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Abstract

We investigate the leading order correction of anomalous magnetic moment (AMM) to electrons
in a weak magnetic field and find that the magnetic correction is negative and magnetic field
dependent, indicating a magnetic catalysis effect for the electron gas. In the laboratory, to
measure the g — 2, the magnitude of the magnetic field B is several T, and correspondingly the
magnetic correction to the AMM of electron/muon is around 10~3*/10~*?, therefore the
magnetic correction can be safely neglected in the current measurement. However, when the
magnitude of the magnetic field strength is comparable with the electron mass, the magnetic
correction of the electron’s AMM will become considerable. This general magnetic correction to
the charged fermion’s AMM can be extended to study quantum chromodynamic matter under a

strong magnetic field.
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1. Introduction

Recently, the anomalous magnetic moment of the quark
[1-10] has attracted much interest in investigating quantum
chromodynamic (QCD) matter under a strong magnetic field
created through non-central heavy ion collisions [11, 12]. It
has been known that the magnetic field catalyzes the chiral
condensate of a spin-0 quark—antiquark pair which carries a
net magnetic moment and triggers a dynamical anomalous
magnetic moment (AMM) of quarks [13-15]. The exact value
of a quark’s AMM under a magnetic field is unknown but
very important for magnetized QCD matter. In this work, we
will gain some experience by investigating the AMM of
electrons in a magnetic field, which can be calculated from
theory and measured experimentally with high precision.

It is well known that a charged fermion can interact with
an external magnetic field through an intrinsic magnetic
momentum (Ah=1, c=1)

q
= —_— s,
n=s(5L)

where g, m, and s are the charge, mass, and spin of the
fermion, respectively. For an electron, the Landé factor g, is
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believed to be exactly equal to 2 according to Dirac relati-
vistic quantum mechanics. Until a small derivation is
observed in an elaborate experiment [16], the deviation of g,
from 2 is defined as the anomalous magnetic moment
a, = (g, — 2)/2. Meanwhile, quantum electrodynamics (QED)
was in its ascendancy and has deepened our understanding of
the physical vacuum, where the creation and annihilation of
virtual particles contribute additional loop-diagram corrections.
The leading order correction a, = /27 (av > 1/137 is the fine
structure constant of QED) calculated by J. Schwinger [17]
with renormalizable QED matches the experimental measure-
ment perfectly, powerfully manifesting the validity of quantum
field theory.

In the standard model, the theoretical contribution to a,
comes from three types of interactions, electromagnetic,
hadronic, and electroweak:

a.(theory) = a.(QED) + a.(hadronic) + a.(electroweak),

where the QED contribution can be expressed with pertur-
bative expansion:

o
a,(QED) = Y a"al".
n=1
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Figure 1. The Feynman diagram of total electron—photon vertex.

J. Schwinger’s consequence gives ag(z) = 1/27 and the latest
calculation from Aoyama et al [18, 19] has reached up to the
tenth-order a{'” with the help of the automatic code generator
numerically. The accuracy of experimental electron’s AMM
a.(experiment) also enhances continually with measurements
in a one-electron quantum cyclotron [20-22], which provides

us with surprising consistency [19, 22]
a,(experiment) — a,(theory) = —1.06(0.82) x 107'2,

In essence, the emergence of the electron’s AMM is related to
slightly broken chiral symmetry because of electron mass m,
[13], implying any dynamical mechanisms can further break
the chiral symmetry always inducing an extra AMM. Natu-
rally, the external magnetic field existing in a one-electron
quantum cyclotron is worthy of consideration, for the study of
massless spinor QED explicitly shows that a magnetic field
reinforces chiral symmetry breaking by endowing the electron
with a dynamical mass, known as the magnetic catalysis
effect [23], which suggests that the magnetic field could
provide an electron with an extra correction. Recently, the
latest experimental measurement of muon g,, — 2 confirms the
disagreement between experiment and theory [24-28], for the
potential possibility as a window to pry into new physics,
attracting much attention. All of these motivate us to inves-
tigate an electron’s AMM in a magnetic field and extend to
general fermions, which can deepen our understanding of
quantum field theory in a magnetic field.

In this work, we investigate the leading order correction
of the magnetic field on the AMM of an electron, which can
be calculated with relatively high precision. There have been
some relevant works to calculate the magnetic correction of
an electron by the mass operator and the eigenfunction
method [29-32], but these do not consider the Feynman
diagram of photon—electron vertex correction as done in usual
quantum field theory [33]. The motivation of this work is two-
fold: firstly, we would like to check how the magnetic field
will modify the AMM of electrons; secondly, the magnetic
field dependent on an electron’s AMM will shed light on the
AMM of quarks under a magnetic field.

2. The leading order correction of electron—photon
vertex

The electron-photon coupling in QED is described by
ieyy"yA,. Virtual particle loops provide the vertex with

Figure 2. Leading order correction of electron—photon vertex.

corrections ordered by the order shown in figure 1 by Feyn-
man diagrams:

where ¢ = p’ — p is the momentum transformation and
not on-shell ¢*>=0, the electromagnetic current changes:
Yyt — PpI'a). A complete set of Dirac matrices contain
14y, V¥, o = %[fy", v1, ¥y, v, the expansion of T in
this basis has 16 components. However, the parity symmetry
of QED, initial and final electron on-shell, electromagnetic
current, and momentum conservation excludes all other terms
leaving I in momentum space taking the following form
[33]:

) iohgq, B
' = y"F(q”) + —F(q°), (D
2m

where m is the electron mass and Fy, F, are form factors and
a.(QED) = F»(0) [33]. A point-particle in the absence of
radiative corrections has Fy =1, F> =0, which derives the
Dirac value for the magnetic moment. Schwinger’s calcul-
ation of the leading order correction shown in figure 2 gives
F>(0) = /2w, which contributes to the biggest correction.

