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Abstract
Random walk algorithms are crucial for sampling and approximation problems in statistical
physics and theoretical computer science. The mixing property is necessary for Markov chains to
approach stationary distributions and is facilitated by walks. Quantum walks show promise for
faster mixing times than classical methods but lack universal proof, especially in finite group
settings. Here, we investigate the continuous-time quantum walks on Cayley graphs of the
dihedral group D,, for odd n, generated by the smallest inverse closed symmetric subset. We
present a significant finding that, in contrast to the classical mixing time on these Cayley graphs,
which typically takes at least order Q(n? log(1/2¢)), the continuous-time quantum walk mixing
time on D,, is of order O(n(logn)’ log(1/¢)), achieving a quadratic improvement over the
classical case. Our paper advances the general understanding of quantum walk mixing on Cayley
graphs, highlighting the improved mixing time achieved by continuous-time quantum walks on
D,,,. This work has potential applications in algorithms for a class of sampling problems based
on non-abelian groups.

Keywords: continuous time quantum walks, Cayley graphs, non-abelian groups, mixing time

1. General introduction

Background. Quantum computing promises algorithmic
speedup compared to its classical counterpart [1-5]. Most of
the quantum advantage campaigns are based on digital cir-
cuits [6-8], such as Grover’s amplitude amplification [5],
Shor’s quantum Fourier transform [4], etc. However, analog
or hybrid algorithms associated with sampling problems are
attracting more and more interest in the NISQ era because of
the efforts to push forward the application of quantum com-
puting, such as QAOA, Metropolisd-Hashing, and Hybrid
Monte Carlo [8—11]. Among these algorithms, quantum walk
emerges as a promising option for NISQ devices by show-
casing exponential speedups of the hitting process on some
graph structures for searching problems [12]. The study of
quantum walks has further extended to investigate mixing
time on various graphs such as Erdos Renyi networks [13].
This could help solve problems from a class of #P complete
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problems—the approximate sampling problems [14]. Nota-
bly, two specific problems, namely sampling a uniform per-
mutation through card shuffling and reaching the Gibbs state
using Glauber dynamics, are equivalent, e.g. for [15,16]. It
shows how probability theory and statistical mechanics are
interlinked. The card shuffling problem can be viewed as a
random walk on symmetric group S,. Both discrete and
continuous time quantum walks have been performed on the
S, group to determine the mixing time [17,18].

Issues. Extensive research has shown that quantum walks
have exponential advantages compared to classical random
walks on certain graphs [3,14,19-22]. A few families of
Cayley graphs have also been explored, such as Cayley
graphs of Extraspecial groups [23]. There is recent work on
well-known graphs like the Johnson, Kneser, Grassman, and
Rook graphs to sample (exact) uniformly using quantum walk
[24]. However, the quantum walk mixing time on Cayley
graphs of the non-Abelian group is still not settled. Cayley
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graphs are an essential class of graphs for quantum walks
because they are generated from groups and can be used to
design quantum algorithms that exploit the symmetries and
properties of the underlying group structure. Previously,
properties like perfect state transfer, hitting time, and instan-
taneous uniform mixing have been verified on Cayley graphs
of non-abelian groups [25-28]. Also, they can be used to
study the quantum dynamics and transport phenomena on
discrete structures, such as quantum coherence, entanglement,
mixing, localization, and phase transitions [29]. Mathemati-
cally, a group is a set of elements equipped with an operation
that satisfies closure, associativity, identity, and inverse
properties [30]. Cayley graphs visually represent the sym-
metries of the group. The vertices of the Cayley graph are
elements of the groups, and edges show how these elements
relate to each other through the groups’ operations.
Methodology. Proving the mixing time involves two
main components: determining how long it takes for the
mixing process to reach the limiting distribution (which may
not be uniform) and exploring the possibility of uniform
sampling from this distribution. Previously, it has been
proved that continuous-time quantum walks with repeated
measurements on certain Cayley graphs of a symmetric group
S, do not converge to the uniform distribution [17]. A remedy
is given in reference [14], where Richter gave a double loop
quantum walk algorithm for uniform sampling using quantum
walks. He demonstrated that performing approximately
O(log(1/¢)) iterations of the quantum walk e P ! where P is
a classical Markov chain on the underlying graph I', and
selecting ¢ uniformly at random from the interval [0, 77, is
sufficient to sample uniformly. This study focuses on the
Cayley graphs of the dihedral group (Dy,). This group sym-
metries of a regular polygon; reflection and rotation are the
elements with composition operation. We use the same
algorithms as Richter’s to show the quadratic speedup on D,,,.
We numerically depict the quantum walk speedup in figure 1.
By utilizing lower bounds on mixing time for regular graphs,
we establish that classical random walks on Cayley graphs of
D»,, require at least Q(n*log(1/2¢)) time to achieve uniform
mixing [31]. To estimate the mixing time of quantum walks,
we employ the upper bound on mixing time provided in the
reference [13], which relies on eigenvalue gaps. We retrieve
the adjacency matrix using the [32] method for the Cayley
graph of dihedral groups to find the eigenvalues. The graph I'
is generated by a symmetric inverse closed subset S € D,,, and
is isomorphic to the semi-Cayley graph of an n-cycle, i.e.
T (Dyy, S) = Z,, X Zy. Our main result is that O (n(log(n))®)
time is sufficient to mix the continuous-time quantum walk
with repeated measurements on the dihedral group towards a
uniform distribution with O(log(1/¢€)) iterations. To prove
the main theorem, we propose a conjecture on the sum of the
inverse of the difference in eigenvalue gaps for a subset of
eigenvalues. We support the conjecture with simulations.
The work is organized as follows: The first section is
dedicated to the preliminaries. Then, we discuss how to get
the adjacency matrix for the Cayley graph I'(D.,,, S = {a, a ",
b}) from the semi-Cayley graphs. We give the general for-
mulation to calculate the quantum walk amplitude.

