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Abstract

®

CrossMark

Motivated by the recent experimental developments in ultracold molecules and atoms, we
propose a simple theoretical model to address the disassociation, reflection, and transmission
probability of a one-dimensional cold molecule via quantum scattering. First, we show the Born
approximation results in the weak interaction regime. Then, by employing the Lippmann—
Schwinger equation, we give the numerical solution and investigate the disassociation’s
dependence on the injection momentum and the interaction strengths. We find that the maximum
disassociation rate has a limit when increasing the interaction strengths and injection momentum.
We expect that our model can be realized in experiments in the near future.
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1. Introduction

Laser cooling makes atoms or molecules ultracold, e.g. the
temperature may arrive at the regime of nano-Kelvin [1-5],
which results in the emergence of quantum features of the
atoms or molecules, which are usually hidden in the thermal
noises from the environments. Thus, the ultracold atoms or
molecules become an ideal platform for investigation of
fundamental quantum mechanics problems, quantum chem-
istry, precise quantum metrology, quantum simulations, and
even quantum computing [6—13].

Among these applications, ultracold chemistry is closely
related to laser-cooled atoms or molecules [14, 15]. Along
this direction, one-dimensional ultracold atoms/molecules,
which are formed by a tight confinement with a wave guide
[16], play a crucial role due to their relatively simple theor-
etical model with rich physics [17].

Currently, different kinds of molecules formed from
several atoms have been investigated intensively in the lit-
erature [18-21]. However, the converse process, i.e. the dis-
association of molecules into atoms, deserves further studies
to deepen its understanding. Here, we propose a simple
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theoretical model to address the disassociative probability of a
one-dimensional cold molecule, and investigate its depend-
ence on the injection momentum and the interaction strengths,
which can be arbitrarily tuned via the Feshbach resonance
technique [22, 23]. Our results show that there is a limit of the
maximum disassociation rate when increasing both the
injection momentum and interaction strengths.

This article is structured as follows: in section 2, we
introduce our theoretical model of the scattering problem and
give the Hamiltonian. In section 3, we give the eigenstates
and the in state of our scattering. Then, we solve the model
and show our numerical results by applying Born approx-
imation in section 4 and an integral equation method in
section 5. Finally, we present our discussion and conclusions
in section 6.

2. The model

We consider a one-dimensional molecule, which is the unique
weakly bound state formed by an attractive one-dimensional
contact interaction. Then, the one-dimensional molecule
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scatters with a heavy atom. The Hamiltonian of our system is  where
modeled by
P2
2 2 Hf = —, (15)
H:p—1+p—2—a§(x2—xl) 2M
2my 2my
+ 10(x) + 70(x2), (1) 2
O T o Hy = 2= s (16)

where my, m, are the masses of the two particles, p;, p, are
their momentum operators, and x;, x, are their position
operators in one dimension. Here, v, 7y, 7, > 0 are interaction
strengths of the three contact potentials, where ad(x, — x;)
represents the contact potential between particle 1 and particle
2, v18(x1) represents the contact potential between particle 1
and particle 3, and ~,0(x,) represents the contact potential
between particle 2 and particle 3. Here, we assume that the
position of particle 3—a heavy atom—is at zero, and the
motion of the heavy atom is neglected.

To solve the scattering problem, we split the Hamiltonian
into two parts:

H=H,+V, (@)
where
P2 2
Hy=— + £ — asw), 3)
2M 2u
V=m6X — rnx) + »néX + nx), “4)
with
m
n=—, 5
1= (@)
my
= —, 6
2= 37 (6)
M =m + my = (rn + )M, @)
mm
MZ#ZHUM, (8)
k= yam = | &, ©)
M
X = % T mata -+ maxy = rx; + rxp, (10)
M
X =X — X, (11
P:MX:p1+p2, (12)
p = pxX = np, — np,. (13)

Through this coordinate transformation, we rewrite the
Hamiltonian as the representation of the center-of-mass
coordinate X and relative coordinate x, where M is the total
mass of the two particles and y is the reduced mass. Then, P
is the total momentum and p is the relative momentum.

