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Abstract
Euler—Heisenberg black holes with quantum electrodynamics (QED) correction are embraced by a
cavity in this paper, which serves as a boundary of the black hole spacetime and contributes to the
equilibrium of the system. We explore the thermodynamic properties of the black hole, including the
phase transitions and phase structures. The small/large black hole phase transition occurs for a
negative QED parameter, while the reentrant phase transition can be observed for a small positive
QED parameter. Then the thermodynamic geometry is investigated to diagnose microscopic
interactions of black hole thermodynamic systems. For the reentrant phase transition, the small black
holes are dominated by repulsion for the first-order coexistence curve, while the interaction between
the small black hole molecules could be attractive or repulsive for the small/large black hole phase

transition.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The investigation of black hole thermodynamics has shown
crucial importance to quantum gravity and general relativity,
based on the pioneering works by Hawking, Bekenstein and
others [1—4]. Between the thermal anti-de Sitter (AdS) space and
black holes, the Hawking-Page phase transition was observed in
Schwarzschild-AdS black holes for the first time [5]. Inspired by
the AdS/CFT correspondence between gravity systems and the
conformal field theory [6-8], the Hawking-Page phase transition
can be interpreted as a confinement/deconfinement transition of
gauge field [9]. Thermodynamic properties and phase structures
of black holes were then intensively researched and have gained
significant attention in recent years.

The relation between black hole thermodynamics and
conformal field theory deserves further discussion. For a fixed
temperature at infinity, black holes are thermodynamically
unstable in asymptotically flat space [10]. Enclosing black holes
with a cavity is a useful way to give solutions of it. Considering
a heat bath around the cavity, the surface gives a fixed
temperature. Black holes can be thermodynamically stable then,
as in the case of AdS space, the horizon of the black hole can be
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near the fixed temperature point [11]. This method is useful to
investigate holography in asymptotically flat and AdS space as
well. The Schwarzschild black hole in a cavity was researched
by York for the first time [12]. Compared with the Schwarzs-
child-AdS black holes, there is an overall similarity between the
phase structures of these two cases. The Reissner-Nordstr 6m
(RN) black holes in a cavity showed a Hawking-Page phase
transition in the grand canonical ensemble [13] and a van der
Waals phase transition in the canonical ensemble [14], and it is
closely similar to the phase structures of an RN-AdS black hole.
There are almost no differences in phase structures between
Gauss-Bonnet black holes in a cavity and Gauss-Bonnet-AdS
black holes as well [10, 15]. However, some differences exist,
such as phase structures of Born-Infeld black holes [16—18]. For
example, a large/small/large black hole reentrant phase
transition [19-21] could be observed for Born-Infeld-AdS black
holes, while it can not occur for any Born-Infeld black hole in a
cavity. For black holes in a cavity and with the AdS boundary,
the similarity or difference of phase structures may have
interesting implications for black hole thermodynamics and
holography [22]. These investigations have aroused our interest
to explore black holes in a cavity.

In addition, the statistical description of the black hole
microstates is still not entirely clear. Following the pioneering
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work by Weinhold [23], to represent the thermodynamic where

fluctuation theory, Ruppeiner constructed a Riemannian M 2 aa

thermodynamic entropy metric and developed a systematic 4 cl 2)

method to calculate the Ricci curvature scalar R of the metric
[24]. The sign of a Ruppeiner invariant is relative to the
interparticle interaction: R > 0 denotes repulsion while R < 0
denotes attraction, and R =0 indicates no interaction [25].
Whereafter, the Ruppeiner approach was applied in various
black holes [26—46]. From the Ruppeiner geometry, for the
black holes with reentrant phase transition, the small black
hole behaves like a Bose gas. However, for the black holes
with usual first-order phase transitions, it behaves like a
quantum anyon gas [45]. Thus the phase transition may be
affected by the microstructure of black holes [46]. These
studies show good examples of combining the phase
transition with the microstructure of black holes.

To understand the thermodynamics and microstructure of
black holes, we pay close attention to nonlinear electro-
dynamics (NLED) and its extensive research. After first being
introduced by Born and Infeld [47], nonlinear electrody-
namics can be considered in the study of black holes. The
Euler-Heisenberg electrodynamics is a particular example of
nonlinear electrodynamics as well [48]. Schwinger reformu-
lated the modified Lagrange function for constant fields
within the quantum electrodynamics (QED) framework [49].
It is of particular interest to combine Euler—Heisenberg
electrodynamics with the study of black holes, such as the
asymptotically flat black holes in Euler—Heisenberg electro-
dynamics [50]. Recently, Euler—Heisenberg black holes in
AdS space with QED effects were considered to investigate
the influence on black hole phase transitions and Ruppeiner
geometry in the extended phase space [51]. Some other
relevant works have been considered in the literature [52-62].
Inspired by this research, we investigate the phase structures
of Euler-Heisenberg black holes in a cavity and find some
interesting phenomena, especially the reentrant phase
transition. Furthermore, from a microscopic point of view,
the interaction is repulsive between the small black hole
molecules in the reentrant phase transition case.

