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Abstract

Approximate all-terrain spacetimes for astrophysical applications are presented. The metrics
possess five relativistic multipole moments, namely, mass, rotation, mass quadrupole, charge,
and magnetic dipole moment. All these spacetimes approximately satisfy the Einstein—-Maxwell
field equations. The first metric is generated using the Hoenselaers—Perjés method from given
relativistic multipoles. The second metric is a perturbation of the Kerr—-Newman metric, which
makes it a relevant approximation for astrophysical calculations. The last metric is an extension
of the Hartle-Thorne metric that is important for obtaining internal models of compact objects
perturbatively. The electromagnetic field is calculated using Cartan forms for locally non-
rotating observers. These spacetimes are relevant for inferring properties of compact objects
from astrophysical observations. Furthermore, the numerical implementations of these metrics
are straightforward, making them versatile for simulating potential astrophysical applications.
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1. Introduction

A spacetime for a real compact object is useful for many
applications in astrophysics. Real compact objects possess
mass, rotation, a mass quadrupole, and a magnetic dipole, so
that one needs a spacetime with these features. Some exact
metrics containing some or all of these parameters have been
obtained [1-9]. Konno et al calculated the flattening of neutron
stars caused by rotation and a magnetic field [10, 11]. Using the
inverse scattering method (soliton) technique of Belinskii and
Zakharov [12, 13], metrics with these characteristics have also
been obtained by [14]. Another technique to obtain solutions of
the Einstein—-Maxwell equations (EME) is the Sibgatullin
method [15], which uses the Ernst formalism [16, 17]; solutions
with these features have been found by [18-23]. For slowly
rotating pulsars and magnetars, there have been some attempts
at relativistic solutions, for example [24-27]. Another techni-
que to generate new solutions from old ones is the Hoense-
laers—Kinnersley—Xanthopoulos transformations [28]. This
method was used by Quevedo and Mashhoon to find a solution
containing Kerr and Erez-Rosen metrics [29, 30]. The forms of
most exact metrics are cumbersome to work with and are not
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easy to implement numerically. Approximations are usually
sufficient to obtain relevant results; for example, in [31], a ray-
tracing program was used with approximate solutions com-
pared to exact solutions.

The detection of gravitational waves marked a historic
milestone for humanity [32]. Phenomena such as the identi-
fication of supermassive black holes in the galactic center of
the Milky Way, the testing of black hole spacetimes, the study
of the innermost stable circular orbits (ISCO), the ring
polarization, and the observation of shadows in the Milky
Way and M87 bring us closer to a better understanding of
compact objects [33-36]. These findings are the motivation
for this work; the metrics generated in the following sections
can be applied to study these astrophysical phenomena.

In 1989, Fodor et al developed a procedure to obtain the
relativistic multipoles using the Ernst functions for solutions of
the Einstein field equations [37]. Hoenselaers and Perjés
extended the results to electrovac solutions in 1990 [38]. In
addition, they proposed the reverse method, i.e. finding the
metric from the relativistic multipoles. Pappas employed this
method in 2017 to find the metric of a set of five multipoles,
namely, mass, spin, quadrupole, spin octupole, and mass
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hexadecapole [39]. To date, the electrovac algorithm has not
been used to explicitly determine the metric with a set of
massive, spin, and electromagnetic multipoles. The Hoense-
laers—Perjés method had two mistakes; the first one was found
by Sotiriou and Apostolatos [40], and the second one by Perjés
[41-43].

In this contribution, we present approximate solutions of
the EME. The first solution is an approximation using the
improved Hoenselaers—Perjés method that employs the rela-
tivistic multipoles to generate the metric in a power series
[37, 38]. The second one is an approximation employing the
Kerr—-Newman metric as a seed metric; this approximation is
valid up to the third order in mass quadrupoles and magnetic
dipoles, making it attractive for computational implementa-
tions. The third one is a new version of the Hartle-Thorne
metric that includes charge and a magnetic dipole. In this
case, the seed metric is Reissner—Nordstrom instead of
Schwarzschild. The results were found with the help of
REDUCE programs. These programs are available upon
request.

The paper is organized as follows: the second section is
devoted to the Hoenselaers method to generate the metric
from the relativistic multipoles. In the third section, a Kerr—
Newman-like metric with all these parameters is developed in
a perturbative way. A new version of Hartle-Thorne,
including charge and magnetic dipole, is also generated,
perturbing a series-expanded version. Some conclusions and
applications are discussed in the last section. The appendices
contain a summary of the relevant formulas and formalisms
used in this article.

2. Generation of the approximate spacetime from
relativistic multipoles a la Hoenselaers—Perjés

Fodor et al developed an algorithm to compute the gravita-
tional multipole moment of a stationary axisymmetric
spacetime [37]. Following this idea, Hoenselaers and Perjés
showed in [38] that the metric could be generated if the
multipoles of the object are known. Sotiriou and Apostolatos
corrected some typos in Fodor’s article [40]. Recently, Perjés
found another error when computing relativistic axial-sym-
metric electrovacuum multipoles [41-43]. Moreover, Pappas
found a spacetime with five relativistic multipoles, namely,
mass, spin, mass quadrupole, spin octupole, and mass hex-
adecapole, using this technique [39]. In this section, we
generate the metric for a massive (mass, M) rotating (spin, S)
charged object (charge, g,) endowed with a magnetic dipole
(i, magnetic dipole) and mass quadrupole (M,, mass quad-
rupole) employing this formalism.

The Lewis—Weyl-Papapetrou (LWP) metric in canonical
cylindrical coordinates (¢, p, z, @) is given by

ds? = —f(dt — wdg)? + ?(dp2 + dz?) + '072d¢2, ey

where f, w, and v depend upon p and z. This metric has to

fulfill the EME with an electromagnetic four-potential
A,=(—A,0,0,A,) (see appendix A).

Hoenselaers and Perjés devised the Ernst formalism
[16, 17] to find approximate metric components given the
values of a set of relativistic multipoles. The Ernst formalism
is based in two functions or potentials for the metric,
equation (1). The first ones are the complex potentials, £ and
®. The second ones, ¢ and g, are defined through the latter. A
brief overview of the Ernst formalism is presented in
appendix B.

