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Abstract
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In this paper, we investigate the fifth-order modified Korteweg—de Vries (mKdV) equation on
the half-line via the Fokas unified transformation approach. We show that the solution u(x, ¢) of
the fifth-order mKdV equation can be represented by the solution of the matrix Riemann-Hilbert
problem constructed on the plane of complex spectral parameter 6. The jump matrix L(x, t, ) has
an explicit representation dependent on x, ¢ and it can be represented exactly by the two pairs of
spectral functions y(6), z(f) (obtained from the initial value ug(x)) and Y(6), Z(6) (obtained from
the boundary conditions vo(f), {vk (t)}f). Furthermore, the two pairs of spectral functions y(6), z

(6) and Y(6), Z(0) are not independent of each other, but are related to the compatibility

condition, the so-called global relation.

Keywords: Riemann-Hilbert problem, fifth-order modified Korteweg—de Vries equation, initial-
boundary value problems, Fokas unified transformation approach

(Some figures may appear in colour only in the online journal)

1. Introduction

In 1967, Gardner, Greene, Kruskal and Miiira [1] first pro-
posed the classical inverse scattering transform method when
they analyzed the initial value problem of the Korteweg—de
Vries (KdV) equation. In 1997, Fokas [2] proposed the uni-
fied transformation approach when studying the initial-
boundary value problems (IBVPs) of nonlinear partial diff-
erential equations (PDEs), which can be used to analyze the
IBVPs of linear and nonlinear PDEs on the half-line or the
finite interval, such as the sine-Gordon equation [3], the
nonlinear Schrodinger (NLS) equation [4], the KdV equation
[5], the derivative NLS equation [6], etc (see [7-12] and
references therein).

In 2012, Lenells popularized the Fokas method [13] and
analyzed the IBVPs of the integrable evolution equations with
a 3 x 3 matrix Lax pair on the half-line and the finite interval,
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such as the Degasperis-Procesi equation [14], the Sasa-Sat-
suma equation [15], the Ostrovsky-Vakhnenko equation [16],
the coupled NLS equations [17, 18], etc. After that, the idea
was extended to study IBVPs of some integrable nonlinear
evolution equations with a 4 X 4 matrix Lax pair on the half-
line or the finite interval, such as the matrix Lakshmanan-
Porsezian-Daniel system [19], the three-coupled Hirota sys-
tem [20], the new two-component generalized Sasa-Satsuma
equation [21], and the integrable spin-1 Gross—Pitaevskii
equations [22] on the half-line, the integrable spin-1 Gross—
Pitaevskii equations [23] and the general three-component
NLS equation [24] on the finite interval.

It is well known that the modified KdV (mKdV) equation
is one of the most important completely integrable nonlinear

PDE [25], which has the form
u; + a(6ulu, + uyy) =0, (1.1)

where u = u(x, 1) is a real function with transverse variable x
and evolution variable ¢. Equation (1.1) can describe internal
ocean waves, waves in quantized films, transmission lines in
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the Schottky barrier, magnetohydrodynamic waves in plas-
mas, an Alfvén wave in a cold collision-free plasma, acoustic
waves in certain anharmonic lattices, ultra-short pulses in
nonlinear optics and other aspects [26-29]. Because of these
important applications in physics, a series of results for the
mKdV equation (1.1) have been reported, such as the Hirota
bilinear technique [30], the inverse scattering transform [31],
the Darboux transformation (DT) [32], etc.

In 1990, Marchant and Smyth [33] proposed the fol-
lowing extended mKdV equation

u; + e(612uy + uey) + £(30utu, + 10u?

+ A0unt ity + 10Uty + Uppre) = O, (1.2)

where € < 1 and x < 1 stand for the third-order and fifth-
order dispersion coefficients matching with the relevant
nonlinear terms, respectively. Equation (1.2) can describe the
evolution of steeper waves with shorter wavelengths than the
KdV equation [34]. The Painlevé test, the multi-soliton
solutions [35], the infinitely many conservation laws, the
periodic, the rational solutions [36], the long-time asymptotic
behavior [37], the breather-soliton molecules and the
breather-positons [38], the Painlevé-type asymptotics [39],
the rational positons and rogue waves [40] for equation (1.2)
have been studied, when € =0, the emKdV equation (1.2)
reduces to the following fifth-order mKdV equation

u, + k(B0u*u, + IOMX3 + 40uu, i,

+ 1062 + Upeer) = O. (1.3)

In 2008, Kwon discussed the initial value problem of the
fifth-order mKdV equation on the Sobolev spaces [41]. In
2017, Cheng et al studied the consistent Riccati expansion
and nonlocal symmetry of the fifth-order mKdV equation
[42]. In 2018, Kwak considered the low regularity of the
Cauchy problem for the fifth-order mKdV equation on [0, 27]
[43]. Recently, the soliton and breather solutions with a
nonzero background [44], the long-time asymptotic behavior
in the quarter plane [45] and in low regularity spaces [46] for
equation (1.3) have been discussed. In this note, our aim is to
construct the spectral analysis for equation (1.3) based on its
Lax pair, and to derive the limit form solution of the IBVPs
through the following Fokas method.

The design structure of this paper is as follows. In
section 2, we will perform a spectral analysis of the Lax pair
for the fifth-order mKdV equation (1.3). In section 3, we will
discuss two pairs of spectral functions y(6), z(f) and Y(0), Z
(6). In section 4, we will present the RH problem of the fifth-
order mKdV equation (1.3). The last sections feature some
conclusions and discussions.