Subsequently, we calculate the limiting probability distribu-
tion on Cayley graphs of D,,. Later, we analyze the mixing
time on the Cayley graphs of dihedral groups and show that it
is linear in the number of vertices on the graph. We conclude
the sections with the results and future directions. The sup-
plementary material includes the quantum walk algorithm,
analysis of bounds from the main theorem, conjecture, and
derivation of limiting distribution, respectively.

2. Preliminaries

This section introduces key definitions and propositions
related to the Cayley graph, groups, Markov chains, and
mixing time [31] since the random walk is a special case of a
Markov chain. The mixing time of a random or quantum walk
refers to the duration it takes for the distribution of the walker
to become ¢ distance close to its stationary distribution.

Definition 1. Cayley Graph: consider a finite G group and let
S C G be a symmetric subset of G, i.e.if g € S,theng=! € §
for all g € G. The Cayley graph is defined as I'(G, S), where
elements of G are the vertices of the graph I and an edge
(g, h) € T if and only if gh™! € §.

Suppose the size of S is d, then for every vertex in I has
degree d. So, the Cayley graphs are d-regular graphs.

Definition 2. Conjugate: consider a group G, let g, h € G be
conjugate if there exists r € G such that rgr—! = h, then g is
called a conjugate of h.

Definition 3. Semi-direct product: consider a group G, N as
the normal subgroup, and H as a proper subgroup of G. If
G = NH such that N H = {e}, where e is the group’s
identity G, then G is called a semi-direct product of N and H.
It can be written as G = N x H.

Definition 4. Semi-Cayley graphs: let G be a group and R, M,
T be its subsets such that R and M are inverse closed and
e ¢ R\J M. The semi-Cayley graph SC(G; R, M, T) with
the vertex set G x {0, 1}. To have an edge between vertices
(h, i) and (g, j), one of the following holds:

j=0and gh'' € R;
j=1land gh™' € M;
0,j=1land gh'cT.

i
°i
i

A Markov chain is a stochastic process Xy, X1, X5, ... with
a countable set of states S, where the probability of transi-
tioning from one state to another depends only on the current
state. Mathematically, for any states i, j € S and any time steps
t > 0, the Markov property can be expressed as:

PX=jX=i, X1=%1, - Xi=x, Xo=x0)=
PX.y1=jlX;=1i), where PX,,=j|X,=i) represents the
probability of transitioning from state i to state j in a one-time
step.
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Definition 5. Markov chain P has a stationary distribution 7
implies that Pm = 7.

Definition 6. Consider an irreducible (strongly connected) and
aperiodic (non-bipartite) Markov Chain P with a stationary
distribution 7. The mixing time(also known as threshold
mixing) can be defined as follows:

Taix = min {T: Lip—mr <L ves T}, (n)
2 2e

where ||.||; is a matrix 1-norm and I is all one row vector.

