measure [2],

coherence of formation [7, 9], coherence concurrence [10],
etc. Coherence measures of different meanings help us better
quantify and understand coherence [2–14].

An interesting problem in the resource theory of quantum
coherence is the transformation of states via free operations
[14, 15], especially the transformation between an arbitrary
state ρ and a maximally coherent state [15]. In particular, the
process of converting a given state ρ to the maximally
coherent state by an incoherent operation is referred to as
coherence distillation [15–18]. In contrast to distillation, the
dilution process converts the maximally coherent state into
the desired target state [15, 19, 20]. The processes of
asymptotic dilution and distillation are performed under the
independent and identically distributed assumption [15,
17–19], which ignores the possible correlation between the
different state preparations. Therefore, in order to relax the
assumption, it is necessary to consider the one-shot scenario,
where only one copy of the state is supplied [15, 17–19].

The resource theory of block-coherence was introduced
in [4]. Here, we adopt the framework proposed in [21]. In the
resource theory of block-coherence, the block-incoherent
states can be considered to be generated by a von Neumann
measurement P= {Pi}, i= 1, 2, L , d, i.e., the block-
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incoherent state s r= å = P Pi
d

i i1 for the state r Î  , where 
denotes the set of quantum states on the Hilbert space , the
rank of the orthogonal projector Pi is arbitrary, and the
orthogonal projectors form a complete set, i.e., å == Pi

d
i1

[4, 21–23].
In 2019, Bischof et al [21] established the positive-

operator-valued measures (POVM) coherence resource the-
ory. It employs the Naimark extension to define the POVM
coherence via block-coherence in a larger Hilbert space,
where the quantum states act through an embedded channel in
the ¢d -dimensional ( ¢ >d d) Hilbert space ¢ (Naimark
space), and a POVM E is extended to the projective mea-
surement P of the Naimark space ¢ [21, 22, 24]. We will
give detailed description of the resource theory of block-
coherence and the POVM coherence resource theory in the
second section of this paper.

In this paper, we study the block-coherence measures
based on the resource theory of block-coherence and the
coherence measures based on the POVM coherence resource
theory, and then analyze the relationship between these block-
coherence measures.

This paper is divided into five sections. In section 2, we
introduce some main concepts, and review the resource
theory of block-coherence and POVM coherence resource
theory. In section 3, we propose two block-coherence
measures and the one-shot block-coherence cost in the
framework of the resource theory of block-coherence, and
analyze their relationship. We illustrate the problem of
deterministic coherence dilution by constructing a block-
incoherent operation. In section 4, a POVM-based coher-
ence measure and the one-shot block-coherence cost under
the maximally POVM-incoherent operations are presented
and analyzed.

2. Background

2.1. Block-coherence theoretical framework

In 2006, Åberg introduced the general measurement method
of the degree of superposition of mixed quantum states and
applied it to the orthogonal decomposition of Hilbert space,
and thus created the resource theory of block-coherence.
Similar to the theoretical framework of BCP, the resource
theory of block-coherence also consists of three elements: the
set of block-incoherent states, the set of block-incoherent
operations, and the block-coherence measures [4, 21].

The Hilbert space  is divided into d orthogonal sub-
spaces, and the projective measurement P= {Pi} is per-
formed on the set  of quantum states, where Pi is the
projector of the ith subspace. Block-incoherent states [4,
21–23] are defined as

r r r r= å = D Î [ ] ( )P P , , 1i i iBI

where Δ denotes the block-dephasing operation. The set of
block-incoherent states is denoted as  ( )B .

We refer to the largest class of (free) operations that cannot
produce block-coherence as maximally block-incoherent

(MBI) operations. A channel ΛMBI on  is free operations if it
maps any block-incoherent state to a block-incoherent state [4,
21–23], namely,

L Í   ( ( )) ( ) ( ), 2B BMBI

or equivalently

L D = D L D◦ ◦ ◦ ( ). 3MBI MBI

A quantum channel Λ is often expressed by the Kraus operators.
Let {Kn} be a set of Kraus operators on , and satisfy the
normalization condition å = †K Kn n n . Some Kraus operators
have the form

= å ( )( )K P c P , 4n i f i n i

where f is the index function, and cn is the complex matrix.
Kn is a block-incoherent Kraus operator, if f is an index
permutation.

A real-valued function r( )P, is called the block-
coherence monotone of quantum state ρ with respect to the
projective measurement P, if it satisfies [4, 21–23]:

(B1) Faithfulness: r ( )P, 0 with equality if r Î  ( )B .
(B2) Monotonicity: r rL  ( ( ) ) ( )P P, ,BI for any

block-incoherent operation ΛBI.
(B3) Strong monotonicity: r rå  ( ) ( )P Pp , ,n n n for

any block-incoherent operation ΛBI= {Kn} and states ρ,

where r= ( )†p K KTrn n n , r = r †

n
K K

p
n n

n
.

