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In this paper, we investigate three types of heat engines for the rotating Kerr-Anti de Sitter (Kerr-
AdS) black hole. We first briefly review the thermodynamics and phase structure of the Kerr-
AdS black hole and obtain the phase structure in the 7-S chart. The thermal stability of Kerr-AdS
black holes, along with their dependence on various parameters, is thoroughly examined. Then,
by utilizing the phase diagram, we consider three types of heat engines: the maximal Carnot

engine, Stirling engine, and Rankine engine. We calculate both the work and efficiency for these
engines. The results indicate that angular momentum has a significant influence on these heat

engines.
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1. Introduction

Black hole thermodynamics is an interesting and fascinating
topic in gravitational physics. Particularly, in the extended phase
space, the cosmological constant can be treated as a new vari-
able, representing the pressure of the gravitational system [1-9].
Meanwhile, the black hole mass is interpreted as the enthalpy of
the system. After this proposal, the black hole system can be
cast to be an ordinary thermodynamic system, which has
temperature, pressure, and volume, as well as the microscopic
structure [10]. And this has raised a great interest in the study of
black hole phase transitions and critical phenomena.

Among the study of Anti-de Sitter (AdS) black hole
thermodynamics, the black hole heat engine has become an
important implement since the black hole heat engine can be
helpful for understanding classical and quantum aspects of
gravity. This work was initiated by Johnson in [11]. The
author first constructed an engine with two isobars and two
isochores. In the high-temperature limit, they obtained the
heat, work, and efficiency for the engine. The author also
provided a precise framework for expanding the traditional,
thermodynamic dictionary of holography. The engine cycles
were also expected to be performed with the renormalization
group flow. Subsequently, by making use of the first law of
black hole thermodynamics, an exact efficiency formula was
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obtained in [12]. The study of this black hole engine was
further extended to other black hole systems [13-37].

For an engine, efficiency is a key quantity. So, how to
increase efficiency is an important question. Although different
kinds of engines have different efficiencies, the study of the
efficiency of the Carnot engine may provide us with valuable
insights. As is well known, all reversible heat engines working
between the same two heat sources, including the Carnot
engine, have the same efficiency, which is

)

Ne = -

1.1
T (1.1)

with T and T, being the high and low temperatures of the heat
sources, respectively. So raising the efficiency can be achieved
by increasing 7', or decreasing 7,. However, modifying the
temperature can lead to some new questions of the system,
which should be included. For example, if one continues to
decrease the low temperature 7, for the charged AdS black
hole, then the critical temperature is approached. And below it,
the black hole system will exhibit a small-large black hole
phase transition. When the black hole system crosses the phase
transition point, the latent heat will be released or absorbed
[10]. So such a black hole phase structure must be included.
After considering the black hole phase structure, a new
black hole engine modeled with the Rankine cycle for the
charged AdS black hole was proposed [36]. For each cycle,
the system will experience two small-large black hole phase
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transitions. By fixing the low temperature 7, it was found
that there will be more useful work and low efficiency at low
T,. However, at high T, the efficiency is high, but the useful
work is less. So, a large amount of work and high efficiency
can not be realized at the same time. In order to overcome this
difficulty, a back pressure mechanism was introduced. The
detailed properties of this back pressure Rankine (BPR) cycle
were thoroughly examined in [36]. Furthermore, this study
was also generalized to the higher-dimensional charged AdS
black hole [37]. The work and efficiency of the black hole
engine increases rapidly as the number of spacetime dimen-
sions grows. Therefore, the higher-dimensional charged AdS
black hole can act as a more efficient power plant to produce
the mechanical work.