Definition 7. Given a Markov chain P
1 . .
d(P) = max.ij’EHP(-,J) — P

is called the maximum pairwise column distance. The
following inequality holds for d(P)

1
EHP — 7l <d@P) < ||P - 7| 2)

The distance d(P) is submultiplicative, i.e.
d(Pyr) < dBR)d(F) (3)

for any time ¢ and ¢. This implies that d(B) < d(P)'
and d((R)") < d(B)".

Proposition 1. 33/ If d(Pr) < 1/2e, then||P} — =li||} < ¢
for some time T' = O(log(1/¢)).

3. Dihedral group

In this section, we discuss the dihedral group D,,,, represented
by symmetries of an n-regular polygon. We use the iso-
morphism given in the [32] between I'(D,,, S) and semi-
Cayley graph of Z,, allowing us to determine the adjacency
matrix of I'. The graph exhibits a unique structure, and the
walks on D,, are equivalent to those on a specific semi-
Cayley graph of Z,. The obtained adjacency matrix enables
further analysis.

The dihedral group D,, is a finite group representing the
symmetries of an n-regular polygon. It includes elements
rotations and reflections and can be described abstractly as (a,
bla"=1, v> =1, bab :a_1>. With 2n elements, D,, expli-
citly includes {1, a, b, ba, ba*, ..., ba" ', a* a°, ...,a""'}. To
study quantum walks on D,,, we construct the Cayley graph
I'(D,,,, S) using the symmetric subset S = {a, a’, b} as the
generating set. The adjacency matrix A(g, ) of I['(D,,, S) is
defined such that

1 ifgh'es,
0 otherwise .

A(g, h) = { “)
This representation provides the foundation for analyzing
quantum walks on Cayley graphs associated with the dihedral
group D,,,.

To analyze continuous-time quantum walks on I'(D5,,, S),
we can use an isomorphic counterpart, semi-Cayley graph on

Z, denoted as SC(Z,; R, M, T), where R=M={1,n— 1},
T = {0}. This choice is advantageous because it simplifies the
analysis. Here, Z,, represents a cyclic group of order n. Based
on the findings in [32], we can determine the spectral prop-
erties of the adjacency matrix of I'(D,,, S). According to
lemma 4.2 in [32] and the definition of semi-Cayley graphs,
there exists an isomorphism ¢ between I'(D,,, S) and
SC(Z,; R, M, T). The isomorphism is defined as ¢(a") =
(r, 0)and ¢p(ba") = (n — r, 1) for r € [0, n — 1]. Consequently,
performing continuous-time quantum walks on the
graph SC(Z,; R, M, T) is equivalent to conducting the
same walks on I'(D,,, S). The adjacency matrix is of
SC(Z,; R, M, T) is given as follows:

- W, + wr! I . 5
I W, + wr!
Here, W, is n X n a circulant matrix given below.
010 ..0
w=[00 101
100 ..0

with eigenvalues w’ and eigenvectors va =(1 / Jn)
[1, w/, w¥, ..., wo=Di|T for 0 <j <n — 1, where w = e®™/™
and T is transpose. In the next section, we will discuss how to
define a unitary evolution operator to do a quantum walk on

F(D2m S)

4. Quantum walk on D5,

In this section, we state the eigenspectrum of the adjacency
matrix A given in equation (5). Next, we provide the lower
bound for the classical mixing time of a random walk on I'(D,,,,
S). Afterwards, we discuss the time-averaged quantum
walk probability and the limiting distribution of quantum walks
on I

The simple random walk matrix for regular graphs is
simply the normalized adjacency matrix of the graph, i.e.
A= %. We use normalized adjacency matrix A, which gives
us the following normalized 2n eigenvalues and eigenvectors,
respectively.

Aj = (1 + 2cos(2mj/n))/3, (6)

J;_n [ vl ™

lxj) =

for 0 <j<(n— 1), and
Aj = Qcos2m(j — n)/n) — 1)/3, ®)

1 ;
) = =L il )
forn<j<(2n—1).

To prove the classical mixing time lower bound on
['(Dy,, S), we use the theorem 12.5 given in [31] which states
that for transition matrix P of a reversible, irreducible Markov
chain then 7, (¢) > (1/(1 — X\y) — Dlog(1/2¢), where A,
is the second largest eigenvalue.
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Upon examining equation (5), it becomes evident that the
simple random walk A on I'(D,,, S) possesses key properties,
namely symmetry (reversibility) and strong connectivity
(irreducibility). Additionally, the Cayley graph I is regular,
resulting in a uniform stationary distribution m, [31].
We can determine the second largest eigenvalue of A as
A2 = (1 + 2cos(27w/n))/3 using equation (6). By employing
the inequality 1 — cos(x) < x2/2, we find that

Tmix(€) = (3n2/47% — Dlog (1/2¢).
Consequently, the classical mixing time on I'(D,,, S) is at
least Q(n?log (1/2¢)).