3. The in state of our scattering

In this section, we will examine the in state of our scattering.
Let us start with the eigen problem of H,, which can be
divided into two parts:

Hy = Hy + H, (14)

20

with ¢ = . Note that Hp is the kinetic energy of the center
of mass for the two atoms, and Hy is the energy of their
relative motion. Thus, [Hj, Hy] = 0, and the eigen problem
of Hy can be solved by finding the common eigenstates of Hy"
and Hj,.

The eigen equation of Hj is given by

P2

Hg|P) = ﬂIP

) a7

where the eigen wave function is

1

(X|P) = Eeﬂ' (18)
The eigen equation of Hj is
Hor|¢b> = Eh|¢b>’ (19)
Hilg,.) = Epld,.), (20)
where |¢,) is the unique bound state with energy E, = —%,
and the wave function for the bound state
(xlgy) = Jge o @D

The eigenstate |¢,,) is the scattering state with respect to H
2

with energy E, = 5—#, and the wave function is

(eipx + ew)" (—)
P-4

L eW)mx)], p>0,
p —14q

V2m ( —p —iq

+(_—p,ei’”‘)9(—x)], p <O0.
P — 4

Here, we observe that (x|¢_p4) = (— x|¢p4), 1.e. (—x|dp1)
is also an eigenstate of Hj, which results from the symmetry
of space inversion of Hp, i.e. the Hamiltonian is invariant
under x— — x. In the Hilbert space of the relative motion, we
can show the following complete relation

-

S|H
3

A

<x|¢p+> (22)

_|_
-

eipx) 0 (x)

j::c dp|¢p+> <¢p+| + |#) (9] = 1. (23)
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Now we are ready to give the in state of our scattering
|\Ijin> = |P> ® |¢b> = |P9 ¢b>s (24)

which describes a one-dimensional molecule in the bound
state |¢,) scattering on the potential V with the momentum of
the mass center P.

4. Born approximation in the molecule channel

In this section, we will apply the Born approximation to our
scattering problem. We start with the Lippmann—Schwinger
equation:

|7 ,) = |P, &) + GT(Ep)VIP, &)
=P, ¢) + Gy (Ep)V|Dp,).

(25)
(26)

where the Green function and the free Green function are
given by

1
G(E)y = ——M, 27
(&) E — H + ie @7)
1
GHE) = ——. 28
0 ( ) E — H() + iE ( )
Therefore, the S matrix in the molecule channel is
(Q, bISIP, b) = (D ,|Pp,) (29)
— §(P — Q) — 2mi6(Eg — Ep)(Q, $,IVIBE,).  (30)
The out scattering state in the molecule channel is
Wy = [ d0I0, 6,)(Q. 94ISIP. )
2™
= (1 - 1T<P» ¢b|V|q);,b>)|P, bp)
2™
—1 (=P, ¢|VITp )| =P, ). €29)

Then, the reflection rate and the transmission rate for the
molecule are

4m2M?
Ry = =5 (=P, &,lV1d},) P, (32)
412M?
I,=1+ o |{P, ¢b|vl¢1+3,h> ?
A7M
= I {(P, Vi) ). (33)

Therefore, in the Born approximation up to the second order
of V:

4m2M?
Rb = P2 |<_P7 ¢b|V|P’ ¢b> |2’ (34)
4m2M?
=1+ p? [(P, ¢l VIP, ¢,)
4M
+ = Im{(P, GIVGG ERVIP, 6,)). (35)

Note that

1
Ep + E, — Hp + i€

1
=P — i7T6(EP + Eb - H()).
Ep + E, — Hy

GO+ (Ep) =
(36)

Thus

Im{(P, ¢,|VG, (Ep)VIP, ¢,,)}
= —7m(P, ¢,|V6(Ep + E, — Ho)VIP, @)

=~ [ d08(Er — EQ)I(Q. &,IVIP, 6,)F
—Wfdedpé(Ep + Ey— Ep— E))

(0. 6,,IVIP. 6,) P

~ZHP. GVIP. 6,)F

(=P, $IVIP. &) )

Prnax ™™
— d , V|P, 2
pQ(p)(I<Q(p) b, IVIP, ¢p)

“Pmax
+(=0(P), 6, IVIP, &) ),

where Q(p) = \p2,. — P* /m with p,. = Kk*P? — ¢%.