Compared to the charged AdS black hole, a four-dimen-
sional rotating Kerr-AdS black hole also exhibits a small-large
black hole phase transition similar to the van de Waals (vdW)
fluid [38, 39]. One intriguing property of the rotating AdS
black hole is that its adiabatic process is different from the
isometric process, which leads to the difference between
the Carnot cycle and the Stirling cycle [11]. This is a significant
difference from the charged one. So it is interesting to consider
the heat engine of the rotating AdS black hole, and to deter-
mine the influence of the angular momentum on the engine
physics. The efficiency for the Carnot cycle of the Kerr-Sen-
AdS black hole, which recovers the Kerr-AdS when the charge
vanishes, was investigated in [40]. We will further investigate
the Stirling engine and the Rankine engine.

This work is organized as follows. In section 2, we briefly
review the thermodynamics for the Kerr-AdS black hole. The
phase structure in the 7-S chart is obtained. Employing the first
law of the black hole, we study the heat absorbed or released
during four kinds of thermodynamic processes in section 3.
Then based on the phase structure, we investigate three kinds
of black hole heat engines, i.e., the maximal Carnot engine, the
Stirling engine, and the Rankine engine in section 4.1. The
influence of the angular momentum on the mechanical work
and efficiency of the black hole engines are analyzed. The last
section is devoted to conclusions.

2. Thermodynamics and phase transition of Kerr-
AdS black hole

In this section, we will provide a concise overview of the
thermodynamics and phase structure of the Kerr-AdS black
hole. For more in-depth exploration of recent developments in
this field, we refer readers to the [41, 42]

The line element of the rotating Kerr-AdS black hole is

-2 2
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where the metric functions read

l2

A=+ a>)( + r¥/1?) — 2mr, (2.3)
and / is the AdS curvature radius. The black hole mass M and
angular momentum J are related to the parameters m and a as

p? = r? 4 a?cos? 0, (2.2)
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The temperature, entropy and angular velocity are given by

2 2 2
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with r;, the outer horizon radius of the black hole. The black
hole mass M and angular momentum J are related to the
parameters m and a as

)
3
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The Gibbs free energy of the black hole is

G=M-TS

Cat(y = ) + a2l + 21k + 35D + Pra(® — 1)
4rn(a® — 1)? :

(2.8)

In our approach, we treat the cosmological constant as the
thermodynamic pressure [4]

_A_ 3

8t 8wl

Solving the entropy and angular momentum in (2.6) and
(2.4), we have

P= (2.9)

3
. S3(8PS + 3) ’ 2.10)
(12722 + S2(8PS + 3))
a=6J S . @1D
(8PS + 3)(1272J% + S2(8PS + 3))

The black hole mass in our approach should be treated as the
enthalpy of the system, and we can express it as

(8PS + 3)(127%J% + S%(8PS + 3))
6J/rS '
The energy of the black hole system should be U= H — PV,
which gives
_ 4m2J%(4PS + 3) + S?(8PS + 3)
 2JaS (8PS + 3)(1279% + S2(8PS + 3))

HEM:J (2.12)

(2.13)

Moreover, the temperature, Gibbs free energy, and thermo-
dynamic volume can also be re-expressed in terms of S, J, and
P:

- S2(64P2S? + 32PS + 3) — 1272J?
47832 8PS + 3 /127212 + S*(8PS + 3)

, (2.14)
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_ 127%%(16PS + 9) — 64P25* + 952
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(2.15)

- 4S8 (6722 + S2(8PS + 3))
37 8PS + 3127212 + S2(8PS + 3)

(2.16)

In general, the heat capacity indicates a local thermodynamic
stability: positive (negative) heat capacity corresponds to the
stable (unstable) system. It should also be noted that the
information of the black hole phase transition is encoded in
the heat capacity. For the rotating Kerr-AdS black hole, the
heat capacity at fixed J and P is given by

oS
Gr=12
o (3T)J,P

2S(8PS + 3)(1272J2 + S2(8PS + 3))(S2(8PS + 1)(8PS + 3) — 127272)

There are four phases in this picture. Regions I and III are for
the small and large black hole phases, respectively. Region IV
is above the critical point, and we denote it as the super-
critical phase. While region I, below the curve, represents the
coexistence phase of the small and large black holes. Speci-
fically, the left blue curve corresponds to the saturated small
black hole, and the right red curve corresponds to the satu-
rated large black hole. For a fixed temperature lower than the
critical temperature, the system will encounter the small black
hole phase, coexistence phase, and large black hole phase
with the increase of the entropy. The phase transition occurs
when it crosses the blue and red curves. Such phase transition
is a first-order phase transition.

