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Abstract
The present paper aims to investigate the chirped optical soliton solutions of the nonlinear
Schrödinger equation with nonlinear chromatic dispersion and quadratic-cubic law of refractive
index. The exquisite balance between the chromatic dispersion and the nonlinearity associated
with the refractive index of a fiber gives rise to optical solitons, which can travel down the fiber
for intercontinental distances. The effective technique, namely, the new extended auxiliary
equation method is implemented as a solution method. Different types of chirped soliton
solutions including dark, bright, singular and periodic soliton solutions are extracted from the
Jacobi elliptic function solutions when the modulus of the Jacobi elliptic function approaches to
one or zero. These obtained chirped optical soliton solutions might play an important role in
optical communication links and optical signal processing systems. The stability of the system is
examined in the framework of modulational instability analysis.

Keywords: nonlinear chromatic dispersion, quadratic-cubic law, chirped solitons, modulational
instability analysis

(Some figures may appear in colour only in the online journal)

1. Introduction

In nonlinear sciences, the study of accurate solutions to
nonlinear partial differential equations (NLPDEs) is important
because physical processes in the real world may be
efficiently described by applying the theory of mathematical
tools [1, 2]. NLPDEs have had a significant impact on applied
science and engineering over the last two decades [3, 4]. The
study of the soliton solutions explores a theoretical reference
for the research of nonlinear physical models, soliton control,

optical switching equipment and so on. Up to now, many
effective and powerful methods have been obtained for
constructing the soliton solutions of the NLPDEs, such as the
soliton ansatz method [5, 6], the Kudryashov method [7], the
Hirota’s bilinear transform method [8, 9], the Darboux
transformation method [10, 11], the extended trial equation
method [12], the Lie symmetry method [13, 14], the improved
F-expansion approach [15], the invariant subspace method
[16, 17], the extended sinh-Gordon equation expansion
method [18] and the new extended auxiliary equation method
[19, 20], the G G¢( )-expansion method [21–23], the Exp-
function method [24, 25], the modified simplest equation
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method [26, 27], the decomposition method [28, 29], and
so on.

The exquisite balance between the chromatic dispersion
(CD) and the nonlinearity associated with the refractive index
of a fiber gives rise to optical solitons, which can travel down
the fiber for intercontinental distances. For an instant,
consider the NLSE with nonlinear CD and quadratic-cubic
(QC) law of refractive index of the form [30]

q a q q b q b q qi 0, 1t
n

xx 1 2
2+ + + =(∣ ∣ ) ( ∣ ∣ ∣ ∣ ) ( )

where a is the coefficient of nonlinear CD while b1 and b2
stand for self-phase modulation that describes the nonlinear
structure of the fiber refractive index. The considered model
identifies the soliton pulse propagation in the optical fibers.
The stationary optical solitons for this model have been
derived in [30] using direct substitution and the results are
obtained in the form of Appell’s hypergeometric functions.
The aim of this paper is mainly to derive various chirped
optical soliton solutions of the model by means of the new
extended auxiliary equation (NEAE) method. The NEAE
method is an effective and straightforward mathematical tool
for constructing the exact solutions of NLPDEs and gained
considerable attention in recent years.

The remaining part of the paper is arranged as follows.
Section 2 is dedicated to briefly explaining the NEAE
method. In section 3, we presented the governing model in
detail. We employed the NEAE method to a governing model
and chirped solitons are obtained in section 4. We have also
applied the linear stability analysis in section 5. The physical
interpretations and concluding remarks are given in sections 6
and 7 respectively.

2. The essences of proposed method

In this section, we give a brief introduction to the NEAE
method [19, 20]. Consider the following nonlinear PDE:

H q q q q q, , , , 0, 2x t xx tt =( ) ( )

where H is a polynomial function in q. The main steps of the
NEAE method are given as follows:

Step 1. Applying the following transformation

q x t q k x t, , , 3z z w= = -( ) ( ) ( ) ( )

where k and ω are constants. Inserting equation (3) into
equation (2), the following ODE is obtained:

G q q q, , , 0. 4¢  ¼ =( ) ( )

Step 2. Let the solution q(ζ) of equation (4) is

q a G , 5
i

N

i
i

0

2

åz z=
=

( ) ( ) ( )

and G(ζ) satisfies the following ODE:

G c c G c G c G , 62
0 2

2
4

4
6

6z z z z¢ = + + +( ( )) ( ) ( ) ( ) ( )

here ai(i= 0,K...2N) and cj( j= 0, 2, 4, 6) are the coefficients
to be determined later.