2. The spectral analysis

The fifth-order mKdV equation (1.3) admits the Lax pair
formulation [45]

U, =M(x, t, )V, (2.1a)

U, =N, t, )0, (2.1b)

where U = (U, U,)T is the vector eigenfunction and complex
number 6 is a spectral parameter and

M(x, 1, 0) = (19 u ) — 003 + U. (2.24)
—u —if
N1 N2
N(x, t,0) =k
( ) (Nzl _Nll)
=—16ik0%03 — 160U
—8ik0*(U%03 — a3U;) + kO*(4Uy — 8U?)
+iklo3(12U%U; — 2U,)
+21k0QUU,, — U? — 3U% 03
+K(=6U3 + 10Uy, + 10UU? — Uperr)s (2.2b)
with
_(1 O (0 u
=5 pv=(50)
Nip = —16i0° + 8iu?03 — (6iu* + 4iuuy, — 2iu?)0,
Nip = —16ubf* + 8iu, 0% + (8u® + 4u,,)6?
— (12iu?u, + ity )0
—6u’ — 100U,y — 10uuf — Upprs
Noy = 16ud* + 8iu, 03 — (8u® + 4u,,) 6>
— (12iu, + 2iu,,)0
+ 6u5 4 10021 + 10uu? + ity
2.3)
2.1. The exact 1-form
One can rewrite equations (2.1a)—(2.1b) as
U, — o0 = UV, (2.4a)
W, + 16ixf°030 = VU, (2.4b)
with
V = —16K0*U + 8ik03 (03U, — U?03)
+4£602(Uy — 2U3) + 106(UUy + UU?)
+2ik0[03(6UU, — Uyyy)
+QUUy — U? = 3U% 03] — 6kU5 — KUgears
and introduce ®(x, ¢, 0) by
d(x, 1, 0) = U(x, 1, O)e-ixt16ix6°0; (2.5)
then, one can get the following equivalent Lax pair
D, —i0[o3, ] = UD, (2.6a)
®, + 16ik0°[03, P] = VI, (2.6b)

where [o3, ®]= 03P — Po3, obviously, equation (2.6a)-
(2.6b) can be written as the following full differential
d(e(7i9x+16i&€5t)&3q)(x, t, 9))

= eIt 16K NG (A (x, 1, ) D(x, 1, 0)), 2.7

where A(x, t, 0) = U(x, f)dx + V(x, t, 0)dt, and &3 is a matrix
operator (see [12]).
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Figure 1. The three contours 7, 1, 75 in the (x, f)-domain.

2.2. The three important eigenfunctions {®;(x, t, 9)}?

For (x, neD={(x »0<x<+oo, 0<t<T}, let
u(x,t) € S. We define three solutions {®;(x, ¢, 9)}13 of
equation (2.6a)—(2.6b) by

(0 . .
Bx, 1,0) =1+ (161005 F (¢, 7, 0),

(xj’t/)

J=12,3, (2.8)

where  F(x, t, ) = ei0H1060534 (x 1 0)D(x, 1, 0),
(x1, 1) = (0, 0), (x2, ) = (0, T, (x3, t3) = (00, f). Because the
1-form F(x, ¢, ) is exact, the integral of equation (2.8) is path
independent, we choose the special curves depicted in
figure 1, then we have

@mmz,m:=1+lﬁxaﬂhoﬁaﬂmxgz,wdc

. ~ t . A

el [ e 1BV (0, 7, 0)dr, (2.9a)
0

ox, 1, 0) =1+ [ e OR WD) 1, 0)d¢

0
T

it [T e 10D (V) (0, 7, )dr, (2.95)

t

Dy, 1, 0) =1 — f ¥ 0D (C, 1, O)AC. (2.9¢)

X

The choice of these integration paths shows that the
following inequalities hold on the curves,

n:x—¢=20, t—720, (2.10a)
Mm:x—¢=0, t—7<0, (2.10b)
M3 x — (< 0. (2.10¢)

It is not difficult to find that the first column of equation (2.8)
contains exp [—2i0(x — ¢) + 32ik6°(r — 7)], then, the bounded
and analytical areas of eigenfunctions {®;(x, ¢, 0) }13 are as
follows

[®1](x, £, 0): {Im6 < 0} () {Im6° > 0}, 2.11a)
[@2]i(x, £, 0): {Im6 < 0} () {Im@° < 0}, (2.11b)
(@3] (x, £, 0): {Im6 > 0}. @2.11¢)

Similarly, we have

Figure 2. The areas €2, i = 1,...,4 division on the complex 6-plane.

[@1](x, £, 0): {Im6 >0} () {Im65 < 0}, (2.12a)
[®2] (x, £, 6): {Im6 > 0} () {Im65 > 0}, (2.12b)
[D3] (x, £, 0): {Im6 < 0}, (2.12¢)

because the second column of equation (2.8) involves exp

[2i0(x — O) — 32ik0°(t — D). Let [Bli(x, 1, 0), k = 1,2 be
k-column of ®(x, ¢, #), we have

Dy(x, 1, ) = (D11 (x, 1, 0), [&112(x, 1, 0)),

Dy(x, 1, 0) = (P25 (x, 1, 0), [D215 (x, 1, 0)),

Dy(x, 1, 0) = ([B317 (v, 1, 0), [B315(x, 1, 0)),  (2.13)

where @?i denotes that €2; is the bounded and analytical
region of {@j}f, C, = Q; U €, is the upper complex half-
plane, C_ = Q3 U €y is the lower complex half-plane, and
Q;, i=1, 2, 3, 4 are depicted in figure 2.