Now, we define the unitary operator. Based on the eigen-
spectrum of A, the continuous-time quantum walk operator
U(r) = €A’ can be written as
2n—1

> ey (-

Jj=n

n—1
U =Y eV (x] +
=0

(10)

Let us define X;:=|x;) (x| and Y;:=|y)(yl for 0<;
< (2n — 1) respectively. Then the probability to go from some
vertex |p) to another vertex |g) on the graph I'(D,,,, S) in time
t is given by

n—1
<q| Z eit(2cos(27rj/n)+l)/3xj
Jj=0

F(p,q9)=| —
[AVZN’) n

2n—1 2
+ Z eit(Zcos(Zﬂ'(jfn)/n)f1)/3Yj|p>

j=n

.an

For each 1 < p, g < 2n, we get P(p, q), and that gives us P,
matrix, a quantum-generated stochastic matrix. Since the evol-
ution U(f) is unitary, we know that for large times, it will not
converge to any specific distribution. Hence, we do probability
averaging over an interval of time. It results in the time-averaged
probability matrix Py, where each (p, ) entry is given by

T
Prp o= [ B ot (12)
T Jo

The long-term behavior of this quantum walks Py always
fluctuates around its limiting distribution, which is stationary. We
denote the limiting distribution by II. Calculating the entries I1(p,
q) of limiting distribution of a quantum walk on I' is straight-
forward (refer to supplementary material D). When we take the
limit of 7 — oo in equation (12), we find that Pr_,..(p, q) is
equal to

L+—n_1p*qorq—p*n

2 212 B -
np.o=17 " (13)

- =qgand g — p = n.

S T2 PEa q-7r

It is worth noting that the distribution IT described in
equation (13) is non-uniform. To sample uniformly from
Psubsequently Py and II), has to have uniform distribution. We

show that the following theorem 1 holds for the Markov chain
P =A and IL

Theorem 1. [14] If P is a symmetric irreducible Markov chain
on N states, then each entry of II bounded below by 1/N?; in

particular, I1 is ergodic. Moreover, each P is symmetric and,
hence, has a uniform stationary distribution.

By inspection, it is clear that each entry of II given in
equation (13) is bounded below by 1/ (Zn)2 and P, in
equation (11) is symmetric since P,(p, q) = P(q, p) (and so is
Pr). Hence, P, has a uniform stationary distribution. We uti-
lize the double-loop quantum algorithm to achieve uniform
sampling, as outlined in supplementary material A. This
algorithm was originally introduced by Richter in their work
[14], and it exhibits a logarithmic dependence on 1/¢, where ¢
represents the desired accuracy or precision. This algorithm
essentially runs a classical random walk for a duration of
T' = O(log(1/¢€)) using the quantum-generated stochastic
matrix Pr, (given in equation (12)). We are interested in the
minimum time 7,;x = I’ such that

_ 1
Pr —1II|| < —
|Pr Il >

(14)
Then, using proposition 1, T/ = O(log(1/¢€)), repetitions of
this walk are adequate for achieving uniform sampling. The
following section discusses the quantum mixing time bound
based on the inverse sum of eigenvalue gaps to achieve

equation (14). To do that, we state a conjecture for the subset
of eigenvalues of A.

5. Mixing time bound and conjecture

This section focuses on the quantum mixing time bound,
utilizing the eigenvalue gaps of A. We present the general
quantum mixing time bound based on these eigenvalues.
Subsequently, we provide specific bounds for our case and
propose a conjecture for certain eigenvalue gaps. Finally, we
establish the main result.

Given Pr, the quantum mixing bound based on eigen-
values of A ([13]) on the LHS of equation (14) is given as
follows:

. 2|(x; or y;|p) |1 (plxx or y,)|
[Pr— T < ) L ,
A= A TIA = M

15)

where without loss of generality |p) is initial state, and
{Njs 1), |y;)} is the eigen spectrum of A. From equations (7)
and (9), for 1 <p < 2n we have
1
[{x; or y;Ip) |.I(Plxx or y)| = o (16)

Using equation (15) and the above calculations, the
quantity we need to bound is the following:

1 1

S e — (17)
T\ =5, 1 — M
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We initially partitioned the set of 2n eigenvalues into two
subsets based on their indices: the first subset consists of
eigenvalues given by equation (7) for 0 <j<n — 1, and the
second subset comprises eigenvalues given by equation (9)
forn<j<2n—1.

