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Abstract

CrossMark

For loop integrals, reduction is the standard method. Having an efficient way to find reduction
coefficients is an important topic in scattering amplitudes. In this paper, we present the
generation functions of reduction coefficients for general one-loop integrals with an arbitrary

tensor rank in their numerator.
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1. Motivation

As the bridge connecting the theoretical frame and the
experiment data, scattering amplitude is always one of the
central concepts in the quantum field theory. Its efficient
computation (including higher order contributions in pertur-
bation) becomes necessary, especially with the coming of the
LHC experiment [1]. The on-shell program' in the scattering
amplitudes, as the outcome of the challenge, has made the
calculations of one-loop amplitude straightforward [10].

In general, the loop computation can be divided into two
parts: the construction of integrands and then performing the
integration. Although the construction of integrands using
Feynman diagrams is well established, sometimes it is not the
economic way to do so. Looking for a better way to construct
integrands is one of the current research directions”. For the
second part, i.e. doing the integration, a very useful method is
the reduction. It has been shown that any integral can be
written as the linear combination of some basis integrals
(called the master integrals) with coefficients as the rational
function of external momenta, polarization vectors, masses
and spacetime dimension. Using the idea of reduction, loop
integration can be separated into two parallel tasks: the
computation of master integrals and the algorithm to effi-
ciently extract the reduction coefficients. Progresses in any
one task will enable us to do more and more complicated

! There are many works on this topic. For an introduction, please see the
following two books [2, 3]. Some early works with the on-shell concept are
[4-9].

For example, the unitarity cut method proposed in [4, 5, 7] uses on-shell
tree-level amplitudes as input.
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integrations (for a nice introduction of recent developments,
see [11]).

For the reduction, it can be classified into two categories:
the reduction at the integrand level and the reduction at the
integral level. The reduction at the integrand level can be
systematically solved using computational algebraic geometry
[12—15]. For the reduction at the integral level, the first pro-
posal is the famous Passarino-Veltman reduction (PV-reduc-
tion) method [16]. There are other proposals, such as the
Integration-by-Part (IBP) method [17-23], the unitarity cut
method [4, 5, 7, 24-30], and Intersection number [31-36].
Although there are a lot of developments for the reduction at
the integral level, it is still desirable to improve them by the
current complexity of computations.

In recent papers [37-41] we have introduced the aux-
iliary vector R to improve the traditional PV-reduction
method. Using R we can construct the differential operators
and then establish algebraic recurrence relation to determine
reduction coefficients analytically. This method has also been
generalized to a two-loop sunset diagram (see [40]) where the
original PV-reduction method is hard to be used. When using
the auxiliary vector R in the IBP method, the efficiency of
reduction has also been improved as shown in [42, 43].

Although the advantage of using auxiliary vector R has
been demonstrated from various aspects, the algebraic
recursive structure makes it still hard to have a general
understanding of reduction coefficients for higher and higher
tensor ranks in the numerators of integrands. Could we get
more understanding of the analytical structures of reduction
coefficients by this method? As we will show in this paper,
indeed we can get more if we probe the reduction problem
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from a new angle. The key idea is the concept of generation
function. In fact, the generation function is well-known in
physics and mathematics. Sometimes the coefficients of a
series is hard to imagine, but the series itself is easy to write
down. For example, the Hermite Polynomial H,(x) can be
read out from the generation function

21x 2 _ Z H ()C)t—

n=0

(1.1

Thus we can ask that if we sum the reduction coefficients
of different tensor ranks together, could we get a simpler
answer? For the reduction problem, the numerator of tensor
rank k is given by (2¢ - R)¥ in our method and we need to see
how to incorporate them together. There are many ways to do
this. Two typical ones are

J— - n n 1
i(t) = ;)t QLR = —am
o) = 3 B = iR, (1.2)
n=0

In this paper, we will focus on the generation function of
the type ,(f) because it is invariant under the differential
action, i.e. 4’ _ ox, We will see that the generation functions
satisfy simple differential equations, which can be solved
analytically.

The plan of the paper is following. In section two, we
present the generation function of reduction coefficients of the
tadpole integral. The tadpole example is a little bit trivial, thus
in section three, we discuss carefully how to find generation
functions for the bubble integral, which is the simplest non-
trivial example. With the experience obtained for bubble, we
present the solution for general one-loop integrals in section
four. To demonstrate the frame established in section four, we
discuss briefly the triangle example in section five. Finally, a
brief summary and discussion are given in section six. Some
technical details have been collected in the appendix, where
in appendix A, the solution of two typical differential
equations is presented, while the solution of the recursive
relation for the bubble has been explained in appendix B.

2. Tadpole

With the above brief discussion, we start from the simplest
case, i.e. the tadpole topology to discuss the generation
function. Summing all tensor ranks properly we have®

faa(t, B) = [dbE=0

=c1_1(t, R, M) de 2.1

—M?’

where c¢;_.(¢, R, M) is the generation function of reduction
coefficients and for simplicity, we have defined

f di;(¢) = f %(-). To find the closed analytic expression
for c;_1(t, R, M) we establish the corresponding differential

3 The mass dimension of parameter ¢ is —2.

B Feng
equation. Acting with 0 we have
o 0 4t2[~e’(2m’
R 6—thad(t, R) = fdﬁ
=41’M?1,4(t, R) (2.2)
. 0 0 1
at one side, and | — - —c;_,;(t, R, M dl——— at
(8R R~ ))f 02— M2
the other side, thus we get
9 9 —ci1(t, R, M) = 4t*M?%ci_(t, R, M). 2.3)
6R 8 1—1 1—1 .

By the Lorentz invariance, c;_,1(t, R, M) is the function
of r=R-Ronly,ie.c;_(t R, M) =f(r). It is easy to see that
the differential equation (2.3) becomes

lrf” + 2Df — 4°M>f = 0, (2.4)

which is the form (A.14) studied in appendix A. This second
order differential equation has two singular points » =0 and
r=o00, where the singular point »=0 is canonical. The
solution has been given in (A.33). Putting A=4, B=2D,
C=—4M?in (A.29) and the boundary condition ¢y = 1, we
get immediately

o (EM?r)"
n=0 D
I =

n(3)

= OF](Q; g; tzMzr).

Clal(lv R» M) = Z

2.5)

Before ending this section, let us mention that when we
do the reduction for other topologies, we will meet the

. et(Z[-R) . oy .
reduction of f dt K Using the momentum shifting, it
is easy to see that

er(zz-m . e QU+K)-R)
f dt t—K)? - f

:e2f<K-R>cH1(t, R, M) f dﬁﬁ (2.6)

The results show the advantage of using the generation
function with exponential form.

3. Bubble

Having found the generation function of tadpole reduction,
we move to the first nontrivial example, i.e. the generation
function of bubble reduction, which is defined through

et(l€~R)

O T e
=C2) fdﬂ > 3 !