Step 3. N in equation (5) is a positive integer which is
obtained from the homogenous balance principle of q(ζ) in
equation (4).

Step 4. We insert (5) and (6) in equation (4), then
equating the coefficients of power ofG G j 0, 1, 2 ...j l¢ =( ) ( )
and (l= 0, 1) to zero generates a system of the algebraic
equation systems for cj( j= 0, 2, 4, 6), ai(i= 0, K..2N), k
and ω. , which can be evaluated by Maple or Mathematica.

Step 6. The equation (6) has the following solutions:

G
c

c
g

1

2
1 , 74

6

1
2

⎡
⎣⎢

⎤
⎦⎥

z z= - ( ) ( ( )) ( )

where the function g(ζ) could be explained using the Jacobi
elliptic functions (JEFs) msn ,z( ), mcn ,z( ), mdn ,z( ) and so
on, where m is the modulus of the JEFs. When m tends to 1 or
0, JEFs reduce to trigonometric and hyperbolic functions.

The functions g(ζ) given in (7) have twelve type
solutions as follows:

1. If c c c, , 0,c m

c m

c m

c m0
1

32 2
5 1

16 6
4
3 2

6
2 2

4
2 2

6
2= = >- -( ) ( ) then

g g
m

sn or
1

sn
, 8z rz z

rz
= =( ) ( ) ( )

( ))
( )

where c

m c2

14

6
r = .
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6
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6
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Step 7. Finally, we insert the values cj, ai, k, ω and the
solutions (8)–(13) into (5) to get the JEFs of equation (1)

3. Mathematical analysis of the model

Assume that the complex wave function q(x, t) of equation (1)
can be taken as follows [31]:

q x t x t, e , , 14tif z z t= = -y z w+( ) ( ) ( )( ( ) )

here ψ and f are the real functions. Also, τ and ω represent
the soliton velocity and the frequency respectively. The
corresponding chirp is given as follows [31]:

x t
x

t, . 15dw y z w y z= -
¶
¶

+ = - ¢( ) [ ( ) ] ( ) ( )

Now, inserting equation (14) into equation (1), and collecting
the real and imaginary parts yields

b b

an n a

a n

1

1 0, 16

n n

n

2
1

3
2

4 2

2 2 2

1

wf z f z f z tf z y z
f z f z f z y z
f z f z

- + + + ¢
+ + ¢ - ¢
+ +  =

+

+

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

17
a n a2 1 0.n n1tf z f z f z y z f z y z- ¢ + + ¢ ¢ +  =+

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

We set the chirp as

A B, 18ny z f z¢ = +-( ) ( ) ( )

where A is the nonlinear chirp parameter and B is the constant
chirp parameter. Accordingly, the resultant chirp takes the
form

x t A B, . 19ndw f z= - +-( ) ( ( ) ) ( )

Substituting equation (18) into equation (17) yields after some
algebra

A
a n

B
2

and 0. 20
t

=
+

=
( )

( )

Now substituting the equation (20) to equation (18) and
replacing in equation (16) yields,

In the following section, we will solve equation (21) by using
the suggested method.

4. Chirped soliton solution

This section is to apply the NEAE method to find the chirped
soliton solutions of equation (1).

In order to receive the integration of equation (21) it is
essential to prefer n= 1. Assuming n= 1, equation (21) reduce to

a ab ab a

a

2 9 9 9 18

18 0.

