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Dimension-dependent giant density fluctuations are a typical feature of active matter systems. In
this work, we study the density fluctuation in two-dimensional mixtures of active and passive

particles by Brownian dynamics simulations. The boundary of motility-induced phase separation
is determined by the transition from unimodal to bimodal density distribution. A rapid increase
of the fluctuation exponent near the boundary of phase separation in the plane of density and

Péclet number was observed. When phase separation occurs, the fluctuation exponent is an

approximate constant of 0.85.
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1. Introduction

Active matter has been a trending research field of soft matter
in recent years. Active matter refers to a kind of none-
quilibrium system that generates motion or deformation
through energy input at the microscopic individual level.
These active individuals obtain energy from their surrounding
environment and transform energy into their directed motion
[1]. The scale of active matter is very broad. In biological
systems, for example, active individuals may be bacteria,
cells, fish, birds, sheep, and insects in nature [2—4]. The active
systems could exhibit swarming, anomalous density fluctua-
tion, nonequilibrium disorder-order transition, special rheo-
logical behavior, surprising mechanical properties, etc [5—11].
Motivated by these motile living organisms, researchers have
developed artificial micro- and nanoswimmer particles that
feature similar swimming behaviors based on different
mechanisms, including Janus particles, chiral particles, vesi-
cles, granular particles, etc [10, 12-19].

It is well-known that the number fluctuation in an equi-
librium system follows the exponent o = 0.5, An ~ (n®),
where n and (n) are the immediate and average number of
particles in a region, respectively. An?> = ((n — (n))?) is the
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variance of fluctuation. For active systems, linear theory gives
a = 0.5 + 1/d (d is the dimensionality) and indicates the so-
called giant number fluctuation (GNF). It is conjectured that
the scaling exponent of two-dimensional (d = 2) particles is
closer to 1 [20-22]. This prediction has been studied by
experiments and simulations [23-25]. Zhang et al noted that
the standard deviation An grows more rapidly than /n and
scales as 0.75 4+ 0.03 in bacteria experiments [26]. It was
found that the scaling exponent is 0.8 in the simulations in a
model of self-propelled polar rod-shaped particles [27].
Render et al provided a kinetic theory for describing the
steady state coexistence of dilute and dense phases [28]. This
leads to large magnitude density fluctuations [21, 29-31].

However, some individuals may temporarily lose energy
or become dormant in active systems and probably hinder the
motion of other matters. As a result, the collective behavior of
the systems has also changed accordingly. This phenomenon
is widely present in a variety of organisms. Therefore, more
and more attention has been paid to the study of binary
mixtures of active and passive particles [31-34]. To the best
of our knowledge, although researchers have studied various
properties of mixtures, such as particle diffusion, cluster
motion, phase behavior, and so on, [35-37], studies of density
fluctuations are still scarce.
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The purpose of this work is to explore the fluctuation
properties of two-dimensional binary mixtures of active and
passive Brownian particles. The rest of our paper is organized
as follows. In the second section, we introduce the particle
motion model, molecular dynamics simulation method, and
parameter profiles of simulations. In section 3, we illustrate
the distributions of local densities and determine the phase
separation boundary. By computing the mean square dis-
placement of the particle count, we present the fluctuation
exponent in the plane of the Péclet number and the fraction of
active particles. Finally, we summarize our main findings and
discuss their possible implications for future studies.

2. Model and methods

We study density fluctuations of two-dimensional binary
mixtures of active particles and passive particles. These par-
ticles interact via a short-ranged purely repulsive interaction,
the Weeks—Chandler—Anderson potential [38, 39],

4kpT (3)12(3)6 + ksT, r <2/
vy =1 "\, r B )

0, r > 2/0q,

where r is the distance between two particles, a represents the
diameter of particles, kg is the Boltzmann constant, T is the
temperature and 2!/ is the cutoff distance. We use reduced
units in this paper. a = 1 is the unit of length, ¢ = kg7 is the
unit of temperature, and 7 = \/ma?/(kgT) is the unit of time.
We performed molecular dynamics simulations using in
house written code and the HOOMD-blue simulation pack-
age [40].

The motions of all particles are described by the fol-
lowing overdamped Langevin equations,

oy = vov; + ,UZFU + \/Bn;r(t), (2
j=1
0,0; = 2D, n; (1), (3

where r; and 6; are the position and orientation, respectively,
and vy is the self-propelled velocity of the ith particle.
= D/kgT is the drag coefficient and F; represents the
interactional force between particles. 7,7(r) is translational
Gaussian white noise variables with zero mean and unit
variance, <77I1 (O T(1)) = 2Dé;j6,36 (t — t'). @ and 3 denote
the species of particles. D and D, are translational and rota-
tional diffusion constants, which follow the Stokes—Einstein
relation D, = 3D/a’. Active polar particles are powered by
their own rotation. v; = (cos 6, sin 6;) represents the orien-
tation for particle i. Therefore the rotational diffusion time is
7. = 1/D, and the rotational Gaussian white noise variables
are (ni(t)nj(t» = 2D, 6;6(t — 1').