Mn>((¢ - K)? - MP)
T lfde

X f dﬂ 1<)2

+ 150

3.1
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For simplicity, we have not written down the variables of Or - Orcr—1:i(t, R2, K - R, K*; My, M)
reduction coefficients explicitly. If written explicitly, it will be —4PM2ey 1t R K - R, K2 My, My) 3.9)
c(t, R, K; My, My) or c(t, R>, K- R, K*; Mo, M,) if using the T 02 L1 > 5 0 :
Lorentz contractl.on form. o Ok - Orcr1.0(t, R2, K - R, K% My, My)
The generation form (3.1) can produce some nontrivial . ’ ) R
relations among these generation functions of reduction =4"My ca1:0(t, R”, K - R, K75 Mo, M)
coefficients easily. Noticing that* +412e! KR e (2, R%, M)). (3.10)
_ e LR Acting with K - 9 we have
loun (0 R) = [t i
. ~ 12UR) K- I R) — t2K-D)e! 2R
=e!CKR) [ de«uK)zng)dtMﬁ) Onliun(r. R) = e v 7
_ 1(Dy — Dy + f)e! @R
:el(ZK'R) {CZ*?Z(I’ Rza -K- R, K2§ Ml, MO) _fd (2_;:42)((;_[()2 Mlz)
1 I(ZER)
x [dt C MDA —KP D =il (. R) — 1 [ ey
+cr10(t, R2, —K - R, K% My, My) f b | 1el@KR) fdg(p“”“z) (3.11)
+c2~>1'1(t, R > K- R, K 5 Ml’ MO)
where f= K2 — M + M, thus we derive
xfdt } (3.2)
K) M5 K - Orcy o (t, R?, K - R, K?; My, My)
we have :tf‘czﬁz(t’ R27 K- Ra Kz; M07 Ml)a (3'12)
Cr-n(t, R?, K - R, K% My, My) K- Oe;it R K- R, K Mo M)
:Ct(zk'R)Czi,z(l, RZ’ —K-R, KZ; Ml9 MO), (33) :lfczﬂlj(l‘s st K -R, Kz; Mo, Ml)
—teya(t, R?, M), (3.13)
- 2 k. 2.
C2—>l;l(t» R s K R’ K B MO’ Ml) K- 8R62—>l;6(t» RZ’ K - R, K2; MO’ Ml)
—afCK-R) N 2 g 2.
=¢ CZ—»I;O(t’ R 5 K R, K s Mla MO)5 (34) :lfczal;f)(t’ RZ’ K- R, KZ; MO? Ml)
¢r1:0(t, R?, K - R, K% Mo, My) +1e' R ¢y (1, R?, M)). (3.14)
=e!@KR¢e, | (@, R%, —K - R, K%, My, My) , (3.5 The above two groups of differential equations can be

by comparing (3.2) with (3.1). The first relation (3.3) can be a
consistent check for c¢,_,,» while the second relation (3.4) and
the third relation (3.5) tell us that we need to compute only
one of c¢,_.;.; functions. Another useful check is the mass
dimension. Since the mass dimension of 7 is (—2), we have

[c2-2] =0, [cr—i] = —2. (3.6)

3.1. Differential equations

Now we will write down differential equations for these
generation functions. Acting Og - O on both sides of (3.1) we
have

4122/ CLR)

Or - Orlouw (2, R)

= [dtg

- M) — K)? - M)
=4M b (1, R) + 4%€'CKB) [ dz(lf'f“;:z) , (3.7)
thus we derive
Ok - Orcarn(t, R2, K - R, K% My, M)
=41Micy ., (t, R%, K - R, K*; My, M), (3.8)

4 Comparing to the shifting symmetry discussed in (3.2), one can also
consider the symmetry with /{— —¢. For this one, we have R— —R and
K— —K. If using the variables R%, K - R, it is invariant. In other words, the
symmetry {— —{ is trivial.

uniformly written as
Og - Oger = 4l‘2M($CT + 4t2€RhT,
K- 8RCT = lfCT + IthT,

where hr is the possible non-homogenous contribution com-
ing from lower topology (tadpole). For different type T we
have

(3.15)
(3.16)

T={2—2}: hr =0 or Er=¢&k=0,
(3.17)
T={2—1;1}): hr = c1-1(t, R, My),
Er=0, & =—1, (3.18)
T={2—1;0}: hy = e'CKB e (1, R2, My),
Ep=1, & =41
(3.19)

Generation functions are functions of f(r, p) with r=R
and p=K-R. It is easy to work out that

0
ﬁ = 27’]/7MR/]8r + Kuap,
K- 6%—2[78 + K20, (3.20)
, 0 0 2 292
e o = (4r07 + 40,0, + K20}, + 2D0),),
3.21)
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thus (3.15) and (3.16) can be written as
(4r07 + 4pd,0, + K205 + 2D, — 41°Mg)cr
:4[2£RhT,
(2p8, + Kzap — tf)er = té-KhT-

Equations (3.22) and (3.23) are the differential equations
we need to solve. We will present two ways to solve them.
One is by the series expansion of the naive variables r, p. This
is the method used in [37, 38]. However, as we will show,
using the idea of the generation function, the powers of 7, p
are independent of each other, thus the recursion relations
become simpler and can be solved explicitly. Another method
is to solve the differential equation directly and get a more
compact and analytical expression. An important lesson from
the second method is that the right variables to do the series
expansion are not r, p but their proper combination.

(3.22)
(3.23)

3.2. The series expansion

In this subsection, we will present the solution in the form of a
series expansion of r, p. Writing’

00
hc - Z hn,mrnpm7

n,m=0

o0
c= Z Cnm?"p™,

n,m=0

(3.24)

and putting them to (3.22) and (3.23) we get the following
equations
0=2(n+ D@n + 2m + D)cyy1.m
+ K2(m + 2)(m + Dcumsa

— 42MG ey — A2 jhm n,m >0, (3.25)

0= 2(" + 1)Cn—}—l,m + Kz(m + 2)Cn,m+2 - tfcn,m+1

- zf[(hn,m+l m, n 2 07

(3.26)

0 = K21 — tfe,g — xhno n=0. (3.27)

Using (3.25) and (3.26) we can solve
4M3 1
20+ D +2n+m—1) "
if(m + 1)
2+ DD+ 22 +m— 1)
428y — 1€ (m + D hy i
2m+ DD +2n+m—1)
—4M; 12 .
(m+2)D+2n+m— K> """
if (D + 2n + 2m)
m+2)D+2n+m— 1DHK?
— 412y hy g A € (D 4 21+ 2m) i1
2(n + DD +2n +m — 1) ’

Cn+1,m =

Cnm+1

(3.28)

Cnm+2 =

Cn,m+l

(3.29)

5 Since we consider the generation functions, the n, m are free indices, while
in previous works [37, 38] with fixed tensor rank K, n, m are constrained by
2n + m = K. One can see that many manipulations are simplified using the
idea of generation functions.

Now setting m =0 in (3.28) and combining (3.27) we
can solve

(—1% + 4Mj1°K?)

Cp = Cn
T D + 20— K2
- tz(gl(ff 4£RK2)hn,0 + thK2hn,l (3 30)
2 + DD + 2n — DK ’
_ tf tg[{hn,()
Cn1l = Fcn,o + K2 . (331)

Using equation (3.30) we can recursively solve all ¢,
starting from the boundary condition coo=1 for ¢, ., or
co,0 =0 for c,_,;. Knowing all ¢, o we can use (3.31) to get all
cp.1- To solve all ¢, ,,,, we use (3.25) and (3.26) again, but now
solve

aM3t .
fm+1n """
2+ DD +2n+m—1)
of (m+ 1)
+ 4t£Rhn.m - gk(m + l)hn,m+ls

Cnm+1 =

Cnt+1,m

(3.32)

—2(n + (D + 2n + 2m)
(m + D(m + 2)K?
412M¢ .
(m+ D(m + 2)K> ™"
4t25Rhn,m
(m+ )(m + 2)K?

Cnm+2 = Cnt1,m

(3.33)

Both equations can be used recursively to solve c,, .
After using one of them to get all ¢, ,,,, another one becomes a
nontrivial consistent check. Among them (3.32) is better,
since it solves (m + 1) from m.