(B4) Convexity: r rå å ( ) ( )P Pp p, ,n n n n n n for all
states ρn, and any probability distribution {pn}.

Note that the rank of the above projector Pi is arbitrary,
and when the rank of Pi is 1, the resource theory of block-
coherence is consistent with the standard resource theory of
coherence.

2.2. POVM coherence theoretical framework

The most general quantum measurement refers to the posi-
tive-operator-valued measures (POVM) [21]. Let a set

= ={ }E Ei i
n

1 of positive-semi definite operators be a POVM
on a d-dimensional Hilbert space , and å = Ei i , where Ei

is called the POVM element. Suppose = †E A Ai i i for any i,
where {Ai} is a set of measurement operators for E, and Ai

can be written as =A U Ei i i with any unitary operator Ui.

The ith post-measurement state for a given Ai is r = r
r[ ]

†

†i
A A

A ATr
i i

i i

[21, 22, 24].
The POVM coherence resource theory is established via

the Naimark extension [21, 25]. Every POVM = ={ }E Ei i
n

1
on a d-dimensional Hilbert space  can be extended to a
projective measurement = ={ }P Pi i

n
1 on the Hilbert space

¢ , if one can embed the d-dimensional Hilbert space 
into a larger ¢d -dimensional Hilbert space ¢ called the
Naimark space, where ¢ d d . The general way to embed
the original space  into a larger space ¢ is via a direct
sum, namely, in the Naimark space ¢ , and the corresp-
onding state ε(ρ) of quantum state ρ in the d-dimensional
Hilbert space  is

e r r= Å( ) ( )0, 5

2
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and

r e r r= = Å[ ] [ ( )] [ ( )] ( )E P PTr Tr Tr 0 , 6i i i

is required for all states ρ in the set  of quantum states.
Here, ⊕denotes the orthogonal direct sum, and 0 is the zero
matrix of dimension ¢ -d d . Any projective measurement P
that satisfies equation (6) is called a Naimark extension
of E.

The embedding into a larger-dimensional Hilbert space
can also be realized via the canonical Naimark extension
[21, 25]: one attaches a probe, initially in the state |1〉〈1|, via
the tensor product ε(ρ)= ρ⊗ |1〉〈1| [21]. A canonical Nai-
mark extension projective measurement = ={ }P Pi i

n
1 of the

POVM = ={ }E Ei i
n

1 is described by a unitary matrix V
satisfying [21, 22]

Ä ñá≔ ( ∣ ∣) ( )†P V i i V , 7i

and

r r= Ä ñá[ ] [ ( ∣ ∣)] ( )E PTr Tr 1 1 , 8i i

for every state ρ in the quantum state set  .
A state ρ is called a POVM-incoherent state [21, 22, 24],

if

r = ¹ ( )E E i j0, for all , 9i j

or equivalently

r = ¹ ( )†A A i j0, for all . 10i j

The set of POVM-incoherent states is denoted as PI.
A channel Λ is called a POVM-incoherent (PI) operation

with respect to the POVM = ={ }E Ei i
n

1, if it admits a Kraus
decomposition r rL = å( ) †K Kl l l such that all operators Kl

with respect to a canonical Naimark extension projective
measurement = ={ }P Pi i

n
1 of the POVM = ={ }E Ei i

n
1 satisfies

r rÄ ñá = ¢ Ä ñá ¢∣ ∣ ( ∣ ∣)( ) ( )† †K K K K1 1 1 1 , 11l l l l

for all l ä {1, 2,K,n}, where ¢{ }Kl is a set of the block-
incoherent operations on the extended Hilbert space ¢ [22].

The POVM-based coherence measure r( )E, of a state ρ
with respect to a POVM = ={ }E Ei i

n
1 is defined as the block-

coherence measure e r( ( ) )P, of ε(ρ) with respect to the
Naimark extension P of E [21, 22, 24], namely,

r e r ( ) ≔ ( ( ) ) ( )E P, , , 12

where the function  on the right side denotes any unitary-
covariant block-coherence measure.

The POVM-based coherence measure r( )E, with
respect to a POVM measurement = ={ }E Ei i

n
1 should satisfy:

(P1) Faithfulness: r ( )E, 0 with equality if r Î PI.
(P2) Monotonicity: r rL  ( ( ) ) ( )E E, ,PI for any

POVM-incoherent operation ΛPI.
(P3) Strong monotonicity: r rå  ( ) ( )E Ep , ,l l l for

any POVM-incoherent operation ΛPI= {Kl}, where

r= ( )†p K KTrl l l , r = r †

l
K K

p
l l

l
.

(P4) Convexity: r rå å ( ) ( )E Ep p, ,i i i i i i for all
states ρi, and the probability distribution {pi}.