Our systems consist of 250 000 active and passive par-
ticles with the same diameter. Previous studies have demon-
strated that active Brownian particles (ABPs) induce phase
separation [41]. The proportion of active particles is a variable
in terms of f, = N, /N and ranges from 0.2 to 1. N, denotes
the number of active particles and N is the total number of

particles in the systems. Clearly, all particles are active when
f, = 1. The area fractions occupied by all particles are
¢ = 0.7 and 0.8 in our work. We use a nondimensionalized
Péclet number Pe = vya/D to represent the activity of par-
ticles. Here, Pe ranges from 10 to 140. We set D = 1, so Pe is
equal to the self-propelled velocity. In our simulations, we
regulate the Péclet number, the area fraction of particles, and
the fraction of active particle numbers to study the density
fluctuations of systems. All simulations are performed in a
square box with periodic boundary conditions and executed
with a time step of 10757,

3. Results

To directly observe the structures of the ABP systems,
figure 1 shows snapshots for the different Péclet numbers at
the same time in a purely active system (f, = 1) and the
mixture containing 70% active particles (f, = 0.7) with the
same fraction ¢ = 0.7. In the case of lower activities
Pe = 10, whether in purely active systems or mixtures, the
studied systems are homogeneous and disordered in a liquid-
like manner (see figures 1(a) and (d)). With increasing
activities of ABPs (Pe = 60 in figures 1(b) and (e)), the
particles form many small clusters that aggregate and disperse
continually as time goes by. The larger the fractions of the
active particles are, the larger the cluster size is. For the
further larger Pe, the clusters gather much more particles from
their surrounding dilute regions and tend to close packing.
The systems exhibit nucleation and the clusters grow. The
particles that are not in the clusters are loosely distributed. As
a result, the systems separate into dilute and dense phases. In
other words, the systems exhibit the motility-induced phase
separation (MIPS) as shown in figure 1(c). It should be noted
that the passive particles suppress the activities of systems
and prevent the occurrence of MIPS (see figure 1(f)). In a
word, with increases in Péclet number and the fraction of
active particles, the overall motility of the whole system has
strengthened, and MIPS easily occurs.

We implemented the Voronoi cell method to measure the
local density to explore the boundary of the MIPS. Each
particle is in a Voronoi cell and every corresponding tesse-
lation area is s [31, 42]. By computing a Voronoi tesselation
over the simulation box, one can obtain the local density
p = ma?/s. Figure 2 illustrates the distributions of local
densities with various Pe and f, . Note that the appearance of a
bimodal distribution of local density indicates the occurrence
of the MIPS. Clearly, the dependencies of density distribu-
tions on Pe and f, are consistent with the observation in
figure 1. The increases in overall motility enhance the
aggregation of particles. By increasing Pe/f, in figures 2(a)/
(b), the unimodal density distributions gradually split into two
peaks. The higher density peak corresponds to the dense
phase and the lower peak corresponds to the dilute phase. As
a result, the systems exhibit phase separation. Furthermore,
the boundary of MIPS in the plane of Pe and f, is marked
with the red dashed line in figure 4(a) [41, 46].
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Figure 1. Snapshots of the active particle systems (upper planes, f, = 1) and the mixtures of active and passive particles (bottom planes,
f, = 0.7) with different Péclet numbers at steady states, t = 600 7. Here, the red and blue points represent the active and passive particles,
respectively. White regions indicate no particles. Parameter ¢ = (0.7 in both scenarios.

Pe =140

0 0.5 15

Figure 2. Local density distributions of the systems with ¢ = 0.7: (a) Pe = 140 with various fractions f, and (b) f, = 0.7 with various Pe.
The occurrence of the bimodal distribution means that phase separation occurs.

In the abovementioned snapshots illustrated in figure 1,
clusters are in motion constantly, and there exist empty spaces
in the regions they just pass. On the other hand, the interac-
tion of the passive particles is repulsive so that the particles
are not gathering and clustering. These two aspects give rise
to low density in these regions. However, the clusters have a
higher number density. To describe the density fluctuation of
the particles at any time, one could measure the fluctuations
of the particle numbers by computing the mean square dis-
placement (MSD), 0% = (n(1)?) — (n(D)?). n(l) and {n(l))
represent the current and averaged number of particles in a
square-box subsystem with side length /.