More carefully, the AMM term i(p’)o*“u(p) denotes a
helicity-flipping interaction, not invariant under chiral trans-
formation 9 (x) — exp (i0y>)2 (x), which indicates the AMM
effect emerges from chiral symmetry breaking. Actually,
Gordon’s identity is derived from the Dirac equation:

2mia(p")y'u(p) = a(p')

X [2(p" + p)! + i0"q,]u(p), (2)
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this formula explicitly exhibits mass term, causing the left-
handed fermion to entangle with the right-handed one. If we
naively set m = 0, it leads to the massless spinor QED, which
is an infrared-free theory, where the photon and electron are
not coupled [34], then there will be no observable AMM, i.e.,
F, =0. Nevertheless, this does not conflict with the pertur-
bative and mass-independent consequence F»(0) = /27 in
the one-loop calculation, because QED is not an asymptoti-
cally free theory and does not possess a well-defined chiral
limit, so the perturbative expression and computation of F»(0)
cannot be applied to the case of m = 0. In contrast, the QCD
is asymptotically free, whose chiral limit could be rigorously
defined nonperturbatively, so a quark’s AMM as a continuous
function in the chiral limit is expected. This has been con-
firmed by the Dyson—Schwinger equation calculation [13],
which reveals a dressed-quark with a mass of My~ 0.5 GeV
possessing an AMM k4 o< M. In addition, kg~ 0.1 is much
bigger than an intrinsic one due to the strong breaking of the
QCD’s chiral symmetry, dramatically changing the nature of
quark matter in the magnetic field [10]. The presence of a
magnetic field induces a magnetic catalysis effect [35], but it
is unknown how this would affect the AMM of quarks. It is
quite challenging to do the direct calculation in QCDs
because of the nonperturbative nature, therefore we will check
the magnetic field-dependent behavior of an electron’s AMM
and use it for reference in the case of quarks.

To calculate the magnetic field correction to the AMM of
an electron, we put the Lagrangian density of QED in an
external magnetic field,

< 1
L= WW“D# - my — ZFHUF;W 3

where the covariant derivative D, = 0, — ie (A;fXt + A,) and
the vector potential Aﬁ’“ introduce an external and uniform
magnetic field B = (0, 0, B) along the z direction, we choose
the symmetric gauge A;’“ = g(O, y, —x, 0) for convenience
in later calculations. The presence of a magnetic field breaks
translation invariance and the amplitude of the process has to
be computed in coordinate space and subsequently integrated
over space-time [36]. The photon does not carry a charge so
the propagator keeps:

18,

G (p) = — @)
p

+ i€’
For the electron propagator under a uniform magnetic field,

the proper-time approach is adopted in coordinate space
representation [37]:

d4k —ik-(x—x") ¢
SGx) = b 2) [ e IS0, ©)
where

P(x, x) = exp {ilq|
x 1
x f / dgf‘[Au + SFw€ x’)”]} ©6)

is the Schwinger’s phase factor, the Fourier transformation of
translation invariant part S(k) is given as:

o o[k 0Ol
St = [ ase (k7m0 i)
0
X (K +m+ (k'y* — k7)) tan(|gBls)]
x [1 = yly* tan(|gBls)], %)

where s is Schwinger’s proper-time, the basic notations are
defined as:

k= (0, K k2,0),  k[' = (k°, 0,0, k),
ki =ki + ks, ki =ks — k3,
k* = ki — ki.

Here g represents the charge of the fermion and we assume
eB > 0 for convenience.

By using the perturbative method, we can expand the
total vertex amplitude with respect to « in leading-order

a(p")THu(p) = a(p")y u(p)
+ a(p" ) M'u(p) + O(). (8)

As is shown in figure 2, the leading-order correction M¥
reads:

M = f dhxdtydiz B(x, ) B(, 2)
f d*r d*%’ &%
Q2m* 2m)* 2m)*
% e—iz-(z—x)e—ik-(x—y)e—ik’~(y—z)eip-xeiq-ye—ip’-ZGVp(t)
X (—ien)S(KNHS (k) (—ien?),
- ¢ d dk e
et eot ent 2
o0 © ir[ k> —m?— 12 tan (eBr) is| kP—m?— 2 tan (eBr)
X f drf dse (k” K ey )e (k” ey )
0 0
X YK + m+ (K'y? — K2y tan(eBr)][1 — v'42
X tan(eBr)]y*
X [£ + m + (k'y2 — k*y) tan(eBs)][1 — v'y? tan(eBs)],
> fd4xd4yd4z d(x, y)P(y, Z)e*it'(Z*X)e*ik'(X*y)