The structure of this paper is as follows. In section 2, we
derive the thermodynamics of Euler—Heisenberg black holes
in a cavity. In section 3, the influence of a QED parameter and
charge on black hole phase transitions is analyzed. Then
different phase structures and phase diagrams are investigated
for positive and negative QED parameters, respectively. In
section 4, the microstructure of the black hole is studied by
Ruppeiner geometry. Finally, we summarize the findings and
make some discussions in section 5. Here we set
G = h=c=1 for simplicity in this paper.

2. Thermodynamics

The metric of the static spherically symmetric charged Euler—
Heisenberg black hole can be written as [55]
2
ds? = —f(r)di® + —;(r S+ r2d62 + r2sin?0dg?, (1)
r

fry=1-==+"% -

r 2076

The parameter M is the ADM mass which can be obtained by
solving the equation f(r;,) = 0, while ry, is the event horizon of
the black hole. The parameter ¢ is the electric charge and a
represents the strength of the QED correction [54]. The metric
reduces to the RN black hole case when the QED parameter a
is set to be zero.

By taking the Euclidean time 7 = it, this metric turns into
the Euclidean form. On a spacetime manifold M with a time-
like boundary M at r = rg, the Euclidean action is given by
[12],

1
T,=——— d*x /gR
& 167 M Ve

1
+ gj(jw &x /7 (K — Ko). 3)

The second term is related to the Gibbons-Hawking-York
surface term, where -~y is the metric on the boundary, K is the
trace of the extrinsic curvature, and Kj is subtracted to ensure
the Gibbons-Hawking-York term vanishes in flat spacetime.
The Euclidean action for the nonlinear electromagnetic field
can be expressed as

1
T = ——— [ d*xyg L, p), 4
EM Tor Ju x./g L(s, p) “4)

where L(s, p) is the NLED Lagrangian that depends on two
independent nontrivial scalars,

1 1
§= _ZF/WFHV and p=— 8 /g €/WpaFln/Fpa~ &)
The F,,, = 0,A, — 0,A,, A, is the gauge potential, and """
is the completely antisymmetric Lorentz tensor. The surface
term can be obtained by varying Zgy,

1
Lot = — BxAn, G"A, ., 6
rf 167 Jom i lll B ( )
where n,, is the unit normal vector of the boundary and G*" is

defined as GH¥ = % [16]. Here we assume that the NLED

Lagrangian would réauce to the form of Maxwell-Chern-
Simons Lagrangian for small fields,

L(s, p) =~ s + LODO, 0)p. (7)
The total Euclidean action 7 is the sum of Z,, Zgm, Zgu-
Following the derivations of Euclidean action for an NLED-

charged black hole inside a cavity with the radius rg [16], the
total Euclidean action takes the form as

7= ’?B[l — Jfora)1 - S, (8)

where S = 77 is the entropy of this black hole, and T is the
temperature on the cavity boundary. The thermal energy of an
NLED black hole with the cavity radius rp takes the form of
[10]

oz
- 9(1/T)

=rg[l — Jf(rp)], €))
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and we can obtain the ADM mass by extending the cavity
radius to infinity,
lim E =M.
rg— 00
The Lagrangian of the Euler—Heisenberg NLED is [48,
55]

(10)

£:s+£s2+7—ap2.
2 8

For a — 0 we recover the Maxwell electrodynamics £ = s,
which meets the condition in equation (7). The thermal
energy of the Euler—Heisenberg black hole takes the same
form as equation (9). Then the temperature of Euler—
Heisenberg black hole systems can be written as [17]

T=T/Jf(r),

and the Hawking temperature 7}, of Euler—Heisenberg black

holes is
2 4
= (14 )
47 h 1y h2 4r ;16
It is natural to establish the first law of thermodynamics

dE = TdS + ®dg.

(11

12)

13)

(14)

The electric potential can be determined by taking the
derivative of the thermal energy with respect to the charge,
which can be expressed as

o _ | ad’ti—n)
2Jf (r) SR

The phase transition can be characterized as the physical
process of transition between one phase of a medium and
another, as a result of changes in external conditions, such as
temperature or pressure. The phase transitions can be
classified based on the continuity of the free energy. For
example, if the free energy is discontinuous, it is a zeroth-
order phase transition [63]. If the free energy is continuous
but its first derivative is discontinuous, it is a first-order phase
transition. The investigation of black hole phase transitions
usually requires the analysis of critical points, which can be
determined by the following equations

2
() o (22) o
ory, i or;, _—

However, the analytical solution of critical points is difficult
to be derived from the temperature of the Euler—Heisenberg
black hole in a cavity, which impels us to solve it
numerically. The type of phase structure can be roughly
determined by the number of critical points, and the critical
point can be combined with free energy for analysis. The free
energy of black holes in the fixed charge ensemble takes the
form as

2

" 2q(rg — Vh)]. (15)

(16)

F=E—TS. (17)

Several phases exist if there is more than one value of the free
energy for a given temperature. Among these phases, the
phase with the lowest free energy is globally stable. Then

phase transitions can be judged by investigating whether there
are multiple branches with the lowest free energy. At the
critical point, the first derivative of the free energy curve is
continuous, while the second derivative is discontinuous.