To further identify distinct eigenvalues within these
subsets, we introduce index subsets C; and C, as follows: For
je G=10, %], the eigenvalues satisfy 1 > \; > —%. For
jE C2: [l’l, 3n2—l

Additionally, we define index subsets C: = [”;“ ,n— 1]
and Cy = [ - L 21 — 1]. In G, the eigenvalues fall within

the range (1, —%), while in Cy/, the eigenvalues fall within the

], the eigenvalues satisfy % > N> -1

range (é, —1). Notably, G+ and C,/ each contain n — 2 repe-
ated eigenvalues from the C; and C, subsets, respectively,
resulting in distinct sets of eigenvalues

+ > !

v 1N — Add

zl]

keaa=x 1N = A

+ > !

keqy 1A = Adl

> 1

N A 1A = Adl

—zz[z 1

jeaq\keG |/\j = A

+Z;+

keGy |/\/ - )\kl

+zz(z !

jeG\keq |>‘j = Ad

1 1
D D = D DR |
keGy |/\/ - )\kl k€ G, \j= Nk |)\j - )\kl] (18)
We simplify equation (18) by redefining the ranges of
indices k and j to only involve the index sets C; and C, (by
changing the variable k — k+n and j —n —j). We get the
following equation.

DI o B>

N#E A |)\j — A jeCkeG |)‘j — Al

+4> >

JECIkECNj= Ay |)‘j — Al

4y Y !

_iECzkECz,)\ji)\k |)\.] - >\k|

1

1
19)

Now, we calculate the bound on each sum from equation (19).
Let us tackle the first sum by simplifying it as follows:

ZZ*

jecikea 1A — Al

SEIIPY :

ieGkeG [2cos(2mj/n) — 2cosRn(k — n)/n) + 2|

1
=3
,glkgl |2 cos(2mj/n) — 2cos(2mk/n) + 2|
3 1
iy s

iccikeq, 1cos(2mj/n) — cos(2mk/n) + 1

(20)

We divide equation (20) into four sums based on the
range of j and k as follows:

=539

1

2 iciked |cos(2mj/n) — cosmk/n) + 1|
= Su; + Suy + Suz + Suy, 21
where
Li]14]
Suy = EZ - : ,
2j:0k:0 |cos(27j/n) — cos(mk/n) + 1|
: sl 1
Uy = — ,
2 25 T |cos(2mj/n) — cosmk/n) + 1|
n-1/2|5]
Suz = 3 > - ! ,
2 2] k=0 |cos(2mj/n) — cos(2mk/n) + 1|
(n=1)/2(n-1/2
Sug=> ! (22)

2 T8 62T |cos(2mj/n) — cosQmk/n) + 1|

We bound each Su; for 1 <1< 4 separately. The proofs of
bounds on Su;, Su,, and Su, are given in supplementary
material B. The bounds are as follows:

Su; < %nz log(n),
Suy < i112,
32

3
Sus < —n?log(n). 23
1S3 g(n) (23)

We could not prove the upper bound on Sujz rigorously.
Hence, we propose conjecture 1. We give a numerical argu-
ment for the bound on Su;. The following conjecture is for
n=4p + 1; similarly, we do for n =4p + 3 (refer to supple-
mentary material C).

Conjecture 1. Consider n = 4p + 1 type, where p € Z, let
a = arccos(l — sin (%(b + %))), and N (o) = l%aJ for
b € [0, p — 1] then

p—1
Sus < f(n) = 3 £, (b)

b=0

< 100n%(log(n))’, (24)

where

P L 21 _ 1
a—%N(a) ,—l“(N(a)—Q—l)—a?

200 | «

72

+ M 2 )
4o (a - %N(a))(f—j(zv(a) - a)

By conducting numerical simulations, we provide evi-
dence supporting the validity of the conjecture (see supple-
mentary material C). Consequently, we establish a bound on
Sus as 100n>(log(n))> .
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Lastly, we analyze the other two sums from equation (19)
where \; = .. We show that (refer to supplementary material
B, case 5 for the proof)

2
jeGikeCn=n, 1A = Adl T
Similarly, we prove
2
jeGkean=n, 1A = A T

Now, we state our main theorem and give the proof using
the bounds and conjecture mentioned above.