22

2
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Balancing the f(ζ)f″(ζ) and 3f z( ) in (22), yields N= 2. In
accordance with the NEAE method [19, 20], we suppose that
equation (22) has the following form:

G G G G ,
23
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3
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4
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( )

while the G(ζ) satisfies the following ODE:
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6z z z z¢ = + + +( ( )) ( ) ( ) ( ) ( )

Substituting equation (23) along with equation (24) into
(22), correlating the coefficients of powers of Gi(i= 0, 1, 2,
K., 8) to zero, generates a system of the algebraic equation.
By solving the system of equations, we get
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provided that a b b4 5 8 00 2
2

0 4 1 4 2 2
2

0 4a a a a a a a a- + - - >[ ( )( ( ))] .
Inserting equation (25) into equation (23) along with
equation (7), we have the following JEF of equation (22):

g
4

1 , 260
2
2

4

2f z a
a
a

z= + - +( ) [ ( ) ] ( )

where g(ζ) has the forms (8)-(13), respectively. According to
forms (8)–(13), equation (1) has the following types of
solutions from (26) and (14):

Type 1. If c c c, , 0,c m

c m

c m

c m0
1

32 2
5 1

16 6
4
3 2

6
2 2

4
2 2

6
2= = >- -( ) ( )

then the JEFs solutions of equation (1) as:
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with ab2α4< 0. If m tends to 1, then sn z( ) tends to tanh z( ),
and on account of this, we acquire the dark soliton solutions:

and the singular soliton solutions:

The dynamical behaviors of solutions (29) and (30) are
presented in figures 1 and 2.
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with ab2α4< 0. If m tends to 0, then sn z( ) tends to sin z( ), and
on account of this from solution (32), we acquire the singular
periodic wave solution
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Figure 1. (a) 3D profile of solution (29) with m= a= b1 = b2 = α2 = 1, α4 =−1, k= ω= 1 (b) 2D curve for t= 1.
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If m tends to 1, then sn z( ) tends to tanh z( ), and hence from
solution (31) and (32) we recover solutions (29) and (30),
respectively.

The dynamical behaviors of solution (33) are presented
in figure 3.
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with ab2α4> 0. If m tends to 1, then cn z( ) tends to sech z( ),
and on account of this from (34) we acquire the bright soliton

solution:
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The dynamical behaviors of solution (36) is presented in figure 4.
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Figure 2. (a) 3D profile of solution (30) with m= a= b1 = b2 = α2 = 1, α4 =−1, k= ω= 1 (b) 2D curve for t= 1.

Figure 3. (a) 3D profile of the solution (33) with m= a= b1 = b2 = α2 = 1, α4 =−1, k= ω= 1 (b) 2D curve for t= 1.
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with ab2α4> 0. If m tends to 0, then dn z( ) tends to 1, and
from solutions (37) and (38) become constants.
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with ab2α4< 0. If m tends to 0, then dn z( ) tends to 1, cn z( )
tends to cos z( ), sn z( ) tends to sin z( ) and so from solution
(40), we acquire the singular periodic wave solution (33).

From (39), we obtain the periodic wave solution
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The dynamical behaviors of solution (41) is presented in figure 5.

Type 6. If c c c, , 0,c m

c

c m

c0 32 2
4

16 6
4
3 2

6
2

4
2 2

6
= = <+( ) then the

JEFs solutions of equation (1) as:

q x t
b

b
m

b

a

,
1

12

5
2

3 dn
4 5

e , 42t

1

2

2
2

4

2

2 2 2

4

i
⎟⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎞

⎠

⎤

⎦
⎥

a
a

a
a

z

= - + - +

+ y z w+

( ) (

( )( ( ) )

or

q x t
b

b
m

m

,
1

12

5
2

3 1

dn
e , 43

b

a

t

1

2

2
2

4

2

2

2
4 5

i

2 2

4

⎡

⎣

⎢
⎢

⎛

⎝
⎜
⎜

⎞

⎠

⎟
⎟

⎤

⎦

⎥
⎥
⎥

a
a

z

= - + - +

-
- +
a

a

y z w+

( )

( )

( ) ( )( ( ) )

Figure 4. (a) 3D profile of the solution (36) with a=−0.1, b2 =−0.5, α4 = 0.1, b1 = 1, α2 = 1, k= ω= 1 (b) 2D curve for t= 1.

Figure 5. (a) 3D profile of the solution (41) with m= a= b1 = b2 = α2 = 1, α4 =−1, k= ω= 1 (b) 2D curve for t= 1.
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with ab2α4> 0. If m tends to 1, then dn z( ) tends to sech, and
on account of this from solution (42), we recover bright
solitary wave solution (36).