In the following sections, we will further study the phase
transition of the Euler—Heisenberg black hole in a cavity with
different QED parameters. The microstructure of this black
hole will be discussed by the Ruppeiner geometry as well.

3. Phase transition and phase structure

In this section, we shall study the phase transition of an
Euler—Heisenberg black hole in a cavity. The phase behaviors
of black hole thermodynamic systems will be discussed for
different QED parameters.

Based on features of the free energy, we find that phase
transitions depend on the QED parameter a and charge g with
a fixed cavity radius. Setting rz = 3 without loss of generality,
we show the phase transition types for different ¢ and a in
figure 1. The white region in figure 1(a) corresponds to the
system without phase transition. In the green region I, a single
first-order phase transition occurs. The reentrant phase
transition exists for a > 0, which is shown as the red region
IL. The black hole (BH) jumps from a stable large BH phase to
a small one through a zeroth-order phase transition, and
finally returns to the large BH phase through a first-order
phase transition. The blue dashed line is given by the unstable
critical point of charge for a > 0, which is not related to the
occurrence of phase transitions.

There is a maximum value of the QED parameter for the
existence of phase transitions, which can be labeled as a . It
is similar to the result in the Euler—Heisenberg-AdS black
holes, where a,,x = %qz [51]. For a > ap,x, there is no real
number solution from equation (16), so phase transitions can
not exist for any value of charge ¢g. It is difficult to obtain the
solution analytically for the Euler—Heisenberg black hole in a
cavity, which induces us to solve it numerically. The
maximum value of the QED parameter allowing for phase
transitions is determined by the cavity radius, and we can
obtain a,, = 2.0848 for rz =3 here.

For a fixed QED parameter, the BH phase undergoes
different phase transitions as the charge increases. For a <0,
a first-order phase transition happens, where the small BH
phase turns into a large one as the temperature increases. For
a >0, we take a =0.08 as an example in figure 1(b), which
will be discussed in section 3.1 as well. The BH phase
remains stable for a small charge 0 < ¢ < ¢;. When the value
of the charge increases to the range of the red region
q1 < q<qy, the reentrant large/small/large BH phase
transition occurs. After entering the green region, the
reentrant phase transition disappears for ¢, < g < g.,, and
the single first-order phase transition takes place. For g > g,
there is no phase transition and one can no longer distinguish
black holes between the small and large branches.

Furthermore, the critical points of the Euler—Heisenberg
black holes in a cavity can be investigated by analyzing the
temperature curve. The temperature 7 versus the horizon
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Figure 1. Regions of different phase transitions for ¢ and a. Left Panel (a): The white region represents the system without phase transition
(PT). The green region I corresponds to the case that a single first-order phase transition occurs. The reentrant phase transition happens in the
red region II. The blue dashed line corresponds to the unstable critical point for a > 0, which does not present the occurrence of phase

transitions. Right Panel (b): The black dashed line a = 0.08 intersects the blue dashed line at g.;, and intersects the boundary of regions at

q1, 42, g2, respectively. The cavity radius is set to be rp = 3.
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Figure 2. Temperature curve of the Euler—Heisenberg black hole in a cavity versus horizon radius for different values of ¢g. Left Panel (a):
The parameter a = —1 , and the charge g is equal to 0.3, 0.5, 0.6909 and 0.8, respectively; Right Panel (b): The parameter a = 0.08, and the
charge ¢ is equal to 0.1, 0.1839, 0.3, 0.7098 and 0.8, respectively. The cavity radius rp is set to be 3.

radius r;, for negative and positive QED parameters is plotted
in figure 2, where the cavity radius rz is set to be 3. For
a=—1, we obtain a critical charge ¢g.=0.6909 from
equation (16); For a =0.08, we obtain two critical charges
ge1 = 0.1839 and ¢, = 0.7098.

There are two extrema on the curve for g < g, as shown
in figure 2(a). In this situation, one can divide the curve into
three branches. The two sides of the curve correspond to the
small BH (left side) and large BH (right side), respectively,
while the middle branch represents the intermediate one. The
heat capacity can be given as C, = T(g—;) , which indicates

q
that the positive and negative slopes of the temperature curve

correspond to stable and unstable branches, respectively.
Furthermore, two extrema will get closer as the charge
increases, and then coincide at the critical point (red point).
For g > ¢q., there is no extremal point.