Theorem 2. For a time T of order O(n(log(n))?®) and
T' = O(log(1/¢)) iterations, the repeated continuous-time
quantum walk on the graph I'(D,,, S) with S = {a, a!, b}
converges to the uniform distribution when n is odd.

Proof. We combine the bounds given in equations (23), (25),
and conjecture 1 to give the mixing time bound as follows

5 1 3, 3
|Pr — II||; < ﬁ(3n2 log(n) + an + an
+ 800r2og(m)® + 222 (n log(n))?
™
256
+ —@ log(n))z)
™

< %(31@ log(n) + 2n + 800n(log(n))?
+163n(log(n))?).
For T = 4800n(log(n))?

1 + 1
1600(log(n))* 2400(log(n))’

_ 1
Pr—1I||; < + =
1P = 1 ( :

163
+ -
4800(log(n))3 )

1 1
S (6 " 10(1og(n))3)'
Foralln > 100, ||Pr — II|j; < 1/2e. According to theorem 1,
the matrix P; admits a uniform stationary distribution 7. It is
apparent that 7 acts as an eigenvector of Pr, corresponding to
an eigenvalue of 1. This leads to the representation of Py as
Pr=|n){r| + Z?’jz vj|vj) (vjl, where v; are remaining eigen-
values, each associated with an eigenvector |v;) and all being
less than one. Consequently, achieving uniform sampling
necessitates a sufficient number of repetitions 77 of Pr. To
attain an e-closeness to T, it is required that (1/2¢)”’ < e,
which translates to T’ > log(1/¢). O

6. Summary and outlook
In this study, we focus on the quantum mixing time of Cayley

graphs associated with D,,. We present an upper bound for
the mixing time of a continuous-time quantum walk with

repeated measurements on D,,. Our results show that within
O(n(log(n))’) time, the quantum walk approaches the limit-
ing distribution. By performing O(log(1/¢)) iterations, we
achieve uniform sampling, surpassing the classical lower
bound of Q(n?log(1/2¢)).

Additionally, we put forward a conjecture that relates to
the sum of a subset of the reciprocals of eigenvalue gaps. This
conjecture is supported by numerical evidence. Moreover, we
highlight the quadratic advantage offered for the classical
shuffling problem with the D,, group. This study raises the
question of the potential advantages of quantum walks on
finite groups in general.

Overall, our work expands the range of classical Markov
chain Monte Carlo processes in which quantum walks with
repeated measurements exhibit a speedup advantage. This
study encourages further investigation into potential applica-
tions, especially sampling algorithms. Also, testing
graph isomorphism is a hard problem in general, with appli-
cations in chemistry, network analysis, and computer vision.
Quantum walks on Cayley graphs can construct canonical
forms of graphs, which are unique representations that can be
compared efficiently with a speed faster than that of a ran-
dom walk.
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Appendix A. Supplementary material for ‘Quantum
walks advantage on the dihedral group for uniform
sampling problem’

A.1. Quantum walk algorithm

We study a quantum walk on the graph I'(D,,, S), where
S={a, a', b}. The graph is 3-regular and has a vertex set
v={l,a,d* .., a"" ', b, ba, b’ ..., ba""'}. The edge set E
consists of pairs {g, h} for all g, h € D,, such that gh ' € 8.
We define the normalized adjacency matrix A of I' such that
A(i, j) = 1/3 if vertex i is adjacent to vertex j in I', and O
otherwise. The continuous-time quantum walk operator for a
given time ¢ is denoted as U(f) and is defined as e’ The
quantum walk algorithm starts from an initial state |xo) = |p),
where p is a vertex from the vertex set V. The algorithm then
performs TT' steps as specified.
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Algorithm 1.

* Quantum walk algorithm (p, T, T)
L r=0;lx) = Ip);
2. While (T’ > r)
—Perform the quantum walk starting with |x,) for time 7 chosen
uniformly at random from [0, T'];
~Let |4, ;) = e|x,);
—Measure |1/, ) in the position basis and obtain the state |x,1);
-r=r+ 1
3. Output |x,)

A.2. Bounds for the cases in theorem 2

In this section, we give a detailed analysis of bounds on the
sum of the inverse of eigenvalue gaps used in theorem 2.

Casel: j € [0, |n/4|]and k € [0, |n/4]].