Following this technique, the secondary Ernst functions
are expanded in Taylor series

| o0
=== ) ayp',
r ij=0
1 o0
G=—q= Y bjpr/, 2)
r ij=0
where
P:%, z‘,:%,nz p*+ 2z and
n n
P=p+2=r?=n"2 (3)

with the condition that a;; and b;; vanish when i is odd. Now,
on the axis of symmetry (p = p = 0), we have

Ep=0)=> mz,
i=0

ip=0=> gz @)
i=0

The values of m; and ¢; are related to the relativistic
multipoles and to the values of the remaining non-zero values
of a; and b;; through a type of recurrence relationship (see
appendix D). To obtain an approximate metric, we need to
truncate these Taylor series [39]. In our case, the truncation
occurs if i +j < 6. Employing the recurrence relationships,
the functions f and A, are found directly (f = Re[€] + ®P
and A, = Re[®]). To find w, A,, and ~, we have to integrate
equations (B3), (B4), (A2), or (A2). The results for f, w, and ~
are

f=1-2MU+ 2M?* + g})U>
—2M3U3 4 2MAU*

+(=2M3 + M3p* + My p? — 2Mr 22U
+(—2M*p? — 2MM, p?

+AMM,Z? + (P2 — 28222 U°
+3M2(M3p? + My p* — 2My 22U
+21—8M2(—21M3p4 + 28M3p?z?

—52M, p* + 220M, p*z2 — 8M>zHU®, )
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w = 28p*u® + (2MS — pugq,) p*U*
+4M2Sp?U> 4 28 2M? — My) p*U°

—3M2Sp*UT + %S(—8M3 + 3M>) p*UB,
7= M+ DU

+(—M* — 3MM, + 2p* — 25%) p*U®
+%(5M4 + 1SMM, — 9422 + 95%) p*Ul%,

where U = 1/7.
The components of the metric tensor are

& =1

81 = Sfw

=2pSU> — p*(2MS + pg,)U*
FAM2P2SUS — 2p2S 2M° + Mo)US
—3M?*p*su’

+%S(8M3p2 + TMy p? — 8Myz%) p*U8,

=1+ 2MU + 2M? — gHU?

2
+2M3Z/{3 + (2M4 _ M2p2 + q; p2)u4
+QM° — 3M3p? — My p* + 2Mr U
+(—6M*p* — SMM, p*> + 4MM, 7>
+4p2p? — P72 — 48%p? + 28%HU°
+3M2(—3M3p* — 5My p?* + 2Mr 22U
+%(2M4 + 5MM, — 312 + 35%) p*Ud

+21—8M2(217M3p4 — 28M3p?z2

+500M, p* — 276M, pz* + 8MyrzHU°,
8z = 8pp»

=p® + 2Mp*U + 2M? — g?) p*U?
+2M3p2u3 + 2M4p2u4

+p22M5 — MPp? — My p?* + 2Mo 22 US
+p2(—2M*p* — 2MM, p* + 4MM, 22
—pP? — 4p°S? + 28%HU°
+3M2p*(—M3p* — My p? + 2Mr 2 U’
+21—8M2p2(21M3p4 — 28M3p2z2

+52M, p* — 220M, p’z* + 8MozHUP.

(6)

(M

The components of the four-potential A, =(—A,, 0, 0,

Ay) are

AT = qeu - quu2

1
+5(M2qep2 — 2Mhq,7* + 2uSzHUS,
Ay = —pp*U’

1
+E(_MM + 3q,5) p*U*

+%Mzupzu 6~ %Mzup“u 5. ®)

The electromagnetic field components for a locally non-
rotating observer (LNRO) can be found by using the formulas
in appendix C.

To see which form has this metric in spherical-like
coordinates, we use the Kerr—-Newman mapping (Schwarzs-
child mapping)

p= \/Zsin 0,
z=(r — M)cos0, )

with a =0 [44, 45]. Then, the function 7 is

”=A+M?*—a®>— q’)cos’f
=r(r — 2M) + (M?* — g})cos?#. (10)

Using equation (9), the components of the metric tensor
in spherical-like coordinates (¢, r, 6, ¢) can be obtained. For
comparison with the Kerr—-Newman metric with perturba-
tions, we change the signs of A, — — A, S— — S, u— — p,
so the metric components take the form

8 =1—2Mu + q€2M2 — 2M, Pyu?
4%(3#2 cos? — 6MM, P, — 4P,S% — 28%)u?

+62—3M2M2(—35P22 — 44P, + T,

Gy = (—=28u + pg,u® + MyS(5P, + 1)u*)sin’ 6,
g, = ((r — M)*sin’>0 + Acos® 0)%

=1 + 2Mu + (4M? — g))u* + 2(4M> + My Po)u?
+§(48M4 + 10MM, P§ + 22MM, P,

—2MM, — 642P} + 242P, + 112

+682PHu* + %M2(1008M3 + 665M, P7

+548M, Py — 133My) i,
g = (r — M)?sin? 0 + Acos®0)g,,
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:r2(1 + 2My Pyud + %(IOMMsz + 10MM, P,
—2MM, — 612P} + 212P, + 112

+6S2PHu* + %M2M2(455P22 + 86P; — 91)u5),
8os = 12 (1 + 2My Pyus?

+%(18MM2P2 — 2Py — pi* 4 12P, 8% — 68H)u*

+%M2M2(35P22 + 422P, — 7)u5) sin2 6,

(11
where u=1/r, and P, is the Legendre polynomial of the
second degree.

In this case, the components of the four-potential in
spherical-like coordinates are

A, = —qu + (—pS cos?
+Maq, Pr)ut,

Ay = sinzé)(uu + %(M/J, - q,8)u?

1
M1+ p2>u4). (12)
The electromagnetic field components for an LNRO are
(see appendix C)

E, = qu* 4+ 4Py(—Myq, + pS)u’,
Ep = 3cos0sinf(—Mgq, + 2uS)u?,
H, = Quu® + 3(Mp — q,8)u*
—5M, 1P uf)cos 0,

Hp = (uu® + @My — 3q,S)u*

—M, 11 (1 + 3Py)ud)sin . (13)

The metric, equation (7), is the solution of the EME up to
the second order in M5, up to the third order in the following
parameters (q., 4, S), and up to the sixth order in M. For the
metric functions, equation (5), not all the terms in
equations (D4) and (D5) were kept to comply with the EME.
To keep all terms, the integration of w, Ay, and ~ should be
improved. The improvement of these integrations can be done
by adding new suitable terms to the metric functions f, w, 7,
and the four-potential functions A, and A,. The first terms in
equation (13) for E,, H,, and H are the usual formulas of the
electric field of a charged object and the magnetic dipole field,
respectively.