Using above algorithm, we present the first few terms of
generation functions for comparison. For ¢, ., we have

Df? — 4K M)t
cz=l+ %p * (2{0 - 1)(1(20))2 4
EK°M§ — f)1°
2(D — DK?
(@2 + D)f* — 12K°M)1° 4
6(D — 1)(K?)?
F(f? = 4K°MR)1

DK (3.34)
and
! Dft® 2 fr?
=0 - —p -
-1 " 20 - vk’ T20- k2
_ (D@ + D)f? —8(D — DK*M)P
6(D — 1)D(K?)>
(Df? — 4(D — DHK*M)r?
2(D — 1)D(K?)?
( )D(K?) (3.35)
and
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t —~Df +4(D — DK»)1?
Czﬁ1;6:o+—zp+( f + 4 2)2 )2
K 2(D — DH(K7)
f 2 (Dff + 4D — 1)K2M12)t3r
2(D — 1)K? 2(D — 1)D(K?)?
+(6D1<2(1<2(D —2) + DM3) — 2(D + 2)(3D — 2)K2M? + D(D + 2)f ) N (336)
6(D — 1)(K?)? P )
where we have defined f = K2 — M§ + M? = —f + 2K>. Thus using (3.23), (3.22) becomes
Here we have presented the general recursive algorithm.
In appendix B, we will show that these recursion relations can 2(f — 4KMP)
292 2 0
be solved explicitly, i.e. we find explicit expressions for all 4xK°0, + 2(D — DK, + K2 ¢
coefficients c;, . ) 5 5
417 K= — t
:(—thay MK~ k] - £Kf)hr.
3.3. The analytic solution K (3.42)
In the previous section, we presented the solution using the ) o
series expansion. In this section, we will solve the two diff- Putting (3.40) to (3.42) and simplifying we get
erential equations (3.22) and (3.23) directly. s Y
Let us start from (3.23) first. To solve it, we define the (4xK28§ +2(D — DK?0, + W)G(x)
following new variables , -
v, 4% K2 — 126, f
x =K% — p?, y = p, (3.37) =K’e "ﬂ(*tﬁKay + tfRK—zth)hT(x, y)
292 2 lZ(fZ 74K2M2)
then (3.23) becomes _<4XK Oy +2(D — DK, + K2 . )
(2p0, + K*0, — tf)c(r, p) = (K*, — 1f)c(x, y) x [ dwe 2"t chr (x, w). (3.43)
=t hr, (3.38)
Equation (3.43) is the form of (A.14) which has been
where we have used discussed in the appendix. One interesting point is that since
X+ y2 the left-hand side is independent of 5 the right-hand side
P=Y, r=—, 9, = K?0, should be zero under the action of - One can check that it is
K indeed true.
6p =—2y0 + ay- (3.39) Having laid out the frame, we can use it to solve various

The differential equation (3.38) can be solved as (see the
discussion in the appendix, for example, (A.5))

1 7
c(x,y)= ﬁexzy(G(x)

; —LW
+ [ dwe g hr (. w)), (3.40)

where the function G depends only on x, while hy = hy{(x, y) is
the function of both x, y.

Now we consider the equation (3.22). The first step is to
simplify it by writing

(4rd} + 4pd,0, + K203 + 2D0,)

1
=520, + K20,)2pd, + K?d,)

4p* \
+]4r — 7 0y +2(D — 1)0,. (3.41)

generation functions.

3.3.1. The generation function co_.,. For this case, we have
hy =0, thus using the result (A.29) we can immediately write
down

ca—a(t, r, p, K% Mo, My) = 0F1(®; L1

2 b
PEKME —Hx\ Ly
() i ) (3.44)

One can check it with the series expansion (B.3) given in
appendix B. Compared to it, the result (3.44) is very simple
and compact. This shows the power of using the generation
function. Also, the differential equations (3.22) and (3.23) tell
us the right variables for the series expansion should be x, y
instead of the naive variables 7, p.
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3.3.2. The generation function c, For this case, we have the solution
&r=0,=—1and ’ -1
2 G() = LGow) Ji7 dww3 e 26000
X _|_ _ oO-1)
hr(r) = cm(f» = Mo) X [ dehr (&, y = 0)Gy (OO (3.50)
X 2\ "
(M3 )" (%) where
=y, (3.45) )
(2 B (D= 1) PEKME — 1)
(2)n Go(x) = oF1(7; > HK2R x). (3.51)
which satisfies the differential equation (2.4). The (3.43)
becomes
Putting it all together we finally have
2
(4x1<28§ 42D — DK, + W)G(x) o
Crrilx, y) = Fe'@y
—Kze I(2 t 6 h ) 1
( + ) (X, y) x(G(x) —tf Y dwe @ hy (x, w)). (3.52)

+t(4x1<26§. 42D — DK, + M)

K2

<[ dwe "y (x, w). (3.46)

The first important check is that the right-hand side of
(3.46) is y-independent. Acting g on the right-hand side we
y

will get
7, i
te KZ"{ tf(@ + )hr(x y)
203+ Lo, Jurc )

+(4xK2(9§ +2(D — 1)K,

2002 Ar2042
+M)w, y)}. (3.47)
K2
Using
x+y2 1
AOhy(r) = —X2_8,hy = —8,hy,
7(r) i =17 0hr
x+y2 2
Oyhr(r) = —K8,hy = Kyza hr. (3.48)

one can check that (3.47) is reduced to the differential

equation (2.4), thus we have proved the y-independent
of (3.46).
Setting y =0 in (3.46) we get

G(x)

20,2 _ 2102
(4x1<28§ +2(D — HK?9, + w)

:lthT (x5 y = 0)9
(3.49)

where we have used Oyhir(x,y = 0) = %EMZT = 0. The

differential equation (3.49) is the form of (A.14) and we get

Although we have a very compact expression (3.52) for
the generation function, in practice it is more desirable to have
the series expansion form. In appendix A, we have introduced
three ways. Here we work out the expansion by direct
integration. Using (3.45) we have

Ly dweﬁ%whr (x, w) =

2My"
s

y i 2\n
x [ dwe KzW(X;;“ ) _ (3.53)
To work out the integration, we see that
T 1 ol _ 1
R(a) = f due = —eon? — £~ 7 (3.54)
0 « «
thus
an T ! ,
SR() = [ duetut = ST [e 0T ], — 1)
)'n! o~ (—aTy
—)n — —
= i eaT e ol _ Z . -1
i=n+1
,(ni”ln‘ oT Z (=aT)" aT)’ (355)

i=n+1

where the symbol |Y(x)]|,»-1 means to keep the Taylor
expansion up to the order of X"V, Using (3.55) we have

fOT due®™ (8 + yu?)N
N

— N—i au 21
_ZO F :)'ﬁ 'yf due

i=

N
:Z M BN=ini —@)ar
i — i)! PR

i=0

> (—aT)l

j = 2i+1

(3.56)
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Using (3.56) we can evaluate (3.53) as following conditions
(Ki- Op)x=0 (Ki - OR)y; ~ Gjj,
[ dwe (e, w) = ye Y 3 E Vi j =1 @.1)

n=0j = 0i=

() e (2)
y K2 ) @iyl 2

(2) in—i)! (+2+D"
2/n

3.57)

The evaluation of G(x) can be found in (A.23) as

(%),
(%), (),

G(x) = Z,Q,O:()Z?:_ol

M2i2n4K2M 2\n—i—1
><f( 0)' (x)"( ) (3.58)
qn— z(KZ)Zn i—1
Collecting all pieces together, we finally have
oo n—1
it 1y p, K2 Mo, My) = —CKZVZZ
n=0i=0
(25 ) :
% 2 )i SMY () @K MG — )
n'(?)”(g), 4nfi(K2)2n7i71
12M2 n
ry o0 o0 n (7)
FZ Z (D)
n=0j = 0i=0 2 /0
A
2"~ 'V' (%) (359)

in—1i)! (G+2i+ D"

This result can be checked with the one given in (B.14).
One can see that the formula (3.59) is much more compact
and manifest with various analytic structures.

4. The general frame

Having the detailed computations in the bubble, in this
section we will set up the general frame to find generation
functions for general one-loop integrals with (n + 1) propa-
gators. The system has n external momenta K, i = 1,...,n and
(n 4+ 1) masses M-2,j =0, 1,...,n. Using the auxiliary vector
R we have (n + 1) auxiliary scalar products (ASP) r=R - R,
pi=K;-R,i=1,...,n. From the experience in the bubble, we
know that these ASPs are not good variables to solve diff-
erential equations produced by 0z - dg and K; - Og, i =1,...,n
Thus we will discuss how to find these good variables in the
first subsection. Then we discuss the differential equations in
these new variables in the second subsection and finally their
solutions in the third section.

