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In this paper, we investigate the Cauchy problem of the Sasa—Satsuma (SS) equation with initial
data belonging to the Schwartz space. The SS equation is one of the integrable higher-order
extensions of the nonlinear Schrodinger equation and admits a 3 x 3 Lax representation. With
the aid of the J-nonlinear steepest descent method of the mixed d-Riemann—Hilbert problem, we
give the soliton resolution and long-time asymptotics for the Cauchy problem of the SS equation
with the existence of second-order discrete spectra in the space-time solitonic regions.
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1. Introduction

In 1993, based on the scheme of the Riemann—Hilbert (RH)
problem, Deift and Zhou discussed the long-time asymptotic
behaviors of the solutions of the mKdV equation by com-
bining classical Fourier analysis and the steepest descent
method [1]. Based on this method, the long-time asymptotic
behaviors of many integrable equations were explored, such
as the sine-Gordon equation [2], the Korteweg-de Vries
equation [3], the Camassa—Holm equation [4], the short pulse
equation [5, 6], the Fokas—Lenells equation [7], the extended
mKdV equation [8, 9], and so on.

As a development of the Deift—Zhou nonlinear steepest
descent method, a powerful tool called the J-steepest descent
method was first proposed by Mclaughlin and miller to ana-
lyze the asymptotic behaviors of orthogonal polynomials
[10, 11]. Later, this method was successfully used to analyze
the long-time behaviors of solutions to integrable nonlinear
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wave equations, such as the focusing NLS equation [12, 13],
the defocusing NLS equation [14, 15], the derivative NLS
equation [16], the mKdV equation [17, 18], the fifth-order
mKdV equation [19], the complex short pulse equation [20],
the modified Camassa—Holm equation [21], the Novikov
equation [22], etc.

As a new-type integrable high-order equation of the
nonlinear Schrodinger equation, the Sasa—Satsuma (SS)
equation was presented [23]

(x,1) € R x RT,
(1.1)

4 + 4o + 319Pq, + 3UqP ) = 0,

which admits a 3 x 3 Lax pair

b, +iko® =U(x, t; k)P, O, + dik’c = W(x, t; k) D,

(1.2)

where & = ®(x, £; k) is a matrix function of x, ¢ and iso-spectral
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parameter k € C,

o 0 qnn)
U, t; k)= (q*(X, 1) Oix2 )
B q(x,t)

qx, t)= (q*(x, l‘))’

U_(]szz Ole)
Oix2 —1)
W(x, t; k) = 4k*U + 2iko (U, — U?)

+2U3 — Uy + (U, U], (1.3)

with “*}” and ‘}” denoting the complex conjugation and Hermite
transformation, respectively. In fact, the SS equation (1.1) can
also be regarded as the special reduction (r=g") of the two-
component integrable complex modified KdV equations [24, 25]

G + G + 6|Q|2qx =+ 3(qr)xr* =0,

Iy + oo + 6171y + 3(gr)xq* = 0. (1.4)

The SS equation admits many other integrable properties,
such as N-soliton solutions, infinite conservation laws, nonlocal
symmetries, Painlevé property, dark soliton solutions, and rogue
wave solutions [26-30]. Recently, Liu et al studied the long-
time asymptotic behaviors of the SS equation via the Deift—
Zhou nonlinear steepest descent method [31]. Recently, Xun
and Fan used this method to study the long-time and Painlevé-
type asymptotics of the SS equation under the assumption of
scattering data admitting only finitely simple zeros [32].

Based on the above-mentioned situations, in this paper,
we focus on the long-time asymptotic behaviors of solutions
for the Cauchy problem of the integrable SS equation (1.1)
with the initial data:

q(x, 0) = gy(x) € S(R), (1.5)

under the assumption of the scattering data possessing finitely
double zeros, where S(R) denotes the Schwartz space. We
then obtain the long-time behaviors of the potential g(x, f).

The rest of this paper is organized as follows. In
section 2, we review the direct and inverse scattering trans-
forms about the 3 x 3 Lax pair of equation (1.1) and deduce
the analytic region about the Jost functions. Furthermore, we
set up the original RH problem. Based on the RH problem, in
section 3, using the ideas from [13, 32], we give a series of
the transformation of the RH problem to make it a model RH
problem whose solution is a parabolic function. In section 4,
through the transformations of the RH problem, the potential
of RHP1 can be reconstructed by three parts. One is the
double-pole soliton solutions by solving the RHP in the
reflectionless case, and the other terms are provided by the
error function E(r) and the pure 0-problem.

2. The direct scattering problem

2.1. Jost solutions of the Lax pair and scattering data

Based on the boundary-value condition lim|y|_,o gy (x) = 0,
the eigenfunction of the Lax pair (1.2) has the following

asymptotic form

Bk, x, 1) ~ e iketak’no, .1

x| — oo.