3. Generation of the approximate spacetime for the
Kerr—Newman metric

In this section, we generate a perturbed metric using the Kerr—
Newman metric as a seed metric. To find this approximate
metric, we proceed as in [44, 45], i.e. the magnetic dipole is
included perturbatively. The mass quadrupole was already
added in [44], and in [45] other parameters like mass hex-
adecapole and spin octupole were taken into account. In this

case, we have to solve the EME for the Lewis metric, see
appendix A. This metric in spherical-like coordinates is

ds? = —Vvdr? + 2Wdedo + Xdr?
+Yd6? + Zd¢?, (14)
where

&=V=V+V,+V,

8o =W=Wg+ W, + W,

8 =X =Xk + Xy + Xy,

g =Y=Yc +r*(Y + Y,

840 =Z = Zx + r*(Zy + Z,)sin* 0. (15)

The Kerr—Newman metric potentials are given by
Vk = LZ(A — a?sin?0),
p

Wy = Z(A — (2 + a?))sin’ 0

r

=-20 -4,
P

2
p
xp =L,
KA
Yk = p?,
1

B

Tk = —2[(r2 + a?®)? — a®Asin? 0] sin? 0
p

(16)
with J = Ma,
p>=r*+ a*cos? 0,

A=r?—2Mr+ad®+q. (17)

The perturbations due to the mass quadrupole were
obtained in [44, 45]

V, = —2qBu’ — 2MgBu* + 24P u®,
W, = Maqr1331u4 sin 6,

X, = 2qBu’ + %Mq(29P2 + 6Py u*
+:;2Eq2(44 + 55P, + 36P; + 250Ps)u®,
Y, =2qBu’ + qu(SPz + 2P)u

+%q2(44 + 55P; + 36P, + 250Ps)u®,

Z, = 2qBu® + 6MqBu* + 2¢*P3u®, (18)
where u=1/r, B(cosf), n=1,..06,
(5P, + 1)sin§ are Legendre polynomials.

The ansatz to include the magnetic dipole in the metric is

and P}(cosf) =

V= 12 (BiP2 + Bo)u?,
W, = uq,(B33P> + Ba)u? sin® b,
X, = 12 (BsP, + Be)ut,
Y, = 2 (B7P + Be)u’,

Z, = 1 (BoP> + Broyu*. (19)
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Furthermore, the ansatz for the electromagnetic four-
potential
Al/: (Ata 0’ O’ A¢) iS

A=K + Ay

=K, — qq,(a; + a2 Py + azP, + auP3)u?
—Mayi(osPy + o),

Ay =Ky + Ay

=Ky + (o1pu + pM (02 Py + o3)u?

+1q (o Py + os5)u*)sin® 6, (20)

where K, = (K,, 0, 0, K,) is the four-potential for the Kerr—
Newman metric [46]

K, = —akK, sin’ 0. (21)

Solving the EME (see equations (A3) to (A10) in
appendix A), the unknowns o;(i=1,..,6), G;(j=1,...,10),
and o (k= 1,...,5) are found by solving algebraic equations:

2 1
—_—— —_—— -0,
B 3 B2 3 B3
Ba=1, Bs=1,
15 1
-, =——, =1,
Bs 1 B2 3 B8
7 19
B9 TR ﬂlo—ﬁ,
2
a1207 O{2—O, a3__19 a4_ga
as=2 ag= L
5 39 6 3,
2
o=1, o0,=0, o03=—,
1 2 =3
1 1
o= —— o5 — ——. 22
4 2 5 1 (22)

The metric potentials can be written in a exponential
form (except for W). It is better to implement numerical
codes:

V= f%[(a sin@)? — Ale2C¥tdi),
p

W=SUA — (2 + a)lsin? 0 + W, + W,
p
2
X = p_e2(xq+x,“)’
A
Y = p262(xq+x2#),

7= Lz[(r2 + a?)? — a’Asin? 0]e*WtYsin? 9, (23)
)

where
g = qBu’ + 3MgBu’,
Y1, = éuz(ZPg + Du* = %;ﬂu“ cos? 6,
U = (19 = TP,
X, = qBu’ + éMq(lSPzz + 15P, — 3)u?
+éq2(25P23 — 21P} — 6P, + 2)uS,
iy = RGP — 15y,
o= ¢HG — P @4)
The perturbed four-potential components are

Ay = _%qqe(—SPz + 2P)u* — Mapu* cos? 0,

Apy = (uu + %M,uu2 - iuq(Pz + 1)u4) sin?d.  (25)

The electromagnetic field components for an LNRO are
(see appendix C)

Er - EKr + Epr»
Ey=Egg + Epy
Hr = HKr + th

Hy = Hgg + Hpp. (26)

The expressions for the Kerr—Newman electromagnetic
fields are determined in appendix C. The perturbation terms
are found to be

o ZkDAn = WedAp
pr =
JXKZK(VKZK + WR)
— 0,4y + 20u30,A

= %qqeus(IOPz cosf — 15P, — 4cos )

+ 4aM, ,uuSPz,

£y - Zk OpAp — Wi OgAps
Y Zk (Vi Z + W})

= U(OpAp + 2J1304A )

= éqqezﬁ sin @(10P; — 15cos 6 + 2)

+6aMpud cos 0 sin 0,
O0pA ¢ 2
Hpr = i = u
N YKZK sin 6
= 2uu’ cos 0 + 3Muu* cos § — pqulP, cos 0,
Hp0 = - =
JXkZk sin 6

= pu’ sin @ 4+ 2Muu® sin@ — pqub(1 + P,)sin 6.

oA po

(1 — Mu)3pA

@7
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The spacetime components, equation (23), are the solu-
tion of the EME up to the third order in the following para-
meters (i, q).