B 1447474 (32PS + 9) + 247228%(8PS + 3)2(16PS + 3) + S*(8PS — 1)(8PS + 3)*’

We present plots depicting the heat capacity as a function of
both J and P to illustrate the thermal stability of this system,
as shown in figure 1. For a fixed value of J or P, there exists
three phases for different values of P or J: the large/small
black hole phases are locally stable, while the intermediate
phase is unstable. As P or J increases, the gap between the
locally stable large/small black hole phases decrease as the
first-order transition point shifts to the right, with the
appearance of a second-order transition point. These results
are the same as those reported for charged rotating Kerr-Sen-
AdS black holes in [41].

On the other hand, it has been reported that there exists a
small-large black hole phase transition in the four-dimen-
sional Kerr-AdS black hole background [38, 39]. And the
exact critical point was given in [43]. Such a phase transition
can be easily studied in the 7-S chart rather than the P-V
chart. The oscillatory behavior of the isobaric lines is shown
in figure 2. Clearly, the oscillatory behavior indicates a phase
transition. Such phase transition is of the vdW type. And the
critical point is given by [43]

P 0.002857

C ’

J
V. = 115.7965034/J.

T. = 6.047357/7,

(2.18)

By constructing the equal area law, we obtain the para-
metrization form of the coexistence curve [43]

P = 07187817 + 0.1885867" + 0.061488T*
+0.0227047° + 0.0023407°
1+0.01054777 — 0.0086497° + 0.005919

7° — 0.0017177"°, T € (0, 1), (2.19)

where P = g and T = % Using this parametrization form,

we can obtain the phasecdiagram in the 7-§ chart. For the
fixed J = 0.1, the phase structure is displayed in figure 3.

2.17)

Next, we consider thermodynamic processes that will be
employed in the heat engine for this study.

3. Thermodynamic processes

For the four-dimensional Kerr-AdS black hole, the first law
reads

dU = TdS + QdJ — PdV,
dH = TdS + QdJ + VdP.

3.1
3.2)

During an infinitesimal thermodynamic process, the system
will exchange heat Q and work W with its surroundings,
which are measured with

dQ = TdS, dw = QdJ — PdV. (3.3)

Note that heat and work are not state functions. In a finite
thermodynamic process, they can be calculated with an int-
egral. The heat absorbed or released in a process can also be
measured with the heat capacity, which is defined as

(), (3),
T );p oT );p

where the subscripts J and P represent that J and P are con-
stant when taking partial derivatives. In the second step, we
have used the first law (3.1). Then the heat can be measured
with

(3.4)

dQ = G pdT. 3.5)

Since the energy U is a state function, we have a closed
thermodynamic process,

AU =0, (3.6)
which leads to the result
AQ + AW = 0. 3.7

Based on this formula, calculating the heat in a closed cycle
also allows wus to determine the associated work.
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Figure 1. Plots of the heat capacity with different angular momentum
J and pressure P. (a) J = 0.1, and P = 0.025, 0.028, 0.029, and 0.031
from bottom to top. (b) P = 0.031, and J = 0.05, 0.08, 0.1, and 0.102
from bottom to top.

Consequently, our focus here is on the calculation of heat. As
illustrated earlier, heat in an infinitesimal thermodynamic
process is typically quantified using either (3.3) or (3.5). In
this context, we prefer employing the formula (3.3). The
subsequent subsections will primarily delve into heat analysis
within the 7S chart for four distinct processes.