To change the large-space asymptotics of the eigenfunction of
the Lax pair (1.2) into a unit matrix, let

Uk, x, 1) = Ok, x, 1)elket4kno,

Then W(k, x, t) satisfies the following modified Lax pair

U, + ik[o, U] = UV, U + 4ik’[o, U] = WP, (2.2)
which can be written as a fully differential form
d(eibt4nog) = el t 4o (U Tdy + Wdr),  (2.3)

from which the Jost solutions ¥, (k, x, 1) and ¥_(k, x, f) can be
rewritten as follows:

:l::)o . ~
ok, x, 1) = 1 — f ekEDTY (&) Wk, v, 1)dE.

X

(2.4)

Let \Ili = (\Ifil(k, X, l), \I/iz(k, X, l)), where \I/il(k, X, l) and
W_,(k, x, t) represent their first two columns and third column,
respectively. It follows from equation (2.4) that W_,, W, are
analytic in C,, and ¥, ¥_, are analytic in C_. Moreover,

Wik, x, 1), Win(k, x, 1)) =1 + Ok,

ke Cy — . 2.5)

By using Abel’s lemma and tr(U) = tr(W) = 0, one knows
that detWy(k, x, t) are independent of variable x and
det W, = 1. Furthermore, ¥,e &4 are linearly depen-
dent to lead to

(k) efi(kx+4k3t)zr = U, (k) efi(loc+4k31)aS %), (2.6)

where S(k) is a 3 x 3 scattering matrix. Moreover, together
with det(S) = 1, one can know that ¥ and S(k) admit the
symmetries:

U (k*; x, ) = U l(k; x, 1),

ks x, 1) = oVE(—k*, x, D) o, 2.7)
ST(k*) = §~1(k),
S(k) = 0S*(—k*) 0, (2.8)
based on the two symmetries of U
Ut=-U, pUp=U* o=0"'= (‘7‘ O),
01
01
= . 2.
ay (1 0) (2.9)
One can further rewrite S(k) as
Sk = A(k) —adj[AT (k*)]B" (k*)
B(k) det[AT (k)]
= lim e*U_(k; x, 0), (2.10)

where A (k) = 01 A*(—k*) oy = (a;;(k))2 « 2, adj[A"(k")] denotes
the adjoint matrix of A'(k"), and B(k) =B (k"o = Bi(k),
By(k)), and
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Al =1 + fR g(x, )T o(k: x, 0)dx,

B(k) = —j}; q"(x, 0)U_y(k; x, 0)e~ 2y, (2.11)
which imply that A(k) is analytic in C. by virtue of the analyticity
of qj,]z(k; X, O)

For the convenience of the following analysis, an
assumption of scattering data is that the functions A(k) and
det A (k) have no zeros on R and A(k) has finite double zeros
in C\R, (k) == B(k)A"'(k) € H"'(R).

2.2. The Riemann—Hilbert problem with higher-order poles

Let A(k) have 2N double zeros ki, k,....kpn in C, with
kyyj= —ki,j=1,2,...,N since there is the symmetry
A(k) = 01A"(— k")oy, that is, A(k;) = A'(k) = 0, A" (k;) =
0(j=1,2,..,2N). To establish a RH problem, we define
the following sectionally meromorphic matrix M(k; x, f) with
the aid of the analyticity of Jost functions

(W i(k)A™ (K), Wia(k)), k € CT,

Voo (k)
(\I’+1(k)’ m)’

Mk; x, 1) = (2.12)

e C,

such that M(k; x, f) has 2N double poles K = {k;, j = 1,...,2N}
in Ct and 2N double poles K = {kf,j = 1,...2N} in C.
According to equations (2.6) and (2.12), one can find that the
matrix-valued function M(k;x, f) satisfies the following RH
problem:

RHP-1. Find a matrix-valued function solution M(k; x, f)
satisfying the following conditions:

* Analyticity : M(k; x, ) is a meromorphic function in C\R
and has double poles at k; € K and k;-k €K,

* Jump relation: M(k; x, ) has continuous boundary values
M (k;x, t) on R, and

M (k) = M_(k)V (k; x, 1), k e R, (2.13)
where the jump matrix is
T T (1% a—2i10 (k;x,1)
Vieny = (B2t 7 E0 A EDe ’
,Y(k)emz@(k,x,z) 1
O(k; x, 1) = k(f + 4k2).
t
(2.14)
* Asymptotics:
Mk, x, t)y =1+ 0(%) k — oo. (2.15)

Therefore, M(k; x, f) has double poles at each point in
K U K with:

. 0 0
kisz(k, x, 1) = I}gr/:/M(k, X, t)( A et 0), (2.16)

. 0 0
Resy—i, M (k; x, 1) = l}gnvM(k; X, l‘)(Bjezize(k) 0)

J

0o 0
£ Mk x, t)( A e o)’ 2.17)