4, Hartle-Thorne spacetime with charge and
magnetic dipole

The Hartle-Thorne metric is an approximate solution of the
Einstein equations proposed in 1968 to study the spacetime
outside neutron stars, white dwarfs, and supermassive stars
with small rotation and small mass quadrupoles [47]. Hartle
and Thorne matched the interior and the exterior solutions, so
that it is considered as a standard to know if a solution has
physical meaning. In this section, we perturbatively include
charge and magnetic dipole moments in this spacetime.
Therefore, to include these additional features we need the
Reissner—Nordstrom metric as a seed metric. Other para-
meters, such as mass hexadecapole and spin octupole, were
taken into account in [45]. Again, we have to solve the EME
for the Lewis metric, equation (14), see appendix A. The
ansatz for the metric potentials in spherical-like coordinates is

V= (1 — 2Mu + %2“2 — §J2u4)ezﬁ"l,

W = —2Jusin?0 — JqP31u4 sinf + W,
X =(1 = 2Mu + g} u? + 2J%u)~le 2,
Y = r?e %,

Z =Y sin?0, (28)

where u=1/r, and the functions v; (i=1, 2, 3) and W,
depend upon (r, #) and the parameters ¢ and p. The ansatz for
the functions v; i=1, 2, 3) is

Y = qBu® + 3MqBu*

—(2/3)J*Pu* + V,

1y = qBu® + 3MgBu* — 8J*Pu*

Jricﬁ(lépz2 + 16P, — TTu® — X,,,
24
V3 = qBu’ + %Mquu4 — %Jszu4

+7i2q2(28Pz2 — 8P, + 43)u — Y, (29)

where the quadrupole perturbations were obtained in [45].
The functions V,,, W,,, X,,, and Y, have a similar form as in
equation (19). After solving the EME (see equations (A3) to

(A10) in appendix A), the functions V,, W,, X,,, and Y, are
V, = %/ﬁu“ cos2 0,
W, = pq,u® sin 0,
X, = (P~ D,
Y, = —%,uszu“. (30)

The components of the four-potential A, are

A, = —q,u — Juu* cos? 0 — qq,Pru*,

3 3
Ay = pu — =Jg u* + =Muu?
) (:u 2% 2 2

—I—%uq(Pz + 1)u4)sin29. 31)

The electromagnetic field components for an LNRO are
(see appendix C)

E, = qu* + 4Up + qq,) P,
Eg = 3(2Ju + qq,)u’ cos 0 sin 0,
H, = Quu® + 3(uM — Jg,)u*
+5ugBu®)cos b,

Hy = (puu® + QuM — 3Jg,)u

+1g (3P, + 1)ub)sin. (32)

The metric, equation (28), is the solution of the EME up
to the third order in the following parameters (J, u, ¢g). The
first terms in equation (32) for E,, and for H, and H, are the
electric field, and magnetic dipole common formulas,
respectively.

5. Comparison among the spacetimes

In this section, we compare the spacetimes obtained in the
previous sections. The principal characteristics of these
metrics are:

* These spacetimes possess five parameters, namely, mass,
angular momentum, mass quadrupole, electric charge,
and magnetic dipole.

* These metrics are asymptotically flat.

* The Lense-Thirring metric, which can be deduced from
the Kerr metric, in a series expansion to the second order
of M and to the first order of J is contained in all
spacetimes.

* The Reissner—Nordstrom metric in a series expansion to
the second order of M and ¢, is contained in all
spacetimes.

* The four potentials of these metrics contain the first order

of the charge and magnetic dipole of the objects.

The electric field corresponds to the first order expected

for a charged object, in the same way that the magnetic

field corresponds to the first order expected for an object
with a magnetic dipole.

Let us see the Taylor series expressions of the metrics up
to the fourth order in M, the second order in ¢, and , and the
first order in J, S, M, and q.
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From equation (11), the Hoenselaers—Perjés metric with
charge and magnetic dipole is

V=1-2Mu+ q’u®*— 2Mop2u® + 12u* cos? 0,
W = —2Su sin?6,
X =1+ 2Mu + 4M? — gDHu® + 2(4M> + My Py)u’

+%(48M4 + 12(—=6P} + 2P, + D)u?,
Y = r2(1 + 2My Pyu® + %/tz(—6P22 + 2P+ 1)“4)’

7= r2(1 + 2My Pru® — éuz(ZPz + 1)u4) sin? 6. (33)

From equation (23), the Kerr—-Newman with a magnetic
dipole and mass quadrupole is

V=1-2Mu+ qu* — 2qBu?
+pi2u® cos? 6,
W = —2Jusin? 4,
X =1+ 2Mu+ (4M* — ¢))u?
+2(4M?3 + gB)u?

+%(64M4 + 24P, — 15))u*,
Y = r2(1 + 2qBu’ + é,uz(S - Pz)u4),

7= r2(1 + 2qBu® + %M(w - 7P2)u4) sind2.  (34)

From equation (28), the Hartle-Thorne metric with
charge and a magnetic dipole is

V=1-2Mu+ q}u* + 2qBu?
+12u cos 0,
W = —2Jusin?6,
X =1+ 2Mu+ (4M* — ¢))u?
+2(4M?3 — 2gB)u?

+§(48M4 + 22 (P, — D)ut,
Y = r2(1 — 2qBu’ — %Mqu‘*),

o (Y P T

The first order of the four-potential components for the
metrics are

A =—q,u,

Ay = pusin? 6. (36)

The components of the electric and magnetic fields at the
first order are

E, = q,u?,

Ey=0,

H, = 2pu3 cos b,

Hy = pu cos 0. 37

From (33, 34, 35, 36) it can be seen that the structure of the
metrics is similar. The Hoenselaers—Perjés metric was deduced
by assuming the multipolar structure from the beginning. In
[45], the multipole structure of a metric with five parameters,
namely, the mass, spin, mass quadrupole, spin octupole, and
mass hexadecapole was obtained using the formalism of Fodor
et al [37]. Moreover, the metrics derived in [45] are contained
in these new metrics without an electric charge and magnetic
dipole. Since the new metrics contain Reissner—Nordstrom, the
remaining parameter p is the only one that remains to be
interpreted; however, from the structure of the electromagnetic
four-potential and the electromagnetic field, it can be inferred
that it corresponds to a magnetic dipole.