2.3. Max-relative entropy and the coherent rank

In the theoretical framework of BCP, the max-relative entropy
between quantum state ρ� 0 and quantum state σ� 0 is
defined as [26, 27]

r s l r ls= ( ) { ∣ } ( )D log min . 13max 2

One equivalent definition of r s( )Dmax [27] is

r s l r ls- =l
+( ) ≔ { ∣ [ ( )] } ( )D Plog min Tr 0 , 14max 2

where l
+P is the projector of ρ− λσ with positive eigenvalues.

The coherent rank r of a pure state j jñ = å ñ=∣ ∣ii
R

i1 (not
necessarily normalized) is defined as the number of terms
with ji≠ 0 [7, 28], i.e.,

j = ( ) ( )R, 15r

if ji≠ 0 for i= 1, 2,K,R.

3. Block-coherence measures

Based on the max-relative entropy, we first define a block-
coherence measure, which is a generalization of the coherence
measure in [19].

Definition 1. The block-coherence measure r ( )P,max of a
quantum state ρ with respect to the projective measurement P
is defined as

r r s=
sÎ


 

( ) ( ) ( )
( )

P D, min . 16max max
B

Then, we have the following result.

Proposition 1. The block-coherence measure r ( )P,max is a
block-coherence monotone under MBI operations and quasi-
convex.

Proof. First, we show that r  ( )P, 0max with the equality if
and only if r Î  ( )B .

By the definition, we derive [26, 27]

r r s

l r ls

=

=
s

s

Î

Î






 

 

( ) ( )

{ ∣ } ( )
( )

( )

P D, min

min log min . 17

max max

2

B

B

Since ρ� λσ, we have ls r- ( )Tr 0. So λ� 1 holds.
Hence,

r  ( ) ( )P, 0. 18max

From [26, 27], one has that r s =( )D 0max if and only if
ρ= σ. Then, when

r r s= =
sÎ


 

( ) ( ) ( )
( )

P D, min 0, 19max max
B

ρ must be a block-incoherent state. This implies that
r ( )P,max satisfies (B1).

3
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Second, we can prove that for any MBI operation
with {Kn}, r ( )P,max satisfies (B2). According to [26], we
know that the max-relative entropy r s( )Dmax are monotonic
under completely positive trace-preserving map (CPTP) Λ.
Hence,

r s r sL L ( ( ) ( )) ( ) ( )D D . 20max max

As any MBI operation ΛMBI with {Kn} is a CPTP map, we
have

r s r sL L
s sÎ Î

 
   

( ( ) ( )) ( )
( )

( ) ( )
D Dmin min .

21
max MBI MBI max

B B

Therefore,

r rå  ( ) ( ) ( )† P PK K , , . 22n n nmax max

It means that r ( )P,max satisfies (B2).
Next we will show that r ( )P,max is quasi-convex, i.e.,

r rå  ( ) ( ) ( )P Pp , max , , 23n n n
n

nmax max

where r r= = r( )† †
p K KTr ,n n n n

K K

p
n n

n
.

For any mixture of state ρ=∑pnρn, we can construct a
block-incoherent state σ=∑pnσn, where every σn is a block-
incoherent state. Another equivalent definition of the max-
relative entropy r s( )Dmax [26] is

r s l r ls- =l
+( ) ≔ { ∣ [ ( )] } ( )D Plog min Tr 0 , 24max 2

where l
+P is the projector of ρ− λσ with positive eigenvalues.

Note that

- -
- -

 
 

[ ( )] [{ }( )]
[ ( )] [{ }( )] ( )
P A B A B A B
P A B A B A B

Tr Tr ,
Tr Tr , 25

in [27, 29, 30] for self-adjoint operators A, B and any positive-
operator 0� P� I, then we get [27]

r ls r ls

r ls

- = å -

å -

l l

l
+ +

+




[ ( )] [ ( )]
[ ( )] ( )

P p P

p P

0 Tr Tr

Tr , 26
n n n n

n n
n

n n
,

where l
+P n, is the projector of ρn− λσn with positive eigen-

values. Let l l= { }max n , where for each n, λn is defined
by l r=  ( )Plog ,n n2 max .

For this choice of λ, there is r ls- =l
+[ ( )]PTr 0, and

hence, l r  ( )Plog ,2 max , i.e.,

r rå  ( ) ( ) ( )P Pp , max , . 27n n n
n

nmax max

So r ( )P,max is the quasi-convex.
Suppose that  is a d-dimensional Hilbert space and

P= {Pk} is a projective measurement. A maximally block-
coherent state is defined by [24]

y ñ = å ñ=∣ ∣ ( )
N

k
1

, 28N k
N

1

where |k〉 is a state in the space Pk . Here, the rank of pro-
jective measurement Pk is arbitrary and the number of Pk in
the projective measurement P is N (N� d).