Figure 3 shows log-log plots of the MSDs separately for
a constant Péclet number Pe = 140 and a constant fraction of
active particles f, = 0.7 with ¢ = 0.7 for all particles in

figure 2. The systems have varying degrees of density fluc-
tuations regardless of the parameter profiles of the systems.
The systems show a clear linear dependence of ¢ on (n) in all
cases in the log—log plot. This means that these dependence
relationships conform with the formula, ¢ o< (n({))”. The
exponent ~ is the slope of log-log plots of o versus (n) in
figure 3. However, v is neither constant nor a simple linear
increase. For example, -y jumps up between f, = 0.4 and 0.5
as shown in figure 3(a). A similar leaping increase of y occurs
for increasing Pe in the case of a fixed f, (figure 3(b)).
Figure 4(a) summarizes the fluctuation exponents of
active-passive mixtures in the plane of the Péclet number Pe
and the fraction of active particles f,. The increases of Pe or
f, enhance the overall motilities of the mixtures. Corre-
spondingly, this strengthens the density fluctuation and
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Figure 3. Log-log plots of the mean square displacement o versus the number of particles (n) in a subsystem for (a) Pe = 140 and (b)

f. = 0.7. The area fraction ¢ = 0.7.
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Figure 4. (a) Exponents of the power law of density fluctuation in active-passive mixtures with ¢ = 0.7. (b) and (c) illustrate the evolution of
exponents v with f, and Pe, respectively. The red dashed curve in (a) denotes the boundary of phase separation.

increases the values of exponent . For lower Pe and f, (see
the bottom-left area in figure 4(a)), v tends to 0.5 which
means normal fluctuation. Actually, it is known that ~y is equal
to 0.5 in a two-dimensional passive equilibrium system
[29, 43]. Conversely, for the upper-right area in figure 4(a),
larger Pe and f, would induce the anomalous number fluc-
tuation (y > 0.5) and drive the systems into a fluctuation with
v = 1. It is consistent with v = 1 in a purely active system
[26, 43-45].

It should also be noted that the values of the fluctuation
exponent -y display a significant increase near the boundary of
the MIPS marked with a red dashed line in figure 4(a). For the

lower overall activities under the parameter configuration of
the phase separation boundary, the exponent values ~ fluc-
tuate gently, such as the curves Pe = 10 and 40 in figure 4(b)
and f, = 0.2 and 0.4 in figure 4(c). However, vy exhibits a
significant increase once MIPS appears as shown in
figures 4(b) and (c). Furthermore, figure 5 plots the fractions
at the boundary of MIPS fa* and the corresponding fluctuation
exponent v* for different Péclet numbers Pe in the two-
dimensional mixture with area fractions ¢ = 0.7 and 0.8. This
shows that the system has a power-law fluctuation with an
approximate constant exponent of 0.85 once MIPS occurs.
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Figure 5. Fractions of active particles fa* and the exponents of the
power-law of density fluctuations v* at the boundary of phase
separation for different Péclet numbers Pe.

4. Conclusion

In this work, we performed extensive simulations with
varying compositions and the Péclet number to study two-
dimensional binary mixtures of active and passive Brownian
particles. A standard Voronoi cell method is used to measure
local number density to accurately detect the boundary of
MIPS by the transition from the unimodal to bimodal density
distributions [31, 42]. By computing the local density dis-
tribution and MSD of the particle number density, we deter-
mined the boundary of the MIPS [41, 46] and showed the
exponent of the power-law fluctuation in the Pe—f, plane. It
was found that there exists a significant jump of the exponent
values near MIPS. In particular, the fluctuation exponent at
the MIPS boundary is a constant of approximately 0.85.

The active matter has various shapes such as rods and
chiral particles. GNF has also been observed in many active
systems, such as long rods, radially symmetric particles,
mixtures of self-propelled and passive rods, chiral active
hexatics, etc [21, 34, 47, 48]. Note that the nonuniformity of
shapes could lead to alignment although apolar interaction
enhances cluster formation. In this study, we explored the
GNF in a mixture of active and passive spherical Brownian
particles, which had not been studied previously. Our model
consists of spherical particles. The main advantage over
previous models is that no alignment can arise from steric
effects.

It has been demonstrated that the phase behavior is
related to the system activity [49]. The jumping of the fluc-
tuation exponent at the boundary of MIPS provides a new
variable to analyze the critical properties of phase separation.
Although active and passive particles interact with each other
via a repulsive potential, it has been shown that active par-
ticles have attractive interactions in the presence of passive
particles [50, 51]. This is a possible kinetic solution to
understanding the jumping phenomenon of the fluctuation
exponent. On the other hand, many simulations and experi-
ments confirm that MIPS occurred in different dimensions,

from one to three [21, 27, 28, 52]. Marchetti et al also proved
that the spatial dimension plays an important role in the
fluctuation exponent [43]. The density fluctuations of mix-
tures of active and passive particles should be subjected to a
similar dimensional dependence.
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