3.1. Adiabatic process

In the 7-S chart, the adiabatic process corresponds to a ver-
tical line. Thus, the heat for it is

AQ = 0. (3.8)
3.2. Isothermal process

It is also obvious that the isothermal process is a horizontal
line in the 7-S chart, so the heat is

S
AQ = [ Tds = TAs,
M

(3.9)

which is just the rectangular area under the horizontal line.
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Figure 2. Isobaric curves in the 7-S chart with fixed angular
momentum J. (a) J=0.1, and P = 0.027, 0.028, 0.028 57, 0.029,
and 0.0295 from bottom to top. (b) J = 0.5, and P = 0.0055, 0.0056,
0.005 174, 0.0058, and 0.0059 from bottom to top.

3.3. Isobaric process

For the isobaric process, the heat is

S
AQ = Tds,
Sy

(3.10)

which is measured with the area under the curve. On the other
hand, the first law will be of the form

dH = TdS + QdJ. @G.11)

If the angular momentum J is fixed during this process, we
will get

dH = TdS =dQ, (3.12)

which means the heat coincides with the enthalpy, so one
easily has

AQ = AH. (3.13)

3.4. Isometric process

In an isometric process, the change of the volume AV =0.
The heat absorbed or released in it is also measured with the
area under that curve. Moreover, if we fix the angular
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Figure 3. Phase diagram for the Kerr-AdS black hole. (a) J=0.1.
by J=1.

momentum J, then we easily have

dU = TdS. (3.14)

Thus

AQ = AU. (3.15)

4. Heat engines

A heat engine is a cyclic device operating in a closed ther-
modynamic process, exchanging only heat and work with its
surroundings. Typically, the choice of the thermodynamic
cycle for a heat engine depends on the properties of the
working substance. In this case, we are considering the black
hole as the working substance, whose phase structure has
been discussed previously. Our focus is primarily on three
types of heat engines: the Carnot engine, the Stirling engine,
and the Rankine engine. Previous research on these engines
has mainly focused on high-temperature conditions, beyond
the phase transition. In this study, we aim to incorporate the
phase transition into our analysis. In the case of a simple heat
engine, it exhibits two key characteristics: a heat source at a
high temperature and a heat sink at a lower temperature. We
denote O, and Q, as the heat absorbed by the engine from the

0.04 N | N
\
\\
\\\ \\\
0.03F | I e i
— | ]
o R e [

5 10 15 20
14
(a)
0.16FT T3
0.15F 3
0.14f E
0.13fF - E
~
0.12F 3
o1 3
o.10f 3
0.00F, ]
0 2 4 6 8 10
S
(b)

Figure 4. Isothermal curves (red lines) and adiabatic curves (blue
lines) for the Kerr-AdS black hole with J =0.1. (a) PV chart. The
temperature 7= 0.1, 0.11, 0.12, T, 0.14, 0.15 from bottom to top,
and the entropy S=1,2,3,4, 5,6, 7, 8, 9 from left to right. (b) 7-S
chart. The dashed green curve denotes the saturated small and large
black holes, below which is the coexistence phase of small and large
black holes.

high-temperature source and the heat sink, respectively.
Additionally, we use W to represent the work done by the
surroundings on the engine during each cycle. Then,
equation (3.7) can be expressed as

O+0,+W=0.

Note that Q, is positive, while O, and W are negative in our
notation. Then the efficiency for a heat engine will be
w
n=—=1+ &
0 0

4.1

4.2)

4.1. Carnot engine

The Carnot engine, conceived by Carnot in 1824, is the
simplest design. Its thermodynamic cycle contains four
reversible steps, two isothermal steps and two adiabatic steps.
We show the isothermal curves and adiabatic curves in the P—
V and T-S charts in figure 4. Each small closed cycle can
serve as a Carnot engine. From the 7-S chart, we can easily
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Figure 5. (a) Work as a function of the high temperature 7 for the
maximal Carnot cycle with the low temperature set to 7, = 0.01.
From top to bottom, the angular momentum J = 0.1, 0.3, 0.5, 0.7,
and 1. (b) The heat (top blue line) and work (bottom red line) as a
function of the angular momentum J for the maximal Carnot cycle
with a low temperature 7, = 0.01 and a high temperature 77 = 0.04.