Obviously, for an maximally block-coherent state |ψN〉,
we have

y = ( ) ( )P N, log , 29Nmax 2

namely, the value of y ( )P,Nmax depends on the number N of
projectors in the space.

The one-shot scenario is the most general conversion
case, where the conversion is from an initial state to a final
state. The one-shot block-coherence dilution process converts
the MBI state |ψN〉 into the desired state ρ via the MBI
operation [15, 19, 20].

Now we define a block-coherence measure as the one-
shot block-coherence cost of quantifying block-coherence
dilution.

Definition 2. Let MBI denote the set of the MBI operations.
For a given state ρ and  0, the one-shot block-coherence
cost under the MBI operations is defined as

r y r= L ñ -
LÎ

  ( ) { ∣ [ (∣ ) ] }
( )

P N F, min log , 1 ,

30
NMBI

MBI
2

where V V=  ( ) ( [ ])F , Tr 2 is the fidelity between
two quantum states ñ and ς, and y ñ∣ N is the maximally block-
coherent state.

Since errors are allowed in one-shot scenarios, in the
presence of the error ò, we use

r
r r r

r
¢ ¢ -

¢
 

 ( ) ≔
( )

( ) ( )C
F

Cmin
: , 1

31

to characterize the coherence measure of state ρ [19]. That is,
in order to define the coherence cost with a certain error ò, one
can use a smoothing to the measure C(ρ) by minimizing over
states r¢ satisfying r r¢ - ( )F , 1 to smooth the mea-
sure r( ).

Next. we discuss the relationship between the coherence
measure r ( )P,max and the one-shot block-coherence
cost r ( )P,MBI .

Theorem 1. For > 0, the coherence measures satisfy

r r r +     ( ) ( ) ( ) ( )P P P, , , 1. 32max MBI max

Proof. Now we prove the first inequality of equation (32).
For quantum state ρ and the projective measurement

= { }P Pi , let r¢ =  ( )PNlog ,2 MBI , where the rank of Pi

is arbitrary. Since there is an operation LMBI such that
y rL ñ -¢  [ (∣ ) ]F , 1NMBI by the definition of r ( )P,MBI ,

then
r y

y d

y s
y s

l y ls

L
= L

L L

=

d

¢

Î
¢

¢

¢

¢













 

 

( ) ( ( ) )
( ( ) )

( ( ) ( ))
( )

{ ∣ } ( )

( )

P P

D

D

D

, ,

min

log min . 33

N

N

N

N

N

max max MBI

max MBI

max MBI MBI

max

2

B

Here, σ is a block-incoherent state and y y y= ñá¢ ¢ ¢∣ ∣N N N . We
calculate the critical value of λ in the case of y ls=¢N . It is
easy to get l = ¢N . Hence,

r y s r= ¢ =¢  ( ) ( ) ( )
( )

P PD N, log , ,

34
Nmax max 2 MBI

4
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which means

r r  ( ) ( ) ( )P P, , , 35max MBI
as required.

Next, we prove the second inequality of equation (32).
Suppose that the state r¢ reaches the minimum, then

r r
r d

l

= ¢
= ¢
=


  ( ) ( )

( )
( )

P P

D

, ,

log . 36

max max

max

2

Let N″= ⌈λ⌉, then r d¢  N . Consider the following map-
ping:

w y w r

y w d

L =
 -

 - ¢

+


 -
-





( ) ( [ ◦ ] )

( [ ◦ ]) ( )

N
N

N

N

1

1
Tr 1

1
1 Tr , 37

N

N

where ψN″◦ω= |ψN″〉〈ψN″|ω, y w y w y= á ñ  [ ◦ ] ∣ ∣Tr N N N . For

all d d= å Î=  ( )P Pi i i B1 , we have y d = 
[ ◦ ]Tr N N

1 and
d dL = Î  ( ) ( )B . So Λ äMBI. On the other hand, it is easy

to obtain y rL = ¢( )N . One can also write the mapping as

w

y w r r

y w d

y w r r y w r

y w d

y w r

L

=


 -
¢ -

 -
¢

+


 -
-

=
 -

¢ -
 -

¢ + ¢

+


 -
-

=


 -
-


¢





 





( )

[ ◦ ]

( [ ◦ ])

[ ◦ ] [ ◦ ]

( [ ◦ ])

( [ ◦ ] )

N

N N
N

N

N N
N

N
N

N N

1
Tr

1

1

1
1 Tr

1

1
Tr

1

1
Tr

1
1 Tr

1
Tr 1

1

N

N

N N

N

N

y w d y w r

y w d r y w r

+


 -
- + ¢

=


 -
- -


¢ + ¢

 

 

( [ ◦ ]) [ ◦ ]

( [ ◦ ])( ) [ ◦ ]
( )

N

N
N

N N

1
1 Tr Tr

1
1 Tr

1
Tr .

38

N N

N N

Since d r¢



N

1 , Λ is an entirely positive MBI operation,
which maps |ψN″〉 to r¢, then we have

r l
l r

=  +
+ = +











( ) ( )
( ) ( )

P

P

N, log log 1

log 1 , 1. 39
MBI 2 2

2 max

Therefore, equation (32) holds.
Now, we discuss the deterministic block-coherence

dilution between the maximally block-coherent state and the
pure block-coherent state under the block-incoherent opera-
tion [20, 31–34].