In order to establish the RH problem of the fifth-order
mKdV equation (1.3), we must define f(0) and g(6) by the
following relations

O3(x, 1, ) = Py(x, 1, O)et1OTIRF(G), (2.14a)
Dy (x, 1, 0) = By(x, 1, 0)elilc—1610°08 6 (). (2.14b)

By evaluation of equation (2.14a)—(2.14b) at (x, 1) = (0, 0)
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and (x, ©) = (0, T), respectively, we obtain symmetry relations
g(e) — @2(0’ 0’ 9) — (el6i~65T&3(I)1(0, T, 9))71’ CIJ(X, t, 9) = q)(x, t, 79) = 02<I>(x, t, 9)0’2,
() = 950, 0, 0), (2.15) oy = (Q 61)’ (2.20)
i
thus, from equation (2.14a)—(2.14b) and equation (2.15), we
have
as well as
(1)2()(, Z, 9) = (1)3()6', 1, e)e(iex_161&95[)&3(f(0))_]g(9)5 (216) @11()(:, z, 9) = @22()(’ 1, 9),
Furthermore, we also get ®(x, t, 0), ®o(x, ¢, 0) at x=0 Dy, 1, 0) = —Ppa(x, 1, 0) (2.21a)
(Dl](-x7 t’ _0) - _©11(~x7 t9 0)7
_ QLU Qs U
®1(0’ , ?) - ([®1]11 4(0v , 0)9 [®l]22 3(0’ f, 9)) @22(}@ t, 70) = 7@22(}&', 1, 9)9 (221b)
I+ fo e 1685103y B,) (0, T, 0)dT, Dpa(x, 1, —0) = Ppa(x, 2, 0),
2.17a) Dy i(x, t, —0) = Oyi(x, 1, 6), (2.21¢)

5(0, 1, 0) = ([D2112Y5(0, 1, 0), [P21M V0, 1, 0))

T . .
1 — f e 1680 (=153 ) (0, 7, f)dT,
t

(2.17b)
and get ®q(x, t, 0), P3(x, t, ) at t=0
®y(x, 0, 0) = ([115(x, 0, 0), [®1]5* (x, 0, 0)),
=1+ fx el?a=0a(Ud)) (¢, 0, 0)dC, (2.18a)
0
D3(x, 0, 0) = ([B5]7*(x, 0, 0), [®515(x, 0, 0))
=1 — foo e”(’“*Q@(U%)(C, 0, #)d¢, (2.18b)

Assume that wug(x) =u(x, t=0), vo(®)=u(x=0, 1),
Vi) = u(x =0, 1), vo(t) =t (x =0, 1), v3() = Uy =0, 1),
V4(f) = Uyr(x = 0, ) are the initial and boundary values, then,
we have

U, 0, 0) = ((LO ”60)

V(0. 1, 0)  Vix(0, 1, 0) ) (2.19)

VO, 1, 6) = (Vzl(ov t, ) —V1(0,1¢, 6)

with

Vii(0, 1, 0) = i [8v3 03 — (6vy + dvovy — 2v )61,
Vi2(0, t, 0) = K[—16vy0*

+8iv103 + (83 + 4v2)0% — (12iv¢ v + 2iv3)6
—6v05 — lOvozvz — 10vov12 — ],

V51(0, 1, 0) = Kk[16v0* + 8iv107 — (8v§ + 4v2)6?
—(12ivgv; + 2iv3)0

+6v05 + 10v02vz + 1Ov0v12 + ],

2.3. The other properties of the eigenfunctions

(Symmetries) Let ®(x,t,0) =& (x,
then ®(x, t, 0) admits the following

Proposition 2.1.
t’ 9)7] - la 2a 3a

Proposition 2.2. The eigenfunctions ®;(x, t, ) = ([®];
x, t,0), [®hL(,t,0),j = 1,2,3 admit the following
properties

e det®(x,t,H=1,j = 1,2,3,

s [®,]; is analytical for @ € €4, as well as continuous to ()4,
[®,], is analytical for 6 € €);, as well as continuous
to Qz,

e [®,]; is analytical for § € )3, as well as continuous to 3,
[®,], is analytical for @ € €, as well as continuous to £},

* [®@3]; is analytical for § € C,, as well as continuous to
C, U Re#, [®3], is analytical for § € C_, as well as
continuous to C_ U Re 6,

[ @hx. 1 0) — (1,0, [ (x, 1, 0) — (0, 1), as § — oc.

Indeed, according to equation (2.15), we can get the expres-
sions for f(#) and g(#) as follows:

f@O =1I- fooo e 007U D;)(C, 0, H)dC, (2.22a)

T .
g 'O =1+ [ DRV aY©, 7, 0)dr,  (2:22b)
0

then, by the symmetry of Proposition 2.1, we can define
y(@ z(0
HOE [_y( ) )],
—z(0) y(0)

o~ 20)
—-Z(0) YO

Proposition 2.3. It follows from equations (2.15), (2.22a)-
(2.22b) that the y(0), z(0) and Y (0), Z(0) have properties as
follows

)50, 0, 0
. (z(@)) — [@,15-0. 0, ) = (( Iz ( )).

