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Abstract

®
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To obtain new integrable nonlinear differential equations there are some well-known methods
such as Lax equations with different Lax representations. There are also some other methods that
are based on integrable scalar nonlinear partial differential equations. We show that some
systems of integrable equations published recently are the M,-extension of integrable such
scalar equations. For illustration, we give Korteweg—de Vries, Kaup-Kupershmidt, and Sawada-
Kotera equations as examples. By the use of such an extension of integrable scalar equations, we
obtain some new integrable systems with recursion operators. We also give the soliton solutions
of the systems and integrable standard nonlocal and shifted nonlocal reductions of these systems.
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1. Introduction

There are many ways of obtaining new integrable systems of
equations such as taking the Lax representations in algebras
of higher rank. In these methods we obtain real and complex
valued coupled nonlinear equations which possess recursion
operators and Hirota bilinear forms. There are also some other
methods that use integrable systems with less number of
dynamical variables to produce integrable systems with more
dynamical variables. Recently, we observed such an effort to
obtain systems of Sawada-Kotera (SK) and Kaup-Kupersch-
midt (KK) equations [1, 2] by the use of Lax representations.
The purpose of this paper is to show that the systems obtained
in [I, 2] are easily obtained by a method that we call
M,-extensions of the SK and KK equations. This method is
so general that it can be used for any integrable scalar
equation.

Let M, be a special subclass of 2 x 2 matrices. Let
A € M, and be given by A = a, I + a, X2 where a; and a, are
independent components of the matrix A, [ is the 2 x 2
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identity matrix, and

0o

Y= ( 1 0), (1.1)
where o is a real constant. Since 3)* = o I, products of all such
matrices are also in this subclass of matrices. Hence M, is a
commutative subclass of 2 x 2 matrices. Due to the special
properties of this subclass M, of 2 x 2 matrices we can generate
new systems of integrable equations from scalar integrable
equations. We call this method the M,-extension of integrable
scalar equations. As an illustration consider the well-known
Korteweg—de Vries (KdV) equation u, = u,,, + 6uu, with Lax
pair L=D"4u, A= 4D+ 6uD + 3u, so that the Lax
equation is satisfied by virtue of the KdV equation

L+ L Al =0, (1.2)

and the recursion operator Ryggzy = D? + 4u + 2u, D~ [3].
Here D is the total x-derivative and D™ = ﬁ is the standard anti-
derivative. Then M,-extension of the KdV equation, its Lax
pair, and recursion operator are, respectively, given as

Uy = U + 6UU, (1.3)
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L=1ID*>+U, (1.4)
A = 4ID3 + 6UD + 3U,, (1.5)
R =1ID? + 4U + 2U, D7}, (1.6)
where
U=ul +v¥ = (i‘ ZV). (1.7)

The pair L and A solves the Lax equation due to the
M,-extension of the KAV equation (1.3) for U. In component-
wise the above equations give a system of equations for the
dynamical variables u and v

Uy = Upy + O(uu, + ovvy), (1.8)
Vi = Ve + 6(uv)y, (1.9)
admitting the recursion operator
-1
_ RKdV O'(4V+2VXD ) ) (110)
4y + 2v, D! Rxav

It is interesting that the above extension of the KdV equation is
equivalent to the pseudo-complexification of the KdV equation.
First let o = €|o| where ¢ =0, =+ 1. Then scale v — —— (for

NEdl
o =0) so the above system becomes
Uy = Uy + 6(uu, + €vvy), (1.11)
Vi = Ve + 6(uv)y. (1.12)

Remark 1. For ¢ = 0 the above system is the extension of the
KdV with its linearized equation for v = éu (see [4]). For
€ = 0 this system is a consequence of the pseudo-complex-
ificationu — U = u + ev of the KAV equation where e is the
pseudo-complex unit e> = ¢. For complex numbers ¢ = —1
but for pseudo-complex numbers e = 1. Complex conjugation
for both cases is the same ¢* = —e. Hence our conclusion is
that the M,-extension of the KdV equation is the unification
of linearization, complexification, and pseudo-complexifica-
tion of the KdV equation. Our second conclusion is that this is
valid in general.