- /. p— 4 ip- 10V ~—1 ,.v
x e K- (y=2eipxgiqye=ip’z
9

where x, y, z are the three space-time vertexes with corresp-
onding momentum, s, r and ®(x, y), ®(y, z) are proper-time
and phase factors emerging from two-electron propagators.
The expression of M* is quite tedious, in the following we
separate MH into three parts: 1) the phase factor P (¢, k, k'), 2)
the momentum integral 7, and 3) the v matrix part ©"(r, s)
with their explicit expressions given below:

P, k, k') = f dhxdydiz D(x, y)B(y, 2)

x e ir@—x)a—ik(x—y) g—ik"(y—2) gipxgigye—ip’z ,

10)
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d*k’ d*k

_ f d't X bk K
Qm)* 2r )4 (2 )

. tan (eBr)
ie? 1r(1< R )
—2 f dr dse ‘ * eBr
0 0

is(k‘ i} tan (eBr) )
e eBs

(11)
O1(r, s) = YK + m + (k''v* — k') tan(eBr)]
x [1 — v'y?* tan(eBr)]v*
X [K + m + (k'v? — k*y") tan(eBs)]
x [1 — v'y? tan(eBs)]v,. (12)

In the next subsections, we will carefully handle these three
parts, respectively.

2.1. The phase factor part

In this section, we deal with the Schwinger part P(t, k, k').
With the symmetric gauge A" = g(O, -y, x,0) and
equation (6), the only non-zero terms of F,, are
Fi,=— F,; = — B, so the product of the phase factor can be
written as

seB i i
Bx, ) B(y, ) = "7 G

= ei'%‘r’jy"(xfz)j

13)

Introducing a variable h =x — z, one has x=h + z, d*x=d*n
and after the integration of the space-time, we have:

Pt k, k') = fd“xd“yd“z D(x, y)D(y, z)e G emikx—y)
x e k"(y=2)aipxaigye—ip’z
= (2m)24l4e T 2p+1=R) (G +k—k/|eB|
« el 2(p+1=k)*(q+k—k")/|eB|
x Qmy*6*(p — k + k' — p')(2m)?
X 62 pyt1y — kp@m)>26% (g + kj — k),
(14)

where [ = 1 / \/le—B is the magnetic length. More details of
this calculation are featured in appendix A. It is worth men-
tioning that the longitudinal momentum is strictly conserved
but the transverse momentum expresses a distribution func-
tion. The magnetic field causes dimension reduction leaving
the longitudinal physics unchanged but the transverse remains
a little subtle. Now M becomes:

Mt = [ @k a@rPs (]~ py — ap
x QrP82(p, — ki~ p + k)
X (27)24]4e 2P +i1=k)'(q+k=k")2/eB|
X ei~2(p+t7k)2(q+k7k’)]/|eB| X ./4'“'(1‘, k, k/)
A [ (e dk] dk) @ryatte 2k Gk e

% el20—k)?k—=k"1/leB] + AW, k, k'), (15)

where
A = Q28 (p] — py — q)@r)
x 8% (p. — ki —p| + kD) (16)
and
A1, k, k') = Gy (1) (—iey) S S (k)(—iey?)
gfoo drf)OO ds
X eir(k”L : k?%)
Gkt ) o1(r, 5), (17)
with (dk) = %, (dk)) = (‘;gz, (dkp) = o )2 for simplifica-

tion. The AMM is defined when ¢ is very small and the
measurement of AMM proceeds in a low-energy condition,
which suggests a reasonable approximation: ¢ — 0, p — 0
applied in the last line of equation (15), so the momentum
conservation conditions: 4=k — pH,kH/ =k + q become

1= ki, kj = k.

2.2. The momentum integral part

Actually, the AMM part ©/y,; can be extracted from ©%(r, s)
later and irrelevant to the momenta ¢, k, k’, we can integrate
all three momenta in equation (15), which exactly results in
integral part 7 :

T = Q)24 f dr f ds

f (dud/qdk)i2
ki — 11
x e~ 120—k) (k*k’)z/k’BlelZ(I*k)z(k*k')1/|63|

. 2 ptan(eBr)Y . il » tan (eBr)
elr(kH —ky Br 1s kH —ki Bs

(18)

where 12 = kHZ — t? by momentum conservation. In order to
remove the pole of momentum integral, we do a Wick rota-
tion transferring Minkowski space-time into a Euclidean one
[23]: - iko, r— —ir, s — —is. So the integral becomes

T = Qr)24l* x (—i)? f dr f ds

x (i) | (de.dk| dkg) ———
) [ (o dk] E)kHEHf

w @ 120=K)'(k=k")2/|eB| oi-2(1—k)*(k—k")1 /|eB]

« e~ Uefpt+m?)—k[*1* tanh (Br)

w e sCkfe+m)—kL 12 tanh (eBs) (19)
here, we use tan(—ix) = —itanh(x), kg = ko + k3, the
integral about proper—tlme r or s, momentum k° and photon
propagator contribute — —1 under Wick rotation, respec-
tively. Even in Euclidean space, the integral calculation is still
tedious and complicated, therefore we put all details of this
calculation in appendix B. Finally, we obtain a much more
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transparent expression:

7= -2 f drds
4ni2 Jo  Jo

ef(r+s)m2 Inv

X (20)
[tanh(eBr) + tanh(eBs)] v — 1

with fine structure constant o = e /47 and v = (eBr + eBs)/
tanh(eBr + eBs) .