4.1. Finding good variables

We will denote the good variables by x and y;, i = 1,...,n. To
simplify the differential equations, we need to impose the

To see if there is indeed a solution for (4.1), let us define
the Gram matrix G and the row vector P’ as

G; =K - K, (PT);, = K; - R. 4.2)
Putting y;=>_,8;p, to (4.1), it is easy to see that the
condition becomes
K- Oy, = > Bi(K, - Ki) ~ b, 4.3)
1
thus the matrix § can be solved as
B=I1GIG™, (4.4)
where |G| is the Gram determinant. For x, let us assume
x = |G|r + PTAP, AT = A 4.5)
Since
K; - Orx = |G|2p; + 2(PT)gr_ kAP, (4.6)

where P;_, x, means to replace vector R by the vector K;, when
collecting all of i together, the right-hand side of (4.6) is just
(2|G|I + 2GA)P, thus we have the solution

A= —|G|G L. “4.7)
Putting everything together, we finally have
x = |G|(r — PTG™'P), Y = |G|G~'P, (4.8)
where the mass dimensions of various quantities are
IGl1=2n, (G Hyl=-2, [Aj]=2(n— 1),
[x]=2(n+ 1), [y;] = 2n.
4.9)
From (4.8) we can solve
p- Lgy —,_lOk+YGY (4.10)
& IGP

4.2. The differential equations

Having found the good variables, we express differential
operators Og - Og and K;- g, i = 1,...,n using them. The first
step is to use (4.8) to write

9 _ QIGIR, — 2IGIK.G-P)o),
ORI
+ |GIK] .G~ '8y, 4.11)
where we have defined KT = (K,,....,K,) and 98} =
(ayw“"ay”)' Thus we find
0
K- G|0y, Or + Or = 2|G|(D — n)0,
R = |G|dy R - Or |GI( n)
+4|G|x0> + |GPOL G 10y.
(4.12)
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The differential equations for ¢y, where T denotes dif-
ferent types of generation functions, have the following pat-
tern

I(i . aRCT = Q;CT + HT;i, i = 1, 2,...,]1, (413)

Or - Orcr = oger + Hyug, (4.14)

where ag, a; are constant (which are independent of 7) and
Hr.g, Hr; are known functions coming from lower topologies.
Using the result (4.12) and (4.13), we find

IGPOLG Oycr = akGlaxer

+Hf}.xG lax + |GlOy G~ Hy 4.15)

where aof = (ay,...,q,) and Hf.c = (Hp.y,...,Hr,,). Thus the
differential equations (4.13) can be written as

(a,, - %)cT - é e 0= 1,20, (4.16)
while (4.14) becomes
(4|G|xd* + 2|G|(D — n)dy + dr)cr = Hrr (4.17)
with
ar = ok G lax — ag,
Hyg = —Hi-cG lag — |GIOYyG 'Hrxc + Hrp.  (4.18)

Having given the differential equations (4.16) and (4.17),
there is an important point to be mentioned. For (4.16) and
(4.17) to have a solution, functions H are not arbitrary but
must satisfy the integrability conditions, which are

6', Hl_ a'. H?
(” |G|)T ( |G|) "

Vi, j=1,2,..n, (4.19)
and
(4]GJxd* + 2|G|(D — n)dx + aR)éHT;,-
=9, — Hrr, Vi = 1,2,...n. 4.20
( V; |G|) T;R l n ( )

Differential equations (4.16) and (4.17) are the type of
(A.1) and (A.14) respectively in appendix A, for which the
solution has been presented. In the next subsection, we will
solve them analytically.

4.3. Analytic solution

In this part, we will present the necessary steps for solving the
above differential equations (4.16) and (4.17). Let us solve
them one by one. For differential equation (4.16) with i =1,
using the result (A.5) in appendix A, we have

CT(X, y) = C%YI(FT()C, )’2’”-,)’") + ﬁ

x [ dwie i Hyy (x, wi, yz,...,yn)), 4.21)

where F(x, y,,...,y,) does not depend on the variable y;. Now

NLE

differential equation

we act with (8), — 2) on both sides of (4.21) to get the

3 1
(20 = &) Frs v =~

¥ _an,
xfo‘ dw;e |GI\”'(8y2 — |“2 )HT1(X Wi, Yose-esY,)

_ary ]
+e \Glly‘mHT;z(x, Vi Yaoee o)

(4.22)
Using (A.5) we find

Fr(x, y5,....5,) = e%yZFT(x, Voeees)y)

a o _al
+-eicr2e 67—
|G|
¥ _a
xfo dwoe 16" Hro (X, ¥y, Wo,....,)

2.1 S IS I
—elal ij; dwie e (e 16172 Hy. 1 (X, Wi, Yp,---5),)

—Hr;l(x, Wi, Yo = 0,...,yn)).

(4.23)

Putting (4.23) back to (4.21) and doing some algebraic
manipulations, we get

o ay
cr(x, y) = eicreic”™ Fr(x, ys,...,),)
a1y _a
+elcw’2m‘[;2 dwye 16" Hrp (X, ¥y, Wo,....),)
a1y _a
+e|0\yle|6\’2mf0‘ dwie”ie" Hr,

(4.24)

2)
Gl

x(x, wi, ¥y, = 0,...,,).

Repeating above procedure with the action (8y2 —

we can solve Fz(x, y3,...,y,) and then find

ap a2 03
cr(x, y) = eicMeic2eic 3 Fr(x, yy,-...,Y,)

o1 _a3
e [ dwseToM Hrg (6, Y. Yy Waheo3y)

—|—elcwy’e|c\y* fo dwye™ for "2 Hy.o

X (X, yp, w2, y3 = 0,...,3,)

—i—elcwvlelmhelowh—f dwie™ |c\W‘HT1

X()C, wi, y2 = O, y3 = 0,...,yn).

(4.25)

By checking (4.24) and (4.25) we can see that after
solving n first order differential equations (4.16) we get

cr (X, Yy ody) = e e F(x) + Hr.x (4.26)
with
Z Gf,l(*f»‘y
Hr.x = W > 161
X f Y dwie 161 Hroi (X, Yooy s Wir 0,...,0), 4.27)
where for simplicity we have defined the sum Y "7, to
mean to take the sum over (a, a — 1, a — 2,...,b) w1th a > b.
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Before going to solve the only unknown function F(x),
let us check that the form (4.26) does satisfy the differential

equations (4.16). When acting with (8 on the both

sides, it is easy to see that the first term at the right-hand side

of (4.26) and the terms in Hr.x with i <k give zero con-
i
tributions since they contain only the factor ¢ 1GI  depending

on y;. For the term i=k in Hr.k, the action gives

Z,-\Jkﬁ»laj‘j
—e 161 Hri(X, YooY Yo 0,...,0). (4.28)
I
For the term i =k + 1 in Hy.g, the action gives
1 lefirlx“j-"j Vit —Ok 4 W 1
me [q] fo dwi e G

X(ayk - |G|)HTk+1(x y1$ 9yks Wi+1, O,...,O)

1 wa%}z“f"j g Okt Mkt |

—lTIe 1Gl fo Wi+ 1€ 1Gl

X(awk+1 - akJr])HTk(x yl’ ’yk’ Wik+1, O,...,O),
(4.29)

where in the second line we have used the integrability
condition (4.19). After partial integration we get

skt Loy,
—ﬁe 6 Hrp (6, Yise-oYe— 15 Yo 05-..,0)
| Z~k+20]/
—i—me 6 Hr (X, YooY Yig1s 05022,0).