_ Ata—2i0(k)
PM(k: x. 1) = lim M(k: x, ] 0 ¢ . (2.18)
k=k} k=K 0 0

Resj—ixM (k; x, t) = lim M (k; x, t)(0
! k—kf 0 0

_B’[ezm’)(k))
J

+ M (k: x, t)(o _Aj'emk)),
0 0 (2.19)
where
 2B(k)adj[A (k)]
T det[A(k))]

2 détA (k)]

B = | 2100k + 2825
/ ( WD 3 k)]

)A,- + A. (2.20)

We now give the reconstruction formula for the solution
of (1.1). Let ¥ have the following Laurent expansion

(0] (@)
\IJ:\I/(O)+\IJ_+\IJ_+...
k k?
Then, by substituting (2.21) into (2.2) and comparing the k>
in z-part and k° in the x part, one can obtain

4i[o, D] = 4000, TO 4 (g, O] = VO, (2.22)

(2.21)

From the above two equations, we have

U =i[o, ¥V, (2.23)
ie.
q(x, )= (q(x, 1), ¢*(x, O = 2iTY
=2ilim (kM (k; x, )12, (2.24)
k— o0

where ¢g(x, f) solves the SS equation (1.1).
In the following, we mainly consider the solution of
M(k; x, t) of RHP-1.

3. The mixed d-RH problem and its decomposition

3.1. Two factorizations of jump matrix V(k)

Since the jump matrix V(k;x, f) given by equation (2.14)
admits the two different oscillatory terms for > 0
0, = e*2k) — eL2ir@k*+3k)

00 =" + 4% = 4(k* — 3k k), 3.1

where 0(k) admits two phase points k = +kg, kg = /,é
with xt < 0. To analyze their properties, one needs to consider
the properties of Re[if (k)] of O

Re[if (k)] = 4Imk(Im*k — 3Re%k + 3k3), (3.2)



Commun. Theor. Phys. 76 (2024) 065002

M Zhang and Z Yan

Imk
Re iO(k)=>0
Re iB(k)<0 Re iB(k)<0
m—— o Rek
Re iO(k)>0 Re iO(k)>0
Re iB(k)<0

Figure 1. The signature table of Reifl (k) = 4Imk(Im2k — 3Re2k + 3k¢)
with £k, being phase points.

whose signature table is given in figure 1.
To analyze the long-time asymptotics of RHP-1, we first
divide all the poles into two parts:

& ={k|Re*t0) - L1 < 3},

A= {k ‘ Re2(k) — L Im?(k) > koz}. (3.3)

We assume that there are no poles corresponding to the region
A" for simplicity.

The jump matrix V(k, x, ) has two different decom-
positions of upper and lower triangular matrices:

To offset the influence of the diagonal matrix of the second
decomposition, one needs to introduce the 2 x 2 matrix
function (k) satisfying the following property:

1 ,}ﬁ(k*)e—ZitQ(k) I 0
0 I ke ® 1 f

V= 1 0Y( 1+~ (k") (k) 0
v (k) 20k) 1
1+ (k)2 (k)

Proposition 1. The matrix function 6 (k) and scalar function
det 6 (k) satisfy the following properties:

» §(k) and det(§(k)) are analytic, and §(k)6T(k*) =1,

det(8 (k))det(§*(k*)) = 1 in C\ [k, kol.
e For k € (—ky, ko),

(k) = & (k) (1 + ' (k) (k)),

det(8,(k)) = det(6-(k)N(1 + [y (K)P); (3.5

SO = {|7<k)|2 +2, ke ko k) (3¢
2, otherwise.
Iy (k)2
— ke (—ko k
6P = L+ hwop FECR R Gy
2, otherwise.
* As k| — oo with |arg(k)| < ¢ < 7,
Sk) =1+ Ok™Y, det(5k)) =1
if 1k 1L+ v ©OF
—| — [ log| ——52 |de — 20k
! k[zw L Og(l T |7(k0)|2) o 0]
+ O(k=2); (3.8)
iv (ko)
det(6(k)) = (u) ek, (3.9)
k + ko
where
v(ko) = ——log (1 + [y (ko)P),
27
2
Xt =—— " 10 ( L+ 1@ ) i€ 310
271 J—k 1+ |vko)|* )€ — K

 Along the ray k = +ky + Rtei® with |¢| < ¢ < 7, as
k — :l:ko,

k — ko

G.11)
k + ko

v (ko)
| det(6(k)) — ( ) ek | < |k F ko|!/2.

k € R\[_ko’ k()]s

,Y+ (k*) efzire(k) (34)

1+ vy (k) k€ (=ko, ko).