There are three extrema when ¢, < g < g in figure
2(b), and two of them with larger r, will coincide at the
critical point as the charge ¢ increases. In this case, there are

four BH branches, including an unstable smaller branch, a
stable small branch, an unstable intermediate branch and a
stable large branch, which is a signal of possible phase
transitions. For g < g1, there are one unstable BH branch and
one stable branch, thus no phase transition occurs. There is no
phase transition for g > g, either.

Following the discussions above, the Euler—Heisenberg
black hole in a cavity undergoes different phase transitions for
negative and positive QED parameters, and we will discuss
these two cases in the following sections.

3.1. a> 0 case

As aforementioned, there will be no phase transition in any
case when a > ap,,. For a small positive QED parameter
a < amax, there are two critical points, as shown in figure
2(b). In this section, we take a = 0.08 and rg = 3 for example,
then the value of ¢.1, g1, ¢ and g, can be obtained, which is
0.1839, 0.2805, 0.2907 and 0.7098, respectively. The phase
structures for different charges are depicted in figure 3.
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Figure 3. The free energy versus the temperature. Upper Left Panel (a): No phase transition occurs for g.; < g < g1, where we set

g =0.279. Upper Right Panel (b): The reentrant phase transition for ¢, < g < g», where we set ¢ = 0.285. Lower Left Panel (c): The first-
order phase transition for ¢, < ¢ < g., and we choose g = 0.3 as an example. Lower Right Panel (d): No phase transition occurs for

q > g, where small and large BH phases can not be distinguished. We set ¢ = 0.8 here. The dashed curves represent unstable branches,
while the solid curves stand for stable or metastable BHs. We set @ = 0.08 and rz = 3.

In figure 3(a), the analysis of the global minimum free
energy shows that there is only one stable BH phase for
g1 < g <gq; and no phase transition occurs, which is the
same as the case for a small charge. Here we take ¢ = 0.279
for example.

The reentrant phase transition, a typical phase behavior
including a zeroth-order phase transition and a first-order
phase transition, occurs for g; < g < g, as shown in figure
3(b). Here we set the charge g = 0.285. The solid curves stand
for stable or metastable BHs, which can be judged that the
former owns the lowest free energy at the same temperature.
The dashed curves represent unstable BH branches. The black
dashed line corresponds to the temperature of the beginning
of the stable small BH branch (blue solid curve), which is
larger than the initial temperature of the stable large BH
branch (green solid curve) in this case. The phase behavior
here is a zeroth-order phase transition, where the black hole
system jumps from the stable large BH phase to the stable
small BH phase along the black dashed line. Consequently, it
indicates sudden changes for not only the horizon radius but
also the free energy of the black hole. In addition, by
following the rule of the lowest free energy, the black hole
system undergoes a first-order phase transition, namely the
small/large BH phase transition. There is only a sudden
change in the horizon radius of the black hole as a non-

differentiable point in the F-T diagram. Analyzing the phase
behavior of stable BH branches, we summarize the process of
reentrant phase transition in through a zeroth-order phase
transition from stable large BH phase to stable small BH
phase, and then it returns to stable large BH phase through a
first-order phase transition, namely the reentrant large/small/
large BH phase transition.

For g, < ¢=0.3 < q.,, we find that there is a first-order
phase transition from the stable small BH phase to the stable
large BH phase, as shown in figure 3(c). The other branches
with positive heat capacity are metastable phases, corresp-
onding to superheated small BH and supercooled large BH.
With the continuous increase of charge, the swallow tail will
disappear and shrink to a critical point g = ¢q,.

For ¢=0.8>¢. in figure 3(d), there is no phase
transition, and one can not distinguish the large BH phase and
the small BH phase anymore.

To investigate the process from the distinguishable BH
phase to the indistinguishable one, we take Ary, =1y — 1y,
versus the temperature and charge for ¢ =0.08 and rz3 =3 in
figure 4. The parameter ry,; is the radius of the event horizon
for the large BH branch and ry, is the small one. The Ary,
represents the sudden change of the horizon radius when the
black hole comes up with a first-order phase transition from a
small BH phase to a large BH phase. As the temperature
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Figure 4. The sudden change Ar;, when the black hole comes up a first-order phase transition. Left Panel (a): As the temperature decreases,
the Ar), decreases to zero. Right Panel (b): As the charge increases, the Ary, decreases to zero. The QED parameter and radius of the cavity

are set to be @ =0.08 and rz = 3.
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Figure 5. Phase diagram for a > 0 by taking the charge g as an analogy of the pressure. Left Panel (a): First-order coexistence curve (red
solid) and zeroth-order phase transition curve (blue solid) in the ¢-T plane. The black curve separates the regions with and without black
holes. The coexistence curve separates black holes into small and large BH phases, and ends at the critical point of the small/large BH phase
transition. Right Panel (b): The phase structure in the g-r;, plane. We choose the parameter a = 0.08 and the radius of cavity rp = 3.

decreases or the charge increases, Ar, decreases and
eventually turns to zero at the critical point, where the small
and large BH phases can not be distinguished anymore.