Suppose that |f〉=∑ifi|i〉 is a block-coherent pure state in
the quantum state set , where f = { }i i 1,2, are non-negative real
numbers, and all complex phases have been eliminated by
block-incoherent operations. The block-coherence dilution

process is y fñ ñ∣ ⟶ ∣BI
N , where |ψN〉 is an maximally block-

coherent state, and the BI stands for block-incoherent opera-
tions. Then, the deterministic block-coherence dilution can be
described as

y y y y f fL ñá = å ñá = ñá(∣ ∣) ∣ ∣ ∣ ∣ ( )†K K . 40N N n n N N nBI

Here, ΛBI is a block-incoherent operation composed by the
Kraus operators {Kn}. We choose the block-incoherent Kraus
operators [24]

= å p ( )( )K P c P , 41n i i n
i

i

satisfyingå = ( ) ( )†K Kn n n , where Pπ(i) is the π(i)th projective
measurement, π is a permutation of the indices i, and cn

i are the
complex numbers. So equation (40) can be rewritten as

y y

y y

f f

L ñá

= å ñá

= å ñá

p p*

*

(∣ ∣)
∣ ∣

∣ ∣ ( )
( ) ( )P c P P c P

i j . 42

N N

i j n i n
i

i N N j n
j

j

i j i j

BI

, ,

,

For the sake of simplicity here we only discuss the case of
N= d. In this case, deterministic coherence dilution means that
the coefficients between the initial state |ψd〉 (maximally block-
coherent state) and the final state |f〉 satisfy the majorization
relation [31], i.e.,

m y y y y

m f f f f

= ñ ñ ¼ ñ

= ¼
( ) (∣∣ ∣ ∣∣ ∣ ∣∣ ∣ )

( ) ( ) ( )
, , ,

, , , , 43

d d d d

d

2 2 2 T

1
2

2
2 2 T

where y ñ =∣∣ ∣d d
2 1 .

According to the protocol [32] of the deterministic
transformations of the coherent states, in the case f

d d
1 ,

f = ¼ - i d, 1, 2, , 1
d i

1 , the set of d permutations turns

out to be

= ¼
= ñ « ñ ñ « ñ ¼ - ñ « ñ
{ ∣ }

{ ∣ ∣ ∣ ∣ ∣ ∣ } ( )
U i d

I d d d d

1, 2, ,

, 1 , 2 , , 1 . 44

i

d

The probability distribution is [32]

f y

f f
= - å =

-

-=
- -

-

( )p p p1 , . 45i
d i i i i

i d

1
2

1
2

1
2

1
2 2

The set of Kraus operators of the incoherent operation [32] is

å= ñá = ¼
=

{ ∣ ∣ } ( )K U p c d j j i d, 1, 2, , , 46i i i

j

d

ij
1

where cij is the (ij)-entry element of the d× d matrix c
satisfying

f f f= ( ) ( ) ( )U c c c, , , , , , . 47i
i i id d1 2

T
1 2

T

For example, when d= 4, N= 4, there are P1= |1〉〈1|,
P2= |2〉〈2|, P3= |3〉〈3|, and P4= |4〉〈4|. The maximally
block-coherent state is y ñ = å ñ=∣ ∣ii4

1

2 1
4 . We choose the dilu-

tion state |f〉=∑ifi|i〉 = ñ + ñ + ñ +∣ ∣ ∣0.4 1 0.3 2 0.28 3
ñ∣0.02 4 . So μ(f) = (0.4, 0.3, 0.28, 0.02) and μ(ψ4)= (0.25,

0.25, 0.25, 0.25). It is easy to see

m y
m f

=
=

( ) ( )
( ) ( ) ( )

0.25, 0.25, 0.25, 0.25
0.4, 0.3, 0.28, 0.02 . 48

4

Obviously |f〉 and |ψ4〉 satisfy f
d d

1 , f = i,
d i

1

¼ -d1, 2, , 1, when d= 4. The set of permutations for this

5
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case should be

ñ « ñ ñ « ñ ñ « ñ{ ∣ ∣ ∣ ∣ ∣ ∣ } ( )I , 1 4 , 2 4 , 3 4 . 494

The matrix c corresponding to this set of permutations is

f f f f
f f f f
f f f f
f f f f

= =

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

( )

c

1

5 2
1

5 2
1

5 2
1

5 2

.