We note that it is possible to define a second M,-algebra
by using a different unit ¥ such that ©* = ¢ X, where o is any
real number. In this way we follow our approach to the KdV
equation, for instance, we obtain different integrable coupled
equations. Let u — U = ul + v¥ then we obtain the following
integrable coupled equations [5, 6]

Uy = Ugy + OUly, (1.13)

Vi = Ver + 6(uv) + 60 vy, (1.14)

An example of such unit is given as X = ((1) 0). One can
o

obtain the Lax pair and the recursion operator of the above
system by letting U = ul + v¥ in (1.4)—(1.6). We shall con-
sider these two M,-algebras in more detail in a forthcoming
work [7]. In the rest of this work we use only the first
M,-algebra.

We use the M,-extension method on integrable scalar
equations to obtain systems of integrable equations and new
integrable nonlocal equations. This method consists of three
main steps. The first step is to replace the dynamical variable of
the integrable scalar equation by ul 4 v3 where u and v are the
dynamical variables of the system. Here, since ¥*=ol the
system of equations contains also the constant 0. We write the
dynamical equations for # and v. By using the recursion operator
of the scalar equation we obtain the recursion operator of the
system for u and v. Furthermore, if the Hirota bilinear form of
the scalar equation is known then we obtain the bilinear form of
the system of equations. At this step we obtain an integrable
system for © and v. The second step is to obtain the symmetrical
version of the system by defining new dynamical variables
g=u+v and r=u —v. At the same time one can obtain the
recursion operator with respect to the dynamical variables g and
r. The third step is to apply consistent reductions; standard
(unshifted) nonlocal reductions r(x, ) =gq(e;x, €f) and
r(x, t) = g(e1x, ext), and shifted nonlocal reductions r(x,
H=qlexx+x9, et+1o) and r(x, t) = g(erx + xo, €2t + o)
for xg, 1o € R where ¢ = ¢3 = 1 to obtain standard nonlocal
and shifted nonlocal reductions of the system for g and r [§-20].
All these equations are new and integrable. Using the reduction
formulas, we can obtain the recursion operators of the nonlocal
differential equations. Soliton solutions of the standard nonlocal
and shifted nonlocal equations can be easily obtained by using
soliton solutions of the systems and reduction formulas.

Remark 2. In 2 x 2 matrix algebra we have two subalgebras
effective in our approach. It is possible to study the extension
of the scalar integrable equations by using subalgebras of
higher dimensional matrix algebras. We shall consider such
extensions in later communications.

In the following section, we find M,-extensions of the
SK and KK equations, their recursion operators, and sym-
metrical versions of these systems. In section 3 we obtain
nonlocal reductions of the SK and KK systems. In section 4
we find shifted nonlocal reductions of SK and KK systems. In
section 5 we present Hirota bilinearization of SK and KK
systems and give one-soliton solutions of these systems.

2. SK and KK systems

Recently, we observed some publications on the extensions of
higher-order integrable equations by using the Lax repre-
sentations [1, 2]. Here we show that such extensions are
nothing but the M,-extension of an integrable scalar equation
explained in the previous section.

Scalar versions of SK and KK equations are given,
respectively, as [1, 2, 21-26]:

(1) SK equation, Lax pair and recursion operator

U, + Usy + Sty + Supttyy + Su?u, = 0, 2.1
L= D3+ uD, 2.2)
A = 9D5 + 15uD® + 15u,D% + 502 + 2u)D,  (2.3)
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Rsx = D°® 4+ 6uD* + 9u, D3
+ (9u? 4+ 11uy)D? + (10t + 21uu,)D
+ 4u® + 16Uty + 6u? + Sugy

+ u, D' Quy, + u?) — u; D7 24
(2) KK equation, Lax pair and recursion operator
Uy + usy + 10ty + 25u5 ity + 20u?u, = 0, (2.5)
L = D3+ 2uD + u,, (2.6)
A =9D5 + 3uD? + 45u,D?
+ (20u? + 35u,)D + 10(t? + uy), 2.7
Rix = D° + 12uD* + 36u,D?
+ (36U + 49u, ) D* + (35uyy + 120uu,)D
+ 32u® + 82uuy, + 69u? + 13uy,
+ 2u, D" Y(uy + 4u®) — 2u; D~ (2.8)