The phase structures of Euler—Heisenberg black hole in a
cavity are shown in figure 5. The coexistence curve [64] is
represented by the red solid curve in figure 5(a). The
minimum temperature curve is marked by the black solid
curve, which divides regions with or without BH phases. The
coexistence curve and the minimum temperature curve are
connected by the zeroth-order phase transition curve (blue
solid). The small BH region is between the coexistence curve
and zeroth-order phase transition curve. The large BH regions
are upon the coexistence curve and below the zeroth-order
phase transition curve. We show the phase structure in the g-
r, plane in figure 5(b). The red curve corresponds to the
coexistence curve of the small BH phase and large BH phase,
while the blue ones denote the zeroth-order phase transition
curve. The small and large BH phases are on the left and right
sides of the coexistence curve, respectively. The phase
coexistence region is bounded by the coexistence curve,
which includes the superheated small BH branch, supercooled
large BH branch and unstable BH branches. It is noteworthy

that below the right branch of zeroth-order phase transition
curve, another region for large BH phases exists.

3.2. a <0 case

The Euler-Heisenberg black hole in a cavity undergoes a
single phase transition for a negative QED parameter, which
is different from the case for a small positive QED parameter.
For the condition that a = —1 and rz=3, we can obtain
q.=0.6909, and the free energy F versus the temperature 7'
for different values of charge ¢ can be shown in figure 6.
The swallow tail behavior occurs when the charge g < g,
in figure 6(a), indicating that there is a first-order phase
transition. With the increase of charge, the swallow tail
shrinks to a point at the critical charge ¢ = ¢g... After that, there
will be no phase transition for a larger ¢, where a smooth free
energy function F(T) appears. Furthermore, we investigate the
free energy versus the temperature for the charge ¢ =0.3 in
figure 6(b). By judging the heat capacity of the black hole,
one can tell that the red dashed curve represents the unstable
BH phase, while the others are stable ones. As discussed
before, the phase transition happens at the intersection of the
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Figure 6. Left Panel (a): The free energy versus the temperature for g = 0.3 (blue solid curve), g = 0.5 (purple solid curve), g = 0.6909
(green dashed curve) and g = 0.8 (orange solid curve). Right Panel (b): The free energy versus the temperature for ¢ < g., where we choose
g =0.3. The small/large BH phase transition occurs at the intersection of the blue and green solid curve, which represents the stable small

BH phase and the stable large BH phase, respectively. The red dashed curve is the unstable intermediate BH branch. We set a = —1 and
rg = 3 here.
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Figure 7. Phase diagram for a < 0 by taking charge ¢ as an analogy of pressure. Left Panel (a): First-order coexistence curve in the g-T
plane, which separates the black hole into small BH phase and large BH phase. The coexistence curve ends at the critical point of the small/
large BH phase transition. Right Panel (b): The phase structure in the g-r, plane. With the increase of radius, small and large BHs coexist in

the region bounded by the red curve and the axis. We choose the parameter a = —1 and the cavity radius rp = 3.

blue and green solid curves. Since the stable system’s free
energy is always lower compared to the unstable one, we can
conclude that the small/large BH phase transition happens
between a small BH phase and a large BH phase.

The phase structures of Euler—Heisenberg black holes in
a cavity for a < 0 can be shown in figure 7. The coexistence
curve approximately starts at ¢ =0, as shown in figure 7(a),
and ends at the critical point where the first-order phase
transition disappears. As a coexistence curve, it divides the
black hole into small and large BH phases in the ¢g-T phase
diagram. In figure 7(b), the coexistence region of the small
and large BHs occupies below the coexistence curve.

There are some differences between the cases that a < 0
and 0 < a < apa. The swallow tail behavior in the F-T
diagram shows that the black hole admits a first-order phase
transition for a <0, such as in figure 6(b). This phase
transition exists even for a small charge. However, phase
transitions do not occur at first for 0 < a < ap.x as the
charge increases. In addition, the difference in critical points
for a < 0 and a > 0 may be analyzed from the perspective of

topology [65, 66], which is considered as a change of
topological charge.