1 + vk & J\o 1

Proof. The proof of the above properties is similar to the
proof of proposition 3.1 in [12]. O

In what follows, our aim is to find a transform of
M(k; x, ) — M(l)(k; X, t) such that the jump matrix of M(])(k; X,
f) can be well decomposed. Let

MOk x, ) = M(k; x, )T k), (3.12)
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Imk

Imk
Qs

7 | b 24

Rek

Figure 3. Pole distribution. The red, green and yellow points
generate the breather solutions. Moreover, the red points lie in the
region K™(Z), the green points lie in the region K (Z), and the yellow

Figure 2. Deformation of the jump countor from R to %@, points on the line Reif (k) = 0.

where Res;_, M (k; x, 1) = lim MV (k)
k—k;

(6 0 Y _(17'0 0 ( 0 | o)
T(k)( 0 det[é(k)])( 10 Tz(k)) (3.13) X BT T + AT Ty ne0® o

1y 0 0
+ MWD’ (k) AT T 20w g ) (3.16)

with 6(k), det[6(k)] are given by proposition 1, then the !

modified M(k; x, 1) satisfies the following RHP-2:

RHP-2. Find a matrix-valued function M(l)(k; x, 1) )
satisfying M i [0 —Al e
P oMW (k; x, t) = lim M J ,  (3.17
_ ¥ k— k¥
« Analyticity: MO(k) is analytic in C\(R U K U K). k= 7 \0 0
e Jump condition: M{"(k) =MDk VD(k), keR,
where the jump matrix is
I Ty (ke 20 f 0 -
(o | CIARMOECINY B
Wy —
VIRk) = 11 0 L5 K ouw G149
(L) 'vy(k) Q20 1+ 'y(k)'yT(k) , ke (—ko, ko).
1+ v (k)" (k) 0 1
¢ Asymptotics: MD(k) =1+ OKk™"), as k — oo.
) . . . Resj_ixMD(k; x, t) = lim MWD (k)
Moreover, Mt )(k; x, t) satisfies the following residue ! k—kf
conditions at double poles k; € K and k;” € K: y (0 (—B}TITQ _ Aj'Tz Tl’)ez”{)(k))
PoMW(k; x, 1) = lim M(”(k)( 1 O1 2016 (k) 0) " TO 20t0(k)
- s A —1—1_2i ’ _ —2it
=t kol AT T5 e 0 N M(l),(k)(o AT e ) 3.18)
(3.15) 0 0
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To open the original jump curve R along the steepest descent lines arising from the phase points +k, let these contours be

Eit :{k | k F k() — RJﬁei@}’
@£Dhr

ST={klkFhko=de s, de (0, V2ko},

L2+ D7

Y5 ={k|kF ko=Rfel & },

S(2F D7

Si={klkFko=de" + ., de 0,2k}

(3.19)

Then the complex plane C is divided into ten open domains, denoted by 5 j=1,2,3, 4 and Qs, Q¢ (see figure 2). In what

follows, we will introduce the continuous functions related to the jump matrix V" in these regions.

Proposition 2. Let D = (—ko, ko), D_ = (—o00, —kq), D, = (kg, +00). Then there exists the continuous functions Rji:

ﬁji — C, j=1,2,3, 4 such that

cos(2 arctan(k F ko))gli—l-[l — cos(2arctan(k F ko))]fli, k € S_lli,

Ry = 18 =BT O R, | k€ Ds,
fEm— (k) Ty Re Mo (K=K T vy, ke s
k + ko
cos(2arctan(k F ko))g, +[1 — cos(2arctan(k F ko))If;", k € 9,
RiG) — |8 =ROBOT . k€ Ds.
1w
fzile(k)e’“i"“)(ﬂ) T (ko) (1 — X(h), ke i
k + ko
cos(2arctan(k F ko))g; + [1 — cos(2arctan(k F ko))]ff, k € ﬁf,
¥
v (k)
= T () By (k) ———2 | k €D,
RE(K) = | 83 1+(k) T4 ( )] A0 ()
B iv ¥
f3*——T1<k>eX<iko>(" "0) TER) g ), ke B2,
k+ ko) 1+ ~v(E£ko)v (£ko)
cos(2arctan(k F ko))g, + [1 — cos(2arctan(k F ko))]ff, k € ﬁf,
v (k) —1 —1
8= ——"—7—-"T_(kT,_(k), k€D,
Ri(k) =1 1T+ 7
+ v (ko) 1 ko [ K — ko o +
= T Ykye Mol 2 (1 — Xk(k)), k € X7,
T ko ) k+ ko ) )

and Rji(k)( j=1,2,3, 4) have these estimates

IR (k)| S 1+ (Re(k)) /2,
[OR (k)| < 10xx (k)| + |k’ (k) (Re(k))| + |k F kol =172,
OR; + (k) =0,fork € Qs U Q¢ or dist(k, KU K) < p/3,

(3.20)

3.21)

(3.22)

(3.23)

(3.24)
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Rek

Figure 4. The jump contour for the jump matrix V™.

Z(E)

'Re k

Figure 5. The jump contour ©* for the error function E(k).

where
(k) = v (k),
h3(k) =

hy (k) =~ (k*),
ha (k)
1+ h(k)hy (k)
hy (k)

halh) = ——M8M8M .
O = T om®

and

p:l min |\ — p,

X (k)
2 =peKUK

1, dist(k, K U K) < %’

0, dist(k, KU K) > %p.