Mh-extensions of these equations, Lax pairs and recursion
operators are, respectively, given as
(3) SK system, Lax pair and recursion operator

U, + Usy + SUUy + 5U, Uy, + 5UU, = 0, (2.9

L =1ID?+ UD, (2.10)

A = 9ID5 + 15UD? + 15U, D? + 5(U? + 2U)D, (2.11)

R = ID® + 6UD* + 9U, D3
+ (OU? + 11Uy)D? + (10U, + 21UU)D
+ 4U3 + 16UU,, + 6U? + 5Uj,

+ U, D'QUy + U?) — U, D\ (2.12)

The above equations correspond to the system of equations
for the dynamical variables u# and v as

Uy + sy + Sttty + Sty ity

+ 5utu, + 50(V + V), =0, (2.13)
Ve 4+ Vsx + SOy + uvee + 42v), + Soviv, = 0. (2.14)
The recursion operator of this system is
Rsg + 0 Ay oAy )
R = , (2.15)
(Azl Rsg + 0 Apy
where
Al = 9v2ID? + 21w, D + 12uv? + 16vvy,
+ 6v2 + u D W2 4 20D (v + uv), (2.16)
Ay; = —v, + 6vD* + 9v,.D? + (18uv + 11v,,)D?
+ (10vyy + 21(uv),) D + 4(ov3? + 3u?v)
+ 16(Viyy + uvy) + 120, v, + Sy,
+ 1. D 1Quy + u? + ov?) 4+ 2u, D (v + uv).  (2.17)

By letting u=q+r, v=q—r, and t— at, where a is a
constant, we get symmetrical version of the system (2.13) and
(2.14) as

ag, + 5, + 21+ 3q, — @ = Dralg, + 1010 + Dy’
— (0 = Darlg, + 5 = D(* = ¢,
5 5
+ 5(0 — D — )1 + E[(U +3)g — (0 — Drlg,,
+§(U = DO — @ru = 0,
(2.18)
5
ar, + rsy + 5[(0 + 3 — (0 = Dgylre + 10[(0 + Dr?
— (0 — Dgrlr + 5(0 — D(g*> — r)q,
5 5
+ E(U — D@ — mdg, + 5[(0 +3)r — (0 — Dglru
5
+ 5(0 — D@ — gy, = 0.
(2.19)
(4) KK system, Lax pair and recursion operator
U, + Usy + 100Uy + 25U, Uy, + 20U2U; = 0,
L =1ID?+2UD + U,
A =9ID5 + 3UD? + 45U,D? + (20U? + 35U,)D
+ 10(U? + Un),

(2.20)
221)

(2.22)

R = ID® + 12UD* + 36U.D? + (36U? + 49U,,) D?
+ (35U + 120UU,) D
+ 3203 + 82UU,, + 69U + 13Uy,
+2U,.D" YUy + 4U?) — 2U, D~
(2.23)

In componentwise the above equations give the following
system of equations for the dynamical variables u and v

u, + sy + 10uttyy + 25uu,, + 2002u,

+ 502V + Vv + 4(v2u),) = 0, (2.24)
Ve + Vsx + 5@Vt + SVilhr + 22UV
+ Sty vy + 4Wv),) + 200V, = 0. (2.25)
The recursion operator of the above system is
Rk + 0 Ay oAy
R= (A21 Rgg + 0 All)’ (226)
where
Ay = 36v2D? + 120vv,D + 96uv? + 82vv,,
+ 69v2 + Su, D"V + 21, D (v + Suv), (2.27)

Ay; = —2v, + 12vD* + 36v, D3 + (72uv + 49v,,) D?
435V + 120(uv),)D
+ 32(0v3 4 3u?v) + 82(Vity + uvy) + 138u, v
+ 13w, + 2v,. D Yuy + 4u? + odv?)
+2u, D (v + Buv).
(2.28)

Lettingu =q +r,v=gq — r, and t — at, where a is a constant,
yields symmetrical version of the system (2.24) and (2.25) as
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25
aqt + QSx + 7[(0- + 3)qm - (U - ])rxx]qx

