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Abstract
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The main objective of this paper is to reveal the evolving traversable wormhole solutions in the
context of modified f (R, G) gravity, which affects the gravitational interaction. These results
are derived by applying the Karmarkar condition, which creates wormhole geometry that meets
the necessary conditions and connects two asymptotically flat areas of spacetime. The proposed
study’s main goal is to construct the wormhole structures by splitting the f (R, G) gravity model
into two forms Firstly, we split the model into an exponential-like f(R) gravity model and a
power law f(G) gravity model, and secondly, we consider the Starobinsky f(R) gravity model
along with a power law f(G) gravity model. Besides, we address the feasibility of shape
functions and the structural analysis of wormhole structures for specific models. These models
are then confined to be compatible with current experimental evidence. Further, the energy
conditions of the wormhole are geometrically probed, and it is proven that they adhere to the null
energy conditions in areas close to the throat. Moreover, the fascinating aspect of this study
involves conducting an examination and comparison of evolving wormhole geometries in the
vicinity of the throat in our chosen models, utilizing two- and three-dimensional graphical
representations. We observe that our shape function acquired through the Karmarkar technique
yields validated wormhole configurations with even less exotic matter, correlating to the proper
choice of f(R, G) gravity models and acceptable free parameter values. In summary, we
conclude that our findings meet all the criteria for the existence of wormholes, affirming the
viability and consistency of our study.
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(Some figures may appear in colour only in the online journal)

1. Introduction

The pursuit of understanding the fundamental nature of the
Universe has led researchers to explore the enigmatic realm of
wormholes (WHs). The investigation of WH solutions is an
intriguing subject of discourse in cosmological literature.
These are essentially tunnel geometries that link various parts
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of spacetime or completely separate spacetimes. Theoretical
tunnels in spacetime, postulated to link far-flung cosmic
areas, present an intriguing pathway for exploring the intri-
cacies of gravity and its influence on the spacetime con-
tinuum. WHs are often divided into static and dynamic
categories. In general relativity (GR), the formation of static
WHs necessitates the use of exotic matter (EM)—a hypo-
thetical form of matter with negative energy density, which
violates the null energy condition (NEC). One of the pivotal
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aspects of WH research revolves around the concept of tra-
versability. While theoretical models suggest the existence of
WHs, their practical utility for interstellar travel hinges on the
presence of EM. The exploration of how different gravita-
tional environments may influence the creation and suste-
nance of EM within WHs is a critical aspect of our
investigation. The concept of WH hypothetical tunnels in
spacetime that could connect distant points in the Universe,
has captivated the imagination of physicists and astro-
physicists for decades. The seminal work of Albert Einstein
and Nathan Rosen [1] paved the way for the conceptualiza-
tion of these cosmic shortcuts, igniting a journey into the
depths of theoretical physics. These cosmic shortcuts, also
known as Einstein—Rosen bridges, are theorized to be bridges
between separate points in spacetime, potentially allowing for
faster-than-light travel. Einstein and Rosen were the ones who
initially proposed the idea of a spacetime bridge or tunnel and
investigated the exact results that describe the bridge’s geo-
metrical design. The answer proposed by Einstein and Rosen
is related to Flamm’s work [2]. He established the isometric
embedding of the Schwarzschild solution for the first time. A
drainhole is another name for a WH. The throat radius of a
static WH setup is fixed, but the throat radius of a non-static
WH design is flexible. Kar [3] investigated the characteristics
of static WHs and presented examples. Initially, Morris and
Thorne [4] proposed the concept of traveling through WH
tunnels. They provided the theory for traversable WHs and
used the concepts of GR to analyze static spherically sym-
metric WHs. In the presence of EM, WHs are the classical
answer to Einstein’s gravitational field equations, a kind of
matter with negative energy. EM plays an essential role in
creating WH structures within the framework of GR. In the
presence of EM, the stress-energy tensor violates the NEC.
Numerous astrophysicists have sought to investigate the sta-
bility of WHs and discovered strategies to prevent or reduce
NEC violations.

The phenomenon of self-gravitation and its consequences
has a great impact in the field of novel astrophysical research
and cosmological background. In the result of this gravitational
collapse, some new stellar remnants known as compact stars
are produced. These compact stars are considered to be very
dense as they possess large masses but volumetrically small
radii. In relativistic astrophysics, compact stars have drawn the
attention of the researcher due to their captivating character-
istics and relativistic structures. Our universe often exhibits
eye-opening challenges for cosmologists, regrading their fas-
cinating and enigmatic existence. The theory of GR has been
modified in various ways in the literature [5-9]. One such
modification, the f(R) gravity theory [10], has been adopted
by numerous researchers to describe the expanding Universe.
This theory replaces the scalar curvature R with an arbitrary
function f(R) in the gravitational action. Starobinsky [11]
studied the f(R) model with f(R) =R + aR? where
a >0 and found it to represent the inflationary epoch of the
early Universe. Furthermore, the scenario to unify inflation
with dark energy in a consistent way was proposed in [12].
Moreover, the cosmological models in the context of modified
theories are explored in [13-23].