(4.30)

The first term in (4.30) cancels the term in (4.28) and we are
left with the second term in (4.30). Now the pattern is clear. The
i=k+2 term in Hy.x will produce two terms after using the
integrability condition and partial integration, the first term will
cancel the second term in (4.30), while the second term will be
the form

HTk(-x y]» 7yk’ yk+]’ yk+23 0"-'30)'

431)

Continuing to the term i =n in Hy.x we will be left with

L Hry(x, y,...,y,), thus we have proved that (4.26) does

Gl
satisfy the differential equations (4.16).

Now we consider the differential equation (4.17). Using
the form (4.26), we derive

(4|G|x0% + 2|G|(D — n)d, + ag)F (x)
- X0 iy
=€ Gl

X(Hrp — (4IGIx3 + 2|GI(D — )3, + ag) Hr.x).

(4.32)

One important point of (4.32) is that the right-hand side
must be y;-independent. To check this point, we act 9, on the
right-hand side to give

Ti v

— e e (Hrg — 4IGRS
+2|G|(D — n)c'? + aR)HT 1()
T Oy M — (4IGID?

+e  ial

+2|G|(D — n)0, + ag) 0y, Hr:k)- (4.33)

Since we have proved

1
0y, — )HTK = —Hry,
( S |G|

(4.33) is simplified to

-0 apy;
€ lal

(4.34)

-1 oy

- Hrgr + € 1

1G]
x(0y Hr:r — (4|GIx0% + 2|GI(D — n)0x + @g)

1
),
Gk

(4.35)

Using the integrability condition (4.20) we get
-2 iy

e S [
1[Gl

x(akar;R — <3yk - I(gl )HT R)

Having checked the y-independent, we can take y; to be
any values at the right-hand side of (4.32). From the

-2 i
Hr.g + € Tal

(4.36)

expression (4.27) one can see that if we take
yi=Y2=..=Yy,=0, we have Hy.x = 0, thus (4.32) is sim-
plified to

(41G|x9% + 2IG|(D — n)0y + @g)F (x)

=Hr.r(x, 0, 0,...,0). 4.37)

The above differential equation is the form of (A.14) in
appendix A and we can write down the solution immediately
(see (A.33))

—2Fy(w)

F(x) = Fo(x)(fo + hf()xdww*(D;n)e

@-m _

x [ A& Hrg(x, 0, 0,... .00 Fy ' (§)e2©¢

(4.38)
where

Fo(x) =
0(x) 2 4G

(4.39)

Putting (4.39) back to (4.26) we get the final analytic
expression of generation functions

X apy;

cr (X, yppeens¥,) = Hrix + e 1er Fy(x)
n
x(ﬁ) +f0 dww— "2 e*ZFO(W)f d¢
XA Hrg(x, 0, 0,...0) Fy(€) 'e?RO¢ " 1),

(4.40)
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When we consider the generation functions of reduction The third group of relations is
f}(l)efﬁc':lents of. (ine-loop ﬁntegrﬁlz w1tI11_I(n +1) prop;gat(t)é.s, C35(t, R: My Ky, My: Ko, My)
ere is a spec1a.tce(115e, where ad. t ?, h T.R Are z:ro.f or . is —eXoRey (1. R: My: Ky — Ko, My —Ky, M),
case, we can write down immediate e generation function
yhes ¢3-2:0(t, Ry Mo; Ky, My; Kz, My)
Cor1-nt1R, Ky, .Ky) = oF) —e2oRe, 5t Ry Moy Ky — Ko, My; —Ka, Mp),
_ S apy; co
x(@; (D;"); ;l(”éxl)e o (4.41) c32:1(t, R; My; Ky, My; K>, My)
=e?MRey 5q(t, Ry Moy Ky — Ko, My; — K>, M),
. 5(t, R; My; Ki, My; K>, M-
5. Triangle c3-,2:5(t, R; Mo; Ky, My; K>, M)
=e2MRes ,5(t, Ry Moy Ky — Ko, My; — K>, M),
In this part we present another example, i.e. the triangle, to c31:0(t, Ry Mo; Ki, My; Kz, M)
demonstrate the general frame laid down in the previous =eXRes 15t R, Moy Ky — Ko, My, — Ko, M),
section. The seven generation functions are defined by c31:1(t, Ry Mo; Ky, My; Ky, My)
Iii(t, R) =e?MRes_11(1, Ry My; Ky — Ko, My; —Ko, M),
Efdﬂ — ;”2“‘)2 — 312t Ry My, Ky, My; K>, M)
0 — M, t—K)>—M, L —Ky)? — M- .
G R —eMoRey (1, R My Ki — Ko, My —Ko, My, (54)
=[dt->—
J DoDiD> Using these three groups of relations, we just need to
=33 f d[D DD, + 3.0 co:inpute thre:l?hgeneratigp func}ions, ﬁo;l example, ¢3_,3, c3_2.1
and c;_,1.. The mass dimensions of them are
x [t + ey fdtg (.1 I
”mﬂ g [1]=-2, [e3=3l =0, [e3ai] = =2,
Using the permutation symmetry and the shifting of loop [e3pil = —4 (5.5

momentum we can find nontrivial relations among these
seven generation functions. The first group of relations is
c33(t, Ry Mo; Ki, My; K, Mp)
=c33(t, R; My; K>, Mo; Ky, My),
c3-2:6(t, Ry Mo; Ky, My; Kz, My)
=c32:0(1, Ry Mo, Ko, Ma; Ky, M),
32,10, Ry Mo; Ki, My; Ko, Mp)
=c325(1, Ry Mo; Kz, Ma; Ky, My),
c3_a5(t, Ry Mo; Ki, My; Ko, Ma)
=c3-2,1(t, Ry Mo; K, Ma; Ky, M),
can0(f, Ry Mo Ky, My; Ks, Mp)
=c31.0(, R Mo, Ko, Ma; Ky, M),
ca-11(8, Ry Mo; Ki, My; K, Mp)
=c3-12(1, Ry Mo; K, Mo Ky, My),
c3—12(t, Ry Mo; Ki, My; Kp, Ma)

=c31,1(, Ry My; Ky, Mp; Ky, My). (5.2)
The second group of relations is
c33(t, Ry My; Ky, My; Ky, Mb)
=e?KRes (1, Ry My; —Ki, Mo; K> — Ky, Mp),
3068, Ry Mo; Ki, My; K, Mp)
=e28Rey (1, Ry My; —Ki, Mo; Ky — Ky, M),
c3.2:1(t, Ry Mo; Ky, My; Ky, M)
=eiRey o501, R; My; —Ki, Mo; Ky — Ki, M),
c3,05(t, Ry Mo; Ky, My; K, Mb)
=eifey (1, Ry My; —Ki, Mo Ky — Ki, My),
30t Ry Mo Ky, My; Ky, M)
=e?KiRes 11(t, Ry My; —Ki, Mo; K> — K, Mp),
1.1, Ry My, Ky, My, K>, M)
=8 Res L 10(1, Ry My; —Ky, Mo; K> — Ky, M),
12t Ry Mo; Ky, My; K, Mp)
:eZKl'RC3_,1;1(t, R; My; —K,, My; K, — Ki, M>). (5.3)

5.1. The differential equations

Since we have given enough details in the section of the
bubble, here we will be more brief. Using Og- Og, K| - O,
K, - Og operators, we can find

Or - Oger(t, R; My; Ki, My; K, M)

=42MZ cr(t, R; My; Ki, My; Ko, M) + 4t%¢,hy,  (5.6)
Ki - Orer (¢, R; Mo; Ki, My; Ky, Mb)
=tficr(t, Ry Mo; Ki, My; Ky, Mp) — 1€, hy + téphr,
(5.7)
K> - Orer(t, Ry Mo, Ki, My; K, Mb)
=thyer(t, R; Mo; Ki, My; Ko, My) — t€phy + tEphy,
(5.8)

where T is the index for different generation functions and
f =K — M +MO, f, = K3 — M3 + M§. The various
constants &, &, 5 are given in the table