read out that the efficiency for the heat engine is

n=1-2 4.3)

I

For a specific engine, we aim to study the maximum
Carnot cycle, even though the efficiency is given in (4.3).
During this cycle, the black hole is always in a coexistence
phase. A sketch of such a thermodynamic cycle can be found
in [36]. First, we fix the low temperature 7, = 0.01, and allow
the high temperature 7, to vary from 7, to its critical point.
The work W is shown in figure 5(a) for the angular
momentum J= 0.1, 0.3, 0.5, 0.7, and 1. For each curve, the
work firstly starts at zero, then approaches its maximum, and
decreases to zero when the critical temperature is reached. We
can also find that the peak of the work decreases with the
angular momentum, and it slightly shifts to a lower
temperature.

Moreover, we can fix the low and high temperatures
simultaneously, after which the heat and work can be calcu-
lated. Here we set T} =0.04 and 7, =0.01, the result is

0.08 rr T T T T T
0.06 i
N 0.04f E
0.02 F E
0.00 2 N N N N
0 5 10 15 20 25
S
(a)

8pr T T T
ok -
N~ 4fF -
| JJ/J -

ol
0 5 10 15 20

S
(b)

Figure 6. Isometric curves in the 7-S chart. The volume V = 1, 10,
20, 30, 40, 50, 60, 70, 80, and 90 from left to right. (a) J = 0.1.
(b) J = 10.

depicted in figure 5(b). It is obvious that both the heat and
work are monotone functions of the angular momentum J. So
when the low and high temperatures are fixed, lowering the
angular momentum will produce a large amount of work.

4.2. Stirling engine

Compared to the Carnot engine, the two adiabatic steps are
replaced with two isometric steps for the Stirling engine. For
the charged AdS black hole, the adiabatic process coincides
with its isometric process, so the Carnot cycle and the Stirling
cycle coincide with each other [11]. However, for the Kerr-
AdS black hole, the two cycles are different. Thus, it is
interesting to study the Stirling engine for the Kerr-AdS black
hole. Here we plot the isometric curves in the 7—S chart in
figure 6. It is surprising that for the small angular momentum
J = 0.1, the isometric curves are almost vertical lines, similar
to the adiabatic curves. However, for a large angular
momentum J =10, we observe the difference at low
temperature.

According to the definition of the efficiency, the Stirling
cycle shares the same efficiency (4.2) as the Carnot cycle. We
also consider the maximum cycle that the working substance
is in a coexistence phase for during one cycle. And only two
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Figure 7. Work for the Stirling cycle as a function of the angular
momentum. The low temperature is set to 7, = 0.01 and the high
temperature 77 = 0.02, 0.025, 0.030, 0.035, 0.04 from top to bottom.

vertices are located on the saturated small and large black
holes. The work for each cycle can be calculated with

Wl =T, V) = ST, Vo) T — (S(1, V2) — S(, W) T
“4.4)

We present the work for the Stirling cycle with fixed low and
high temperatures in figure 7. The low temperature is set to 7,
= 0.01, and the high temperature 7, = 0.02, 0.025, 0.030,
0.035, 0.04 from top to bottom. From figure 7, we see that the
amount of the work decreases with the angular momentum J.
Moreover, for the same J, the work decreases with the high
temperature.

4.3. Rankine engine

A practical and widely used heat engine is the steam power
plant, which can be modeled with a Rankine cycle. For the
black hole, the cycle was first studied in [36] by utilizing the
phase structure for a charged AdS black hole. The sketch
picture for that cycle can be found in [36]. The study reveals
that the introduction of the back pressure mechanism for the
Rankine engine yields the highest efficiency, so we will study
the cycle with a back pressure mechanism for the Kerr-AdS
black hole.