2.3. The AMM term extracted from ©*(r, s)

The presence of the magnetic field breaks the original parity
symmetry, thus the leading-order vertex structure
equation (12) becomes more complicated than the original
one in equation (1). Fortunately, we just need to extract and
calculate the term related to the AMM and to not get stuck in
the swamp of total ©"(r, s). As is seen in equation (1), the
linear term of ¢ corresponds to the AMM effect in absence of
a magnetic field. We naturally have the momentum constraint
in the longitudinal direction q = kH' — kj which helps to
separate the linear term of g but the momentum constraint in
the transverse direction emerges as a distribution function
equation (14). Therefore, it is impossible to have the same
definition of AMM as in the vacuum, but considering the
phase factor equation (14) is a highly oscillating function in a
weak magnetic field region, this indicates that the momentum
g, = k| — k,_ substantially dominates the distribution. So
under the approximation ¢, ~ k| — k., the linear part of ¢ in
©" can be subtracted and takes the following form:

@N(r, s)qflinea.r = 7”97[1 - 71’72 tan(eBr)]v"

x [K + m + (k'v? — k*y") tan(eBs)]

x [1 — ~v'y* tan(eBs)] v, 2D
where § = q + 4, 4 = (0, g, tan(eBr), —q, tan(eBr), 0). It
is noticed that only the terms consisting of the product of even
~ matrices contribute to the AMM, thus we directly get rid of
other terms and obtain:

OL(r, s)amm = V' [1 — v'v?* tan(eBr)]

X y'm[1 — 'y tan(eBs)],
=my'q[y" = y"v'y* tan(eBs)

— 492y tan(eBr)

X 4 yly?yryly? tan(eBr)tan(eBs)] . (22)
The presence of the magnetic field creates anisotropy between
the x —y plane and z direction so that the AMM correction
becomes different in the longitudinal and transverse direc-
tions. While a magnetic field along the z axis is imposing, the
classical interaction term — p-B, p=(u,, py, () implies
only pi, is measurable, corresponding to = 1, 2 components
of the magnetic vector potential A”. Thus the magnetic
interaction amplitude is given by

a(p ) Mu(p)A" = a(p") Mu(p)A'

+ @(p) M2u(p)A® (23)

where A" is the Fourier transformation of A*, which guides
us to concentrate on ©" with u =1, 2 components. Because
two transverse directions share the same physics, therefore we
just need to display the case = 1.

When p =1, we can simplify the expression into a more
friendly form by the Dirac algebra:

ialaqa

Ol(r, $)amm = {—8m?2[1 + tan(eBr)tan(eBs)]}

2
n % {—8m2[tan(eBs) — tan(eBr)]}
m

iamc}a )
+ 2—{me [1 + tan(eBr)tan(eBs)]}
m

. za ~
+ wz—q“ { —8m2[tan(eBs) — tan(eBr)]}
m

+ 4mg[y' + ~? tan(eBs) — v tan(eBr)
+ ~! tan(eBr)tan(eBs)]
+ dmg[y' + ~v* tan(eBs) — 72 tan(eBr)
+ ~!tan(eBr)tan(eBs)].
(24)

The presence of the magnetic field breaks the concise struc-
ture of the electron-photon vertex equation (1) in the vacuum.
From the above-complicated expression, it is difficult to read
explicit information about the magnetic correction of the
AMM term.

Comparing with equation (1), we find the first term of
equation (24) possesses the standard form contributing to the
magnetic correction of AMM [33], but the other terms are
more veiled, whose physical meaning will be explained by
seeking the corresponding non-relativistic limit analyzed in
appendix C. Finally, the last line also contributes corrections
to AMM. Extracting the coefficient of the total magnetic
correction term of the electron in equation (24) gives

8m?[tan?(eBr) — 2tan(eBr)tan(eBs)]. (25)

Some non-invariant terms under gauge transformation that
cannot present observable phenomena are neglected.

3. Conclusion and discussion

For a measurable AMM correction, we only need to calculate
the major contribution of M* in the x, y direction. Extracting
the relevant term from equation (24) and doing a Wick
rotation r — — ir, § — — is,

8m?2[tan?(eBr) — 2tan(eBr)tan(eBs)]

— 8m?[2tanh(eBr)tanh(eBs) — tanh?(eBr)]. (26)

Therefore, one multiplies the meaningful part with integral 7
in equation (20) obtaining the magnetic correction to the
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AMM of the electron:

— 4m o f f e (r+x)m
2n?

[2 tanh(eBr)tanh(eBs) — tanh?(eBr)] Inv

drds
[tanh(eBr) + tanh(eBs)] v—1
_ 4’"212 f f o~ R+S)m
0 0
_ 2
« 2 tanh(R)tanh(S) tanh“(R)] InV dRAS
[tanh(R) + tanh(S)] V-1 27
. - eBr + eBs _ R+S5 4 [
with V= tanh(eBr + eBs)’ V= tanh(R + §)’ = 1/ €B and

variable transformations R = eBr, S =eBs done. First of all,
there is one very interesting point that two parameters r, s (or R,
S) in equation (27) do not keep symmetric as in equation (20)
due to the presence of the magnetic field. As such, the time
reversal invariance no longer maintains as QED in the vacuum,
so the two parameters r, s, corresponding propagators with a
time order, have different positions. Moreover, we see that the
final expression of xp manifesting the magnetic correction is
negative prompting us to check where the minus sign originates.
Let us recall the equation (19), there are two electron propaga-
tors, one photon propagator, two vertex, respectively, con-
tributing (—i)%, —i x (— 1), (—1)? after Wick rotation with an
extra i in differential dk, which results in a minus sign
(—=1)? x i x (=1)?* x i = —1. Here, we would like to point out
that the result in equation (27) vanishes when eB=0 so cannot
continuously go back to the Schwinger result a, = % , one can
regard this magnetic correction as an extra contribution from the
magnetic field. After taking the vacuum contribution into con-
sideration, the leading order correction to AMM of the elec-
tron 1s:

6]
Ae = — +"$Bv
2w

oo oo
= —(1 — 4P f f e RHSmL
s 0 0

" [2tanh(R)tanh(S) — tanh?(R)] InV
[tanh(R) + tanh(S)] V-1

des). (28)

Analytically, m?[* is the only dimensionless combination with
eB, m, which appears twice in the expression: 1) 4m*/* as a
coefficient in front of the whole expression confirms that the
magnetic correction to AMM kg mz, which indicates that
the magnetic correction is a nonperturbative contribution
similar to the AMM induced by the chiral symmetry breaking
[13—15]. This also naturally explains why the magnetic cor-
rection results cannot smoothly go back to 7 when eB=0.
The nonperturbative nature of chiral symmetry breaking
induced by a constant magnetic field was also been discussed
in the 1990s [38—41]. 2)m*I> appears in the exponential factor
which strongly depresses the integral so that the correction kg
will only become considerable when JeB ~ m.

For the magnetic field magnitude B~ 1T« eB
~2 x 107'°MeV? used in the laboratory to measure the
electron g — 2, |xp| < 10733, is much smaller than the measure-
ment a, = 0.00115965218073(28) [22, 24]. For the muon, whose

0.001

—KB

1079

10-12F

0.2 0.4 0.6 0.8 1.0 1.2 1.4

AeB/m

Figure 3. The magnetic correction to the AMM of electron/muon as
a function of the dimensionless quantity 'eB /m, with m =m,
or m,,.

L

mass is much heavier than the electron (m,/ m,)* = 43000,
under the same magnetic field magnitude B~ 1T < eB ~2 X
10~ ""MeV?, we find that the corresponding magnetic correction
to the AMM is |5 < 10~*%, which is also much smaller than the
experimental measurement of muon a, = 0.00116592040(54)
[24]. Thus one can safely neglect the magnetic correction to the
AMM of the electron/muon in the vacuum.

The magnetic correction xp will become considerable
when JeB ~ m, which can be seen explicitly from the
numerical result shown in figure (3) on the magnetic correc-
tion kg in equation (27) to the electron and muon as a
function of VeB /m with m = m, and m = m,,. To see how the
negative magnetic correction xp affects physics, we consider
the electron or a fermion with AMM &k + kg travels in the
magnetic field, one can derive its dispersion as below:

,DZ2 + [m — (k + kp)eB]?, 1 =0.
(29)

g {pf + [Jm? + QL+ 1+ 5)[eB| — s(x + rp)eB, 1> 1.
ls — .

where [, s =41 are quantum numbers of orbital and spin
angular momentum, respectively, eB > 0 for convenience. As
is seen, the normal AMM k causes the splitting of degenerate
energy levels known as the Zeeman effect in the spectrum,
which is used in the accurate measurement of the AMM
[18, 19]. However, the energy level splitting will be sup-
pressed with a negative magnetic correction taken into
account kK — K + kp, which will lead to a slight diamagnet-
ism. kg increases the energy of the system expressing a trivial
magnetic catalysis effect as usual [23]. We will explicitly
show these properties in a separate paper [42]. Actually, our
calculation mainly concentrates on the leading order correc-
tion to the AMM of the electron, the next to leading order and
higher orders should also contribute to the correction, but the
small coupling of QED o ~ O(1/100) guarantees that we
can safely ignore higher-order influence. Moreover, due to the
vacuum polarization, the photon with a mass Mf ~ O(aleB|)

results in a very strong magnetic field m? < |qH2| < |eB| and

qul < |eB| [23], which depresses the higher-order contrib-
ution further.
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As addressed in the introduction, the AMM of a quark plays
a vital role for QCD matter under a strong magnetic field when
the magnitude of the magnetic field becomes comparable with
the quark mass square, such as in the early evolution of cos-
mological phase transition [43], non-central heavy ion collisions
[12], and neutron-star merger [44]. The exact value of the AMM
of quarks under a magnetic field remains unknown because of its
nonperturbative nature. In most literature, the AMM of quarks
under a magnetic field was taken as a positive constant. We can
extend the magnetic field-dependent AMM of electrons to the
case of quarks and investigate its effect on the magnetized QCD
matter. We will report the results in the forthcoming work [42].
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Appendix A. Calculation details in section 2.1

In order to to manage the Schwinger phase ®(x, y)®(y, z), we
have

[ e = St pio-

— [ g = Dy = 1.2) (A1)
and the only non-zero terms of F,, are Fi, = —F,; = —B,
which gives
Y1
L EF;W(E - X)I/dgll
B _O-00-0_ (A2)

o2 2

Then

Pk k) = [ atrdiyatz ox, y)@(y, e e ek
« e ik(y—2) gipagigy-ip'z

= [ dthatyatz e et/

« el (p+1=K) giy-(q+k—k") giz:(p—p' —k+k')