+40[(c + 1)g* — (0 — )grlq,
+20(c — (2 — gHr,

25
+ 7(0 - 1)(rxx - Clm)”x

+5[(0 +3)g — (0 = Drlg,,
+5( - D)(r— @) =0, (2.29)

25
ar + rs; + 7[(0 + D — (0 — Dgyln

+40[(c + 1)r? — (o — Dgrlr
+20(c — )(¢* — rH)q,

25
+ 7(0 = D@y — 1m0,

+ 5[0 + 3)r — (0 — Dgq]ru

+ 50— 1(g—1rgq, =0. (2.30)

We use the symmetrical versions of systems to obtain
nonlocal reductions of them which will be the subject of the
next section.

3. Nonlocal reductions

In the last decade, there has been intensive interest in
obtaining new integrable nonlocal equations and studying the
properties of these equations [8—14]. Here we give some new
nonlocal equations of fifth order, namely nonlocal SK and
nonlocal KK equations. The above symmetrical versions of
SK (2.18), (2.19), and KK (2.29), (2.30) systems are good
candidates to obtain new nonlocal integrable equations of fifth
order.

(1) Nonlocal SK equations:

Consider the symmetrical SK system (2.18) and (2.19).

(@) r(x, 1) = q(e1x, 1), 512 = 5% = 1.

When we apply this real nonlocal reduction on the SK
system (2.18) and (2.19) we get the condition e, =1 for
consistency. Therefore here we have only one nonlocal
reduction r=g(—x, —f) which reduces the system (2.18),
(2.19) to the following nonlocal space-time reversal SK
equation

5 c
ag; + 45, + 510 + g, — (@ = Dagla,
+ 10[(c + Dg* — (¢ — 1)qq‘lq,

+5(0 — D((¢)? — ¢Dq + %(o - D, — 909,

5 R 5 -
+ 5[(0 +3)q — (@ — Dglg,, + 5(0 - D¢ - 9q,, =0,
(3.1)

where ¢ = g(—x, —). In [2], Qi-Liang et al obtained the same
nonlocal SK equation from the local SK equation by using a
discrete symmetry group without giving a symmetrical local
SK system. They analyzed (3.1), particularly for 0 =0 and
o=-1, to find soliton and periodic wave solutions of this
equation with the help of the Jacobi elliptic function

expansion method and Hirota method. They did not consider
other types of nonlocalities of the SK equation.

) r(x, t) = g(gx, t), 512 = 6% =1

Applying the complex nonlocal reduction r(x, ) = g
(e1x, ept) to the symmetrical SK system (2.18) and (2.19)

yields the constraint
asier = a (3.2)

for consistency. The system (2.18), (2.19) reduces to nonlocal
space reversal SK equation for (g;, €;)=(-1, 1) with
a = —a; nonlocal time reversal SK equation for (g, €,) = (1,
—1) with a = —a; nonlocal space-time reversal equation SK
for (g1, €5) = (-1, —1) with a = a given by

5 ¢
aq, + qs, + 5[(0 +3)q, — (0 = Dg,lq,

+10[(c + Dg* — (0 — 1)qq°lq,
+5(0 — D@ — DG

5 c —¢
+ E(U = DG, — 9.)4,

+ =[(c +3)g — (0 — DG°1q,

N |

+ 5(0 - D@ - 9q,, =0, (3.3)
where §° = g(gx, ext), 512 = 5% = 1. Hence the above
equation consists of three different reductions representing
different nonlocal complex SK equations.

(2) Nonlocal KK equations:

Consider the symmetrical KK system (2.24) and (2.25).