6. Conclusions

In this contribution, we found three spacetimes that can be
employed in astrophysical calculations. The metrics include
mass, rotation, quadrupole moment, charge, and magnetic
dipole moment. The first spacetime was found using the
Hoenselaers—Perjés formalism. This metric is in canonical
cylindrical coordinates and was transformed to spherical-like
coordinates using Kerr—Newman mapping. The second metric
is a generalization of the Kerr—Newman metric. This is an
excellent approximation, since the Kerr—-Newman metric is
exact, and the parameters g and p are small compared to the
mass and spin for an ample range of real values. The last
metric is an improvement of the Hartle-Thorne spacetime,
including charge and magnetic dipole moment. It is important
to explore the matching of interior with exterior solutions
with magnetic dipole moments. The metrics were found using
REDUCE programs that are available on request.

These metrics are relevant in astrophysics, since they
include the approximation of the magnetic dipole moment,
which makes them suitable for simulating real compact
objects. Our approximations can easily be determined with a
higher order of precision by taking into account the higher-
order terms in the expansions. It can be done without sig-
nificantly changing the form of the analytic spacetimes.
Furthermore, they can easily be implemented numerically.

These metrics have many potential applications. For
instance, they could be used to infer features of the structure
of a compact object from astrophysical observations. The
ISCO and the shadow of the compact object are other char-
acteristics that can be calculated from these spacetimes. In
addition, a ray-tracing program including these spacetimes
can be useful for studying the chaotic behavior of geodesics,
light scattering, determination of the shape of the neutron star,
the thermal spectrum, and pulse profiles.
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Appendix A. Einstein—-Maxwell equations

The EMEs are given by

R
R;m - 5&“, = KY}L[/’

VIEF=0
aaFﬂw' + adEya + 8’)’Faﬂ =0, (AD)

where n:8ﬂ'G/c4, g, are the components of the metric
tensor, R, are the components of the Ricci tensor, R is the
curvature scalar, and T, is the stress-energy tensor given by

1
Tl‘-V = F/‘JIOZFI/(} - Zgul/Fa‘@Faﬂ

with F,,=0,A, — 0,A, with A, =(—A, 0, 0, A,).
The EMEs for the LWP metric. equation (1), are expli-
citly

PV = p*(Vf)? — f*(Vw)?
F2f[P2(VA)? + f2(VAy — wVA,)],

2
0=V- f w—4iA(VA¢—wVA)
p?

07 = U0 = @7

2
——[(Qw)* — (O.w)’]

4p
Lioa - a0

2
+(fi — ﬁ)[(apw — (2.A)%]
p f

e 2 0,4,0,4, — 0.A,0.A,),
P

f
0y = — 2f2 pfaf

2
P

Opw0,w

o
2f°" 2 (0,4,0.A, + 0,4,0.A,)

0=V- [%(VA¢ - wVA,)],
p
1 fw
0=V- [?VA, - —(VA(D wVA,)]. (A2)

0 = Y((X(RO,Y + VY0,Z)

—RYO,X — 2WXYD,W)0,V

+X RV (X (0yW)? + Y (0,W)?)

—YZ(0,V)?) + 2RXY0,0,V)

—X (X (ROyY — VYOyZ) — RYDX

+2WXYOpW + XYZ3yV) sV

+2RX2Y 090V — 4(R + WHXY2(0,A,)?

—4(R + W2)X2Y (0yA;)?

—4VXY2(VO,Ay — 2WO,A,)0,A4

—4VX2Y(V69A@ — 2W0pA;) 0pA 4, (A3)

0 =Y((X(RO,Y — VY),Z)
x0,W + 2RXYD,0,W)
—X (X (ROgY + VYO4Z)
X 0gW + 2RX2Y8969W
—XY*(Z0,W — 2W0,Z2)0,V

—X2Y(ZOyW — 2WyZ)0pV

+AWXY?Z(D,A,)? + AWX2YZ(09A,)?

—4XY2(VWO,Ay + 2RO,A; — 2W?29,A,)0,A,

—4X2Y (VWA + 2ROpA, — 2W20pA) DAy,  (AD)

— RYD,X)

— RYX)

0 = X(VY2(2QRO,0,Z — VO,Z*V)
—R2(0,Y)* + 2R?Y0,0,Y)

—RY(RO,Y + VYD,Z)d,X

—RX(ROyY — VYOZ) + RYDsX)0pX
F2R*XY 090pX — 2Y2(W(RO,X + 2VX0,Z)
—(R — 2WHXO,W)0,W + 4RWXY20,0,W
+2RWXY OyW 0y X

—YX(RZO,X — 2W*X0,Z

+4WXZ0,W + XZ%0,V)0,V
+2RXY?Z0,0,V + RXYZDyV X
—ARXY?Z(D,A;)? + 4RX?YZ(DpA,)?
+4ARXY?(VO,Ay — 2WO,A,)0,A,

—4RX?Y (VOpA, — 2WDpA,) DpA s, (AS5)

0 =VXYQROZ — VOyZ0,Z)
—RO,YOZ) — RY0X08,Z)

—2WY (ROpX + VX0pZ)O,W
—2X(W(RO,Y + VYO,Z)

—(R = 2WH YO, W)W + 4RWXY,0yW
—Y(RZOpX — W2XOpZ + 2WXZOyW)O,V
—X(RZO,Y — W?Y0,Z

+2WYZO,W + YZ20,V)0sV
+2RXYZ0O,0,V

—8RXYZDpA,0,A; — 8RWXYD,A,0pA,
+8RXY (VO,Ay — WO,A;) DAy, (A6)
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0 = X(R(RO,Y — VYd,Z)0,Y

—VXY QROyNZ — V(9yZ))

—2R?Y0,0,Y + RVX0yY0yZ) + R¥Y0,X0,Y

+REYOyX + X0yY)0gX — 2R2XY Dy0yX — 2RWXY O, WO, Y

F2X2(W(ROpY + 2VYOpZ) — (R — 2W2)YOW) W

—4RWX2Y0y0yW — RXYZO,VO,Y

+X2(RZOyY — 2W2Y OyZ + AWYZOW + YZ20,V)0yV

—2RX2YZDyoyV — ARXY?Z(D,A,)* + 4RX2YZ (DA, )?