In the given range, the following inequalities hold.

cos(zm)/ 2(2”’)+1 (A1)
n 7w\ n
and
—cos(@) > —1. (A2)
n
This implies
cos( J) — cos(%) + 1= — 2(ﬂ) +1
n n ™ n
(A3)
:‘ —4—] +1 ’ (A4)
n
S| 1Y ‘ (AS)
n

Hence, the bound on the required sum is

N 1
Ej:()k:() |cos(2mj/n) — cosRmk/n) + 1|
Ll

<3 — (A6)
2,2:%/;) In — 4]

which is less than

il 1

5] dj

< +
Sha ] g
1 n 1
=—|In(n) — ln(n - 4[—J) +—
; D
< In(n).
(A7)
So

L4]]4] 1

o lcos(2mj/n) — cos(2mk/n) + 1|

log(n).
(A8)
Case2:j € [0, [n/4]|]]and k € [[n/4], (n — 1)/2].

On a similar line, we give the following inequalities to bound
the sum in this range

cos(zw]) E(ZW) + 1, (A9)
n ™ n
and
fcos(ﬁ) > %(ﬁ) -1, (A10)
n Y n
cos(zﬂ) — cos(@) + 11> k=) +1 ‘ (A11)
n n n
3 l%Jm—Zl)/z |
2520 ks A |cos(2mj/n) — cosQmk/n) + 1]
3 lid(llili/z "
<< P e— (A12)
252042 ] n+ 4Gk — j)|
L4 ]om—1)/2 2
é Z _n — < 3L(_n ) < 3L
250k I+ 4k =Pl 32 \n+4 32
(A13)

Case3:j € [[n/4], (n — 1)/2]and k € [0, |n/4]].

The proof of this case is given numerically in the supple-
mentary material C.

Cased: j €[[n/4], (n — 1)/2] and
kel[n/4], (n — 1)/2].

We provide the following argument in this range.

cos(2 ’) +1>0, (A14)
n
and
—cos(m) > (@) ~ 1. (A15)
n T\ n
This gives
cos(zﬂ) — os(ﬁ) +1| > E(%) —1
n n e n
(A16)
The sum is bounded as follows:
3(,17213/2(%1)/2 1
2 T2 KT |cos(27j/n) — cos(2mk/n) + 1|
3(}171)/2(1171)/2 n
ST XX M ‘ (A17)
i) # i) 1 4
< in2 log(n) (A18)
RET
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Figure 1. In panel (a), we depict the Cayley graphs we examine in this study, denoted as I'(D,,, S = {a, a !, b}). An edge (g, h) exists
between vertices g and & if gh ™' € S, where g and h are elements of the group D.,,. In panel (b), we provide an illustrative example for the
case of n = 101. The quantum walk probability, denoted as Py(1, 15), approaches a uniform probability value of 1/2n = 0.005 within a time
of T = O(n(log(n))’ ). On the other hand, the classical walk probability, represented as P(1, 15), only fluctuates around 1/2n. We establish
the phenomenon in this work.

Case5:jc[0,(n — 1)/2]land k € [0, (n — 1)/2]\; = A\ (=1 (=D 1 8n 2
( log(n)) . (A27)
We try to bound the following sum V=1 = 1ks; Isin(my/n)sin(nz/n)|
Z Z 1 ) (A19) On the same line,
JECIkECLAj= A, 1A = Adl 1 8n 2
O e ) Rt
It can be written as jeGkeGa=n [N — Add ™
1

2 2

JECIKEC A= Ay |>‘j — Aid
(n—1/2(@m-1)/2 1
= (A20)  In this section, we propose a conjecture to give an upper
- & lcosQmj/n) — cos(2mk ’ . .
j=0 k=0j=k l0sCmj/n) (2mk/m)| bound on the sum Sus. Subsequently, we provide a numerical

(n-1)/2(n-1)/2 1 argument to support the conjecture.
<2 ) : (A21)
20 k=0k>j [cos(2mj/n) — cosQmk/n)|