Hence, we find

(37

Ihy=1—Rp — Cup, (38)
where
Cnb _ 47T2M2 Prnax
P 7pmax
y QD). ¢, IVIP, @) > + [(=0(p), &, ,IVIP, &)
o(p) 39)

Equation (38) implies that C,,;, is the disassociation rate, i.e.
the rate that the molecule becomes two atoms after the scat-
tering. In addition, only when P > % is C,;, positive.

From detailed calculations, we obtain

M24* 2
Ry, = q( n__ 4, n ) (40)

P2 \q*+ r#P2 ¢+ rfP?
and

"16(P — QPp?

Q. 6, IVIP. &) P = (%) o

1 ( 1'2’)/1 )2
X
[p+ P - Ol + ¢\ [(P - Qr, — pF + ¢

1 ( rl’}/z )2

+

p+@®—OnP +¢@\[P—On—pP+ ¢

mnMN "2

+

(P — Q)rs— pP + > [P — Q) — pP + ¢

2[p + (P — Q)nllp + (P — O)nl + 24> )
(Ip+®—nP +¢Up+@®—-QnP +4¢»)

k]

(4D

which can be inserted into equation (39) to numerically cal-
culate the disassociation rate C,,,.
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Figure 1. Disassociation under the Born approximation. Here, the
parameters are given by m; =mp = 1.0, 7y =7, =0.2, and a = 2.0.

Now we are ready to present our numerical results on the
transmission rate 7, the reflection rate R, and the dis-
association rate C,;, in the first-order Born approximation in
figure 1. Here, the parameters are given by m; =m, = 1.0,
Y1 =7 =0.2, and v =2.0. Due to the energy conservation,
only when the mass-center momentum P > 2 does the dis-
association process occur. With the increase in the momentum
P, the transmission rate 7}, increases while the reflection rate
R, decreases. In particular, the disassociation rate C,,, take its
maximum ~0.05 at P ~2.9.

5. Integral equation method

Note that Born approximation is valid only when the
momentum P is large, and the interaction strengths v, and 7,
are small. To obtain more general information on the dis-
association process, we may resort to the direct numerical
solution of the Lippmann—Schwinger equation.

From equations (34), (35), we need to calculate V|<I>,+,’b>,
which can be obtained from the Lippmann-Schwinger
equation (25) and satisfies

(1 = VG (Ep)VI®p ) = VIP, ¢y). (42)
Therefore we arrives at the integral equation
o) (G“ G12) m 0
|D2) Gt g2)\0
(I)l 1
(90 2 (199) )
|©) |2)

and the amplitudes of reflection rate and the transmission rate

are given by
1 012
(W' @ |)(0 72)(|(I)2>],

2mM m 0\[(I®")
o (@1 <¢2|)(0 %)(@2>), (45)

(44)

2T
Fp =1
P

t=1-—1

where

(V1P = (r2y, yIPp,), (46)

(V1D?) = (=nry, yIPps), (47)

(V1) = (r2y, yIP, &), (48)

(3% = (=ry, yIP, &), (49)

(YY) = (ray, yl = P, ¢y), (50)
O = (=ry, ¥l = P, ¢y), (51)

(G y) = (rax, XIGy (Ep) |2y, y), (52)
(xIG"y) = (r2x, XIG (Ep)| — 11y, ¥), (53)
(xIGHy) = (—rix, xIG (Ep)Ir2y, y), (54)
(*G2ly) = (=nx, xIGy (Ep)| — niy, y). (55)

5.1. Free Green function

To numerically evaluate the integral equation (43), we need to
calculate the free Green function

(X, x|GJ(Ep)IY. y)

1
= <X’ ‘xl . |Y9 y>
Ep + Eb — H() + 1€
=Gg"+ G§, (56)
where
Gél) = f dQ< . %10, ¢,) (0, d')bl . Y) ’ (57)
—00 EP — EQ =+ 1€
G(”) _ foo dQ foo dp <X, X|Q, ¢p+> <Q, ¢p+|Y’ y> .
0 —00 —00 Ep—EQ+Eb—Ep+iE
(58)

By detailed calculations (see appendix for more details), the
free green function is given by