The heat absorbed from the heat source, work and the
efficiency for the black hole are [36]

0, = area(JBCDEHY)), 4.5)
|W| = area(ABCDEFA) 4.6)
_ 1 _ H.n () — Hyp(Sa) @7

Hy py(S) — Hy py(Sn)’

where area(JBCDEHJ) and area(ABCDEFA) are areas in the
T-S chart in [36]. We fix the low temperature T, and allow the
high temperature to vary from the low temperature to its
critical point. Then we obtain the work and efficiency for the
black hole during each cycle. The result is presented in
figure 8. For fixed angular momentum J, we can see that the
amount of the work and the efficiency of the engine increases
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02} 0.04 0.06 0.08 0.10 0.12 -
00 . . . . . .
0.00 0.02 0.04 0.06 0.08 0.10 0.12
T.
(b)

Figure 8. Work and efficiency for the Rankine engine with the low
temperature 7, = 0.01. (a) Work versus high temperature 7'y with the
angular momentum J = 0.1, 0.3, 0.5, 0.7, and 1 from top to bottom.
(b) Efficiency versus high temperature 7 with J = 0.1, 0.3, 0.5, 0.7,
and 1 from bottom to top.

with T}. And for low T, the work slightly decreases with the
angular momentum J, while the efficiency increases with it.
Moreover, since small J produces high critical temperature,
we can achieve a large amount of work and a high efficiency
near the critical temperature, for example |W|=3407 and
1n=0.9912 for J=0.1.

Interestingly, we can also fix the low and high tem-
peratures simultaneously. The numerical result is shown in
figure 9. The low temperature is set to 7, = 0.01, and the high
temperature 77 = 0.02, 0.025, 0.03, 0.035, and 0.04 from
bottom to top. For fixed angular momentum J, both the work
and efficiency increase with 7;. On the other hand, the work
and efficiency remain almost the same for different J when
the high temperature 7 is also fixed. The slight difference is
that the work slightly decreases with J for 77 = 0.02, 0.025,
0.03, and 0.035, while increases with J for T) = 0.04. How-
ever, the efficiency shows a slight increase with J for different
high temperature 7'. One significant result from figure 9(b) is
that for fixed J, increasing T, will greatly increase the effi-
ciency for the engine.
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Figure 9. Work and efficiency as a function of the angular
momentum J for the Rankine engine with the low temperature

T, = 0.01, while with T}, = 0.2, 0.25,0.3, 0.35, 0.4 from bottom to
top. (a) Work |W| versus J. (b) Efficiency 7 versus J.

5. Conclusions

In this paper, we have studied heat engines for the rotating
Kerr-AdS black hole. First, we briefly reviewed the thermo-
dynamics and phase structure of the rotating Kerr-AdS black
hole. The thermal stability of Kerr-AdS black holes, along
with their dependence on various parameters, have been
thoroughly examined in this study. Afterward, we considered
four thermodynamic processes: adiabatic, isothermal, iso-
baric, and isometric processes. The expressions of the heat
absorbed or released from these processes were derived by
using the first law of the black hole thermodynamics. Based
on this, we studied the Carnot engine, Stirling engine, and
Rankine engine. The work and efficiency for these black hole
engines were obtained.

For the Carnot engine with fixed low temperature
T, =0.01, the work always has a maximum at a certain
temperature. And the maximum work decreases with the
angular momentum J. If both high and low temperatures are
fixed, then both the heat and work decrease with the angular
momentum. However, the efficiency for the Carnot engine is
always n=1 — T,/T,. For the Stirling engine, we found that
the work decreases with the angular momentum. While for

the same angular momentum, the work decreases with the
high temperature. Moreover, we numerically studied the
Rankine engine in detail. For fixed low temperature 7>, we
found that both the work and efficiency of the heat engine
increase with the high temperature T,. Furthermore, for fixed
low and high temperatures, the work and efficiency are almost
identical, respectively. The work slightly decreases with J for
low T, while increases for high 7. On the other hand, the
efficiency slightly increases with J. Nevertheless, we
observed that the angular momentum has a significant influ-
ence on the black hole thermodynamics and heat engines.
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