+ARXY2(VO,Ay — 2WO,A)0,As — ARX?Y (VOpA, — 2WOpA,) DpA s,
(AT)

0 =X(Y(YQRI0,Z — VO, Z?) — VXOZ? + 2RX0yOyZ + RO,YD,Z)
—RX0pY0yZ) — RY?0,X0,Z + RXY0pX0Z
+2XY2(ZOW — WO, Z)D, W + 2X2Y (ZOyW — WIyZ)O0pW
+XY2Z0,VO,Z + X2YZ0yVOyZ
+4XY?Z%(0,A,)* + 4X?YZ%(0yA;)?
+4XY2(R + W2)0,A, + 2WZ0,A)0,A4
+4X2Y (R + W2)0pAy + 2WZyA,)0yA s,
(A8)

0=Y(X(R + WAYD,Z+ RZ)D,Y — RYZO,X — 2WXYZO,W
—XYZ%0,V)0,A; + 2RXYZ,0,A,)
+XX (R + WAYOZ — RZOgY) + RYZOpX — 2WXYZOW
—XYZ20,V)0pA, + 2RX>YZ0y0pA,
+Y(W(X(RO,Y — VYD,Z) — 0,XRY) + 2(R — WH)XYI,W
—WXYZ,V)9,A, + 2RWXY?0,0,A,
—X(W(X(ROY + VYOyZ) — RYDX) — 2(R — WAXYW
+WXYZOyV)DpAs + 2RWX2Y 9y0pA,,

(A9)

0 = Y(QRXY,W — 2W2XYO,W — RWYH,X + RWX9,Y
—VWXYO,Z — WXYZ3,V)0,A, + 2RWXYD,8,A,)
+XQRXYHW — 2W2XYOW + RWY X — RWX,Y
—VWXYyZ — WXYZ3,V)IpA, + 2RWX2Y 9y3pA,
—Y(V(X(RS,Y — V¥Yd,Z) — RY,X — 2WXYD, W)

+(R + WHXYD,V)D,A, — 2RVXY2D,0,A,
+X(V(X(ROY + VYyZ) — RYOpX + 2WXYIyW)

—(R 4+ W2XY3yV)0pAs — 2RVXZY 0y0pA,, (A10)

where R = VZ + W2. If one chooses A,=(,0,0,A,),
one has to change the signs of A, — — A, in expressions (A2),
and subsequent ones, as well as in equation (A3) and sub-
sequent ones. These expressions were found using REDUCE
programs that are available upon request.

Appendix B. Ernst equations

In 1968, Ernst reformulated the EME for the LWP metric,
equation (1), in a complex form using the potential [16, 17]

E=(f—I2P) + ip, (B1)
where the function £ is the Ernst potential, and
d=A, +iAy, (B2)

with A, and A, as the components of the electromagnetic four-
potential. The function ¢ is the twist scalar, and A4 is an

auxiliary potential. Both functions are defined via

A x VA, = —?% + wh x VA, (B3)

i X Vw= —J%[ch 1 2Im(@VD)], (B4)

where 7 is a unit vector in the azimuthal direction. From these
equations, the EME can be rewritten as

(Re € + |DP)VE = (VE + 20V) - VE,
(Re & + |DP)V2D = (VE + 20Vd) - VO,

Oy = %J%[(apg +200,8)(9,€ + 200,3)

—(D.€ + 200,8)(8,E + 230,D)]
—§(a,,¢>ap<1> — 0.90.9),

Doy = %%{(@,5 + 200,8)(0.E + 250.D)

—(0;€ + 290.9)(0,€ + 290,9)]

—?(apcpaz@ — 0.90,P). (BS)

These equations are the Ernst equations. Ernst introduced
new functions g, £ such that

g:g,
£+ 1
:gjlr—l' (B6)

Under the transformation, equation (B6), the EMEs
become

(&€ + qq — V26 =2[(VE+ qVgl - VE
(&€ + qq — 1)V?q = 2[EVE + qVq] - Vg,

__ _
0 = e @€+ DA — 40,0

+(€ + 1)

x(q((§+ 10q — q9)8) + (§ + 1)9,8)
—(q€ + 1)I.q — q0:8) + (£ + 1)0.5)
x(q((€ + 1)0.q — g0:8) + (§ + 1)0;6)

—f1€ + 1P (€ + Dd,g — g8,8)

xX((§ + 1Iq — q0,8)

+((€ + 1)0.qg — qI:)((§ + 1DI.q — qI;8))),

T e @€+ D9 = 0,

+(€ + 1)5,8)

x(qU€+ 1)0.q — qazg) + (E+ Do)
—(q€ + 1DI.q — q09:8) + (£ + 1)0.5)
x(q@((€ + 1)0q — q9p&) + (£ + 1)9,6)

—f1€ + 1€ + DIpg — q0,8)

x((€ + 1)3zq - qazf)

+((€ + )09 — q9:((& + 1)Ihq — q0,%))).

0y =

(B7)
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The complex transformation, equation (Bl), leads to field for an LNRO are
powerful tools for solving the EME for the LWP spacetime

der initial conditi 12, 13, 15, 28].
under initial conditions [12, 13, 15, 28] E, = ie*”(apAt + BOA)
13
[ 2 2.2
Appendix C. Determination of the _Np e”(apA _ S 9,A )
in fi ! 2 2, 2P0
electromagnetic field P p-—fw
To determine the electromagnetic field we use the Cartan E. = %e_ﬁ"(azAr + @0 Ap)
formalism [48-51]. For this purpose, local non-rotating :
observers are chosen. The metric LWP can be written as PP = fre? elaa frw DA,
follows - P (o 7p2 — 22 (ol B
27 f —y f67W
d 2 _F dt2 C_ d 2 d 2 H/) =, =€ azA(/) = 78114(7),
s 07+ —(dp? + ds?) VR Ny
Fi(d¢ — @dr)? . e’
+Fi( <l52 wdr) i i i H =— IL . "4y = _%@’A"" (C6)
=— (W + W + W) + W2, (Ch A NV
where In the case of the Lewis metric we have
2 2
_P 2 2
F=£ — [ W
1 f fw s ds?2 = _( VvV + 7(11‘)
o= S fw 2 2
F 02 — f2u? +IVXdrP + [ﬁdi]
2 2 w
_r_ T +(ﬁd¢ + —dt) ) (C7)
F,= R 7/}2 AR (2) 1z

The 1-forms for equation (C1) are The 1-forms are

w' = Fdt, 2
& w=,V+ W—dt,
_ Z
wf = —dp,

JF w" =Xdr,
Wi = %dz’ WH = \/?da,
b= w
b — TR — ot ) w? = ﬁ(ckp + dt). (C8)

The potential 1-form is
The potential 1-form is written as in equation (C4), but

A=A, dt + Aydo, (C4) where A, =A(r, ) and A, = Ay(r, 0).
The Faraday 2-form is
where A, = A/(p, z) and Ay =Ay(p, 2).