Proof. The proof is similar to [12, 32]. O

Let
M@ (k; x, t) = MD(k; x, DR (k; x, 1),

where R® is defined as

( I 0) 13
+ it ’ ] = 1,9,
Rj (k)ezt ® 1

RO (k) = 1 (I Rji(k)eﬁt()(k)) ;
0 )

I3><35

(3.26)
= 2, 4,

otherwise

(3.25)

with Rji(k) being defined by proposition 2 (notice that the
transform causes the previous contour R to change into
contour ©®). Then M@(k;x, 1) solves a mixed O-RH
problem:

Mixed 9-RHP. Find a matrix-valued function M® (k) =
M(z)(k; X, t) solving

« Continuity: M@ (k) is continuous in C\E® UK UK).
e Jump condition: M@ (k) = MP(k)VO(k), k € 2P,
where

! 0 + .
(—l)ijieZifﬁ 1 F keXi, j=1,4,

, kexi, j=2,3,
0 1

I (R — Ry
0 1

2) — 2it6
Vo = )e}kmmm%%&

1 0 . T .
R — R[)ez“g 1), k € (—ikg tan(E), —ikg),

(1 (—1)/RFe 2

i ™
L3, k€ (—ikgtan(—), ikotan(—)).
33 (—iko (12) 0 (12))

(3.27)

* Asymptotics: M(z)(k) — I, k— o0
Moreover, for any k € C\(X@JKJK), one finds that

OM (k) = MD (k) OR? (k), (3.28)
where
( O 0 |
E)Rji(k)ezne(k) ol /= 1, 3,
OR? (k) = 1 (() gR]?E(k)eﬁt@(k)) _ (3.29)
0 0 ’ >
033, otherwise,
and, M®(k; x, 1) has double poles at k; and k* with
PLM@(k; x, t) = lim M@ (k) 0 0
k:;/ o k—k; AijlTZflezlze(k) ol
(3.30)
RCSk:k/.MQ)(k; x, 1) = lim M(Z)(k)
k—k;
0 0
NBT T+ AT (1)) 0
+ (M) (k) o 0 A
AjTl—sz—lezue(k) ol .

PoMO(k; x, 1) = lim M@

0 Aj T TzeZitG
k=kf k—kf

), (3.32)
0
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Resi—ix M@ (k; x, 1) = lim M@ (k)
k—»kj*

X (0 (BT + A,-Tz(Tl)’)eZiW)
0 0

0 ATT() )

+ (M(z))’(k)(
0

3.2. Analysis on a pure RH problem

Throughout this section, our aim is to decompose the above-
mentioned mixed -RHP into a pure RHP with 9R® = 0 and
a pure O-problem with OR® = 0. The decomposition of
M(z)(k; X, t) can be given as follows:

MGp(k; x, 1), as OR? = 0,
MO (k; x, DMGp(k; x, 1), as OR? = 0,
(3.34)

MO x, 1) = {

where Ml%_}l,(k; x, t) and M(3)(k; x, t) correspond to the pure
RHP part and the pure 0 part without jumps and poles of
MP(k), respectively.

RHP-3. Find a matrix-valued function M3)x(k) solving
the following RHP

* Analyticity: M}p(k) is analytic in C\(X® U K U K).

* Jump condition:
M, (k) = MBs_(K)VO(k), k € £, where VP(k)
is given by equation (3.27).

* Asymptotics: M{Hp(k) — I, k— oo

Proposition 3. The jump matrix V® has the following
estimate:

VAU x, ) — 1|1z

O(e~0kor’n), k € S\ Uk,
O(etkirm), k € S\ 0Usy,
O((kolk F ko) 't71/%), k € ZOMNU.s,,

O(efwcg {an3(%)r),

=

k € [iko, +iko tan(%)], (3.35)

T T
0, k € [—ikgtan(—), ik tan(—)],
[—iko (12) 0 (12)]

where Uy, = {k | |k £ kol<p/2}.

3.2.1. Soliton solutions corresponding to discrete spectra. In
order to analyze the leading term of the solution, we firstly
consider RHP-1. RHP-1 reduces to the following RH
problem:

RHP-4. A matrix-valued function M(k; x, t|o,;) with the
scattering data oy = {(k;, A;, B))} fN: 1and K = {k; }32’ 1 and
satisfies the following condition:

* Analyticity: M(k; x, t|o,) is analytical in C\(X® U K U K).

* Jump condition:
M. (k; x, tlog) = M_(k; x, tlog) V (k), (3.36)

 Asymptotics: M (k; x, tlog) = 1 + OKk™"), k— co.