50

1 2 3 4

4 2 3 1

1 4 3 2

1 2 4 3

2

5

3

10

7

5

3

10

7

5

2

5

2

5

7

5

3

10

2

5

3

10

7

5

Thus, the probability distribution is

f y

f f

f y

f f

f y

f f

=
-

-
=

=
-

-
=

=
-

-
=

= - - - = ( )

p

p

p

p p p p

15

38
,

5

28
,

3

26
,

1
2153

6916
. 51

2 1
2

4
2

1
2

4
2

3 2
2

4
2

2
2

4
2

4 3
2

4
2

3
2

4
2

1 2 3 4

Then, the Kraus operators are

= ñá + ñá + ñá

+ ñá

= ñá + ñá + ñá

+ ñá

= ñá + ñá + ñá

+ ñá

= ñá + ñá + ñá

+ ñá

( ∣ ∣ ∣ ∣ ∣ ∣
∣ ∣)

( ∣ ∣ ∣ ∣ ∣ ∣
∣ ∣)

( ∣ ∣ ∣ ∣ ∣ ∣
∣ ∣)

( ∣ ∣ ∣ ∣ ∣ ∣
∣ ∣) ( )

K U p c c c

c

K U p c c c

c

K U p c c c

c

K U p c c c

c

2 1 1 2 2 2 2 3 3

2 4 4 ,

2 1 1 2 2 2 2 3 3

2 4 4 ,

2 1 1 2 2 2 2 3 3

2 4 4 ,

2 1 1 2 2 2 2 3 3

2 4 4 , 52

1 1 1
11 12 13

14

2 2 2
21 22 23

24

3 3 3
31 32 33

34

4 4 4
41 42 43

44

where U1= I4 is the identity transformation, U2= |1〉↔ |4〉,
U3= |2〉↔ |4〉, U4= |3〉↔ |4〉. The Kraus operators can be
expressed as

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟

( )K U

0 0 0

0 0 0

0 0 0

0 0 0

, 531 1

4306

8645

6459

17290

2153

5 247

2153

5 3458

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

( )K U

0 0 0

0
3

19
0 0

0 0 0

0 0 0
2 3

19

, 542 2

3

95

42

95

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟⎟

( )K U

0 0 0

0
1

70
0 0

0 0
1

5
0

0 0 0

, 553 3

2

7

3

14

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟⎟

( )K U

2 3

65
0 0 0

0
3

65
0 0

0 0 0

0 0 0

, 564 4

3

5 13

42

5 13

and satisfy å == ( )†K Ki
i i

1
4

4, where 4 is an identity
operation.

Next, we define another coherence measure based on
coherent rank.

Definition 3. A block-coherence measure based on coherent
rank is defined as

r y= ñ
y ñ

 ( ) (∣ ) ( )
{ ∣ }

P M, min max log , 57
p i

i0
,

2
i i

where P is the projective measurement, the minimum is taken
over all possible pure state decompositions r y y= å ñá∣ ∣pi i i i

with p 0i and å =p 1i i , and y ñ(∣ )M i is the number of Pj

satisfying y yá ñ ¹∣ ∣P 0i j i .

We have the following result.

Proposition 2. The quantity r ( )P,0 is a coherence
monotone under the block-incoherent operation.

Proof. Apparently r  ( )P, 00 . Next we prove that the
quantity r ( )P,0 satisfies r r=  Î  ( ) ( )P, 0 B0 .

Suppose r = ( )P, 00 and the corresponding ensemble
of ρ is {pi, |ψi〉}, we can deduce for all i,
|ψi〉〈ψi|= Pj|ψi〉〈ψi|Pj, which means that r Î  ( )B . Con-
versely, suppose r d d y y= å = å ñá= ∣ ∣P P P Pi i i i j

N
j i j j i, 1 , we can

choose {δj, Pi, |ψj〉} as a decomposition, which leads to
r = ( )P, 00 . Hence, r ( )P,0 satisfies (B1).

6
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Then, we prove that for any block-incoherent operation
with {Kn}, there is

r rå  ( ) ( ) ( )† P PK K , , . 58n n n0 0

Before we prove the above inequality, let us introduce
the following lemma proved in [7].

Lemma 1. If yñ = f

f f

ñ

ñá
∣ ∣

[ ∣ ∣ ]†

K

K KTr

i

i i

, where { }Ki is a set of

incoherent-preserving Kraus operators, then y yñá  (∣ ∣)0

f fñá (∣ ∣)0 .

Clearly, lemma 1 also holds when {Ki} is a block-inco-
herent operation.