4. Ruppeiner geometry and microstructure

After analyzing the effect of the QED parameter for phase
transitions, we can study the microstructure of the Euler—
Heisenberg black hole in a cavity by using the Ruppeiner
geometry [24]. The Ruppeiner metric g, is defined as the
negative second derivative of the entropy with respect to the
independent variables x” in the thermodynamic system [24],
and is given by
%S

Oxrdx”’
where the x" = (U, Y) and U is the internal energy and Y is
another extensive variable of the system. The Ricci scalar of
the Ruppeiner metric is called the Ruppeiner invariant R,

whose value can shed some light on the microstructure of
black holes. In figure 2, we judge the thermal stability by C,

8 = (18)
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which is equivalent to the slope of 7(r,), and the Ruppeiner
invariant diverges at the divergent point of the specific heat
capacity [33]. Hence, we choose the thermodynamic
coordinates x* = (U, ®) where we define U as a new
conjugate potential of E. The internal energy is the Legendre
transformation of E, yielding

U=E - dq. (19)

By using equation (18), we obtain the line element of the
Ruppeiner geometry with fixed a and rp using the same
method in [67, 68]

ds? = —d(l)dU - d(i)dqx (20)
T T
By introducing the total derivative of U,
dU = TdS — ¢qd®, 2n
the line element now depends on 7, ®, S and q.
Combining the following relations
oT oT
dT =|—|dS + | — |dg, 22
( oS ) ( 9q ) ! 22
0P 0P
dd =|—1|dS + | — |dg, 23
( 85) ( 8q) q (23)

and the Maxwell relation (9T/0q)s = (0®/0S),, the line
element versus S and ¢ is then given by

ds? = l(8—7")d52 S dq?.
T\0S T\ Oq

The associated Ruppeiner invariant R can be reduced to
A(S. @) + B(S. 9 + C(S, 9)

(24)

kG 0= 27(0,9)(0sT)? ’ 2
where
A(S, q) = 2(0,9)(FsT)*[—(0,P)(OsT) + (3sP)*], (26)
B(S, q) = T*{(0y.4T)(OsT) + (3,9)(0,.4T)(Ds,sT)
—(05,5P)[(9,,4P)(OsT) + (9,9)(5.sP)1}, (27)

C(S, q) = T(O5T){(04,4®)(O5T)(9s®) + (0,2)*(9s,sT)

— (04®) [(Og,¢T)(OsT) + (95P)(95,sP)1}.
(28)

The heat capacity is C, = T(as> , so the denominator of R(S,

E q
N2
q) can be written as 277 (‘;—j) C, 2, Therefore, singularities of

C, correspond to these of R with T=0. The sign of R
indicates the dominant interaction between BH molecules:
R > 0 means repulsion (e.g. the ideal Fermi gas) while R <0
represents attraction (e.g. the ideal Bose gas), and R=0
implies no interaction (e.g. the ideal gas). The difference
between the black hole phase structure for the positive and
negative QED parameters implies that the sign of a affects the
microstructure of the black hole. In the following subsections,
the behavior of the Ruppeiner invariant for the Euler—
Heisenberg black hole in a cavity will be studied for the
different signs of a.

4.1. a > 0 case

In a certain range of the charge ¢ and positive QED parameter
a, the system undergoes a reentrant phase transition. As
above, we take a =0.08 and rz =3 as an example. It has
concluded in section 3.1 that only the large BH is the globally
thermal stable phase for 0 < g < g;, while a reentrant phase
transition occurs for g; < g < ¢», and then a single first-order
phase transition replaces in g, < g < g, followed by the case
in which the small BH and large BH can not be distinguished
for g > q.».

We can choose the same values of the charge ¢ as in
section 3.1 to show the details of the microstructure of the
Euler—Heisenberg black hole in a cavity. According to the
phase structure of figure 3, the charges ¢ =0.279, 0.285, 0.3
and 0.8 are chosen to present the behavior of the Ruppeiner
invariant R in figure 8.

In the first three panels of figure 8, all of them show that
R is always negative for the stable large BH (green solid
curve) and the unstable intermediate BH (orange dashed
curve), indicating attraction between these BH molecules. But
R can be negative or positive for the stable small BH (blue
solid curve) and the unstable smaller BH (red dashed curve)
depending on the temperature, so the interaction between the
BH molecules can be repulsive or attractive.

For g.1 < g < g, the globally stable phase is the large
BH with the minimum free energy, so no phase transition
happens. In this case, shown in figure 8(a), R diverges to
infinity at the minimum temperature and is always negative
for the large BH, demonstrating that the interaction between
BH molecules is always attractive for the globally stable
phase.

A reentrant phase transition exists for ¢; < g < g, which
consists of a first-order phase transition and a zeroth-order
phase transition. We choose g = 0.285 for this case, and the
first-order phase transition between the stable small BH phase
and the stable large BH phase occurs for 7=0.0776,
corresponding to the intersection of the small BH and the
large BH in figure 3(b). The Ruppeiner invariant R is positive
for the small BH, but it is negative for the large BH when the
first-order phase transition happens, as shown in figure 8(b).
Hence, the type of interaction changes when the system
undergoes this phase transition. |R| of the small BH is larger
than that of the large BH when the first-order phase transition
occurs, so the interaction of the small BH is more intensive
than that of the large BH. At the point of the zeroth-order
phase transition between the large BH and small BH with
T = 0.0734, corresponding to the black dashed curve in figure
3(b), R = + oo for the small BH, while it is negative and finite
for the large BH, so it displays that the interaction between
BH molecules mutates from weak attraction to intensive
repulsion as the temperature increases.