Recent observations indicated a rapid expansion of the
cosmos [24-26]. In this regard researchers recently examined
the geometry of WH in several modified theories of gravity
MTG) [27-33]. The MTG are very useful for describing the
cosmic expansion and other related ideas. Sharif and Zahra
[34] investigated static traversable WH solutions within the
framework of f(R) gravity, they demonstrated that WH
solutions are feasible when considering barotropic matter.
Additionally, Mishra et al [35] discussed traversable WH
solutions under the framework of f (R, 7) gravity. Hence,
exploring traversable WH solutions with various modifica-
tions in the context of MTG could be intriguing for further
research. Shamir and Zia [36] investigated the existence of
static traversable WH near the throat within the framework of
f(R, G) gravity. In MTG, thin-shell WH existence is per-
mitted when there is higher-order curvature phrases [37]. The
cosmic development of WH solutions was discussed in [38].
Sahoo and his colleagues [39, 40] investigated WH solutions
in several MTG. Moreover, traversable WH solutions and
quantum equations like the Schrodinger and Dirac equations
serve different purposes within their respective fields. The
study of WHs provides insights into gravitational theories and
spacetime structures, while quantum equations and their
solutions reveal details about particle behavior and quantum
phenomena [41-43]. Each area of research is valuable and
complements the broader understanding of physical laws and
the Universe. Some other useful work related to WH solutions
in the context of MTG can be seen in [44—47]. Bahamonde
et al [48] investigated WHs using Noether symmetries.

The exploration of WHs in different gravitational envir-
onments not only contributes to the theoretical understanding
of these exotic phenomena but also holds implications for the
potential practicality of utilizing them for interstellar travel.
As we unravel the mysteries of WHs amidst varying grav-
itational influences, we move one step closer to deciphering
the secrets of the cosmos and unlocking the doors to new
frontiers in spacetime exploration. The analysis of the WH
shape function (WSF) and its core attributes is a captivating
facet within the realm of traversable WH geometry. To
characterize the WH structure, numerous authors have studied
the ansatz shape function. In order to delineate the structure of
a WH, several researchers have explored the ansatz shape
functions. An asymptotically flat WH examined by Godani
and Samanta [49] using the WSF ie. €(r) = %.
Cataldo and Liempi [S0] employed the WSF [e(r) = a + ((r)]
to investigate the geometry of WH. Jahromi and Moradpour
[51] introduced a WSF in the form of e(r) = atanhr.
Samanta et al [52] formulated a shape function in the form
e(r) = e%o, referred to as the exponential WSF, to explore
solutions of WH.

For stable physical models, one method involves using
an analytical approach with Einstein’s Field Equations (EFE)
and considering a four-dimensional manifold that can be
mapped into Euclidean space. By embedding curved geo-
metries into higher-dimensional spaces, one can derive var-
ious exact solutions for astrophysical stellar systems. Nash
[53] subsequently introduced the isometric embedding
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theorem. The embedding class-one approach has been utilized
to study several aspects of anisotropic compact objects, as
detailed in the literature [54-61]. Gupta and Gupta [62]
examined non-static fluid distributions with non-vanishing
acceleration, while Gupta and Sharma [63] explored embed-
ding class-I solutions for non-static perfect fluids using a
plane-symmetric metric. The embedding class constraint
results in a differential equation, known as the Karmarkar
condition, which relates two components of metric potentials
in static spherically symmetric geometries. Karmarkar [64]
was the first who illustrated the compulsory condition for a
static spherically symmetric spacetime to be of embedding 1,
which is very helpful to find the exact solutions of field
equations. This allows for a more detailed and exact analysis
of the interior structure of relativistic stars, facilitating the
study of their geometric properties under the influence of
anisotropic pressure distributions. The Karmarkar condition,
expressed as Ri414R2323 = R1212R3434 + R1224R1334, cONNects
the metric tensor components g, and g, for a spherically
symmetric fluid distribution. Extensive work has been done
on this condition [65-67], linking these metric components.
Maurya et al [68] and Bhar et al [69] applied the Karmarkar
condition to the EFE, finding stable solutions that are useful
for studying stellar interiors. More recently, Sharif and Saba
[70] investigated charged anisotropic solutions within the
f(G) gravity framework, identifying physically consistent
and stable solutions. Additionally, Upreti et al [71] have
presented a new set of embedded solutions using the Kar-
markar condition.