(2.23)

y(0) (93)55(0, 0, )

. _eSZinb‘STZ(G) B U0 B (‘1)1)?2”93(0, T, 0)
[ Y (@) = RRTR0-T. 6 =1 g 00, 7, ) |

« y(=0) =y (@), 2(—0) = z(D).
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* Y (—0) =Y (), Z(—0) =Z(0).

* detf (0) =y(0)y(®) + z(0)z() = 1, for 6 € R.

e detg(d) = Y(O) YO) + ZO)Z@) =1, for
(Im@ =0, if T = o0).

* y(0) =14+ 00", z() =00, as 0 — oo, Imb > 0.

* Y(0) =1+00", z®) =00, as § — oo, Im&> > 0.

feC

2.4. The basic RH problem

For the convenience of calculation, we introduce the fol-
lowing expressions

w(d) = —0x + 16K0°,

a(d) = y(Y @) + 2(0)Z @), 6c s,
BO) =y(O)Z(®) — z(0)Y (), 6 €,
Z(®) -
SO =—"2"—  9e,
O =1 0a® ’
B@)  z(®)
) =" =" _8@1®), 60cR, 2.24
s(0) a® ~ 30 ) (2.24)
then, we get
« S(=0) = S@), s(~0) = s(D).
gl of) = | OO
=80 a®)
*a(=0) = a@. f(-0) = 50O).
o det[g1(O)f (D)) = a(®)a () + B(O)B(O) = 1,
ca® =1 + o(g), 3@) = O(é)as 0 — oo.
Next, we define the function H(x, t, 6) by
O
MW%L®=ﬁ%ﬁ@Jﬁ%Edé;iQ}
a(0)
0 e O, (2.25a)
Q,
HmuJﬁ>:ﬁ%f%nnmﬂfﬁééi@
y(0)
0€ O, (2.25b)
Q4
HO, 1,0y = [LBIC 00 pge o iay |
y(0)
0 e Qy, (2.25¢)
oX
H®x, 1, 0) = (M (@315 (x, 1, 0)),
a(f)
0 € Qs.
(2.25d)
Therefore, we have
detH(x,t,0) =1, H(x, 1, 0) — 1,0 — . (2.26)

Theorem 2.4. Let u(x, 1) €S, on curve Qy, i = 1,...4, the
function H(x, t, 0) defined by equation (2.25a)-(2.25d)

Im@

ks L,
HH)
HHJ H(U
Lz - - LZ
o
Red
Ls

Figure 3. The contour for the RH problem on the complex 6-plane.

satisfies the jump condition as follows
Hi(x,1,0) = H (x, 1, O)L(x, 1, 0),

fell ={0cC|Imb> =0}, 2.27)
where
L](x’ t, 0), 0 S R’
L(x,t,0)=1Ly(x,t0), 0¢c i, (2.28)
Li(x, t,0), 0¢€ 0,
with
o (D\a—2iu®)
Li(x, 1,0) = ! _ s®)e — |
s(0)er® 1 — 5(0)s(0)

Ly(x, t,0) = (1 S(@)e—2iu(9))’
0 1

1 0
L3(x5 ts 9) = (S(o)eﬁu(e) 1)

The contour for this RH problem is shown in figure 3.
Proof. It follows from the equations (2.14a)—(2.14b) and
equation (2.23) that

YO [P (x, 1, 0) — z(B)eXr®

X [®1% (x, 1, 0) = [3]7+(x, 1, 0), (2.29a)
2(0)e O[] (x, 1, 0) + y(6)

X [&112 (x, 1, 0) = [®315(x, 1, 0), (2.29b)

and

Y (@) @11 (x, 1, 0) — Z(B)e*®

X [®112(x, 1, 0) = [D,15(x, 1, ), (2.30a)
Z(O)e 2O [y (x, 1, 0) + Y (6)

< [ (x, 1, 0) = [®2 1 (x, 1, 6), (2.300)

then, the equations (2.29a)—(2.30b) and equation (2.24) show
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that

a(@) D317 (x, 1, 0) — B2 [D315(x, 1, §)

= [D,]5(x, 1, 0), (231a)
—B(0)e 2O [D3]5 (x, 1, 0) + a@)[D315(x, 1, 6)
= [, (x, 1, 0).
(2.31b)

By equations (2.25a)—(2.25d) and equation (2.27), we have

(D215 (x, 1, 0)
a(0)

([¢>3]‘E+(x, t, 0),

o,
:(W, (@515 (x, 1, 9))L1(x, L),  (232a)
o
([@ﬂ%(x, (o 2RO 9))
o)
€,
=([<1>31‘F+<x, i, 0), M)Lm LO),  (2320)
y(©)

([@]?4 (x, 1, 0)
v(0)

(@20, 1, 0)
B a(®)

(0305, 1, 0))

, (@315 (x, 1, 6’))L3(x, 5, 6). (2.320)

Therefore, the equations (2.32a)—(2.32c¢) give rise to the jump
matrices {L;(x, t, 0)}13 defined by equation (2.28).

Furthermore, we can get the jump relation between
Hf)(x, t, 0) and HV(x, 1, 0) as follows

H®P(x, 1, 0) = HO(x, 1, 0)Ly(x, t, 0)
=HO(Ls'LiLy Hx, 1, 0),

where
() Y
0
Ly(x, t, 6) = —_— y( )
_ 2O i) L
y(0) y(@)y(0)

Assumption 2.5. Suppose that

* y(A) enjoys A simple zeros {7,(}2:1, A =2X, as well as
(%) € Q. and (7)1 € Q.