T | b (& b &

\{3#3}\0\0\0\0\0\0\
{3520} 1 [hyy5/0] 0o Jo| o0
3—21}| 0 0 1 | hy ps| O
35230 0 | 0] 0 |1 |hy0s
{3510} 0 0 1 | hssio | 1| hssio
(311} [ 1 [ hsa| 0] 0 1 | hasia
83=152} | 1 | hgsi2 | 1 | hasip | O 0

(5.9)

while A7 are given by
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hs a5 = e* ey 5 (2, R?, (Ko — K) - R, and
K2
(KZ Kvl) 5 Ml, MZ)’ HT;R — _(KZZaV] _ (I(l . KZ)ayz
hs_y = e Rey 5 5(1, R, (K; — K)) - R, )
(K — K23 My, My), TS 22(’“ ' K”)Hm
h_1p = e Rey 5 5(1, R?, (K — K)) - R, R Gl
(K — Ki s My, M), (5.10) (K70, — (Ki - K2)9,
-~ 2 _ .
and hy are given by + @ Ki |gl|(Kl Kz))HT;Z + Hr.p.
By 2.1 =caa(t, R?, Ky - R, K33 My, M), (5.19)
P _ - 2 ) 2.
é3a1;0 =it R Ko - R, Ky Mo, M), The solution is given by
h3 12 = cao1(t, R?, Ky - R, K35 Mo, M), (5.11)
R oy 02y @y 1
and hy are given by er (X, ¥, yp) = elerierci 2 by (x) + eioi2 o
N Y — 22y,
h3 25 =cy a(t, R%, K - R, KP; My, M), Xj(‘) dwye 162 Hy.o (x, y;, w2)
ESHI;O =c¢1.1(t, R%, K - R, K2 Mo, My), +e|2]\yle|(52|yZﬁf0y‘ dwle’\acﬂW'HT;l(x, wi, 0),
311 =cro10(t. R% Ky - RKE: Mo, M. (5.12) (5.20)
The differential equations (5.6), (5.7) and (5.8) are indeed ~ where
the form (4.13) and (4.14) in the previous section.
For triangle, the natural variables for generation functions Frie) = oF| e D — 2); —QOgX (5.21)
0 —
are 2 41G|
r=R-R, =K R,
and
p, =K - R. (5.13)
However, the good variables for differential FU(x) = Fé“(x)( fo + fox dww 5 e 2w
equations (5.6), (5.7) and (5.8) are x, y;, y, as w ) i p_
d 4-0), O-7) and (5.8) o2 X [, AL Hrax, 0,0, 0) R (©) e O %),
x=IKPKS — (K- K)"Ir — K3p) — Ki'p; (5.22)
+ 2K - K)pp,
=1Glr — pyy; — P2y, The generation function c;_.3: for this one, from
5 table (5.9), we see that Hy.; = Hyp, = Hrg = 0, thus we write
Y, =— (K- K)p, + Kip,, down immediately
y=—(K - K)p, + Kip,, (5.14)
ALy 22, D—-2) —a
which are defined in (4.8) with Gram matrix ¢33 = elGlMelGl ™ OFI(Q; (27); 4(|)éGR|x )
K KK
Gk, ky=| | (>23)
Ki-K K . .
The generation function c;_.,: there are three genera-
G-l — 1 K; —Ki - K 515 tion functions c;_,,.;. We want to choose one of them with the
- ﬁ —K - K K> : G.15) simplest Hy, H,, Hg. Checking with table (5.9), we see that if

Using the new variables, the differential equations are

(2

a1 o

1
,— — |er = —
g |G|)T 1G]

Hr.y,

(6%) 1
8 — —)CT = _HT;z, (516)
( S |G|
(4|G|x0% + 2(D — 2)|G|0 + dg)er = Hrre  (5.17)
where
o) = My, o = tfy,
_ PRIKT A+ K - 20 f (K- Ko)
QR =
|G|
— 42M2, (5.18)

11

we consider ¢3_,,.7, we will have Hg =0, H, =0 and

Hy 2.0, ¥, v)) = —caa(t, R?, Ks - R, K33 Mo, Mp)

(et )

. D
—0F1(®, -
where we have used the result (3.44) and expressed 7, p1, p»
using (4.10)
_ Ky + (K- Ky, _ K3y, + (K- Ky,
- s h = s

|G| |G|
10k 4 KON+ Koy + 2K Ky

IGI? '

tf
P@IME — & —pH\ Y\ Zp,
e 2,

4(K3 )

(5.24)

1

(5.25)



Commun. Theor. Phys. 75 (2023) 025203

B Feng

Thus by (5.19) we can find

K - KK
Hs ot = (7

Y

24K MG — £7) 2K2y,

LZP
2
)€K22 - 0F1

2AKIME — [ (KEr — p})
4(K3)?

D—1,
2 9

)

1]

S )
22
el " oF)

4(K3)? |G|
CD—1_ [PEKIMS — ) K —py)
x(@, > ( s s (5.26)
where we have defined
AFS)(ay,...,aq; by,....bg; X)
:@ AFB(a],...,aA; b],...,bg; )C). (527)

Putting them back to (5.20) we can find the analytic
expression. Using it we can get the explicit series expansion
as discussed in appendix A.

For generation functions c¢3_,1,;, we can do similar cal-
culations. The key is to find Hr; and Hr.g, which is the
generation functions of one order lower topology. Thus we
see the recursive structures of generation functions from
lower topologies to higher topologies. The logic is clear
although working out details takes some effects.

6. Conclusion

In this paper, we have introduced the concept of generation
function for reduction coefficients of loop integrals. For one-loop
integrals, using the recent proposal of auxiliary vector R, we can

construct two types of differential operators a% -2 and K; - a%'

Using these operators, we can establish correspongfng differential
equations for generation functions. By proper changing of vari-
ables, these differential equations can be written into the
decoupled form, thus one can solve them one by one analytically.
Obviously, one could try to apply the same idea to discuss the
reduction problem for two and higher loop integrals. But with the
appearance of irreducible scalar products, the problem becomes
harder. One can try to use the IBP relation in the Baikov

representation [44] as shown [42, 43].
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Appendix A. Solving differential equations

As shown in the paper, differential equations for generation
functions can be reduced to two typical types. In this
appendix, we present details of solving these typical differ-
ential equations.

12

The first order differential equation: the first typical
differential equation is following first order differential equation

(A% + B)F(x) = H(x)|,

(A1)

where A, B are independent of x and H(x) is the known function
of x. To solve it, first, we solve the homogenous part

(A% + B)Fo(x) -0,

=  Fx) =e i~ (A.2)

Then we write F(x) = Fo(x)F(x) in (A.1) to get the diff-
erential equation for F(x) as
d _
AaFl (x) = Fy '"H(x), (A.3)
thus we have
F(x)=Fkx=0) + f dt%e%’H(r). (A4)
0

Knowing the special solution of F(x) in (A.4), the general
solution of (A.1) is given by

_B x 1 B
Fx) = Fp()F(x) + aFy(x) = e A"(a + f dw—eAWH(w)) ,
0 A

(A.5)

where the constant « is determined by the boundary condition.