MoeiPIX—7Y
GO = e-atetlyp ZiMge ™M (59)
P
G — ﬂfoo dp| [t + 19 _eipart+in
2mi J -0 p — ig
WP == p?
X . (60)
JRAP2 — 2 — p? + ie
To further simplify the calculation of G{, let
Po = VIK*P? — ¢°, (61)
o = sgnk*P? — ¢2, (62)
g =L, (63)
Po
o = polx — yl, (64)
B = polX — Y|/k, (65)
n = po(lxl + |yD, (66)
=L£ 67)
Po
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Then the second term in the free Green function can be
rewritten as

Gém — ﬂf dz[cos(az) _
0

q02 cos(nz) + gz sin(nz)]

i 2+q5
eifVo—22
X —
o—z (68)
It can be simplified as follows:
Case i: When x*P? — q2 <0, o= —1, and then
KM [ .
Gé”) = —Tj; du(cos(a sinh(u))
qoz cos(n sinh(u)) + ¢, sinh(«)sin(7 sinh(u)) B cosh()
- e .
sinh ()% + qO2 (69)

Case ii: When x2P* — q2 >0, o =1, and then
KM % .
Gé”) — i f2 du(cos(a sin u)
m Jo

qO2 cos(n sinu) + ¢ sinu sin(7 sin u)

] cos(3 cos u)

sinu® + q;
+ ﬁfi du(cos(a sin u)
w Jo

qo2 cos(n sinu) + g, sinu sin(7 sin u)

sinu® + q;

) sin((3 cos u)

— ﬂf du(cos(a cosh u)
m Jo

q02 cos(n coshu) + g, coshu sin(n cosh u)

efﬁ sinh u

h I/l2 4 q2 ] :

cos o (70)
Case iii: When x2P* — q2 =0, 0 =0, and then

KM
G = _TJ; dp(cos(plx — yD)

_g*cos(p(x] + |yD) + gpsin(p(lx| + |y|)))e”’2”

2 2 :
P taq p 1)

5.2. Numerical results

Now we are ready to perform the numerical solution of the
integral equation (43) to obtain |®') and |®?), and calculate
the reflection rate R, and the transmission rate 7, via
equations (44) and (45). The basic method of the numerical
calculation involves writing the integral equation (43) in a
matrix form by discretizing the position variables and taking a
suitable cutoff after checking the numerical convergence, and
then solving the eigen problem. The disassociation rate can be
obtained by C,,=1— R, — T} in figure 2, where the para-
meters are given by m;=m,=1.0, v, =2 =0.5, and
a=2.0. Compared with the case calculated in the Born
approximation, we take larger scattering strengths ~; and ~,
while keeping the other parameters invariant. As expected,

Probability

Figure 2. The disassociation rate from numerical solution of the
integral equation compared with Born approximation, where the
parameters are given by m; = m, = 1.0, v; =7, = 0.5, and o = 2.0.

the disassociation channel opens only when the mass-center
momentum P > 2. With the increase in the momentum P, the
transmission rate 7j increases while the reflection rate R,
decreases. The disassociation rate C,; takes its maximum
~0.1 at P~3.2. We also show the Born approximation
results in the same parameter setting, which become
increasingly accurate with the integral results as P increases,
just as one can expect.

We also care about how the parameters influence the
maximum of the disassociation rate. The disassociation rate
depends on the mass of each particle, the interaction strengths
{7> 7}, and the center-of-mass momentum P for a fixed bound
strength «. In figure 3, we show that the disassociation rate takes
its maximum C,;** under different parameter settings. The solid
black lines in figure 3 show C,;;** with equal interaction
strengths v, = v, =7, and equal mass m; = m, = 1.0, while the
dashed lines show C;™* with m; = 0.5, my = 1.5, and different
interaction strengths. The bound strength is o = 2.0. Figure 3(a)
shows the conditions of P and v when C,;, = C,;**, which
means that to reach the maximum disassociation rate, one should
increase both P and v by following the relationships revealed in
figure 3(a). This relationship between P and v comes from the
constraint that, for a wave packet which has a typical length,
larger incoming momentum P takes more energy to disassociate
the molecule but also reduces the interaction time with the
potential while, during a long interaction time (which means
small P), a larger interaction strength v would cause the oscil-
lation of the reaction procedure. More precisely, from
equations (44) and (45) we can calculate the disassociation rate