Let {pi, |ψi〉} be the decomposition such that

r y= ñ ( ) (∣ ) ( )P M, max log . 59
i

i0 2

Let ΛBI be any block-incoherent operation with
r rL = å( ) †K Kn n nBI . For a given state ρ=∑ipi|ψi〉〈ψi|, then

the post-measurement state of the nth outcome is

y
y

y y
ñ =

ñ

ñá
∣ ∣

[ ∣ ∣ ]
( )

†

K

K KTr
. 60i

n n i

n i i n

Thus, we can get an ensemble y ñ{ ( ∣ ) ∣ }p i n , i
n , where the

probability is

y y
r

=
ñá( ∣ ) [ ∣ ∣ ]

[ ]
( )

†

†p i n p
K K

K K

Tr

Tr
, 61i

n i i n

n n

and the corresponding density operator ρn of the nth outcome
is

r
y y
r

=
å ñá∣ ∣

[ ]
( )

†

†
p K K

K KTr
. 62n

i i n i i n

n n

From lemma 1, we can know that for the minimum ensemble
decomposition, there is r r ( ) ( )P P, ,n0 0 , and then

r rå  ( ) ( )† P PK K , , .n n n0 0

This implies that r ( )P,0 satisfies (B2).
Now we discuss the relationship between r ( )P,MBI

and r ( )P,0 .

Theorem 2. For > 0, the value of the one-shot block-
coherence cost under MBI is equal to r ( )P,0 , namely,

r r=  ( ) ( ) ( )P P, , . 63MBI 0

Proof. We begin with the lower bound on r ( )P,MBI . Let
r=  ( )PNlog ,2 MBI , then there exists an operation LMBI

such that y rL - [ ( ) ]F , 1NMBI . Thus, we obtain

r y
y r

L
= =



 

 





( ) ( ( ) )
( ) ( ) ( )

P P
P PN

, ,

, log , . 64
N

N

0 0 MBI

0 2 MBI

For the upper bound on r ( )P,MBI , we select the state r¢
reaching the minimum such that r r= ¢  ( ) ( )P P, ,0 0 . Let

r¢ = ¢ ( )P N, log0 2 , as the MBI operation is constructed
in the deterministic coherence dilution process discussed
above, there is a ΛMBI such that y rL =¢[ ( ) ]F ,NMBI

r r¢ - [ ]F , 1 ; thus,

r r
r r

¢ = ¢
= ¢ =

 

 





( ) ( )
( ) ( ) ( )

P P

P P

N, , log

, , . 65
MBI MBI 2

0 0

Therefore, we get

r r=  ( ) ( ) ( )P P, , , 66MBI 0

as desired.

4. POVM-based coherence measures

For a POVM = = ={ }†E E A Ai i i i
n

1 on a d-dimensional Hil-
bert space  [21, 22, 24], a canonical Naimark extension
projective measurement = ={ }P Pi i

n
1 of E is described by a

unitary matrix V on Naimark space ¢ as

= ¯ ( )†P V P V , 67i i

where

= å Ä ñá= ∣ ∣ ( )V A i j , 68i j
n

ij, 1

with ={ }Aij i j
n
, 1 satisfying the conditions [22]

d då = å = == = ( )† †A A I A A I A A, , , 69i
n

ij ik jk d k
n

ik jk ij d i i1 1 1

and

= = Ä ñá =¯ { ¯ ∣ ∣} ( )P P I i i . 70i d i
n

1

Let r¢( ¯ )P, be a unitary invariant block-coherence
measure, that is,

r r¢ = ¢ ( ¯ ) ( ¯ ) ( )† †P PU U U U, , , 71

for any unitary transformation U on the Hilbert space [21].
The POVM-based coherence measure r( )E, of ρ under
POVM E is defined [21] as

r e r r= = Ä ñá  ( ) ( ( ) ¯ ) ( ∣ ∣ ) ( )E P P, , 1 1 , , 72

where

åe r r= Ä ñá
=

( ) ∣ ∣ ( )†A A i j , 73
i j

n

i j
, 1

is a state on the embedded state Hilbert space e .
From the conclusions in references [21, 22, 24], we know

that the quantity r( )E, is a POVM-based coherence mea-
sure satisfying the conditions (P1),K, (P4).

Next, we discuss a concrete POVM-based coherence
measure.

Proposition 3. Let = = ={ }†E E A Ai i i i
n

1 be a POVM on the
Hilbert space , the quantity based on the max-relative
entropy

r e r
l e r ls

=
=

sÎ e


 

 

( ) ( ( ) ¯ )
{ ∣ ( ) } ( )

( )

E P, ,
min log min 74

max max

2
B
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is a block-coherence monotone and quasi-convex. Here,

e ( )B is the set of block-incoherent states in the Hilbert
space e .

Proof. We first prove that e r ( ( ) ¯ )P,max is invariant under
unitary transformation. Note that

e r l e r l s= å
sÎ

=
e


 

( ( ) ¯ ) { ∣ ( ) ¯ ¯ }
( )

( )
P P P, min log min ,

75
i
n

i imax 2 1

where σ is an arbitrary density operator on the state set e ( ).