No astrophysical object in the real universe is composed
entirely of perfect fluid, where principal stresses are equal.
The central energy density of such compact objects can reach
approximately 10" g cm™, several times higher than the
normal nuclear matter density. Theoretical investigations
[72-77] on realistic stellar models strongly suggest that the
matter distribution in these massive stellar objects may be
locally anisotropic, meaning the radial pressure may not equal
the tangential pressure, particularly in very high-density ran-
ges. The analytic solution by Bowers and Liang [78] of ani-
sotropic spheres with uniform energy density demonstrated
that anisotropy can also play a significant role in describing
high-redshift objects like quasars. Anisotropy in pressure can
significantly affect physical parameters such as the maximum
compactness, mass and radius of a star. Initially, cosmologists
believed that the inner structure of compact objects was
described only by perfect fluid. While isotropy may have
certain suitable attributes, it does not reflect the typical
characteristics of compact stars. In cosmology, anisotropic
fluid has gained significant attention as an alternative to iso-
tropic matter distribution. Anisotropic matter is used to
describe the phase development and internal characterization
of stellar configurations. Anisotropy in the fluid can arise
from the amalgamation of different categories of fluids,
magnetic fields, viscosity, rotation, etc. Anisotropy in stellar
structures can result from phase transitions, stars with pion
condensation [79], electromagnetic fields [80-82], the pre-
sence of a solid core, and other factors. Anisotropy is a more
realistic representation of stellar interiors, especially in highly

dense objects where different types of stresses and pressures
do not necessarily align. The Karmarkar condition, when
coupled with anisotropic fluid distributions, can yield more
accurate models of these celestial bodies, providing insights
into their stability and evolution. Conducting detailed num-
erical simulations of anisotropic stars and wormholes using
the Karmarkar condition can help in validating theoretical
predictions and improving the accuracy of models.

The goal of this paper is to investigate various possible
regions for the presence of WH solutions in f (R, G) gravity.
Firstly we develop the WSF by using the Karmarkar techni-
que. Karmarkar [64] developed a mandatory condition for a
static and spherically symmetric line element to be of class-
one. In recent years, different researchers have considered the
Karmarkar condition to discuss the configurations of spheri-
cally symmetric compact objects [8§3—86]. Maurya et al [87]
investigated an anisotropic compact star in the GR context
using an embedding class-one methodology. They assessed
many aspects of compact stars in the presence of an aniso-
tropic fluid distribution and concluded that the results accu-
rately portrayed the interior of stellar formations. It is also to
note that Salako er al [88] have studied the existence of
strange starts in f(7, 7) gravity, where 7 be the torsion
tensor. Naz et al [89] have used the Karmarkar condition to
find the physically acceptable solution for compact star in
f(R gravity. In f(R, T) gravity, Ahmed and Abbas [90]
studied the gravitational collapse using the Karmarkar con-
dition to the spherically symmetric non-static radiating star.
Furthermore, Kuhfittig [91] developed WH geometry using
the Karmarkar condition and show that the embedding theory
may provide the basis for a complete WH solution.

Next, to discuss the geometry of WHs we partitioned the
f(R, G) gravity model into two ways: firstly, we split the
model into an exponential like f(R) model and a power law
f(G) gravity model and secondly we consider the Star-
obinsky f(R) gravity model along with f(G) gravity power
law model. Further, EC of the WH are geometrically probed
and it is proven that they adhere to the NEC in areas close to
the throat. Our present work plan is as follows. In section 2,
the discussion revolves around the WH metric and the pre-
requisites that the shape function must adhere to. Some basic
formalism of the f (R, G) theory of gravity has been inves-
tigated in section 3. In the same section, we considered two
compatible models of f (R, G) gravity and discussed the ECs
with graphical analysis. Additionally, we conduct a com-
parative analysis of the developing WH geometries near the
throat of our considered models, employing two and three-
dimensional visual representations. The comparison of our
current research work with past related work has been dis-
cussed in section 4. Lastly, we have concluded our work in
section 5.

2. Construction of wormhole shape function

In this study, our objective is to construct the WSF using the
Karmarkar condition. To achieve this, we focus on the static
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Figure 1. Analysis of WSF for ¢ = 1.9 (Ist Plot) and ¢ = 1.8 (2nd Plot).

spherically symmetric spacetime [92], described as:
ds? = eXdr? — e¥dr? — r2(d6? + sin? 0d¢?). (1)

Here, both x and ¢ are functions solely dependent on the
radial coordinate. The Riemann curvature values associated
with the spacetime (1) are:

—eX(2v" + 12 o) — !
Riziz = @+ x X¢), Roz3 = v ,
4 2
. rZsin? 0 (e¥ !
Ria1s = Riz138in? 0, Rasza = $,

—eX(r !
Riziz = J, Riza = 0.
2e¥

The non-zero elements mentioned above satisfy the Karmar-
kar condition.