=Q2m*tp —k+ k' —p")

% fd“hd“y ei<"23 ey Wi (pt1—k) giy(g+h—k')

=@2m*Hp —k+ k' —p)

X f d2hyd2y) e Ryelyath=kD)

« fdzhLdzyL eih(p+1—k)L
« el @+k—kN1 « ei'%(’jyihj

=Qm**p —k+ k' —p)

X (2m)28% (p i+t — kD 2m)282 (g + kj — ki)

« fdzhLdzyL el (p+1—k)L

o e aHk—k)L 5 ei-%(ﬁyihj

= @m)*s4(p — k+ k' — p"Y@m)262 (p -+t — k)
x (2m)262 (g + Ky — k|

o fdzm eihL(,,J,,_kufdyldyz eiyl((quk—kf)l*%hz)
= @m)*H(p — k+ k' — p"Y@m)62(p 1y — k)
x (2m)282(q) + ky — k|

« fdzhL Qi (p+1—L ()2

X 6((q Gk — k) — %hz)é((q k- k), — %hl)
=Qu)**(p —k+ k' — p’)(27r)252(pH+tH — kp)

x (2m)28% (g + k| — ki)

x (zﬂ)24l4e—i»2(p+t7k)'(q+k—k’)2 |eB|

. 2 o
x ei2(p+i—k)*(q+k k)l/IeBL

(A3)

where the new conventions are defined: p) - k; = PPk — Pk,
pL-k =—p'k' —p*Z, so p-k=py-ky+pL-k,.. we can
integrate #, k;:

d4r  d* d*
MH = Pt k, k'
f Qm)* 2m)* 2m)* ( .
x AU, k, k')

- f (drdk'dk) QrY*64(p — k + k' — p')
x (2m)262(p 1+t — kp(2m)>262(qy + ky — k)
% (270241464-2(%r—k)‘(q+k—k’)z/|eB|

w el2(p+1=k)*(q+k—k"n/leB| o Ab(t, k, k)
= [ @dkldo @8] - py - g

x 2m26%(p, — kv — p| + k)
« (zﬂ)z4l4e—i-2(p+r—k)‘(q+kfk’)z/|eB|

w el2(p+1=k)*(q+k—k"n/1eB| o Ab(t, k, k). (A4)

Appendix B. Calculation details in section 2.2

After Wick rotation k° — iko, r— —ir, s — — is, we obtain
T = Qn4l* x (—i)? f dr f " ds
0 0

2
% (i) [ (dr, dk! dip) —2—
W [ @ k)

% efi<2(tfk)‘(kfk’)2/|eB|ei~2(t7k)2(k—k’)1/|eB|

% efr(kHZEerz)fkflz tanh (eBr)

2 2y 1272
—s _ h (eB
X e s(kjp+m*)—k{l* tanh (e s)’

(B.1)
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the subscript g will be omitted from now on for convenience.
Firstly, we do the integral related to 7, :

T = [—2 (2414 f “dr
0

« fo ~ ds f (dk! di)

« e~ rU+m»)—k[*1* tanh (eBr)

% efs(kH2+m2)fkflztanh(eBx) % TL (BZ)

where

TL:f(dtL) 1 i 2~k (k—k")/|eB|
k”2 + l]z_

w e 20—k (k—k"'/leB|

— o i2k (k—K")?/|eBloi-2k? (k—k")!/|eB]

. [ o, SN —
) ki + 17+ 13

— e—i-zk‘(k—k’)z/leBlei-2k2(k—k’)‘/|eBI

+oo df2 . L e [kf+13 al
X f _eflb[
24](“2 + t22

— 12K (k—k"?/|eBlgi2k* (k—K")!/| Bl
2 2
, e [ki+13 |al
2 2
JkH + 1

— o i2K (k—K')?/|eBloi2k> (k—K')!/|eB]

1
X EKO(V‘H'\/‘IZ + b2).

P BT
iat’ o ibt

—oo 2T

1 +0o0

X

— cos(bt?
2w Jo (517)

(B.3)

where a = —21%(k — k)2, b = 21%(k — k’)" and K,(z) is the
Bessel function of imaginary argument, two formulae have
been used [45] in the calculation:

+00 —iéx —clé|
! A, P [c >0, €€ R],

21 oo 2+ a2 2c

(B.4)

———— cox dx = Ko(7+/6% + b?)
[+ 22

x [Re3>0,Revy >0, b > 0].

foo e A
0

(B.5)

Then, we obtain

I:fooc drj:o dsf(dkidk)

% efr(kHZquz)fklzlz tanh (eBr) efs(kHZerz)fkflz tanh (eBs)
YA 2
% [—82 (27T)24l4] eﬂ-Zk (k—k")?*/|eB|

x ei'ZkZ("‘k,)]/|eB|%KO(|k”|\/az + b?). (B.6)

Making a variable transformation k= ki — k., dk = dki, it

is easy to see \a® + b = 202/(k — k")} = 21%k,|, which

simplifies the expression:

T = [—e2(2m)41] fm drfoc ds
0 0

> f (d/i dk) e—i<2k1(kfk’)z/|eB|ei-2k2(k7k’)‘/|eB|

« efr(kHZ#»mz)f(/aﬁ»kL)zlz tanh (eBr)

" e_s(k“2+n,z)_kfz2 tanh(eBs)K0(212|k”||]€l|)
00 00

— [—e2(2m)4l*] f dr f ds
0 0

% f (dl&dk||)e’“*‘*)("\f*”‘z)*’glz“‘"h(EB')

x KoQIlkjllk) x Ky, (B.7)

where K, is the part related to & :

K :f(dkj_)ei-ZIzklize—i-lekzlzl

~ e—kflz tanh (eBr)—21%k, -k, tanh(eBr)

% e—kflz tanh (eBs)

7»/‘ dk
2

« ei2%kiky k{12 tanh(eBr)—k{ 12 tanh(eBs)—2ki k) tanh(eBr)
dk,

2
% e4-212k2121 eszzlz tanh(eBr)— k3 [% tanh(eBs) — 2k, k> tanh(eBr)

1 T 414[k tanh(eBr) —ik2 ]

= € 42 [tanh(eBr)+ tanh(eBs)]
(2m)? I2[tanh(eBr) + tanh(eBs)]

414[k> tanh(eBr) —ik1 2
X @ 412 [tanh(eBr)+tanh(eBs)]

1 1
T 4rl? [tanh(eBr) + tanh(eBs)]

) { B2 12[tanh?(eBr) — 1] }

(B.8)
tanh(eBr) + tanh(eBs)

an integral formula has been used [45]:

f exp (—p?x? £ gx)dx

2 —
q N

=exp| -
(41?2) p

T= " ar [ as [ (dk dk
0 rJ:) sf( + H)

[Rep? > 0].

(B.9)

We have

X [—62(271')414] ef(rJrs)(kHZerz)—lﬂzlz tanh (eBr)
L] KoLkl

4712 [tanh(eBr) + tanh(eBs)]

i} { 2212 [tanh2(eBr) — 1] }

tanh(eBr) + tanh(eBs)

- J; T dr J; ~ ds [ @k aipr-e2r)

a2

— 240 m2y—
X e (r+.v)(kH +m) tanh(eBr+eBs)

1
* [tanh(eBr) + tanh(eBs)]

-2
| e R
><—f du e
2 Jo u

00 00 5272
:f drf ds el

0 0 [tanh(eBr) + tanh(eBs)]
x [ (@pe Iy,

(B.10)
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where

U:Lmduit;u

the formulae we used here are [45]:

1 oo e u—T/4ugy
Ko@) = [~ ———
2 Jo u

22 14k 2k;

(dki)e tanh(eBr+eBs) U

X [|argz| < %, Rez? > 0],

tanhx + tanhy

tanh(x +y) = ——.
Y 1 4 tanhx tanhy

Define two new notations «, 0
472
B I? Ik

= +
u tanh(eBr + eBs) u

k)

so that we can integrate the &, :

-2
2 zkHZki
(dkL)e tanh(eBrteBs) U

ef"f(dla_)e—((w%)l?f

_f du _f d|ki| Lk e et w DIER

du

_E au—i—ﬁ
e u

= — duiz,
47 Jo au + l4kH

1 o0

which simplifies 7 again:

f f —e2[%)drds
[tanh(eBr) + tanh(eBs)]
) 1 o0 e—ll
X f (dkpe Ot o L f du—
I 47 Jo ou + l“kH2

e~ +9m’ qrds
[tanh(eBr) + tanh(eBs)]

SN -

s [ (dkpe-t+or? f T
f( ” 0 ou + l4kH2

212 f f e I drds
0 0

The integral of k; becomes:

Ky = f (dkpe— ok’ f S
I I 0 au + l4kH2

_ f“‘ u fw dlkl
Jo 0 2wl
|kHC_(r+S)Ik”|2
X e —
au/l4 + |kH|2
- f f dw-<
47t w4+ vu
1 Inv
4rltv — 17

x K
[tanh(eBr) + tanh(eBs)]

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

where a variable transformation is applied w= |k;|>, and
v=(+ s)a/I* = eB(r + s)/tanh(eBr + eBs) > 1. Here
a necessary integral is used:
f°° xe @’ . _f“: e dw
0 b+ x? w + ab
= %e“bF(O, ab) [a, b > 0], (B.18)

I'(x, 2)
Through tedious computation, we finally receive:

A

= f * r=le~dt is the incomplete Gamma function.

ef(rJrs)mzdrds
[tanh(eBr) + tanh(eBs)]

1 Inv
Arlty — 1
_ QQED
47]2
00 00 —(r4s)m?
y f f e drds Inv (B.19)
0o Jo [tanh(eBr) + tanh(eBs)] v — 1

eBr + eBs

withy = ———— .
v tanh(eBr + eBs)

Appendix C. Calculation details in section 2.3

When =1, we can simplify the expression into a more
friendly form by Dirac algebra:

O1(r, $)amm = 4mq, [ + g tan(eBs)

x —g®?tan(eBr) + g®'tan(eBr)tan(eBs)]
=4mq_[ic®' + ic°? tan(eBs)

—ioc®? tan(eBr) + ioc®! tan(eBr)tan(eBs)]