Moreover, M(k; x, t|o,;) has double poles at k; and k;-k with

. 0 0
kisz(k; x, tlog) = ]}LH];M(IC; X, llcfd)(Ajezite(k) 0)’

(3.37)

. 0 0
Resg—i, M (k; x, tlog) = I}EI];M(/C, x, f)(Bjezize(k) 0)

0 0)
+ M’ (k; x, tlo'd)(AAezitﬁ(k) 0)
J

(3.38)
P_oM (k; x, tloy) = lim M (k; x, t|oy)
k:k/* kak}k
AT a—2if(k)
x (0 Aje ) (3.39)
0 0
Res;—ix M (k; x, tloy) = lim M (k; x, t|oy)
! k—kf
(0 Bfe—zira(k))
X J
0 0
AT a—2i0(k)
+ M (k; x, tlad)(o Aje )
o 0 (3.40)

Proposition 4. Given scattering data oy = (k;, A;, By,
and discrete spectra K = {k; }fﬁ v the RH problem has a
unique solution

Gor (X, tlog) = (q(x, 1), g*(x, )T = Zik]Lm (kM (klog))12.
(3.41)

Proof. The uniqueness of the solution can be guaranteed by
Liouville’s theorem. For the reflectionless case V (k) = 1, it
follows from equation (3.36) and the Plemelj formula that one
has

Res_ g Mk| o) 2N ResioieM(k | o0)
k—k; +> k—kF
=1 '
PoM (k| oq)
k:k;‘

2N
Mklo) =1+
j=1
ON APZZM(kItTd)
=K
+ Z} (k— k;)? +
=

k- k)7
(3.42)

One can find that M (k|oy) has the following formulation of
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the sum of sparse matrices:

W™ >
B 03x1) |, O3x2 B)
M =1
*) +,§( k— & k— k¢
(v 03x1) | (032 @))
, 343
(k —Kk)? (k= Kk*? ) G4

which, together with the residue condition, can further lead to
the following equations:

00y 2(Bm 0 (@ 0
;0) = + :
(3.44)
G oo-(° )4 % (B7¢; 0) N (¢ 0)
J - 7]] 0 p k] _ kl* (kj _ kl*)z
_ B 0 (afy, 0))
L2 B3 )
(k] kl ) (k] kl ) (345)
0 —)  2(O = Bm)
0 o= il + - 7
! (o 0) ; ki = ki
© - am)
S 3.46
(K — k;)? ] (3:40)
0 —) 2f© =5 0 —a)
0 * = J —+ +
( ﬂf) (O 0) ;( k;k—k[ k;k—k[
© Bm) _© am})]
A V) ™3
ki — k) ki — k) (3.47)

where (; = B0k, = A;e?0®) Then oy, 3, @7, B can
be solved from the above equations. O

In what follows, we separate M{3p(k) into two parts:

MGp(k)
E()M© (k),

_ ke C\Z/{iko»
T ERMEOK), MEO®K) = MO MD k),

kel (348)

where M"Y is used to find the pure solitions outside Usky»

which is defined in C and only admits discrete spectra without

a jump. M™ is defined in U, without discrete spectra, and

the model RHP considered by Liu [31]. Moreover, E(k)

denotes the error between M{3),(k) and M (k) outside Uiy
Let

5 1(k) 0
M@ (k; x, o) = M (k; x, ,
(ks x, tlog™) (k; x, t|og) 0 dets(h)

(3.49)

with the scattering data

o™ = (k. Ay, By, ky € K}V,

(A, By = (A, B} 6 (k) (det 5 (k)" (3.50)

Then M©" (k|o?™) satisfies the following RH problem:
RHP-5. Find a matrix-valued function M©% (k; x, t|o5")
without the jump condition solving the following problem:

* Analyticity: M©"W(k|o9") is analytic in C\(Z® U K U K).
¢ Asymptotics: MW (k|oT™) — I, k— oo,

M©" (k|og") has double poles at k; and k' with

PLMOD(k: x, 1) = lim MO (k) o 0
k:;,» s Ao k—k; AjTl—sz—lehtH(k) o

(3.51)

Resi— MV (k; x, 1) = gmz MD (k)
—kj

0 0
. ((B;Tf‘T{‘ + AT (T ))er® 0)

0
+ (M(l))/(k)(AjTl1T2162it()(k) O)’ (352)
A. 2it0
PLMO(k; x, 1) = ,}ir?*M(l)(g e ) (3.53)
k=k} e
Resi—ix MWD (k; x, 1) = lim MW (k)
' k—k¥
X (0 BT + Asz(Tl)’)e‘zife("))
0 0
A —2it0(k)
+ (M“b/(k)(o AjTitze ) (3.54)
0

Proposition 5. RHP-5 has the uniqueness solution, and its
potential is equivalent to one of the reflectionless cases of
RHP-4, that is

Gt (55 110" = gy (x, flow) = (q(x, 1), ¢*(x, )7

= 2ilim (kM (k|oy))12. (3.55)
k— 00

Proof. According to the reconstruction formula (2.24), the
proof is similar to [32]. O

We now consider the long-time asymptotic behavior of
soliton solutions. Firstly, we define a space-time region