M~y M~y 2 . ..
Cw = - + B(T) (A and B are coefficients containing
inner products of scattering states and projective states), which

approximates to a quadratic function of % and exists as a

maximum. Figure 3(b) gives the values of C,;** under different

parameter settings that change with the interaction strength +,
from which we can see that they increase as v increases and
asymptotically reach some limits. For equal mass and equal
interaction strengths, the limit of C,;;** is 0.5. For -y, = 57,, the

limit is about 0.72, and for , = 57, the limit is about 0.75. For
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Figure 3. The parameters of the solid black lines are m; = m, = 1.0,
Y1 =7 =1, and o = 2.0. The parameters of the dashed lines are
my = 0.5, my=1.5, and o =2.0. (a) The conditions of center-of-
mass momentum P and interaction strengths v when the disas-

sociation rate C,,, takes its maximum C,;;** . (b) The maximum of the

disassociation rate C;;* changing with the interaction strengths .

71 =0 or 7, =0, the limit approximates to 1. In conclusion, if
one wants to reach a higher disassociation rate, one would tune
stronger interaction strengths and center-of-mass momentum by
following some similar relations given in figure 3(a) and a larger
difference between the interaction strengths 7, and 7. In fact,
this maximum value C,;** is irrelevant to the coupling strength
a in this situation because this can be reduced to a scaling
problem.

Meanwhile, for different interaction strengths (7, = 7»),
one would suppose that a larger difference between 7, and 7,
would induce a larger disassociation rate. Figure 4 shows
more details of the effect, where we keep v, +7,=1.0 in
figure 4(a) to see the main influence of the difference between
~1 and ,. Figures 3(b) 4(b) also show that a lighter particle in
the molecule with weaker interaction strength has a higher
disassociation rate than that of a lighter particle with stronger
interaction strength.

(a)