5. Linear stability analysis

According to the linear stability analysis [32, 33], the constant
solutions of equation (1) of the form:

q q e , 44kx t
0

i= w+ ( )( )

where q0 is the real constant-amplitudes (initial incidence
power) while k and ω are the wave number and perturbation
frequency. Substituting equation (44) into equation (1), we
get

b q ak q b q . 452 0
2 2

0 1 0w = - + ( )

Assume that the perturbed solution of equation (1) of the
form:

q q q x t, e , 46kx t
0

iq= + w+[ ˜( )] ( )( )

where θ<< 1 is a perturbation parameter and q̃ can be
expressed as

q x t q q, e e , 47kx t kx t
1

i
2

i= +w w- - -˜( ) ( )( ˆ ˆ ) ( ˆ ˆ )

where q1 and q2 are the constant while k̂ and ŵ are the wave
number and perturbation frequency. Inserting equation (46)
into equation (1), we obtain

here m q ak b b q21
2 0

2
1 2 0= - + +( ). Substituting equation (47)

into equation (48) and linearizing equations about q1 and q2,
we get:

q q 0,11 1 12 2y y+ =

q q 0, 4921 1 22 2y y+ = ( )

where

m ak k k q

m ak k k q

m ak k k q
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2 2 ,

2 3 2 ,

2 3 2 ,

2 2 .
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Equation (49) has nonzero solutions if and only if

0. 5011 12

21 22

y y
y y
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Solving the above determinant, the following dispersion
relation can be obtained:

akkq3 , 510w =  Dˆ ˆ ( )

where ak q m a k k q2 2
2

0
2 2

0D = - + +ˆ [ ( ˆ ) ].
If Δ� 0, then ŵ is real and hence the state for

equation (1) is stable. Contrarily, if Δ< 0, then ŵ is
imaginary and the state for equation (1) becomes unstable.
The growth rate of modulation instability gain spectrum G(k)
can be derived as follows:

G k akkq2 Im 2 Im 3 . 520w= =  D( ) ( ˆ ) [ ˆ ] ( )

From figure 6, one can see that the MI growth rate
increases with the increase of the incidence power q0.

6. Graphical interpretations

In this section, we present, the chirped soliton solutions of
equation (1) are described graphically. Some of the obtained
solutions are depicted by selecting different values of
parameters to understand the physical meaning. In each
figure, we display the 3D plot of the modulus and the 2D plot
of their corresponding chirp. For example, the plots of the
modulus of chirped dark soliton solution (29) and the chirped
singular soliton solution (30) are represented with different
values of parameters in figures 1 and 2 respectively. Figure 3
demonstrates the plot of the modulus of chirped singular
periodic wave solution (33). The modulus of chirped bright
soliton solution (36) is depicted in figure 4 while the modulus
of the periodic wave solution (41) is presented in figure 5. On
the other hand, figure 6, shows the MI gain spectra in normal
dispersion regime.

7. Conclusions

In this paper, we have considered a nonlinear Schrödinger
equation with nonlinear chromatic dispersion and quadratic-
cubic law of refractive index. The NEAE method is utilized to
obtain chirped optical soliton solutions of the considered
model. Consequently, various types of chirped soliton
solutions including dark, bright, singular and periodic soliton

Figure 6. G(k) for equation (1) when a= b1 = b2 = 0.1, k= 0.2 and
q0 = 1, 2, 3 (from bottom to up).

mq x t iq akq q aq q m akq aq2 , 2 6i 3 2 qc 2i qc qc 0, 48t x xx x xx0 0 0 0   + + + + + + =~ ~ ~( ) ( )
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solutions are extracted from the JEF solutions when the
modulus m→ 1 or m→ 0. The stability of the suggested
model is shown by practicing the modulation instability
analysis which verifies that the model is stable and confirms
that all the obtained solutions are explicit, exact, reliable and
stable. It is very clear that our promoted technique is
effective, reliable, powerful, and friendly applicable and
delivers sufficient well-matched explanations to NLPDEs
arise in engineering, applied mathematics, nonlinear
dynamics and mathematical physics. Further, the obtained
results are illustrated in the form of a 3D plot and 2D curve by
choosing proper parametric values to interpret the dynamics
of wave profiles. So, by allotting appropriate quantities to the
parameters, uncommon types of chirped soliton solutions are
shown graphically. In future work, we aim to recover chirped
optical soliton solutions for different forms of the nonlinear
refractive index of an optical fiber when the corresponding
CD is rendered to be nonlinear.
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