* () enjoys £ simple zeros { & }izl, £ =12 + &, as well
as {6 )5 € Q3, and {&)F € Q.

* None of the zeros of y(6) coincides with a zero of «a(6).

Proposition 2.6. (The residue formula) Let y(0) = %, it
holds that the following residue formulae:

Res{[H (x, t, i, %} = HHOW[H (x, 1, )]s

Z() Y ()
k=1,2\.
(2.33a)
Res{[H (x, 1, )b, G4} = — o2
Z(v)Y (v)
X [H(-x9 ta ’7]{)]1’ k - 1,"',2)\1. (233b)

Z(Sk) 2i
Res{[H (x, 1, )], 8} = ———K 2@ [H (x, 1, §)l,
es{[H (x, t, D], o} Y((Sk)a((sk)e [H(x, t, 0]
k=1t
(2.33¢)
Z ()

Res{[H (x, 1, ), &} = e 2O [H (x, t, &),

y (&) (&)

(2.33d)

Proof. We shall only prove equation (2.33a). the proofs of
equation (2.33bh)—(2.33d) are analogous. It follows from

b Q
H(x, 1, 0) = ([j;2)4’ [<I>3]‘2C*) that the zeros {~, 12A' of y() are
Q,
the poles of %, therefore, we have
D (x, 1, 0) [} (x, £, 0)
Res{ ———"—~ yt = lim (0 —yp)——FF——
y(0) 0 — y(9)
e W)
Y (%) (2.34)
taking 6 =, into the equation (2.29b) yields
(D112 (x, 1, ) = (1 SOV (1, 1, ), (235)
Tk

thus, equation (2.34) and equation (2.35) give rise to

(@1 (x, 1, 0)
R A e
es{ v o Vk}

2100 [D315-(x, 1, 1), (2.36)

20y

which can lead to equation (2.33a).

2.5. The global relation

In this subsection, we show that y(0), z(8), Y(0), Z(f) are not
independent but admit a significant relationship. In fact, the
integral of the 1-form A((, 7, 0) defined by the equation (2.7)
is vanished for the boundary of the region ((, 7): 0 < (< 0,
0<7<t Let ®((, 7, ) = D3((, 7, 0) in the 1-form A((, T, 6),
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we have

f Y e Uds)(C, 0, B)dC

o0

r
+f el6in0’783(V $3)(0, 7, 0)dr
0
L el6in0its f e 0B UD5)(C, 1, 0)dC
0

t
— : —i0xo: 16ik0°753
= lim__e " j; IOV Dy) (x, 7, O)dr. (237

Since f(0) = ®3(0, 0, 0), equation (2.18b) mean that
o
[ e waen 0, 0dc = 1) - 1
o0
Evaluation of equation (2.14a) at x =0 gives the expressions
D3(0, 7, 0) = (0, 7, O)e 10 £(6), (2.38)
as well as

6161/‘;95‘@3(‘/@3)(0’ T, 9) = [elﬁi”‘gsT&‘(VCI)l)(O, T, 0)]f(9)
(2.39)

Furthermore, equation (2.39) and equation (2.17a) imply that
t . ~
[ o), 7. 0)dr
0

=[e'O®3d,(0, 1, 0) — T1f (0).

Let u(x, t) € S for x — o0, we find that equation (2.37)
becomes

g \t, O)f (0) + 60’5

x f ¥ e (D) (G 1, 0)dC = 1, (2.40)
0

where the first column of equation (2.40) is valid for 8 € C_,
the second column of equation (2.40) is valid for § € C_ and
g7t 0) = ! P,(0, 1, 6).

Due to g() =g(7T, 6) and denoting r=T, equation (2.40)
becomes

g 1 (9)f (9) + el 6ik0°T63

xfoo e 0O(UD) (¢, T, )d¢ = L. 241
0
Hence, the (12)-component of equation (2.41) is
Y(O)Z(B) — Y (0)z(0) = 32T ] (), (2.42)
where
1O = [ 2R T, )G (2.43)
0

Indeed, equation (2.42) and equation (2.43) are the so-called
global relation.

3. The functions y(0), z(6) and Y(0), Z(6)

Definition 3.1. (y(#) and z(6)) Given uy(x) = u(x, 0) € S,
one defines the mapping

ep: {uo(®)} — {y(0), z(0)},

by

@(0), yO)) = [®315 (x, 0, 0),

where ®;(x, 0, #) is the unique solution of the following
Volterra integral equation

D36,0,0) = 1= [ e MCIBUBH(C, 0, 0)d,

X

where U (x, 0, #) is given in terms of ug(f) expressed by
equation (2.19)

Proposition 3.2. The y(6) and z(6) possess the following
properties

1) y(0), z(0) are analytical for Im 6 > 0 as well as bounded
and continuous for Im# > 0.

(i) y@) =1 + 0(5), 2(0) = 0(%), 9 — oo, Im@ > 0.
(i) y(0)y (@) + z(0)z(H) = 1,0 € R.