+ 4mg [v°~y' + vy tan(eBs)

—~%y? tan(eBr) + vy tan(eBr)tan(eBs)]

lo.laq
) < {—8m?[1 + tan(eBr)tan(eBs)]}

m

iazaqa
+ 2—{—8m2 [tan(eBs) — tan(eBr)]}
m

io.laqa

m

2a4
9o

+ {—8m?[1 + tan(eBr)tan(eBs)]}

io
+ { —8m?[tan(eBs) — tan(eBr)]}

+dmg [y +

x tan(eBs) — 7 tan(eBr) + ' tan(eBr)tan(eBs)]

+ Amd [y +~°

x tan(eBs) — ~y?tan(eBr) + ' tan(eBr)tan(eBs)],
(C.1)
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Similarly, when p=2

K (r, s)amm = 4mdg,, [g*2 — g®'tan(eBs) + g°!

x tan(eBr) + g2 tan(eBr)tan(eBs)]

= 4mg, [ic°? — io®! tan(eBs)

+io®! tan(eBr) + io®? tan(eBr)tan(eBs)]

+ 4mg, [yy? — 7!

x tan(eBs) + v*y'tan(eBr) 4+ v tan(eBr)tan(eBs)]

io? %

{—8m?[1 + tan(eBr)tan(eBs)]}

la

+ 1% g [tan(eBr) — tan(eBs)])

2m
io2%g, 5

+ ———2{—8m*[1 + tan(eBr)tan(eBs)]}
2m
lay

+ 1% g ltan(eBr) — tan(eBs)])
2m

+ 4mg[y* — y'tan(eBs) + 7!

x tan(eBr) + ~* tan(eBr)tan(eBs)]
+ 4mg[y* — v'tan(eBs) + '
x tan(eBr) + ~* tan(eBr)tan(eBs)],
(C2)

with cjﬂ =q,+ c}“, c}“ := (0, g, tan(eBr),
Consider the last equal sign in equation (C.1,

]Ulaq

—q, tan(eBr), 0).
C.2),

o mzmq‘ terms are what we seek providing AMM with a

magnetic correction, 4mg terms actually are irrelevant with
AMM by conversion in virtue of Gordon identity:

a(p") gy'u(p) = a(p")[2my" — 2p*lu(p), (C3)

the initial and final state of the electron are considered in
infinitely far positions where there is no magnetic field so the
Gordon identity holds validity. For the remaining terms, the
analysis is a little tedious by seeking the corresponding non-
relativistic limit as done in quantum field theory [33]:

a(p")Ou(p)A' = a(p")Ou(p)A' + a(p')Ou(p)A°.
(C4)

Insert the non-relativistic expansion and keep the leading
order of momentum:

u(p) = (

NIZEEAS
N/EAS

N (I —p-o/2m¢
NM((I +p- o—/zm)g)' €5)
We have
Z(yq
'(p) u(p)A +u(p) m“ u(p)A’
%1(6]214 - 411A )5”035’ (C.6)
_ qa io'*q,
i(p’ )2 o — " (p)A' + (p) . u(p)A’
%l(qu — gAH¢ ok, (C.7)
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so taking ‘Z,, = (0, ¢, tan(eBr), —q, tan(eBr), 0) into account,
one can find the above two terms are gauge-dependent
corresponding to operators 9;A' + 8,A% and 9,A% + D,A' in
coordinate space. So the fifth lines of equations (C.1), (C.2)
make no sense for an observable quantity, whose gauge-
dependent will eliminate after integration with ¢ in a complete
calculation of the Feynman diagram. Similarly, for the last
line of equations (C.1), (C.2), we analyze in the same way and
find that the principle contribution to the AMM is

4m(tan(eBs) — tan(eBr))(§,A' + §,A")~'? (C.8)

after inserting the spinor expansion:
i (p")[4m(tan(eBs)

X @A + AN Y u(p)
~ 8m? tan(eBr)[tan(eBr) — tan(eBs)]

x [~i(g?A' — g'AME %,

we get the coefficient of the total magnetic correction term of
the electron as follows

— tan(eBr))

(C9

8m? tan(eBr)[tan(eBr) — tan(eBs)]
— 8m?[1 + tan(eBr)tan(eBs)]

= 8m?[tan®(eBr) — 2tan(eBr)tan(eBs) — 1]. (C.10)

Because of the dimension reduction originating from the
magnetic field, leaving the term — 8m? after directly setting
eB=0 in the above does not make sense and does not equate
to the vacuum contribution. So our final magnetic correction
of AMM is 8m?[tan?(eBr) — 2tan(eBr)tan(eBs)]. For the
longitudinal directions p =0, 3:

OF(r, $)amm = my"§ [v* — ~"v'y? tan(eBs)
—~y2~yt tan(eBr) — " tan(eBr)tan(eBs)],

_ i0"g,

{—8m?[1 — tan(eBr)tan(eBs)]}
m

+ 4dmg~*[1 — tan(eBr)tan(eBs)]

+ 4mg~*[1 — tan(eBr)tan(eBs)]

+ 2mg, (g2 "y — 'y + oty
x [tan(eBr) + tan(eBs)],

172)
(C.11)

the analysis is in the same way but the longitudinal directions
will not contribute an observable AMM when a magnetic
field is along the z axis, so we omit it.
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