(@) r(x, 1) =q(e1x, 1), 512 = e% =1

Similar to the symmetrical SK system, applying the
reduction r(x, ) = g(ex, €,f) to the symmetrical KK system
(2.24) and (2.25) gives the constraint €;e, =1 for con-
sistency. Hence we have only one real nonlocal reduction
r=q( — x, — t) which reduces the system (2.29) and (2.30) to
the nonlocal space-time reversal KK equation

25 -
aq, + G5y + 7[(0 + 3)qxx - (U - l)q:x]qx
+40[(0 + Dg* — (0 — Dqq°lq,
.25 ) :
+20(0 — D((¢)* — ¢Pg; + 7(0 - D, — 9,09

+5[(c + 3)g — (¢ — Dglq,, + 5 — D(g° — 9)q;, =0,
(3.4)

where ¢°=g(—x, —). In [1], Qi-Liang et al extended the
generalized local fifth-order equation to the same nonlocal
KK equation for ¢ = —1 without deriving a symmetrical
local KK system. They obtained periodic wave solutions of
the equation (3.4) by using a special traveling wave ansatz
consisting of Jacobi elliptic functions. They did not analyze
other types of nonlocalities of the KK equation.

®) r(x, 1) = G(ax, eot), 6 = 5 = L.

When we apply this complex nonlocal reduction to the
symmetrical KK system (2.29) and (2.30) we obtain the
condition dg e, = a for consistency as in the SK system case.
The KK system (2.29), (2.30) reduces to nonlocal space
reversal KK equation for (g1, &)= (-1, 1) with a = -a;
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nonlocal time reversal KK equation for (¢4, ;) = (1, —1) with
a = —a; nonlocal space-time reversal KK equation for (e,
g) = (-1, —1) with a = a. Explicitly, we have

25 .
aq, + gs, + 7[(0 + 3)q, — (6 — Dg. lq,
+40[(c + Dg* — (0 — Dgglq,
R 25 . e
+20(c — D((G)* - ¢Hg; + 5@ = D@~ 409

+5l0 +3)g — (0 = DF1qy, + 500 - D@ - 9)g,, =0,
(3.5)

where §° = g(gx, et), 512 = 5% = 1. Then the above
equation consists of three different reductions representing
different nonlocal complex KK equations.

Remark 3. By using the reduction formulas (1).a, (1).b, (2).a,
and (2).b, and the recursion operators of SK and KK systems,
i.e., (2.15) and (2.26), we can obtain the recursion operators
of the nonlocal SK and nonlocal KK equations, respectively.
Similarly, to obtain the Lax pairs of nonlocal SK and KK
equations we write the L and A operators in (2.10), (2.11) for
SK and in (2.21), (2.22) for KK with respect to the
symmetrical variables g and r and use the associated
reductions. We also note that all our nonlocal integrable
equations consist of one nonlocal term such as g(—ux, t), or
q(x, —t), or g(—x, —t). In [27] the integrable equations
obtained consist of mixed nonlocal terms such as g(—ux, 1)
and g(—x, —t), etc. This is mainly due to the matrix
constraint equations compatible with the zero curvature
conditions.

4. Shifted nonlocal reductions

After quite a few works on integrable nonlocal reductions,
Ablowitz and Musslimani generalized standard nonlocal
reductions to shifted nonlocal reductions in [15] as

r = q(ax + xo, &2t + to), r = G(ex + xo, &2t + to),

X0, to € R,
“4.1)

for e = 3 =1 and (g1, €2) = (1, 1). It is obvious that if
Xo =ty =0, the shifted reductions become standard (unshif-
ted) nonlocal reductions. There are also several works on
integrable shifted nonlocal equations and their different type
of solutions obtained by various types of methods [16-20].

Here we give shifted nonlocal SK and KK equations by
applying the above shifted nonlocal reductions to the sym-
metrical SK system (2.18), (2.19), and the symmetrical KK
system (2.29), (2.30).

(1) Shifted nonlocal SK equations:

(@) r(x, ©) = qle1x + xg, £t + 1), x0, 1o € R, 512 = e% =1

Using this real shifted nonlocal reduction on the SK
system (2.18), (2.19) requires the condition €;6, =1 to be
satisfied for consistency. Hence we have only one shifted
nonlocal reduction r=gqg(-x+x9, —t+1) and the

corresponding shifted nonlocal space-time reversal SK
equation is
5
aq, + qs, + 5[(0 +3)q,, — (0 — Dgq_lq,
+10[(0 + Dg* — (0 — Dgqlq,
+5(0 — D¢ — ¢9q;
5
+ 5(0 - (g, — a9
5
+ 5[(0 +3)g — (0 — Dglq,,,
5
+ E(U - D@ - 9q,, =0, 4.2)

where qE = q(—X+XO, —t+1y), xo, ty € R.
() r(x, 1) = G(ax + xo, &2t + 1), €8 = €3 = 1.
Applying the complex shifted nonlocal reduction to the
system (2.18), (2.19) gives the following constraint

asier, = a 4.3)

for consistency. Therefore the symmetrical SK system redu-
ces to shifted nonlocal SK equations represented by