For any unitary transformation U on e , we derive

e r
l e r l s

l e r l s

l e r l s

e r

= å

= å

= å

=

s

s

s

Î
=

Î
=

Î
=

e

e

e











 

 

 

( ( ) ¯ )
{ ∣ ( ) ¯ ¯ }

{ ∣ ( ) ¯ ¯ }

{ ∣ ( ) ¯ ¯ }

( ( ) ¯ )
( )

† †

( )
† † †

( )
†

( )

P

P

U U U U

U U U P U UP U

P U UP

P P

,

min log min

min log min

min log min

, .

76

i
n

i i

i
n

i i

i
n

i i

max

2 1

2 1

2 1

max

Then, we show that e r ( ( ) ¯ )P,max is a block-coherence
monotone.

Firstly, we prove that e r  ( ( ) ¯ )P, 0max , with equality if
and only if e r s= å =( ) ¯ ¯P Pi

n
i i1 , i.e., ε(ρ) is the block-inco-

herent state on e .
By the definition, one has

e r l e r l s= å
sÎ

=
 

( ( ) ¯ ) { ∣ ( ) ¯ ¯ }
( )

( )
P P P, min log min .

77
i
n

i imax 2 1

Since e r l så =( ) ¯ ¯P Pi
n

i i1 , there is
l s e rå -= ( ¯ ¯ ( ))P PTr 0i

n
i i1 . So λ� 1 holds. Hence,

e r  ( ( ) ¯ ) ( )P, 0. 78max

According to the properties of maximum relative
entropy, the equality holds if and only if e r s= å =( ) ¯ ¯P Pi

n
i i1 ;

thus, ε(ρ) is a block-incoherent state on e . This implies that
e r ( ( ) ¯ )P,max satisfies (B1).
The monotonicity of e r ( ( ) ¯ )P,max follows directly from

the properties of the max-relative entropy. Hence,
e r ( ( ) ¯ )P,max satisfies (B2).
It is easy to show that e r ( ( ) ¯ )P,max is also quasi-convex,

i.e.,

e r e rå e  ( ( ) ¯ ) ( ( ) ¯ ) ( )P Pp , max , , 79i i
i

imax maxi

where e r e r= ¢ ¢ =e
e r¢ ¢

e
( ( )( ) ) ( )† ( )( )†p K KTr ,i i i

K K

pi

i i

i

, and

¢{ }Ki is the set of the Kraus operations.
Therefore, the quantity r ( )E,max is a block-coherence

monotone and quasi-convex.
Now, we define the one-shot block-coherence cost under

the maximally POVM-incoherent operations.

Definition 4. Let = = ={ }†E E A Ai i i i
n

1 be a POVM on
the d-dimensional Hilbert space , and

= = Ä ñá ={ ∣ ∣ }†P P V i i Vi i
n

1 be a canonical Naimark exten-
sion of = ={ }E Ei i

n
1. We use  to denote the set of the

maximally POVM-incoherent operations. For a state ρ and
 0, the one-shot block-coherence cost under  is defined

as

r

y r

=

´ ¢ L Ä ñá -
LÎ

¢  






( )

{ ∣ [ ( ) ∣ ∣] } ( )

E

N F

, min

log , 1 1 1 , 80N2

where V V=  ( ) ( [ ])F , Tr 2 is the fidelity between
two quantum states ñ and ς, and

åy ñ =
¢

ñ¢
=

¢

∣ ∣ ( )
N

i
1

, 81N
i

N

1

is an maximally block-coherent state in the extended Hilbert
space ¢ . Here, ñ∣i is a state in the space ¢Pi , and L is a
block-incoherent operation in the extended Hilbert space,
corresponding to the POVM-incoherent operation Λ.

Similar to theorem 1, for the one-shot block-coherence
cost under the maximally POVM-incoherent operations, the
following is true.

Theorem 3. For quantum state ρ and > 0, we have

r r r +     
( ) ( ) ( ) ( )E E E, , , 1. 82max max

5. Conclusion

In the resource theory of block-coherence, we have presented
a block-coherence measure r ( )P,max based on maximum
relative entropy, and shown that it is a coherence monotone
and quasi-convex under the MBI operations. We have pro-
posed the one-shot block-coherence cost under the MBI
operations and found the relationship between the coherence
measure r ( )P,max and the one-shot block-coherence cost.
We have described the deterministic coherence dilution pro-
cess by constructing block-incoherent operations based on the
resource theory of block-coherence. We also introduced the
coherence measure r ( )P,0 based on coherent rank, and
obtained the relationship with the one-shot block-coherence
cost. Based on the POVM coherence resource theory, we
proposed a POVM-based coherence measure by using the
known scheme of building POVM-based coherence measures
from block-coherence measures, and the one-shot block-
coherence cost under the maximally POVM-incoherent
operations. The relationship between the POVM-based
coherence measure and the one-shot block-coherence cost
under the maximally POVM-incoherent operations has been
analyzed.
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