Dy, va) = {(x, t) € R¥x =vt, v € [vy, 2]},  (3.56)
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where v, < vy <0. Let
Vi Vo
I=[——,—"]
[ " 4]

K(z):{k_, € K-, <K<

N(@) = K@D,

K‘(Z):{kje KIK; < 72—1},

K*(Z):{kje KIK; > —%2},

K; =3Re%k; — Im?k;

ko log(+17(OP)

Cj(I) = Cjéil(kj)e#f—ko & dC'

(3.57)

See figure 3. Then we have the following proposition:

Proposition 6. Given scattering data o; = {(k;, A;, B)) }§N: |
and oy(I) = {(kj, c;(D)|k; € K(D)}. At t — +oo with
(x, t) € D(vy, va), we have

M (k; x, tlog) = [I + O3 M > (k; x, t|oy(T)), (3.58)

where /L(I) = minkjeK/K(I){Imkj . dlSt(3 Rezkj — Imzkj, I)}

Proof. The proof is similar to [13, 32]. O
Corollary 1. Suppose that qy,,; is the soliton solution of the

SS equation corresponding to its scattering data oy =
{(k;, A, B,-)}?N: 1 then one has

Qo1 (X, 1105 = gy (v, tlou(D)) + O(e™3), 1 — +o0,

(3.59)

where q.,(x, t|oy(1)) is the soliton solution corresponding to
the scattering data o;(Z) of the SS equation.

3.2.2. The solvable local RH problem. RHP-6. Find a matrix-
valued function M™(k; x, ) which satisfies

* Analyticity: M™(k;x, #) is analytical in C\X® with
symmetry: M (k) = oM™ (= kM)o.
« Jump condition: M™(k; x, f) has the jump condition

M (k) = M ™ (k) ViD(k), k € B, (3.60)

where the jump matrix Vi(k)=V?k) is given by
equation (3.27). See figure 4.
* Asymptotics: M™(k) — I, k— oo .

RHP-6 is a solvable model for the SS equation. Here, we
mainly adopt the final results for solving the model RHP (see
[31] for more details), whose solution has the asymptotics:

Ly
J48tky (k + ko)
logt

1 .
+ e oMy + O(—20),
/481k0(k—k0)g( 1)e+ 0==)

M)y =1—

3.61)

10

with [|M%"|| < 1, where

. 1 -2
Ml(m) _ . 0 iw P2 ’ (3.62)
—iw?Ba 0
with
@ = (1927)5eMko)=8ir
D(—iv)e 5"
Bn=—pgh ="M T Ty (3.63)

V2r

According to RHP-5 and RHP-6, one has the solvable
local model RHP with M“O(k) = MO(k)M™ (k) inside
Uy, which is a bounded function in U, and has the same
jump condition as MGp(k).

3.2.3. A small norm RH problem. In this section, we mainly
consider the small norm RHP corresponding to the error
matrix function E(k) given by equation (3.48). Firstly,
according to the definition of M]@P(k) and M“O(k), we can
obtain that E(k) satisfies the following RHP:

RHP-7. Find a matrix-valued function E(k) solving

* Analyticity: E(k) is continuous in C\X¥), where
Z(E) - (%liko U (Z(E) \Z/{iko).

* Jump condition: E(k) has the following jump condition
(see figure 5)

E (k) = E_(k)V®E(k), ke x®, (3.64)
where matrix V*(k) is defined by
(out) ) (out) (1)1 2)
VO R = M ‘(k)V. )M ()™, k€ B \Uy,,
MO GRMD MO (), k€ Ma,
(3.65)

* Asymptotic behaviors: E(k) — I, k— 0.

Proposition 7. The jump matrix V®)(k) has the following
uniform estimate
Oeth0r™), k€ S \Usig,
O(e 8¢ m), k€ S\ Usky,
[VE (k) — 1| = 0(6—141(3‘3“3@ 120 ke [k, tiko tan(%)],

j=12,
j=3.4

o172, k € Uy,
0, k € [—iko tan(%), iko tan(%)_
(3.66)
Proof. The proof can be seen in [32]. O

Based on the Beals—Coifman theorem, we can construct
the solution of RHP-7 in the form

L OV - 1)
E(k) =1+ fzw = d

& (3.67)

27
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where k€ L*(X®) satisfies (I — Co)re =1,
wg = (wp)+ + (wp)- = VE — 1, 0,
(wp)y = VE —1,

Cop8 = C(g(wp)y) + Cr(g(wp)-) = C_(g(VE — 1))
with C_ denoting the Cauchy projection operator

RS 8 de,

li
(—kex® 27r1 s® & —(

(wp)- =

(3.68)

C_gk) = (3.69)

and ||C_||, is a finite value.
Since
€l [IVE = Mixes < O,
(3.70)

[ Coe Iz <

the matrix function kg exists and is unique, and the solution
E(k) of RHP-7 exists and is unique.