Ri414R323 = Ri210R3434 + Ri224 R 1334, )

where R2323 = 0.

By substituting the aforementioned non-zero elements
into equation (2), we derive a differential equation in the
subsequent form:

XY

1 —e¥

_ qul)/ _ ZX” _ X/z’

where e” = 1. The solution to the aforementioned differential
equation is presented as:

e’ =1+ AeXy/2. 3)

In the above equation, A represents the constant of
integration. Moreover, we adopt the Morris—Thorne space-
time to formulate the WSF, defined as:

ds? = exdr? — dr? — 12(d6? + sin?0dg¢?). (4)

1 — 0

r

The parameter x in the aforementioned metric is the redshift
function and is defined as:

-2
x:—f,
,,

&)

such that y — 0 as » — oo and & represents the free parameter.

4r 20
2 fn-rem
e
—_—o @
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By settings equations (1) and (4), we obtain:
r
Y =log| ——|. ©)
r— e(r)

In this context, e(r) represents a WSF. Utilizing
equations (3), (5), and (6), we derive the following expression
for the WSF:

P

Ay agack "

e(r)y=r—

In order to achieve a traversable WH solution, the shape

function must adhere to the conditions delineated by Morris
and Thorne [4], specified as:

. €r)}-r=0at r=ry,

. The condition £
e“(r)

el(r) < 1,

0
r

> 0 must be filled at r = ry,

AW =

— 0 at r — oo.

Here, r denotes the radial coordinate, and r, represents the
throat radius of the WH, satisfying the condition ry < r < co. By
evaluating equation (7) at the throat, i.e., e(ry) — ro=0, a trivial
solution is obtained at ry= 0. To tackle this concern, we intro-
duce a stochastic variable denoted as ‘C’ into the equation. Now,

s
2 +C

equation (7) takes the form: e(r) =r — ———¢
rt 4+ 484

4 — . .

% . Upon substituting the value
4% 0

of A into equation (7), the expression for the WSF e(r) is

obtained as:

Condition (1) gives, A =

5
-
ey=r—— 4+ (C,
4 1 (g — C)

0<C<n ®)

For the value of C in the given range conditions (2) and (3) are
fulfilled. Equation (8) takes the form after applying condition (4).

im £ — o, ©)
r—oo
Asymptotically flat traversable WH are provided by the
equation (8). The graphical representation of WSF is shown in
figures 1 and 2, which clearly depict that all the conditions are
satisfied.
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Figure 2. Evaluation of WSF for ¢ = 1.7 (Ist Plot) and ¢ = 1.6 (2nd Plot).

3. Basic formulation and field equations of f(R, ()
theory of gravity

A notable transformation in the theory is achieved by amal-
gamating the Gauss—Bonnet invariant and scalar curvature
terms, giving rise to the paradigm known as f (R, G) gravity.
The application of this theory to observational data has
demonstrated its stability and reliability.

The modified Gauss—Bonnet gravity action [93], is
expressed as:

_ 1 4 —
S =5 [ TE RO + Sl (10)

where k stands for the coupling constant and S, repre-
sents the matter action. The term associated with the Gauss—

Bonnet invariant is expressed as:
G =TR* — 4RGRY + 4R ;o RO (11

The modified field equations arise from the variation of the
action (10) in terms of the metric tensor.

1
Ry = 38R = KTy + WVifi — 8 O
IRV fy — 28, R O fy — 4RIV,
*4R;;vavnfg + 4RC7] ng 4g(nRaﬁvaV3fg

p 1

In the above equation, the box symbol (L) represents the
Laplacian operator in four dimensions, and the term V is
expressed as:

V=FR - f(R,G) + 16

where, f, = % and f; = :—fé representing the partial deri-

(13)

vatives concerning R and G, correspondingly. The expression
‘R appears to be

B (2r2X// + r2x/2 _ rZX/¢/ + 4X/r _ 41/}/’, _ 46@‘ + 4)

R
2r2e¥

(14)

In the case of an anisotropic fluid, the energy momentum

tensor [94, 95] is given by
’IZxﬂ = (P + pt)“auﬁ — Pi8ap + (pr - pt)l/al/ﬂ, (15)

where p, = e%ég, Vo= eqéhély, The symbol p represents density,

pr denotes radial pressure and p, represents tangential pres-
sure. G has the following expression:

2e %W
2

G= (1 = e+ 2x" = X'¥) = 2X¥']. (16)

Now, utilizing equations (4)—(12), the field equations are
expressed as:

, —4e 2 4 4eV
p=—eVf'r + ( 2"' )f”g

r

66720} ! _ ze—z/,v !
+( ¥ - v )/,g

G Y — 1) 4+ 2ry
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17)
2e~ W , e\
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eiw 12 ! 1./, " 672/‘/}
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47' r
X[ = )0 = X+ 20 - 20wl - 2
(18)
e Y2
P = T(ZX g
—2¢
e Uy + € 02 = 3+ 2 f'g
r
eizw pr r2 o1 / / e*ZW 29
+ 2,2 (2e + " (X — YNf'r + p(ze ‘
| e 2V
+ e (=2 =X + N — —
.
X [(1 = eH(X* +2x" = X¥) = 2xXPfg — g (19)

Here, the prime symbol indicates the derivative with respect
to the radial coordinate. The expressions for p, p,, and p;
involve the shape function and the function f(R, G) along
with its radial derivatives. It is worth noting that
equations (17)—(19) are highly complex and nonlinear. Con-
sequently, identifying explicit representations for p, p,, and p,
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Figure 3. Energy density p graphs in 3D and region form.

is challenging. We take a certain kind of function in order to
simplify things. The f(R, G) model is given in below
equation:

FR, 9) = fi(R) + /(9.

Several feasible models of f (R, G) theory may be examined
by taking into account various forms of f (R) and f, (G). The
next subsections examine some well known f (R, G) models
that correlate to f; (R).

(20)

1. fi(R) = Exponential gravity model.
2. f,(R) = Starobinsky gravity model.

Furthermore, to compute the field equations we take into
consideration of power law f(G) gravity model i.e.
£ (G) = vG?, v being an arbitrary constant. One can choose
other f(G) gravity models to solve the field equations. The
f(G) model remain same with both £ (R) and f, (R).

3.1. Model 1: exponential gravity model

Firstly, we consider f(R, G) = £,(R) + f(G), where f,(R)
is the exponential gravity model and f(G) is the power law
model to discuss the traversable WH solutions in frame of
f (R, G) gravity. The exponential gravity model is presented
and examined by Cognola et al [96]. This model accurately
and naturally depicts the acceleration of the Universe current
expansion and the inflation of the early cosmos, expressed as:

LR =R+ pvler — 1. 1)

Here, 1 and v represent free variables. A class of exponential,
realistic modified gravities was presented by Cognola et al
[96] in which they argued that this model (20) passes all the
local tests including non-violation of Newton’s law and sta-
bility of spherical body solution. Nojiri and Odintsov [6]
investigated this model (14) to describe the early-time infla-
tion and late-time cosmic acceleration in a natural, unified
way. It was shown that exponential type models present a
realistic dark energy epoch that is compatible with local and
observational tests [97]. The consideration of EC is crucial for
exploring and establishing the existence of cosmic structures.
Violations of these constraints are necessary for the formation

of realistic WH configurations. In modified gravity, the vio-
lation of NEC guarantees the existence of a WH structure. For
investigation of WH structures, we use p=1.8, ¥v=2 and
plot the graphs of p, p + p; and p + p,. We plot the 3D graphs
only for above chosen values. For other choices of y and v,
We provide a 2D graphical analysis and present compre-
hensive details about these features in tabular form.

Figure 3 (left panel) presented the graphical behavior of
the energy density p. The graph illustrates that the density is
positive and exhibits a decreasing trend towards the bound-
ary. Moreover, a region graph is also depicted (right panel) in
which we can easily determine that p >0 emphasized in
yellow.

The graphical behavior of p + p, is presented in figure 4.
In this context, we observe that the graph shows positive
behavior in the range 2 < r/rg < 2.12 and beyond this region
violation of EC occurs. A region graph is also presented in
which p+ p. >0 highlighted in yellow and p+p, <0 is
represented in red.

The graphical representation of p+ p, is depicted in
figure 5. We can notice that the graph shows positive beha-
vior in the range of 2 <r/ro<2.4 and beyond this region
violation of EC occurs. A region graph is also presented in
which p + p, > 0 shown in yellow.

Considering the exponential f(R) gravity model, the
summary of the analysis is as follows: () For = 1.8, v =2,
we noticed that presence of EM at the throat can be prevented
for the existence of traversable WH.

(%) From figure 4, p+p, is positive for the range
2<r/rg<2.12, while p+p, and p are positive for
2<r/ro<4.3 and 2 <r/rp< 3.3 shown in figure 5 and 3,
respectively . Hence NEC is respected for 2 < r/ro < 2.12.

(%) In summary, the utilization of the exponential f(R)
gravity model, along with our selected shape function,
1w=1.8, v=2 are the acceptable parameters to obtain the
traversable WH results in configurations featuring a small
amount of EM content.