If we want to have the series expansion of x, there are
several ways to do this. The first one is to carry out the
integration

X B oo oo
A dt%ex’H(t) =300 hax”

n=0a=0

X

m+a+1) a' > (A6)
where we have used the expansion of H(x) = > 7 ,h,x".
The second way is to put F'(x) = >_.7 f, x" directly to (A.1)
to arrive at the recursion relation

-B hn
Jusr = (n + I)Af” - (n+ DA
=~v(n)f, + pn), n>0. (A7)
The recursive relation (A.7) can be solved as
o =K TTv® + 2200 TT 7O (A.8)
i=0 i=0 j=it1
It is easy to compute
_ n ) (*B)n+]
= 17 = == A9
[n+ 1] E)W(l) TR GE (A9)
and
A— N n-1 .
p @) Hj:i-%—l’y(]) = (+ DA Hj:,‘_H’Y(])
h[ n— .
:——B Hj:,-lW(J)
_hi Elnl _ ki =B (A.10)

" B E[i] -B nlAi
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thus we have
Z (fo )x”.

n=0
The third way is to use analytic expression (A.5). We
need to compute & di @ and then set x = 0. One can see that,

(= B)”
nlA"

n— lﬁi!(_B)nflfi
A A

F(x) =

(A.11)

for example,

—dzj((x) = —%e‘%x(a + fox dw%e%”'H(w))
+5H (x), (A.12)
thus
dF (x) B 1
=0 =——a+ —H(x =0). A.13
. =0 1 1 ( ) (A.13)

The important point is that when setting x = 0 at the end
of differentiation, the integration fo ! dw...=0, thus we have
got rid of integration and all we need to do are the differ-
entiations over e+* and H(x).

The second order differential equation: the second
typical differential equation met in this paper is the following
second order differential equation

d2
(AX@
where A, B, and C are independent of x and H(x) is a known

function of x. Let us solve it using the series expansion.
Writing

d

+ Ba + C)F(x) = H(x), (A.14)

Fx) = Zﬁlx", Hx) = Z h,x", (A.15)
n=0 n=0
and putting back to (A.14) we have
Yoo hax™ =307 (An(n + D)f, | x"
+B(n + Df,. x" + Cf,x"), (A.16)
thus we have the relation
hy, =+ 1)(B + An)f, ., + Cf,, n>0. (A.17)
Using it, we can solve®
fo= hy B 1
"+ 1D)(B + An) (n + 1)(B + An)
L=yf, + pm), n=0. (A.18)
The recursive relation (A.18) can be solved as
o1 =Ko H (@) + Zp(l) H v (J)- (A.19)

i=0 Jj=i+1
5 An important point is that although (A.14) is a second order differential

equation, because the x is in front of— around x = 0, it is essentially a first
order differential equation. This expl%ms why using only f; and known H(x)
we can determine F(x) using (A.18).

13

It is easy to compute
(7C)n+l
(I’l + 1)!An+l H?:O
B (_C)n-H
- n+l1(B
(n + DAt (2)

Eln + 1=y =

(B/A + i)

(A.20)

n+1

where we have used the Pochhammer symbol to simplify the
expression’

n

I'(x 4+ n)

n = = i — 1)). A21
() s ,:1—[1 x+G—1) ( )
Using
G 1 TS P — L)
p ]z+l’7] 7(i+1)(B+Ai) /H—lryj
_ Zhie oy - Zhi Elnd
= Il () c =0
(A.22)
we have
F(x) = Z]Zx” = Z x"=[n] {ﬁ) + Z }
n=0 n=0 i—o C=li]
(A.23)
Let us define the following function
00 7hi i
mﬂdmzzﬁwﬁa
iA B ;
=22 ey +1( )h-x, (A.24)

which can be considered as the °‘dual function’ of H(x)
corresponding to the differential equation (A.14), then we can
write

~0 Ca[]

{HAB clx = 1)} , (A.25)

n—1
X

where the symbol | Y (x) |,»- means to keep the Taylor series
up to the order of X", Thus F(x) can be written compactly

as
FO) =20 fx" = 20 x"Eln]

X {fy + | Hase@=1) |

For the special case H(x)

(A.26)

=0, it is easy to see that
2 (O

X (D),

n=0 n!A"
The expression (A.27) is nothing, but the special case of
generalized hypergeometric function (see (C.2) of [11]),
which is defined as

F(x) (A.27)

:f(‘)FQ, Fo(x) =

aFg(ay,....aq; by,...,bg; X)
Zoo (al)n (aA)n

-— A28
”me(m»m (A28)

7 From the definition one can see that (Xp=o =1, Vx.
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thus we have With the result (A.35), (A.34) gives
B —C dF (x dFy(x 1
F(x) ZfOF()(X), Fy = ()F](@; X; x). (A29) d_)(c ) :ﬁ) (;): )lx:O + EH(X = O) (A36)
The solution in (A.23) is given in the series expansion. We From (A.14) we have
can also write it in the analytic expression. Writing dF 1 c
F(x) = Fo(x)F(x) we can find the differential equation of F;(x) as ah:o = EH x=0) — EF (x =0), (A.37)
2
Hx) = Fy(x) Axd—2 + (B 4 QAXdFO(x))i F(x), thus we see that
dx dx ) dx c R\
X
(A.30) fy = —EF(x = 0)( sx |x0) ) (A.38)
L . . . AR _ i
which is the first order differential equation of o U (x). For general “F we do the same thing to get the series

Using a similar method as for the differential equation (A.1) we
can solve

U(x) = x ie 2P0 (o

+ [ dwLH w) Fy (w) ek~ 1). (A31)
Integrating U(x) to get F';(x) we obtain
Fx) = Fo(x)(az + fox dww e 20
x(o1 + [ dgLH O Fy (©)ehO¢h- ‘))
(A.32)

n

expansion of x. At each step, we use (A.35) and there is no
integration to be done for x =0.

Appendix B. The explicit solutions of ¢, ,, for bubble
reduction

In this part, we will show how to get explicit solutions for the
recursion relations (3.30), (3.31), (3.32) and (3.33).

B.1. The generation function c»_.»

For this case, we have hr=0, ie. all h,,,=0 in (3.30),

where the ¢, o, can be determined using the initial condition of ~ (3.31), (3.32) and (3.33). Using (3.30) it is easy to find

F(x=0) and W. Using the expansion of F(x) we see that
ap =fp and a; =0 thus we have

The analytic form (A.33) is very compact, but it is hard to
carry out the integration in general. However, we can use it to

v (=f% + 4KME)e?
"=LoK2%(D + 2n — 3)
_ -1 K8 — a?)

=0 o+ H(D +2n — 1)’

CN,0 =

(B.1)

Flx) = Fo(x)( f+ fo " dww Ae 2R fo " dg%H(5)F51(§)e2Fo<€>5§*1).

(A.33)

get series expansion just like before. One can see that

dF(x) _ dR®) X —B__2Fw)
o T o (ﬁ) —l—]; dwwae
S deLH () Fo(ny e 1)

+ Fy(x)x~ie— 2Rt

x [ " drcH (1) Fy (1)~ 'e2P0ri-1 (A.34)

When taking the value at the x = 0, we need to be careful
with the second line and evaluate it as

i diH @ Fo()~e2R®i!
—<H (x = 0)Fy ' (x = 0)e2h0=0) [ dprfi~!
1 — _
=—H(x = 0)Fy '(x = 0)eXht=0 225

=H (x = 0)F; '(x = 0)e2fo(=0) %x% (A.35)

where we have used the initial condition ¢y = 1 and defined

42Mm2
a:i, 8= 0.
K2 K?