5 :
aq, + qs, + 5[(0 + 3)q,, — (0 — g lq,
+ 10[(c + 1)g* — (0 — 1)qd°1q,

> 5 - -
50 = D@~ OF + 20 - D@ - 404
4 %[(a +3)q - (0 — DEFlay,

5
+ 0= D@ - 9, =0,
“4.4)

where §° = g(gx + xo, &2 + 1), Xo, to € R, 512 = E% =1
The above equation consists three shifted nonlocal SK
equations; shifted nonlocal space reversal SK equation for (g1,
) =(-1, 1), to=0, a = —a, shifted nonlocal time reversal
SK equation for (g4, £5) = (1, —1), xo =0, a = —a, and shifted
nonlocal space-time reversal equation SK equation for (g,
g)=(-1,-1),a = a.

(2) Shifted nonlocal KK equations:

(@) r(x, ©) = q(e1x + X, Eot + 1p), X0, 1o € R, 512 = 5% =1

Applying the reduction r(x, t) = g(c1x + xo, €2t + 1y) to
the system (2.24) and (2.25) yields the condition €6, = 1 for
consistency. Similar to the SK system case, we have only one
real shifted nonlocal reduction r = g(—x + xo, — ¢ + to) redu-
cing the KK system (2.29) and (2.30) to the shifted nonlocal
space-time reversal KK equation

2
aq, + qs, + 75[(0 +3)q, — (0 — Dgglq,
+40[(c + 1g* — (0 — 1)qq°lq,
+20(c — D((¢%)* — gD q;
25 : .
+7(a = D(q,, — 9.4,

+ 5[0+ 3)g — (0 = Dg°lqy,

+5(c = D(g° — 9)q,, =0,
where ¢° = g( — x + xo, — t + 1p), X0, 1y € R.

4.5)
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(b) r(x, 1) =g(ax + xo, 2t + to), xo, 1o € R, &f =
=1

Under the complex shifted nonlocal reduction we get the
condition deg e, = a for consistency and the symmetrical KK
system (2.29), (2.30) reduces to three different shifted non-
local KK equations given by

25 -
ag, + 45, + 10 + 3)q,, — (0 = D g,
+40[(c + 1)¢* — (o — Dqglq,
_ . 25 _ _
+20(c — D(@F)? — 49T + 5= DG, — 9..)4;

+5[(c +3)g — (0 — DFlqy, + S0 — DG — )¢, =0,
(4.6)

where ¢ = g(gx + xo, €21 + ty), Xo, o € R, 512 = 5% =1
Indeed we have shifted nonlocal space reversal KK equation
for (g1, &5)=(-1, 1), t, =0, a = —a, shifted nonlocal time
reversal KK equation for (¢, £,) =(1, -1), x0=0, a = —a,
and shifted nonlocal space-time reversal KK equation for (¢,
e)=C(1,-1),a =a.

5. Hirota bilinearization and one-soliton solution

It is also possible to write the Hirota bilinear forms of the
extended equations. Starting with the Hirota bilinear forms of
the scalar SK and KK equations and writing them for
extended variable U we obtain the corresponding Hirota
forms of SK and KK systems.

(i) For the SK system (2.13) and (2.14).

Let u = 6(In(f)),, then the Hirota bilinear form of SK
equation is given as [28-30]

DD, + D){f- ) = 0.

For the system of equations we make use of the above bili-
nearization. We let U = 6(F~! F,), where F =f,I1+f>3 and

F 1= ﬁ (il — £, X). Here f; and f, are the functions to
— o
be deterﬁlined by the Hirota method. We get

(5.1)

FFs, — 6F,.Fs, + 15FFy, — 10F2, + FF, — F.F, =0

(5.2)
or equivalently

D.(D, + D){F - F} = 0. (5.3)

When we write the above equation in componentwise we
obtain

DD, + D){f, - f, + of, -} =0,
D.(D; + D){f; -} = 0.