Furthermore, 2D graphical analysis of physical quantities
ps p+ pr and p + p, for different choices of parameters is also
given below. It can be clearly visible from the figure 6 that
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Figure 5. Represent the behavior of p + p;.

these features respect the EC near the throat. Comprehensive
details for these features are also presented in table 1

3.2. Model 2: starobinsky gravity model

Secondly, we assume the f, (R) Starobinsky gravity model
along with f(G) power law model to investigate the solutions
for WH in the corresponding gravity context. This most
popular model is introduced by Starobinsky [98], which
meets solar system and laboratory experiments and is com-
patible with cosmic conditions, given as
R\
]3(72)2724—;11/[(1 +?) — 11, (22)
where p, v and n are free parameters. In the literature, Model
(21) contains properties of dark energy models and is con-
sistent with cosmological and local gravity constraints [99]. It
is used to investigate the effects of cosmic acceleration. For
investigation, we choose p =2.5, v=2 and n =2 to identify
feasible traversable WH that exhibit a negligible amount of
exotic matter at the throat. We plot the 3D graphs of p, p + p;
and p + p, for above chosen values. For other choices of p
and v, we provide a 2D graphical analysis and also present
comprehensive details about these features in tabular form.
The pictorial representation of the density p is positive
and exhibits a decreasing trend, as shown in the left panel of
figure 7 and in the right panel, region graph is also presented

in which we notice that p > 0 in complete region highlighted
yellow.

The graphical behavior of p + p, is presented in left panel
of figure 8. One can easily seen that the graph shows positive
behavior in the range 2 < r/rg < 2.4 and beyond this region
violation of EC occurs. A region graph is also shown in right
panel, in which p + p, > 0 highlighted yellow.

The graphical representation of p + p is shown in the left
panel of figure 9. The graph shows positive behavior in the
range of 2 < r/ry < 3.7 and beyond this range violation of EC
occur. In right panel of figure 9, the region graph is also
shown where p + p, > 0 highlighted in yellow.

Considering the Starobinsky gravity model, the analysis
is summarized as follows: (3 ) For p =2.5, v =2, we noticed
that presence of EM at the throat can be prevented for the
existence of traversable WH. (%)From figure 8, p+p, is
positive for the range 2 < r/rg < 2.4, while p+ p, and p are
positive for 2 <r/rg<3.2. Hence NEC is respected for
2 < r/rg<2.4. Hence, we can say that NEC is respected,
demonstrating the absence of EM at the throat. Moreover,
p > 0 prevents the amount of EM and generates a stable and
traversable WH structure. (%) In conclusion, the utilization of
this model together with our chosen shape function,

w=2.5, v=2 are the acceptable parameters to obtain the
traversable WH configurations in absence of EM.

Moreover, 2D graphical analysis of physical quantities p,
p+p: and p+ p, for other choices of parameters for this
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Figure 6. Shows the representation of p, p + p, and p + p, for Model 1.

Table 1. Summary of results for Model 1 under various parameters and energy conditions at ro =2, C = 1.9.

Parameters conditions

Energy conditions

Energy conditions

w,v>0 for2<r/rg <33 p>0 for >3.4p<0
w, v<0 for2<r/rp <3.0p>0 for >23.1p<0
w>0,v<0 for2<r/rg <3.7p>0 for 238 p<0
nw<0,v>0 for2<r/rg <33 p>0 for >3.4p<0
p + pr
wy, v>0 for2<r/rg <212 p+p, >0 for 22.13 p+p, <0
i, v <0 for2<r/ro <24 p+p.>0 for 225p+p. <0
w>0,v<0 for2<r/ro <24 p+p, >0 for 225p+p, <0
w<0,v>0 for2<r/ro <24 p+p,>0 for 225p+p, <0
P+ D
w, v>0 for2<r/ro <43 p+p>0 for 244 p+p <0
w, v<0 for2<r/ro <39 p+p >0  for 24.0p+p <0
w>0,v<0 for2<r/ro <41 p+p >0 for 242 p+p, <0
w<0,v>0 for2<r/ro <40 p+p >0  for 24.1p+p <0

model is also presented below. It can be clearly visible from
the 2D graphical analysis that these features respect the EC.
Comprehensive details regarding these features are also
furnished in table 2.

4. Comparison

Shamir and Fayyaz [100] constructed a WH shape function by
applying the Karmarkar condition to a static traversable WH
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Figure 9. Shows the behavior p + p,.

geometry. They created a WH that connected two asymptoti-
cally flat regions of spacetime and satisfied the required con-
ditions. A key aspect of our study is the examination and
comparison of evolving WH geometries near the throat of our
chosen models, accomplished through the use of two- and
three-dimensional graphical representations. We have dis-
cussed the WH configurations in detail in framework of
modified (R, G) gravity. Moreover, the authors [100] con-
sidered viable and realistic f(R) gravity models to discuss the

WH geometry, but we have considered the combination of
f(R, G) gravity model ie. f(R,G) =f(R) +f(G) to
investigate the behavior of traversable WHs, which make our
work more generalized and comprehensive than the previous
investigation. Godani and Samanta [101] discussed WH solu-
tions in f(R) gravity, focusing on specific f(R) models and
shape functions. In contrast, our approach involves construct-
ing the shape function using the Karmarkar condition and
exploring  WH solutions across viable models, which
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Table 2. Summary of results for Model 2 under various parameters and energy conditions at rp=2, C = 1.9.