(iv) y(=0) = y(@), 2(—0) = —z(F), Im @ > 0.
(v) The mapping ¢, ' = ¢: {y(6), 2(6)} — {uo(x)}, inverse
to ¢y, is defined by

up(x) = —2i lim (0H™(x, 0))12,
0 — o

where H® (x, 0) is the unique solution to the RH problem as
follows

H®(x, 0), Im6 <
o« HO(x, §) = =, 6), Im
HY(x, 0), Tm 6 >

analytical function.
« HY(x, 0) = HY(x, 0)LYW(x, 0), § € R, where

0’ .
is
0

s

a sectionally

1 _Le) —2i6x
0
LO, 0) = o ¥ : G.1)
_ eZti —
(&) y(@)y(0)

* HO@, 0) = 1+ 0(;), 0 — oc.

* y(0) has X simple zeros {’yk}f, A=2);, such that Im~, <
0, k =1, 2,---,\, where {7, }?} € Q.

* The first column of Hf)(x, 0) possesses simple poles at
0= {7,{}12’\'. The second column of H ¥ (x, 0) possesses
simple poles at 6 = {7,}i". The associated residues
expression are

eZi'ykx
———[HY, W,

Res{[HY(x, 0)];, =
S0 Oh. = S

k=1,2,2\, (3.2a)
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ef2i7kx
———I[HY(x, W),

Res{[HO®, ), 7} = —
S0 Ok, W = —sms=ms

(3.2b)

Proof. (i)—(iv) follow from the analysis in section 2.3, and the
deduction of (v) can be obtained like [6], where the derivation
of uy(x) is given in the appendix.

Definition 3.3. (Y (9) and Z(#)). Let vy(¢), {v(t)}} € S, the
mapping

@yt {vo (@), vi(0), v2 (), v3(), w()} — {Y(0), Z(0)},

in terms of
(Z0), Y(O)) = [®11,2(0, 1, 0),

where ®,(0, ¢, §) is the unique solution of the following
Volterra integral equation

T . R
$,0,1,0) =1 — f QIO =003V B,) (0, 7, 0)dT,

t

and V(0,¢ 0) is given in terms of {vo(r), vi(¢),
va (1), va(t), w4 (t)} expressed by equation (2.19).

Proposition 3.4. The Y (0) and Z(0) possess the following
properties

(i) Y(9), Z(9) are bounded for Im k6> > 0, if T = oo, as
well as the Y (0), Z () are defined only for Im x0° > 0.

() Y0 =1 + o(g), Z(0) :0(%), 0 — 00, Im K65 > 0.
(iil) Y(O) YD) + Z()Z@) = 1,0 € C(kb’ € R, if T = c0).

(iv) Y(—0) = Y(B), Z(—0) = —Z (), Im 65 > 0.
(v) The mapping @,' = ¢,: {Y(6), Z(0)} — {vo(1), vi(1),
Vo (1), v3(t), u(t)}, inverse to ¢,, is defined by

vo(t) = vo(t) = —2ig{5) (1),
vi(t) = 4¢3 (1) — 2ivo(H) ¢55 (1) + vi (1),
Vo (1) = 8igY (1) + 4vo(1) S (1) — 2ivi(1) S (1) — ve (1),
v3(t) = — 166D (1) + 8ivg(1) ¢S (1) + 4vi(1) 3 (1)

= 2i(a (1) + v (1) P (1) — Svg (D)vi(1),
Vi (1) = —32i65) (1) — 16vo(1) @5 (1) + Bive(1) 85 (1)

+ 4 (1) + v (1) 55 (1) — 2i(Svg (D vi(D)

+ v3(1) 95 ()

— (10v¢ () vi() + 10vo()vi(r) + 65 (1)),

(3.3)

where the functions ¢V (t),j = 1,2,3,4,5 are deter-
mined by

¢(j) ®)

5
HO@, 0) =1+ ) 9/ +O(%)» 0 — oo,

J=1

where HO(t, 0) is the unique solution to the RH problem as
follows

) 5
. HO(, 0) = HY, 0), Imkb
HO(t, 0), Tm k6>

analytical function.
« HO@t, 0) = HO(t, )LO(t, 0), 0° € R, where

O»

0 is a sectionally

<
2

1 _ ia)e—nimﬁﬁt
Y (0)
H® = — 4
(t, 9) _@eszme% 1 (3 )
Y(0) Y(0)Y ()

« HO@t, 0) = 1 + 0(%), 0 — oo

* Y(#) has 2m simple zeros {w;}?" such that Imw; > 0,
k=1,2,--2m.

* The first column of Hi”(t, 0) possesses simple poles at
0 = {@}i™, the second column of H “(¢, §) possesses
simple poles at 6 = {w;}?". The associated residues
expression are

32i/€w2[
Res{[HO(t, O, wi} = ————[HD(t, w)b,
Y (wi) Z (wy)
k=1,2,--2m,
(3.5a)
e—32irm1
Res{[H([)(t9 0)]2’ L(_Jk} e — [H(t>(tv a}k)]l’
Y (@0)Z (@r)
k=1,2,--2m.
(3.5b)

Proof. (i)—(iv) follow from the analysis in section 2.3, and the
deduction of (v) can be obtained like [6], where the derivation
of vo(2), vi(t), va(f), v3(t) and v4(f) are given in the appendix.