There is a single first-order phase transition for
q>» < g < g2, and the microstructure of this case is shown in
figure 8(c). The first-order phase transition occurs at
T=0.0770 for g =0.3, corresponding to the intersection of
the small BH and large BH in figure 3(c). R is positive for the
small BH but negative for the large BH, and |R| of the small
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Figure 8. The Ruppeiner invariant R versus 7 with a fixed a = 0.08. Upper Left Panel (a): For ¢.; < g < q;, we set ¢ = 0.279. Upper Right
Panel (b): g = 0.285, in the range of ¢; < g < g,. Lower Left Panel (c): ¢ = 0.3 is chosen as an example for ¢, < g < g.». In these three
panels, there are four black hole solutions, and the red/orange dashed curves represent unstable smaller BH and intermediate BH, while the
blue/green solid curves represent stable small/large BH, and the black dashed curve corresponds to the temperature of the first-order phase
transition. Lower Right Panel (d): g > g.,, where we set ¢ = 0.8, there is only one stable solution (blue solid curve).

BH is larger than that of the large BH, which indicates that the
type of the interaction mutates and the attraction of the small
BH is more intensive than the repulsion of the large BH at the
first-order phase transition point.

No phase transition occurs for g > g.,. We could set
q = 0.8 to show the microstructure of the stable BH phase in
figure 8(d). It shows R=+ocat T=0, and R— 0~ with
T — + oo, which means that the attraction between BH
molecules becomes weaker with the increasing temperature.
The behavior of the Ruppeiner invariant is like the quantum
anyon gas [45].

4.2. a <0 case

One can explore the microstructure of the black hole systems
for a < 0 by the same method in the last subsection. For the
case in section 3.2, a first-order phase transition exists for a
small charge g. Choosing a = —1 and rz =3 as an example,
the system undergoes a first-order phase transition for
0 < ¢ < g., while no phase transition occurs for g > g.. For
a visual representation, we set ¢ = 0.3 and 0.8 to present the
behavior of the Ruppeiner invariant R in figure 9. The blue
and green solid curves represent the stable small BH phase
and the stable large BH phase, respectively, and the red

dashed curve indicates the behavior of the unstable
intermediate BH phase.

For the g < g, case shown in figure 9(a), R is always
negative for the large BH and intermediate BH, so attraction
dominates between these BH molecules. Additionally,
R— 0" with T— +ocofor the large BH indicates the
attraction becomes weaker with temperature increasing.
However, R can be positive for the small BH with low
temperature, so repulsion dominates between these BH
molecules. Considering the globally stable phase, one has
R — + oo with T— 0 for the extremal black hole, and R is
always finite for 7'== 0. A first-order phase transition between
the small BH and large BH happens at 7, = 0.0759,
corresponding to the intersection of the small BH and the
large BH in figure 6(b). At T =T, R is negative for both the
small BH and the large BH, but |R| of the small BH is larger
than that of the large BH. Thus, the attraction of the small BH
is more intensive than that of the large BH.

For g > q., the microstructure of the black hole systems
is displayed in figure 9(b). R — 4+ cowith T— 0", and
R — 0~ with T — + oo . The interaction of the BH molecules
is always attractive, like the Bose gas. Hence, in the
case of no phase transition, the microstructure of the
Euler—Heisenberg black hole in a cavity for a < 0 is different
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Figure 10. The behavior of the Ruppeiner invariant R along the first-order coexistence curve. Left Panel (a): a = 0.08, R depends on g along
the first-order coexistence curve in figure 5(a). Right Panel (b): a = —1, the first-order coexistence curve is in figure 7(a). The green curve
represents the small BH, while the red curve represents the large BH.

from that of RN black hole in a cavity studied in [37], in
which R is always finite in a globally stable phase.

We can compare the microstructure of the small BH with
that of the large BH when the first-order phase transition
occurs between a >0 and a < 0. In the case of a =0.08, as
the first-order phase transition occurs, the small BH
intermolecular interaction is repulsive. However, in the case
of a = —1, attraction dominates the small BH when the first-
order phase transition occurs. According to these differences,
the Ruppeiner invariant along the first-order coexistence
curve is worth studying.