Parameters conditions

Energy conditions

Energy conditions

<0,
>0,
>0,
<0,

r<0,n>0
v>0,n>0
v>0,n<0
r<0,n<0

p
for2<r/ro <32 p>0
for2<r/rp <33 p>0
for2<r/ro <3.7p>0
for2<r/ro <3.7p>0

for 233 p<0
for 234 p<0
for 23.8 p<0
for 23.8p <0

p+pr

v<0,n>0
v>0,n>0
v>0,n<0
v<0,n<0

n<0,
>0,
>0,
n<0,

for2<r/ryg <24p+p.>0
for2<r/ro <24 p+p,>0
for2<r/rg <24 p+p,>0
for2<r/ro <24 p+p.>0

for 225 p+p, <0
for 225 p+p. <0
for 22.5p+p. <0
for 225 p+p, <0

p + p:

v<0,n>0
v>0,n>0
vr>0,n<0
r<0,n<0

<0,
u>0,
>0,
<0,

for2<r/ro <37 p+p >0
for2<r/ro <39p+p. >0
for2<r/ro <41 p+p >0
for2<r/ro <41 p+p >0

for 238 p+p <0
for 24.0 p+p, <0
for 242 p+p <0
for 242 p+p.<0

distinguishes our work. Sharif and Fatima [102] analyzed tra-
versable WH solutions in f(R, 7) gravity, considering spe-
cific (R, 7) models and fixed parameters for simplicity. In
our current work, we investigate traversable WH solutions in
f(R, G) gravity models where we explore the interaction
between the Ricci scalar G and Gauss—Bonnet term G, pre-
senting a novel perspective compared to previous research.
Banerjee et al [103] presented static and spherically symmetric
WH solutions using specific choices for the f(Q) form and
constant redshift, whereas our analysis involves constructing
WH geometries and investigating energy conditions across
various scenarios. Mishra et al [104] discussed traversable WH
geometry using three shape functions and constant redshift,
while our analysis differs as we adopt a more general redshift
function dependent on the radial coordinate r, which make our
work different from the previous one.

5. Concluding remarks

Modified theories of gravity is nowadays an extremely
important tool to address some persistent observational issues,
such as the dark sector of the Universe. They are also
applicable to stellar astrophysics, potentially yielding insights
beyond those provided by GR. In this article, we explore a
novel f(R, G) gravity model within the context of WH
physics and geometry. The modified f(R, G) gravity is a
prominent alternative theory where the Ricci scalar R in the
Einstein—Hilbert gravitational Lagrangian is replaced by a
general function of R and G, with G representing the Gauss—
Bonnet term. We derive the field equations, solving them to
obtain the WH metric and energy-momentum tensor. The
significance of applying alternative gravity theories to WHs
lies in the possibility of finding WH solutions that satisfy
ECs, deviating from the outcomes predicted by GR. The main
motivation for working with WHs within alternative gravity
models is the possibility of obtaining WH solutions satisfying
the ECs, departing from the GR case [4]. In fact, such a
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feature has already been attained through other MTG
[105-107].

Achieving spherical symmetry is a fundamental pre-
requisite  for modeling static traversable WH. Various
approaches have been proposed in the literature to acquire
viable WH solutions. One approach involves determining the
WSF by assuming properties of the matter components, while
another approach explores how well the EC are satisfied with
the consideration of the shape function. In this study, we
formulate a WSF using the Karmarkar criterion. The aim is to
investigate the evolving embedded WH solutions within the
framework of f(R,G) gravity, considering two viable
models. The WH solution must violate the EC in the context
of GR. In contrast, it is possible to discover a WH config-
urations in modified theories that respects NEC at the throat.
A captivating element of this study involves conducting a
comparative examination of the evolving geometries of WH
near the throat in the models under consideration. This ana-
lysis is facilitated through the use of two and three-dimen-
sional graphical representations. We observe that our shape
function acquired through the Karmarkar technique yields
validated WH configurations with even less EM correlating to
the proper choice of f (R, G) gravity models and acceptable
free parameter values. We have only plotted the graphs for
those specific parametric values when these features show
positive behavior i.e. p>0, p+ p, >0 and p 4+ p, > 0, while
for the other choice of parameters we have shown the analysis
in tables 1 and 2 where p <0, p+p. <0 and p+ p, <0. To
verify this, Moreover, we look at precise answers for static
spherically symmetric traversable WH geometry within the
framework of f(R, G) gravity.