4. The RH problem

Theorem 4.1. Given uy(x) € S(RY), we define two pairs of
spectral functions y(0), z(0) and Y (8), Z(0) by ug(x), vo(t)
and {v(t)}} according to definitions 3.1 and definitions 3.3,
as well as the matrix-value functions f(0) and g(0) are
defined by equation (2.23) in terms of y(60), z(0) and
Y (0), Z(0), respectively. Suppose that the possible simple
zeros {Vk}ﬁzl of y(0) and { & }izl of a(0) are as in assumption
2.5 so that we can establish the matrix-value function
H(x, t, 0) as the solution of the 2 x 2 matrix RH problem
as follows:
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* H(x,t,0) 1is a function
for 6 € C\ {¢° € R}.

* H(x, t, #) has the jump relation as in theorem 2.4, i.e

sectionally  analytical

H(x,t,0)=H(x,t,)L(x, t,0), 0 cR,

where Hio(x, t, 0) are defined by equations (2.25a)—(2.25d),
and L(x, t, 0) is a jump matrix expressed by equation (2.28).
cH@, 1, 0) =1+ o(g), 0 — .
* H(x, t, ) associated residues satisfy the relations in
proposition 2.6.

Therefore, the matrix-value function H (x, ¢, #) exists and is
unique. Hence, the potential function u(x, t) is a solution of
the fifth-order mKdV equation (1.3) in terms of H (x, ¢, 6)
by

u(x, £) = —2i_lim (OH(x, 1, 0)1». 4.1)
0 —

Furthermore, u(x, 0) = ug(x), u(0, 1) = vo(t), u (0, 1) = v (1),
U (0, 1) = v2(2), U (0, 1) = v3(1), Uy (0, 1) = 14(2).

Proof. Firstly, it is not difficult to find that equation (4.1) can
be obtained by the large 6 asymptotic property of the char-
acteristic functions in the appendix. Secondly, when y(#) and
a(f) have no zeros, H(x, t, 0) can be reduced to a non-regular
RH problem, so we can get that H(x, ¢, 6) is unique from the
following Vanishing Lemma. Finally, when y(f) and «(6)
have zeros, H(x, t, 0) is a regular RH problem, which can be
mapped to an algebraic equation without zeros, and the
uniqueness can be obtained by solving this algebraic
equation.
Therefore, we have the Vanishing lemma as follows

Lemma 4.2. (Vanishing Lemma) Assume that H (x, t, ) — 0
as 0 — oo, then the 2 x 2 matrix RH problem in theorem 4.1
has only the zero solution.

Proof Assume that H(x, t, 0) is the solution to the RH
problem given by Theorem 4.1, and H.(x, t, ) — 0 when
6 — 0o . Define

O’
0, 4.2)

W.(0) = H.(0)H "(—0), Im k6°
W.(0) = H (O)H.(—0), Im x6°

N\

where H| denote the complex conjugate transposition of the
2 x 2 matrix H., the x and ¢ are dependent. Then, W, (0) is
analytic in {6 € C\ Imx6°> > 0}, and W_() is analytic in
{0 € C\Im~x0@> < 0}. Combining the symmetry property
y(=0) = y(0), z2(=0) = 2(0),Y (=0) = Y (0), Z(—60)=Z(0)
in because the RH problem is equivalent to Proposition 2.3

and equation (2.28), we have

Li(~8) = Ly(9). L{(~8) = Ls(8), L{ (—0) = L»(8).

4.3)
Therefore

W.(0) = H_-(0)L(0)H T (—0), Im k6’ € R,

W.(0) = H (O)L'(—0)H T(—0), Imkb5 € R. (4.4)

For Im k0> € R, equation (4.3) and equation (4.4) mean that
W, (0) =W_(0). Thus, W, (0) and W_(0) are defined by an
entire function vanishing at infinity, and W.(0) =0. Since
L,(ie)(e € R) is a Hermitian matrix with unit determinant and
(2, 2) entry 1 for any € € R. Therefore, L(ic)(¢ € R) is a
positive definite matrix, and because W, (¢) vanishes identi-
cally for € € iR, this shows that

H_(ie)Li(ie)H (ie) = 0, ¢ € R. 4.5)

Furthermore, equation (4.5) means H_(ic) =0 for ¢ € R.
Thus, H,(0) and H_(6) are vanish identically.

5. Conclusions and discussions

In [45], the RH problem of the fifth-order mKdV
equation (1.3) in the quarter plane was presented and the
asymptotic behavior of the solution using the Deift-Zhou
method (see [47, 48]) was analyzed. In this paper, we have
discussed the IBVPs of the fifth-order mKdV equation (1.3)
on the half-line. Compared with the results in [45], the dif-
ference is that we get the two pairs of spectral functions y(6), z
(6) and Y(60), Z(0) admitting the global relation equation (2.42)
is not the same, and we can also investigate the IBVPs of the
fifth-order mKdV equation (1.3) on a finite interval. Fur-
thermore, because the RH problem is equivalent to Gel fand—
Levitan—-Marchenko (GLM) theory, we can get the soliton
solution of the fifth-order mKdV equation (1.3) by solving the
GLM equation following [49], these questions are the subject
of our future research.
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Appendix. Recovering vo(f) and {v,-(t)}‘1‘

In this appendix, we will give a proof of equation (3.3), i.e.,
derive vo(¢) and vi(1), j = 1, 2, 3, 4 from H'”. Assume that P(x,
t, 0) is a solution of equation (2.6a)—(2.6b) and ®(x, ¢, #) has
the following asymptotic expansion

O D, D3 Dy Ds

P, t, =Dy + — + =+ — + — + =

(ot D=2+ttt
+ 0(%), 0 — oo, (A.1)

substituting equation (A.1) into equation (2.6a) and compar-
ing the coefficients for 0% we get