0.2
~~~.- {0.01,0.99}
0.15
I

Q O 1 7
0.05 -
O Jd

0 2 4 6 8 10

P

Figure 4. The disassociation rate with different interaction strengths
{7> 1}, where the parameters are given by (a) m; =m, = 1.0,
a=2.0and (b) m; =0.5, my = 1.5, and a =2.0.

When the coupling of the molecule is strong enough, in
the regime of low-injection center-of-mass momentum P the
molecule would not disassociate and behave as a single
particle. We know the reflection rate Rgjnge and transmission
rate Tgngle Of a single particle scattered by a ¢ potential,
which is a kind of quantum tunneling [24], and in our
problem:

M2 (v + 1n)?
P2+ M2 (v + 1n)?

Rsingle = (72)
P2

P>+ M>(q + 1)

Figure 5 shows the reflection and transmission rates of the

molecule compared with a single particle for P < 10, where

the parameters are given by m; =m, =1.0, v, =y, =0.5,
and a=12.0.

Tsingle = (73)

6. Discussion and conclusion

In this paper, a simple model with contact interactions, which
contains the basic process of disassociation of a one-
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A =~ 4single
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Figure 5. Reflection and transmission rates of the molecule
compared with a single particle, where the parameters are given by
my=m,=1.0, vy =7 =0.5, and a = 12.0.

dimensional molecule, is proposed to describe the corresp-
onding system of ultracold atoms. The first-order Born
approximation is made to obtain the basic physical picture of
the process: only when the kinetic energy associated with the
injection center-of-mass momentum P is larger than the
bound energy can the disassociation process occur. To further
validate this picture, we develop the numerical method to
solve the integral equation of quantum scattering. With the
increases in the interaction strengths and the injection center-
of-mass momentum, the maximum disassociation rate will
increase. With a larger difference between the interaction
strengths, the disassociation rate will increase. And under
different parameter settings, the maximum disassociation rate
has different limits when increasing the interaction strengths
and injection momentum.

In the state-of-the-art experiments of ultracold atoms and
molecules [15], ultracold bialkali molecules, such as bosonic
#Na*’K and **Na®’Rb combined by unequal mass atoms, and
Na, and K, combined by equal mass atoms, can be produced.
Optical confinement can be used to constrain the scattering in
one dimension. One can move the molecules using optical
tweezers or can relatively introduce a moving heavy atom or
scattering potential. While putting all the techniques together
is not a straightforward endeavor, we see no major roadblock
in implementing such a scattering model. We expect that our
model can be realized in the experiments of ultracold atoms
and molecules in the near future.
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Appendix

In this appendix, we show the details of the derivation of
equations (59) and (60) giving the free Green function.
The first term of the Green function

N (X, x10, ) (Q, ¢V, y)
GO _~/:oon Ep—Eg—‘rif

1 oo i0(X-Y)
= (a1 () 5= [ -

0’ :
— EP*W+1€

oM elQ(X-Y)
= (x N S Ry —
( |¢h> <¢h|)’> o f_oc QQ2 — 2MEp — ice
—2M [
= (o) (@yly) —— [ do
21 J-oo
el0(X-Y)
X
(Q + 2MEp + i€)(Q — \2MEp + i)
oM elV2MEp+ie|X—Y]|
— x 2mi
(xl9) (Dl ¥) 2 2J2MEp 1 ic
(60 ) S
= —iM (x Y vl
A oME i
—iMeiPIX—Y|
T
—iMgelPIX=Y1
T.

= (xl9y) (4ly)

— e—a(xI+1yD (AD)

The second term of the Green function

X3x s + s +Y,
G(g”):fdedp< |0 ¢p ><Q ¢p | ‘)’>
Ep — Eg + Ey, — E, + 1€

X Y
= [atio, o, [ao— 8
ei2M (Ep+E,—Ep)+ic|X—Y]|

=—iM | d + + .
l(fﬂm”w“”pm&+&—m+ﬁm)

Let

ol 2M (Ep+Ey—E)+ie| XY

F(p) = —iM
P J2M (Ep + E, — E,) + i€

(A3)

WM e P p e
=— , (A4)
1 \/H2P2_q2_p2_~_i€

m
where Kk = [+
M



Commun. Theor. Phys. 75 (2023) 125502

W-L Li et al

When x > 0, y > 0, the above equation becomes

[ aptx16,0) (0,10 F ()
1

00 p2 in )
[ p— d I — €S )Y 2
=) sz p (»)

L Py P e
+ _f dp(e"’(" )N SRS [C )]
21 J o0 p* +q*
—ig
p+ig

+ M iy 4

eip(X+y))F(p)
p— 14

_ L o dp pieip(x*)')
27 Jo p* + ¢
) .
+— q 2eip(x—_v) + L_ei”(”y))F(P)
P~ +q p—14

1 0 NN lq . .
+ 2_f dp|ePt—» 4 TP [F(p)

a P —1q
= L * dp|elre—» 4 iq ePCN | F (p)
21 J-oo p —igq
= KM dp| e + iq elP(+y)
271 J -0 p — ig

eiL;Y\ VP2 —g?—p? +ie
X .
\/Hzpz — ¢ —p* +ie

(A5)

When x < 0, y <0, we have

[ apxié,) (6,415 F (p)

1 0 d p? P F (p)
- _ P R
21 J -0 pp2 + g b

1 00 o q2
L[ a2
2w Jo P>+ ¢
—ig
p+ig

e*ip(xfy)

n ig e iPOty) ei”(”y))F(P)
p—1y4

:L ’ dp pieip(xiv)
21 J -0 p? +q?

2 .
+ 4q eP=y) 4 19 eip(x+y))p(p)

P’ +4q° p—ig

+ %J; dp(eip(x—,v> + ﬁe—ip(xﬂ))p(p)

= Lfoo dp| elP=yl 4 iq
21 J -0 p —iq

elrhty ')F (p).  (A6)

When x > 0, y <0, we have

[ ap (216, (6, ) F )
I T dp| —2—eive—» _ _ PG ipiey) F(p)
2m Jo p—iq P +q
+ _f dp| —£—elpe—y) _ 4 —iplty) |
21 J-oo p(p —ig P’ +q ®)
oo .
L[ gp—L2 _erevp(p)

T dw p —igq

(A7)
When x <0, y >0, we have

[ o, (@, 1) F(p)

elP—y) 4 ip—qe—ip(ﬁ,v))F(p)

] e’}
=— dp| —2- >
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1 00
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(A8)
Therefore
[ aplo,) (@, 1) F(p)

1 00

T

dp(eiplxy| R eip(|x|+|y|))F(p),
P —1q (A9)
The second term of the free Green function
G = ﬂf‘” dp(eiplx—yl i i‘l'
2mi J -0 p —iq
P =g p?
x \/Hzpz_qz_pz +i6.
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