Proposition 8. V&) and kz admit the following important
estimates

HK/E — IHLZ(E(E>) = O(l‘il/z),

[VE — Il = O 1?), pell,+0), k=0. (3.71)

Proposition 9. The matrix function E(k) has the following
asymptotics

E(;x,t)=1+ El(}f D + Ok, k—oo0, (372
where
i
B, 0= o= [ ke(@(VE - Dde. (3.73)
2 Ju®
Moreover, E(x, t) is given by
Ei(x 1) = ——— M (ko) M{™ (ko) M )~ (ko)
Ko
1
MOW (kY MBo(— k) MOW—1(_f
Jasit, (—ko)M;”°(—ko) (—ko)
+ Ot 'log ). (3.74)
Proof. The proof is similar as [32]. O

3.3. Analysis on a pure 0-problem

Here we consider the pure 0-problem which is obtained by

removing the pure RHP part with OR® = 0. Let
MO (k) = MO (k)M (k). (3.75)

Then we know that M is continuous and has no Jjumps in the
complex plane, and solves a pure J-problem. Pure O-pro-
blem. Find a matrix-valued function M(3)(k, X, t) solving

« Continuity: M®(k) is continuous in C\x®.

11

» Jump condition: EM(})(k) =MOERW k), keC,
where W@ = M (k)OR® (k) M3 (k).
« Asymptotic behaviors: MP(k) — I, k — oo .

The solution of the above pure J-problem can be given
by the following integral equation

I - F)M® (k) =1, (3.76)
where F is the Cauchy operator defined as
3)
FLA1GK) = f/ IO Cue 6

with dA(§) being the Lebesgue measure.

Proposition 10. For large time t, there exists the estimate for
F:

[Flles o S (kot) /4, (3.78)

which implies that the operator (I — F )~ is invertible and the
solution of the pure 0-problem exists and is unique.

M (k) has the following asymptotic expansion

M]<3) 1
M =1+ ==+ 0(5),
M® = %ff(C MO EWI(E)AA(),
L (3.79)

According to proposition 10 and the asympotics of M/,
one has

Proposition 11. For large time t, there exists the estimate for
MI(3)

IMP| < (kot) 374, (3.80)

4. Long-time asymptotics in the region
x<0,|x/t| =0O1) and x>0, |x/t| = O(1)

Based on the above discussions, our main result is summar-
ized as follows:

Theorem 1. Let o; = {(k;, A;, By, k; € K}] _ | denote the
scattering data generated by initial data gy(x) € SR) with
the second-order discrete spectra. For fixed v, < vy € R,
define T = [—vi/4, —v,/4] and a space-time cone D(vy, v5)
for variables x and t. Let q(x, t, 04(I)) be the N(I)
solution corresponding to the modified scattering data
oy(@) = {(kj, ¢;(1)), kj € K(I)}. When x < 0, as t — +00
with (x, t) € D(vy, v,), we have the long-time asymptotics of
the SS equation

q(x, 1) = g (x, oy (D)) + pr~1/2 + O34,  (4.1)
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where

1

48k

— M©O(—ko) o(M™ (—kg))* oM© O~ (—ko))12.

(M (ko) M{™ (ko) M (ko)

p:

4.2)

Similarly, when x > 0, as t — 400 with (x, t) € D(vy, v,),
we have

q(x, 1) = g (x, floa(Z)) + O™, (4.3)

Proof. Based on a series of transformations (3.12), (3.25),
(3.34) and (3.48), we find

M (k) = MOK)E (K)MCD(K)RD- k)T (k).

In particular, by considering k — oo along the imaginary axis
(i.e. in s, £26), we have
+ )

M(3) E M(OUt)
M=|I+—" 4+ . (1+—‘+...)1+ !
k k k

T M,
X (1+ —'+...) =71+ =L+ .,
k k

which generates
My = M + Ey + MP + T, (4.4)

According to the reconstruction formula (2.24) and proposi-
tion 11, the following estimate holds

q(x, 1) = 20M")p + 20(EDn + O34, (45)
Notice that
2(M*)1y = gy (x, 1l ), (4.6)
which, together with proposition 9, yields
(EDiz = pt™'72 + Ot 'og1), 4.7)

where p is given by equation (4.2). Substituting equations (4.6)
and (4.7) into (4.5) yields

G, 1) = Goy (x, 10§ + prt/2 4 O34, (4.8)

Based on equation (3.59), we find the final asymptotic
expression (4.1) with (x, 1) € D(vy, v,). O

Remark 1. Though the large-time asymptotics of the potential
given by equation (4.1) has the same form as in [32], they
have different meanings. In (4.1), g, (x, t|0;(Z)) denotes the
soliton solutions generated by the double poles of the
scattering data of the spectral problem, while it denotes the
simple poles case in [32].

Remark 2. Theorem 1 did not consider the Painlevé
asymptotics in the Painlevé region, in which the main term
of the potential has no soliton solution. Thus, one need not
consider the order of the discrete spectra such that the formula
of the corresponding asymptotic behavior is the same as the
one in [32].
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