The Faraday 2-form is F=dA
F=4dA + 0,Apdr A do + 0pAsdo A do

=0,A;dp A dt + O;Apdz A dt
+9,Asdp A do + 0.Aydz A do
=(0,A; + @9)A4)dp A dt
+(0A; + @0Ay)dz A dt

_ (a,A, _ ga,AQ)dr A de

+ (agA, _ %agqu)da A di

+840dp A (d — @dr) + 0,Asdr A (d¢ + Kdt)
+0.A4dz A (dg — Bdr) Z
=E,w’ N W' + E.w* A W' + 0pAsdl A (d¢ + %dt)
—H,w’ A w? + Hyw® A w?, (C5)

=E,w" A w' + Egw? A W'

. 0
where the orthonormal components of the electromagnetic — Hpw" A w? + Hyw' A w?, (C9)

10
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where the orthonormal components of the electro- +14839 + 1385 — THyp),
magnetic field for an LNRO are P — me — % Moo
4 1
Er — ; ﬁarAl _ larA(b s ——m1M30 + —mozm()Mzo
JX(VZ + W JZ 313 33 |
_— ]8M +8M )—|——q Sl()
1 mo(18Myg 31 3
Ey= —(J?agA, - l@gA(b), 3-1’ 33
JY(VZ+ w?) vZ + 23702255 — 20H)
1
H, = —— A4, 2
Tz Y 231(11(353;0 1 3785 — 21Hs)
1
Hy = —ﬁ&f\@. (C10) fm(:ﬁqlmo + 13gym)moSio
1
. ) 4
For the Kerr—-Newman metric, the electromagnetic fields 33 33% (SqOSZO moQx + 3¢1510)
for an LNRO are [51, 52 10 2
[ 1 + 231 419990510 + 33 oo
Ex, = \/_ (r + az) (r a? cos? 0), X (2moHayy — 3qyMay — 2mSy)
p 1
a r A +§q0(30S40 + 32S31 — 24H31 — 12H40)
Exp = —2i | = cosfsind, 0, =
p4 E 0 — l](),
0 =q,
Hy, =2 ac{;— (r* + a®)cos ¥, le _ qlz,
1
a 05 = g3 — —moHo,
Hng qe (r — a?cos?0)sin 6, (C11) 37 4 et
1 3
O,=gq, + 7%on - gmlHlo
where ¥ = (r2 4 a?)? — a?Asin?0 1
*;mo(3Hzo — 25x),
Appendix D. Hoenselaers—Perjés relationships for 1 1
the relativistic multipoles Qs = ds + F90%0 + 579 %0
1 1
The parameters P; represent the mass or spin relativistic _ﬁmzH“’ a Em1(4H20 = 350)
multipoles; if i is even, it is a massive multipole, and if i is 1
. i ) +—mo((momo — q,q,)Hio
odd, it is a spin multipole (complex value). The parameters Q; 21
represent the electromagnetic relativistic multipoles; if i is —14H — 13Hy1 + 7S30),
even, the V.alue is real, and if i is odd, it is a complex value. Q¢ = g, + 5 = 4,000 + 4 4,04
They are given by [42, 43] . 231 | 33
p +t2z 33% 34000 + 3%(18Q40 + 803
0 = Mo,
1 1
Py =m, ——m3Hyg — ——my(25H, — 20S
P 33H0 — o 2(25Hy 20)
’ 2
1 ——m(35H. 37H, — 218
Py = ms + gqoSlo, 23 mi(35H30 + 21 30)
37 + 13 H
Py my — lmoMzo 1155( myq, mO‘h)‘]o 10
7

1
3 1 +§m0 (SmoHyy — 4qyMyy + 3mHyp)
+—=—q,S10 + 7%(3520 — 2Hy),

33 | | 2131mlm0m0H10 + 323"10610
Ps=ms = EmoMm h EmlMZO X(24qyS20 — 3moQyy — 2q,Hi0)

% S0+ 11 T ~ 5 moG0Hu + 32Hy, — 2455, — 125)
‘*‘L‘Io((%% — mono)Sio where m; = ag;, q; = by;, and

21

11

(D)
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M = mim; — m;_ym;,
Qij = 49 — 4i—1dj4 1>
Sij = miq; — mi—1q; s

Hjj = g;mj — q;_ymj.. (D2)

Now, we choose the relativistic multipoles as follows

Po= m, Qy =gq,
P= iS, Q1 =ip,
P,= M,0, =0,
P= 0, 0 =0Yn3>3 (D3)

From equation (D1), one can invert the relationships to

get the values m; and g;

my =M,
mlziS,

my = M,
i

m; = < (Mug, — a9,

Mg = ;—S(SMZMZ + 3M 2

+5MS? — 15M>q? — 814, S),
i

ms = —(—8MM, S

5 21( >

+3Mypg, + 1S — S3),
1
T 1155
+55M3S% — 330M*Maq;
—66M?uq,S — 255MM3
—121My2q} — 110Mq?S* — 20M 12
+275Maq} — 115M> 52 + 17614,'S),

me (55M4M2 + 66M3/,62

qO = Qe’
q, = 1/'1/’
g, =0,

i
q3 = gM(MM - q,9),

qy = %(—IOMquE + 8MuS
_Sluzqe - 3qu2)7

i
= —OM*
4qs 105( 1%

—9M?3q,S — IM>pg} — 25MMs 11 + 9Mq,'S
+10Maq,S + 541 — 5uS?),

1
1155
—110M*1%q, — 121M?q,S?
+220MMq,) — 66MpgS
—100M3 q, — 135M> S + 5512
+66g,5?).