(B.2)

Using (3.32) to compute the first few ¢, ,,, one can see
the pattern

(B.3)

N = —dy mCn,0
m!

where dy,, depends on both N, m and the first few dy,,
are

dvo =1, dy1=q,

d _ (D+2N)a? -3

(D+2N-1) ° (B.4)
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Putting the form (B.3) to (3.32) we get the recursion
relation

Ié]
dN,erl = ZdN,m

_ (B—aHD+2N+m—1)
a@+2N—1) dy-+ 1m- (B.5)
Using the formally defined operator P such that
PF(N, m) = f(N + 1, m), (B.6)
the solution of (B.5) can be formally given by
M 3 (B—a?)(D+2N+ 2 p
K O—« m—
dva = H] (Z - a(D+2N—1) P)’
m—
M>1,
(B _ (ﬁ*az)(D+2N+M72)I’5
“\a a(D+2N-1)
x(ﬁ B (;3—@2)(D+2N+(M71)—2)I’5)
o a(D+2N—1)
B B-a®)D+2N+2-2) 5
Xiveen (;_—{}(D+2N71) P)
B (B—a> )D+2N+1-2) 5
X(E - a(D+2N—1) P)dN’O’ B.7)

where since the appearance of the operator P, the ordering of
the multiple factors is given explicitly. With a little compu-
tation, one can see that

M NigM—i(3 _ ~2\i
s = 37 VBB = o)

dw mis (B.3)
i=0 o
where
M i
dvari= >, 11
L;[n,..., ;] s=1
D+2(N+s—D+M+1-1)-2
D+2(N+s—1)—1 ’
iz1;, dyvmo=1 (B.9)
and the summation sign is defined as
M
Z = Z (B.10)

Li[n,....1]

Combining (B.3) with (B.1) and (B.8), we have the
explicit solution for the generation function of ¢, (%, r, p,
K*: Mo, M)).

1<h<ty...<t;i<M

B.1.1. The generation function C, 0
For this case, we have hT:cl_,l(’t, r, Mp). Using (2.5) to
(3.30) one can write down

Ch+1,0 = W(n)cn,O + P(”) (Bl 1)
with
_ K*(3 — o?)
v = 2+ DD +2n - 1)’
2n+1 2\n
p(n) = My )\ (B.12)

2D + 21 — 1)(n + 1)1(?)”’
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thus we can solve

1o = coo [T 7@ + 2 p@ T (D, (B.13)

i=0 i=0 j=i+1

where for the current case, the initial condition is ¢y = 0. To
find ¢, ,, we write

1 N K2 N—1
CNn = —dnmCN,0 — _Mbl\’,m (B.14)
m! m! Ng4N(2)
2/N
with the first few dy,,, and by,
dyo=1, byo =0,
dN,1 = Q, bN,l = 1»
dy > — —B+ a%(D+2N)
N2= " oproNn-1D
_ a(D+2N)
bys = 2020 (B.15)

Using the form (B.14) to (3.32) we get the recursion
relations

dym+1= ngs’”
— 2 fﬁ;fz}l,)(‘ff = dn1,ms (B.16)
byt = Zby gy — DL D
, o’N. a(D +2N) '
FOEBAID G B

The solution of dy,, can be similarly solved using the
operator language as in the previous subsubsection and we
find

M NipgM—i 2N
dyy =5 28 I(Wﬂ A 4

(B.18)
i=0 &
with
M i
dvaci= >, [I
L, s=1
D+2WN+s—D+M+1-1)—2
D+2(N+s—1)—1 4
iz 1 dywo =1L (B.19)

The solution for by, is a little bit complicated because
the third term is on the right-hand side of (B.17). To solve it,
we write

brws1 = T (m)by.n + By (m), (B.20)
where

I-v3 g8 B m— Fy

om = (1 = 2230,

Py (m) = LoDy, (B:21)
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Iterating (B.20) with proper ordering we have
by m+1 ="y m)Fy(m — 1)... 5y (0)by o

+ Ay m)Fy (m — 1.3, (D) py (0)

+ Ay M)Ay (m = 1) Ay () Py (D ...

+ Ay (M) Py (m — 1) + Dy (m). (B.22)
Using
Byar D+2N+a)+m—1)
PYpym) = am B.23
(P)'py(m) D+2N+a) -1 N+1+a, ( )
and
An M)Ay (m — D). qn(m — k) py(m — k — 1)
k+1
_Z( )( )k+1
k1
(¥ 1
L[y, 4l s=1
D+2(N+s—D+@m+1-1)—1
X+ ani.cjl) )
D+2N+)+m—k—=1)—1)
D+2N+i—1)
AN 1dim—k—1 (B.24)

F[N + 2] = ¢Vt

n [41, 42, 45]. For the bubble, it is given explicitly by

= (D +2r — 4)f1712(r71)
D+ r - 3)K?
_(r = DEMGP* + (f* — 4AMFK? )r)l(, )
(D +r — 3)K?
P = DUK? = Mg+ MDr = 2p%)
KZ 2:0 (D+F*3)K2 2:0
—P ;0-1) (r = Dfr r—2)
+—1 B — NP B26
KZ 2:1 (D+r—3)K2 2;1 ( )
where
") _ QLR
b _fd[aZ MO~ K2 - MP)’
() (2(R)’
Iy fd[“,
) _ (ZER)’
= A= (B.27)

We can use the series form to check the relation (B.26).
Let us define

(@ + 2N)fpc™ D — (N + DM p* + (f* — 4MgK*)r)c™) (B.28)
(D + N - DHK? ' ’
we finally reach where
w _ N e N-2
D+2N+m—1 = n
by m+1 = %dN+l,m c N P CoN—2m1"D (B.29)

+§j( )k“lé(—y‘

(D+2(N+i)+(m kfl)fl)d
D+2N+i)—1) N+1+im—k—1

k+1 i

X( >, I
Llh,t] s=1

D+2N+s—D+m+1—1)—1
D+2(N+s—1)

).

where the condition by o =0 has been used. The formula
(B.14) plus (B.13), (B.18) and (B.25) gives the explicit
solution for the generation function ¢, . .j.

(B.25)

Knowing c,_,,.1, we can use (3.5) to get the generation
function ¢,_, ;.5 or directly compute it using (3.30), (3.31),
(3.32) and (3.33).

B.1.2. The proof of one useful relation

When we use the improved PV-reduction method with aux-
iliary vector R to discuss the reduction of sunset topology, an
important reduction relation between different tensor ranks
has been observed in [40]. Later this relation has been studied

16

and ¢ can be ¢,_,, or ¢,_,1. Depending on if N is even or odd,
the computation details have some differences, thus we con-
sider N even only, while N odd will be similar. Expanding
(B.28) we have

(2N + 2) Op2N+2

F[2N + 2] = oI

><(Co,2N+2 - (

B 4M02l2C0’2N
2(N + 1)(D + 2N — 1K?
CN+ D! v10(ewero

t2N+2
o 2(? — AMFKY)
QN +2)(D + 2N — Dk2 ™°

(2N + 2)! B
—,2N+2 ZnN:1 rnp2N+2 2n (CoaN+2—2m

(D + 4N)tfeg oy
QN + 2)(D + 2N — DK?

)

+
(D + 4N)if
7((2N +2)(D + 2N — K2
AME >
TN+ 2)(D + 2N — K2 N
(f? — 4MGK?)
N +2)(D + 2N — 1)K2°""2N*“”))'

(B.30)
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For the term with #°p?""2, using the relation (3.29) with

n=0, m=2N, we find the part inside the bracket is simpli-
fied to

—4&pt?hoon + Ext(D + 4N)hoon 1
2N + DD + 2N — DK?

(B.31)

For the term with r" “po, using the relation (3.30) with

n =N, we find the part inside the bracket is simplified to
(xS — Er4KDhno + EgtK Py
2(N + D)(D + 2N — DK?

n 2N+2—2n
P

(B.32)

For the term with r , the computation is a little
bit complicated. First, we use (3.28) with n —n—1 and
m—2N—2n+2,2N —2n+1, 2N — 2n to write all ¢;; with
i=n—1. Then we use (3.29) with n—n—1 and
m— 2N —2n + 1, 2N — 2n. After doing the above two steps
and making algebraic simplification, we get

B(EeMs — Erf)

(N + 1)(D + 2N — 1)nK
2(—Exnf + ERAKA(N + 1))
2(N + 1)(D + 2N — 1)nkK?
—&x (2N — 2n + 3)t

2n(D + 2N — 1)

Shn—128-20+1

n—12N—-2n+2

n—1,2N—-2n+73- (B33)

For different ¢ we use the different known k7 as given in
(3.17), (3.18) and (3.19), thus one can see the relation (B.26)
is satisfied.
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