We examine the behavior of the Ruppeiner invariant
along the first-order coexistence curve, as illustrated in
figure 10. For both the cases of a>0 and a <0, the
interaction of the large BH (the red curve) is always attractive
when the first-order phase transition occurs, while the
interaction of the small BH (the green curve) is able to be
repulsive with the small charge, i.e. the high temperature. In
these two cases, the Ruppeiner invariant R diverges to infinity
at the critical point for both the small BH and large BH, and
this feature is similar to the behavior of the Ruppeiner
invariant for the Euler—Heisenberg-AdS black hole [51].

10

Along the first-order coexistence curve, the microscopic
behaviors for the large BH phase of a >0 and a <0 cases
closely resemble, but there are some differences for the small
BH phase.

As mentioned before, a reentrant phase transition exists
for ¢, < g < g5, and the special range is shown in the inset of
figure 10(a). It is obvious that repulsion dominates in this
specific range as the reentrant phase transition occurs, and R
diverges positively with ¢ = g;. As the charge increases, only
the first-order transition exists, while the dominant interaction
becomes attractive from repulsive. A change from low to high
correlation (the magnitude of R) among components is one of
the signs of a phase transition (or vice versa) [46]. For a given
charge, when decreasing the temperature, the phase transits
from the large BH to the small BH in the most range of ¢, so
the |R| becomes larger and the correlation increases.
Additionally, in the range of g, < g < ¢, the difference of
|R| between the small BH and the large BH is larger than
other ranges of charge, as shown in figure 10(a). Hence, we
deduce that the larger difference in the correlation leads to a
reentrant phase transition, which is the same as the conclusion
in [46].
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Only a first-order phase transition occurs in the case of
a < 0. The divergence points of the Ruppeiner invariant are
three instead of two for the small BH along the first-order
coexistence curve. The divergence points correspond to
q=0, g, and ¢q., where g;=0.0145. In the range of
qa < q < q., the microscopic behavior of this case is similar
to that in the case of a > 0. The inset of figure 10(b) shows
that the interaction between the small BH molecules is
intensively attractive with 0 < g < g,.

Therefore, for the reentrant phase transition, only
repulsion exists between the BH molecules, but both
repulsion and attraction can dominate with the presence of
the usual small/large BH phase transition. The distinction
between the cases of negative and positive QED parameters is
the extra range dominated by the attraction in the case of
a < 0, as illustrated in the inset of figure 10(b). So we deduce
that the attraction may prevent the BH from undergoing an
extra zeroth-order phase transition when the temperature
decreases, and the negative QED parameter may help the
formation of the extra attraction region to obstruct the
reentrant phase transition.

5. Conclusion

In this paper, we focus on the thermodynamic properties of
the Euler—Heisenberg black hole with the QED correction in a
cavity. The phase transitions were investigated for different
charges and QED parameters, and the Ruppeiner geometry
was analyzed to explore the microscopic properties.

We derived the first law of black hole thermodynamics
via the thermal energy, and the free energy of black holes was
given naturally. According to the free energy, the phase
transitions of Euler—Heisenberg black holes in a cavity were
analyzed, which was related to different charges ¢ and QED
parameters a. Based on this analysis, we found that there is a
maximum value of a allowing for phase transitions, which is
determined by the cavity radius. Then we investigated the
temperature and critical points of the black hole systems for
a>0 and a <0, respectively. The phase transitions were
investigated in detail. For a small positive QED parameter,
there could be two critical points and four BH branches,
including two stable branches and two unstable branches. As
the charge increases, the black hole system for a fixed QED
parameter undergoes a process from a stable BH phase to a
reentrant phase transition, to a first-order phase transition, and
thereafter no phase transition occurs. For a negative QED
parameter, there is a small/large BH phase transition, and
only one critical point exists. This first-order phase transition
occurs for a small charge, where there are two stable BH
branches and one unstable intermediate BH branch. There is
no phase transition for the charge above the critical point.

Furthermore, we explore the microstructure of this black
hole by the Ruppeiner approach [24]. As a preliminary step,
taking (U, ®) as the coordinates in the thermodynamic phase
space and defining a conjugate potential as the internal
energy, we calculate the Ricci scalar of the Ruppeiner
geometry for the black hole. Along the first-order coexistence

11

curve, for the small BH, only repulsion dominates between
the BH molecules when the reentrant phase transition occurs,
while the dominant interaction can be attractive or repulsive
when the usual small/large BH phase transition exists. Then
an attraction region in the small BH phase is missing for the
positive QED parameter. It infers that the attraction may
affect the reentrant phase transition, and the negative QED
parameter makes the extra attraction region for the small BH
phase, so the zeroth-order phase transition is obstructed by the
attraction region.

Following the investigation, it is inspiring to find that the
phase structure of the Euler—Heisenberg black hole in a cavity
is similar to the black hole with the AdS boundary [51]. Then,
one can note that different thermodynamic coordinates may
result in various microstructures, such as the investigation of
the Kerr-Newman black hole in [39]. So we will focus on the
correlation between the phase structures and various
microstructures in our future works.
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