* We start by considering the exponential gravity model
ie. f(R) =R + vier — 1], along with the power
law model given as f(G) = vG?, to show the feasibility
of a static spherically symmetric traversable WH, where
1, v and -y are free parameters. We also discussed the EC
for these parameters ;1= 1.8, v=2 and y= — 0.31. The
graphical analysis of EC in 2D and 3D is shown in



Commun. Theor. Phys. 76 (2024) 125402 T Naz et al
T 4 = |
i 1
— p=-3.5,v=-2,y=-0.31,n=2 ] 15k = p=-3.5,v=-2,y=-0.31,n=2 41
J ]
— p=2.5,v=2,y=-0.41,n=2 J — p=2.5,v=2,y=-0.41,n=2 1
15 .| }
p=0.05,v=2,y=-0.51,n=-1 1 1=0.05,v=2,y=-0.51,n=-1 1
1 1
— p=-01v=2y=-061n=—1 1 3= o —— p=-0.1,v=-2,y=-0.61,n=-1 4
10 VS ’ 1
Q. 10} 1% 1
HEY i
1 1
i i
5F 1 5k 1
J 1
{ 1
i ;
0 -\ L 1 1 1 L \1 1 1 1 1 1 !
2.0 21 22 2.3 24 2.0 21 22 2.3 24
T ™
25p 1
= p=-3.5,v=-2,y=-0.31,n=2
20} — =2.5,v=2,y=-0.41,n=2 1
1
p=0.05,v=2,y=-0.51,n=-1 1
5 -
o — p=-0.1,v=-2,y=—0.61,n=—1
+ i
Q. 1o} 4
1
1
5k o
]
1
0 -\ " 1 1 1 " \-!
2.0 21 22 2.3 24

Figure 10. Shows the behavior p, p + p; and p + p; for Model 2.

Table 3. Comparison of models ro =2, C=1.9.

Physical quantities

Exponential and power law model

Starobinsky and power law model

P >0 for 2 <r/rp < 3.3 <0 for >3.4
p+p: >0 for 2 < r/rg < 2.2 <0 for >2.3
p+ Py >0 for 2 < r/ry < 4.0 <0 for >4.1

>0 for 2 < r/rg < 3.2 <0 for >3.3
>0 for 2 < r/rg < 2.4 <0 for >2.5
>0 for 2 < r/ry < 3.7 <0 for >3.8

figures 3—6. One can easily observed that these EC are
respected at the throat for some certain region. Further
we have also concluded that ;1 > 0, v > 0 and y < 0 is the
appropriate combination to get WH solutions with the
presence of negligible amount of EM. Moreover, near the
throat the NEC is respected, the detailed analysis is
presented in table 1.

Secondly, we consider Starobinsky f(R) gravity model

ie. AR)=R + 4 u[(l n &2) o 1], along with

same power law model given as f(G) = vG2, to discuss
the possibility of static spherically symmetric traversable
WH, where p, v, n and +y are free parameters. The EC are
discussed for chosen parametric values i.e. pu=2.5,
v=2,n=2 and y= — 0.41. The 2D and 3D graphical
analysis of these EC is presented in figures 7-10. One
can easily observed that these EC are respected near the
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throat as well as for larger region. The detailed analysis
about these conditions is given in table 2.

For the evolving embedded traversable WH solutions, we
have also presented the comparative analysis of both
models in tabular form given in table 3. It can be easily
seen from the table 3 that Starobinsky model provides
traversable WH solutions with less amount of EM in the
context of f(R, G) gravity. In framework of f(R, G)
gravity our results respect ECs not only at throat also for
some larger values of radial coordinate r.

Fayyaz and Shamir [108] successfully identified the

feasibility and stability of constructing traversable WH in the
presence of EM using the GR paradigm. Additionally, the
same authors [100] concluded that, for a specific shape
function, a WH solution exists in the f(R) theory with a
constrained quantity of EM.
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It is important to highlight that our results confirm the
NEC and even the WEC within the framework of f(R, G)
gravity, more significant values of the radial coordinate r,
rather than exactly at the throat. Thus, we come to the con-
clusion that our proposed models and the specified WSF
demonstrate the formation of traversable WH configurations
within the framework of f (R, G) gravity, featuring a very
negligible amount of EM.

Indeed, our results demonstrate that WH solutions
satisfying the ECs can be achieved within the frame of
modified f (R, G) gravity. There remains considerable work
to be done with these models by incorporating charge, par-
ticularly in its applications to cosmology, galactic dynamics,
and stellar astrophysics. Readers are encouraged to further
explore these possibilities. Nonetheless, the present results
provide a promising indication of the theory’s potential.
Future research should also aim to explore WH geometries in
a more generalized framework. This could provide valuable
insights into constructing traversable WHs without relying on
EM, potentially broadening the scope of feasible WH models.
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