Hence solving f; and f> from the above expressions and using
them in U = 6(F~' F,), = ul + vX, we obtain u and v in
terms of f; and f>. To find one-soliton solution of the system
(2.13), (2.14), take f = oy + apel¥F@rta and
f = a3 + aqef T+ for some constants kj, wy, 8, j =1, 2
and o, i=1, 2, 3, 4. Inserting this choice into the Hirota
bilinear form (5.4) and (5.5) yields

(5.4)
(5.5)

ky=ki, wy=uw =—k, (5.6)
and
uee, )= D@0 0y 2 B s gy
Uz(x, t) U2(-x7 t)
where

Ux,t)y=7 — 6k12 [(O‘Oé% — a%)(alaze‘sl — cazase®)e?
+2(003 — af)(a3e’ — sajee’
+ (e’ — cazaue®)(oaje® — aje?ne’?],
(5.8)
Ur(x, 1) = [(af — 003) + 2(qmedt — oazaue®)e?
+ (a5e — gajeX2) e,
(5.9)
Us(x, 1) = 6k’ [(0a3 — af)(arase® — ajase)e?
+ (maze® — aqoaue™)(a3e? — gaje?®?)e??),
(5.10)
for ¢ = kix — kt.
Example 1. Take particular values for the parameters of the
solution (5.7)asky = 5, 0 = ~Lay =1, ap = —1, a3 = 2,
a4 = —%, 6y = 6, = 0. Then the solution (u(x, 1), v(x, 1))
becomes
12e* %! [65er" 3! — 26e*~ 16! — 40]
[32e2% %" — 13e* 16’ — 20
—3e n![13e* 16! — 20]
[32e2* 5! — 13e* 16! — 20

ux, t) =

s

v(ix, t) =

5.11)

The graphs of the above solutions are given in figure 1.

(ii) For the KK system (2.24) and (2.25).

Letting u = %(ln( f))xe yields the Hirota bilinear form of
KK equation as [28, 31, 32]

(16D, D, + DY) {f - f} + 20D} {f- g} = 0,

DS f) —%fgzO,

(5.12)

(5.13)

where g is an auxiliary function. Similar to the SK system, we
letU = %(F —1 E.), where F =f,I + f,2. We determine f; and
f> by the Hirota method. We get

32(FF, — F.F) + 2(FFs; — 6F,Fs; + 15FFi, — 10F2)
+20(FG — 2F, Gy + FGy,) = 0,
(5.14)
2(FFy — 4F, Fy + 6F2) — %FG =0, (5.15)
which is equivalent to
(16D,D; + D) {F - F} + 20D*{F - G} =0,  (5.16)
DHF-F} — %FG =0, (5.17)

where G = g1 + g,>. In componentwise we have
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e /

60"

407

(a)

51:52:0.

(16D D; + DO {f; - f, + of, - fo}

+20D7 {f; - g + of - &) =0, (5.18)
(16D.D; + D){f, - f, + £ - £}
+20D{f, g + 1 &) =0, (5.19)
DS - f; + oy - h) — %(flgl tohe) =0, (5.20)
4
DS - fi + £ - K — Fhe T ig) =0 (52D

To obtain one-soliton solution of the system (2.24), (2.25) we
take £ = ap + aje + ape?, £ = a3 + agel,
g = ase’, and g, = age’, where 0, =kix+ wit+6; for
some constants kj, wi, 61, and oy, j = 1,...,6. From the above

system we get w; = —k; and the following constraints:
Ck3(0'0zi + OZ%) a0y
040 - > aZ -
20[1&4 80[3
3 4 3 4
as = Ealkl , Qg = 5a4kl . (5.22)

Hence one-soliton solution of the KK system (2.24), (2.25) is
given by the pair (u,v)