9o = (—220M°M>q, + 176M>1S

(D4)

12

Using the following recurrence relationships, we obtain

the non-zero values of a; and b; for i+j<6 using
equation (D4)

1

azy = *5(002 + agyag)

1
:——(M3 + M2)a

2

1 2
ar = 5(—3a03 — 4dap1apoagy — agpdor)
3i 2 2

:E(—SM S — Muq, +q;S),

1
ay = E(zdzoaooaoo — 6ao4
—Sagagnag — 4agag
—dagiagag, — agdo,)
— L Casms — 275mm,
70
—18My2 — 30MS? + 90M>q + 481q,S),

1
axy = 5(25121000“00 + 2azpapiag
+2(1206100(101 — 106105 — 5(1()3(10()6100
—11610261016100 — 5610261006101

—451021001 — dagiagag, — aozoaos)
i
=——(—315M*S — 237M?
210( Hq,

+237M?%q}S — 650MM,S
+90Mpg; — 250M g,
—5012S — 90g.'S — 370S),

1
axy = 5(20226100(100 + 2a1a01a4

+2aza00ag + 2axacag + 2a20a014¢,
+2a20000a02 - 15“06 - 4a04a00a00
—136103(101&00 — 5(1()3610()(101

—8(1022(100 - 11610261016101 - 5(102(1006102

2 2
—dagiag, — 4aoiacdgs — dgdos)

:L(—385M7 — 4345M*M,
770

—693M31%2 — 1265M3S?
+3465M°M>q” + 1606M?puq,S
—4500MM; + 605Myi*q}

+242Mq?S? + 100M 2

—1375M>q) — 2505M,S* — 88014,’S),

1
as0 = g(—azz — 4aspagoag
+ampaeag — a()21aoo - 00206120)
:ﬁ(lOSMS + 260M2M, + IM 2

+50MS? — 45M>q — 241q,S),
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1 2, _ 5 2
as = g(—3a23 — 6azagagy — 6axaodo +30p2q, — 359, + 18¢,5%),

1
74(12()&()()@01 =+ 3&()3(1()()(100 b23 = 5(2b21b00b00 + 2bZObOlb()O
—3anaoag + dodondo +2b20booby; — 10bos — Sbozbooby
7610216101 - 4a01000a20 - a020a21) —11b02b01b00 — Sb()zb()obm
= ﬁ(SZSM“S + 192M3ugq, —4bgibg; — 4boi1boobey — baobos)
_i 4 3
—192M22S + 290MM,S — 45Mpuq = 570 (TO0M ' + 90M7, S

+125Ms pug, + 25p%S + 45¢'S + 15083,
—5TM?ug? + 250MMs i + 57MqS

1
azp = §(8614oaooaoo — 6azy
—100M>q,S — 4701 — 315pg + 50u8?),

_7a22a00a00 - 106121610161()0 - 6a21a00a01

1
—2612206100 — Taxpapagy by = E(zbzzbooboo + 2b21b0|b00
—b6axaoidg + 2axdadzy — 4a20a00do +2b21b00bg; + 2b20b02bgg + 2b20bo1by,
+6aosagoany — 3ao3aoidg +2by0booby, — 15bgs — 4bosboobyyg
+3ag3a0ag — 3agag — 3anaondy —13bo3bo1byy — 5bozbooby;
—Sagnagay + dopandy — 4agdy —8bgbyy — 11bosboiby, — Shoaboobys
—agiagy — 4a01do0dy; — agas) —4bgbgy — 4bo1boobos — biybos)
1 1
=——(3850M7 + 31 405M*M = 3 — 3
3080( b) 770(1100M M>q, — 880M° 1S
+3168M312 + 6380M°S? +858M212q, + 605M?3q,S?
—15 840MMsq> — 7260M>pug, S +110MMygq? — 946Mpg? S
+15 810MM; — 1815M’q? +500M3 q, + 675M>puS — 557
—1188Mq>S? — 300M, > + 4125Mhg ! —385¢7 + 33¢°5?),
+7130M,8* + 2640, S),

X by = é(—bzz — 4baoboobgy
agp = E(*an — 2aqpa0nagy Fborbooboy — biibey — biybay)
+a22a00a00 — 261210016100 — 7612205100 :L(—3OMM2q + 24M/,LS
+aspapragy — 4azpaonas 280 ¢
+20p%q, + 105g) — 9¢,5?),
Fanaaz — agias — agds)

1
| by1 = —(—3ba3 — 6b21booby
= (—5775M" — 24035M*M, 8
18480 —6b0bo1bgy — 4b2obooby + 3bo3boobgy
—1419M32 — 6710M3S2 —3boboibg + borbooby,
2
+7095M?M>q + 2772M*uq, S —b@ by, — 4bo1boobyy — baybsy)
2 2.2 1
—9120MM2 + 605Mu qe :;(45M4M _ 45M3qu
+1012Mg>5? + 100M, 12 280

+102M%pg} — 125MMs i — 102Mq)'S

—1375M>q} — 2890M,S% — 88014.S),
+50M>q,S + 2004 + 525ug — 2518?),

1 1
by = _E(bOZ + b()zoboo) = _—QS,

1
2 by = §(8b40b00b00 — 6by4 — Thybooby

1
by = 5(*31703 — 4bo1boobyy — baybor) — 10by1bo1byy — 6b21booby,
— 2b3boy — Thaoboabog — 6bagbo1by,
+ 2b20boobry — 4b20boobg,
+ 6b04booboy — 3bo3bo1by
, + 3bosbooby; — 3bgbgy — 3bo2boiby,
—4bo1boobyr — boobon) — 5boaboobag + boabooby,
:%(60MM2% — 48MuS — 4bg1byy — bgibyy — 4bo1booby — biybyy)

— M+ Ma.S — Spgd).

1
b22 = 5(2b20b00b00 - 6b04 - 5bOZbOObOO - 4'17()212700

13



Commun. Theor. Phys. 76 (2024) 085404

F Frutos-Alfaro

= ﬁ(—33OOM3M2qe + 2640M3uS

—2112M%12q, — 1815M°q, S>
—3960MM,q; + 5280Mpuq’S
—1500M3 q, — 2025M> 1uS — 88047,
+3850g, — 11884,’S?),

1
beo = E(—lm — 2b4oboobyg

+b22boobgy — 2b21borbgy — Thiybog
+b20boaboy — 4broboobyyg
+boaboobry — b1brg — biobao)
1
=——(1100M3M — 880M°3uS
18430 ( 24, iz
+88M2%q, + 605M?q, S

+2530MM, g} — 2112Mpg’>S
+500M5 g, + 675M> 1S — 308047

—5775q, + 759¢.S?). (D5)

As already mentioned, not all the terms in equations (D4)

and (D5) held to satisfy the EME.
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