0(91)1 1[0'3, cI’O] = 0,

0(90)1 q)()x — i[03, CI)l] = Uq)(). (A2)

From O(A") and O(#°), one find that ®, enjoys a diagonal
matrix form denoting as

By = (‘I"l)l

(I>0x =0,

[JeY)
—ud
S 40

(A.3)

where CI)g"d) denotes the off-diagonal part of ®;.
At the same time, substituting equation (A.l) into
equation (2.6b) and comparing the coefficient for 0¥ yields

0(#%): 16i[o3, Dol =0,
0(9%): 16i[o3, |1 = —16UD,,
0(0%): 16i[03, ] = —16UD, + 8i(o3U, — UZos) Dy,
0(0%): 16i[03, B3] = —16UD, + 8i(c3U, — U%03) D,
+ 4(U,, — 2U%) Dy,
0(0Y: 16i[03, 4] = —16U D5 + 8i(o3U, — U203) D,
+ 4(Uy — 203,
+ 2i[03(6U2U, — Uy
+ QUU — U7 — 3U% 03] D0,
0(0°%: By, + 16ik[03, Ps]=r{—16UD,
+ 8i(o3 Uy, — UZ03) ®5
+ 4(Uy — 20U,
+ 2i[03(6U U, — Uyyy)
+ QUUy — U2 — 3U% 03],
+ [10(U?Uy,
+ UU?) — 6U° — Upe] Do)}
(A4)

10

Through tedious calculation, we have

1

@ = Zua? + iux@'zz, o3 = %ufbil - i”xq)%)l’
P12 — %u@? + iu)((pfz - é(uﬂ + u3) D,
3! —iu@“ - lu o' — i(M + 1)) Py
= > ) 1 x P 3 XX (U]
<I>}12 = %u@%z + iux‘bgz

— é(uxx + u?) 0P — %(SM%X + ) P2,
2! :iuq)” - lu ol — i(u 1 ol
2 3 4 X X2 3 Xx 1
1 2 11
+ E(Su Uy + Up) Dy s
i 1 i
o2 — 1, p2 T+ w2 — L, + ud) o
5 ) 4 4 3 8( ) 2
- Sy + ) OF
+ é(lOuzuxx + 10uu? + 6u° + Uypp) P2,
2t = Luall — Zu ol - L+ wyal!
2 4" g
+ %(SMZMX + U) D!

+ 3%(10142%“ + 10uu? 4 6u° + 1) Y,

Py, = 0. (A.5)
Let &y =1, according to equation (A.5), we obtain
03Uy = 40309 — 2iUDD + Uos, (A.6a)
Uy = 8i030? + 4UDY — 2io3 U, |V
+2iU%03 01 + 203, (A.6b)

03Upy = 16030¢Y + 8iUDY) + 403U, DY) — 4U203BFY
— 2i(Uy — 2U3) DD
+ 603U, + QUU, — U? — 3U% 03,
(A.6¢)

Uper = —32i030YD — 16U + 8ios U,

— 8iU20;BY?

+ 4(Uy — 20D + 2i03(6UUy, — Upyy) DY
+2iQUU, — U? — 3U*) 03 ®V

+ 10U + UU?) — 6U3,

(A.6d)
where ®(x, t, 0) is the solution of equation (2.7). Let
¢(1) ¢,(2) ¢(3)
P, t,0) =1+ — + — + ——
¢ ) 0 0? 03
@) Q) 1
+¢0_4 + “59_5 06,0 = oo, (A7)

the (12)-entry of equation (A.6a)—(A.6d) gives rise to
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uy = 4¢\2 — 2iug) + u?, (A.8a)
e = 8i¢S) + 4ug® — 2iu ) — ud, (A.8D)

U = — 1603 + 8iud$) + 4u, ¢ — 2i(ug + ud) @)
—5uu,,
(A.8¢)
(5) (C)) (3) )
U = —32107) — 16u¢S) + 8iugl) + 4(uy + u’) ¢

— 2i(5uPuy + ) %) — (100U + 10uu; + 61°).

(A.8d)
Furthermore, equation (A.3) implies that
ulx, t) = =2ip(x, t) = =2i_lim (0P(x, 1, 0))12, (A9)
0 — oo
then, we have
ux, 1) = —2ig) (x, 1. (A.10)

Evaluating equations (A.8a)—(A.8d), (A.10) at x =0 gives the
expressions

vo(1) = —2iglD (),
vi(t) = 492 (1) — 2ivg() ¢H (1) + vi (@),
(1) = 8igS) (1) + 4vo (1) PZ) (1) — 2ivi() (1) — vi (),

(A.11a)
(A.11b)

(A.11¢)
v3(t) = =163 (1) + 8ivo(t) 8S) (1) + 4vi(1) D (1)
= 2i(ma(t) + vg ()5 (1) — Svg (Dvi(D),
(A.11d)
(1) = =326 (1) — 16v() ¢S5 (1) + 8ivo (1) $5) (1)
+ 42 (0) + v5 ()95 (1) — 2i(5v5 (D) v1(1)
+v3(1) %) (1)
— (10vg () vi(1) + 10w (HVE(r) + 63 (1)),
(A.1le)

where gb( j)(t), j=1,2,3,4,5 are determined by

HO®, 0) = I+Z¢ @) 0(96) 0 — co. (A.12)
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