= m, = %, (5.23)
Wa Wa
where
Wi = — 12k o} asau[3203a4(Toas — 9ad) (o] — ai)’els
— 16a}ajai(oa] — a})(230a3 — 27a})e?
— 1605 a3aj(oa] — af)(oai — 17a})e’
+ 4afa3ai(230a; — 27a})et”
+ 20f azai(Toai — 9ah)ed — aSaded
+ 64a5(caj — a})?,
(5.24)

(b)

Figure 1. One-soliton solution (u(x, 1), v(x, 1)) of the SK system (2.13), (2.14) for k; = %, c=—l,a=1l,aa=-1,a3=2, a4 = —=

3
z,
W = [640F 3 au(oal — af) + 8aiaiai(Toai — 9a})e?
— 160f ajaze’” — afafet®

— 1603 (00} — af)*,

(5.25)
Wy = — 12k afayaze®[640f a3 au(oas — af)eh
— 1605 ajai(1loai — Tad)(oa) — a})e
— 4afa3ai(1loal — Tadh)e* — 4abajaze™”
a§afed? — 64as(oai — a})’l,
(5.26)

where 0, = kx — k15t + 6.

Example 2. Consider the particular values for the parameters
of the solution (5.23) as kk=1,0=—1, oy = a3 =1,
ay = 2, 6 = 0. We have the solution (u(x, t), v(x, t)) where
u(x, 1) = 24e*~[59200e*~" + 38080e>
+ 13440e> 3 + 7616e* 4
+ 236855 4 64e%~6" 4 8000]/[640* " + 11842
+ 12833 + 164 + 40071,
(5.27)
v(x, t) = —48e*[3200e* " — 16320e> %
+ 3264e* 4 — 128e 7 — 64e5~% 4 8000]
/16406~ + 1184e> 2 4 128e3~3 + 16e*~% + 400]%.
(5.28)

The graphs of the above solutions are given in figure 2.

Remark 4. We note that taking different expansions for
the functions f; and f; in (5.4) and (5.5) or f;, f, g, & in
(5.18)-(5.21) may put strong conditions on the parameters
yielding u=0 or v=0. For instance, if we use f=
fo + eletwita £ — o where fy, go are constants, in the
Hirota bilinear form (5.4), (5.5) we get w; = —k and also
& = 0 making v=0. In this case the SK system (2.13),
(2.14) for the dynamical variables u and v reduces to the SK
equation (2.1) for u.
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u(x, Q_

Since the expressions are quite longer we shall not dis-
play two- and three-soliton solutions of the SK and KK
systems here. The more interesting case is the soliton solu-
tions of the nonlocal SK and KK equations presented in
section 3. They can be easily obtained by using the above
soliton solutions of the systems with the reduction formulas
(1).a, (1).b, (2).a, and (2).b presented in section 3. These
equations will restrict parameters in the soliton solutions (5.7)
and (5.23). We shall discuss two- and three-soliton solutions
of the SK and KK systems and soliton solutions of the non-
local SK and KK equations in a forthcoming publication.

6. Concluding remarks

Integrable nonlinear partial differential equations form a
special subclass of partial differential equations. They possess
Lax pairs which allow the Cauchy problem to be solved by
the application of the inverse scattering transform. They
possess infinitely many generalized symmetries which imply
the existence of a recursion operator. They possess a bi-
Hamiltonian structure which indicates the existence of infi-
nitely many conserved quantities. Hence it is an active
research area to obtain new integrable equations. There are
certain methods for this purpose. For example one of them is
the zero curvature formalism and the other one is the pro-
longation structures. Here in this paper we proposed com-
muting algebras to produce systems of integrable equations
from scalar integrable equations.

We obtained systems of integrable equations with their
recursion operators from scalar integrable equations by
applying M,-extension. We used this method for SK and KK
equations and obtained the SK system and KK system of
equations, respectively. Applying the nonlocal reductions to
the symmetrical versions of SK and KK systems we obtained
eight different new standard nonlocal and eight different new

(b)

Figure 2. One-soliton solution (u(x, £), v(x, f)) of the KK system (2.24), 2.25) fork,=1,0=—-1, a1 =a3=1, y =2, 6, =0.

shifted nonlocal integrable differential equations. We also
presented one-soliton solutions for the SK and KK systems.
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