A.3. Conjecture 1

Conjecture 2. Consider n = 4p + 1 type, where p € Z, let

(n—1) (n—1 n
ey (Z) : 1' ) (A22) Q= arccos(l — sin (27”(19 + %))), and N(a) = lEaJ for
=1 = Tksy Isin(my/mysin(rz/n)| b € [0, p — 1] then
Note that the map (j, k) — (j + k, k —j) from {(j, k): 0 <j < [2] |
k<(—1)/2) to {1, 2o n— 1} x {1, 2,n—1} (its <F(n)
inverse is (y, 2)— ((y —2)/2, (y +2)/2)). Now consider the k=0j=[1] ’ cos 2 ]) cos (2”k +1 ‘
sum
- (n—1)/2 1 = Z £, (b) < 100n*(log(n))’, (A29)
Z =2 - (A23) b=0
—1 111(70’/") y=1 sin(my/n)
9 where
Note that 06(0 7r/2) = 7 < sin 6 =>% > ﬁ So for
ye[l, e [— 7r/2) This implies £.(b) = |1 + 21 + 5 1
(nzls/z 1 (nzl:)/2 n 2ala a-"N@  TN@+1)-a
2 — <4 — (A24)
L Gam S 2w ) =
+—1In .
< 4_”[1 ¥ log(nT_l)] @ws 4 [0 ZN@)EN@ D -a) [ (a0
m
8n n—1
< 710g > ) (A26)  Note that when n =4p + 3 then we have a = arccos
Hence (1 — sin (2 + i))) and N(a) = | 2o | for b € [0, p].
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n=4p+1
1015 L
1010 L
— f(n)
105 r —100n2(log(n))5
10! 10° 10° 10* 10°
P

Figure 2. f(n) bound for n = 4p + 1. In this plot we show that f(n) is
bounded above by O (n(log(n))). Here x-axis scales as p, and the y-
axis is scaled logarithmically to plot it. We can see that y = f(n) is
bounded above by 100n?(log(n)).

Numerical argument:
Due to cos(x) = sin(x — 7/2), we have the following

[5] =2 1
ke=0j=[ ] ‘ cos (znl) — cos (2nik) +1 |
[4] = 1

2
=3y , . (A3D)
k=0j=]"] ‘ sin (znﬂ - g) + cos (%) -1 ‘
For n=4p-+1, when j= [H =p+1 then
Zp+D-F=Z((—-D/4 + D-F=22 Sub-
sequently, sin (? — g) = sin (27”(17 + %)) where b€ [0,

p — 1]. Similarly, we change the k range to a € [0, p]. The
above sum can then be written in terms of b

k=0j=]"] | sin (% - g) + cos (?) -1 |
.

. (A32)
a=0b=0 ‘ sin (%(b + %)) + cos (2%) -1 |
Note that for any 6, 6’ € (0, 7/2),
[1 — cos(d) — (1 — cos(0))] > l|92 — 0. (A33)
e

Fora = arccos(l — sin %(b + %)), and N (o) = l%aJ the

p—1 N(a

T 1 (@ da 1

S —+f — + -
o, | a 0 a+—na af—nN(oz)

N@  da 1
+f 2w + 27
0 a— —a 7(N(oz)—|—1)—oz

P da
+'j;V( 27ma
)+l — — «

n

T k1 1 1
:Z,;){E i@ ZW@+ D - a
(o4 ) Cr )

2 (o= ZN@)(EN@ + 1) - a)
gl’f L_lJr 1 1 ]

2w + 2w
—ol2ala  a-— ZN@ SN @+ 1) -«

72

n 2

4a (a - %N(a))(z,—f(N(a) + 1D - a) . (A34)

We define the function f,(b), which is given as

1 1 1
L) ===+ ——— + % ]
20| « a—TN(oz) T(N(oz)—i—l)—oz
+ —1In ,
4o | (o = TN@) (W@ + 1) - a) (A35)
and
p—1
f)y=> fb). (A36)
b=0

Due to the complexity of f,(b) we justify our argument with
numerical results. We plot f(n) (refer figure 2) and show that
it is upper bounded by 100n2(log(n)). On the same line, we do
it for n =4p + 3 depicted in figure 3.
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n=4p+3
1015 L
1010 L
— f(n)
10° ——100n2(log(n))?
10! 10° 10° 10* 10°
D

Figure 3. f(n) bound for n = 4p + 3. In this plot we show that f(n) is bounded above by O (n?(log(n))). Here x-axis scales as p, and the y-axis

is scaled logarithmically to plot it. We can see that y = f(n) is bounded above by 100n2(log(n)).

A.4. Quantum walk limiting distribution on I(D2,, S)

In this section, we compute the limiting distribution II of the continuous time quantum walk on the graph I'(D5,, S).

The probability to go from a vertex p to g on I'(D,,, S) is given equation (11) as follows:

n—1

1 . .
R(p’ q) — E <q| Z elt(2cos(27r]/n)+l)/3xj

j=0
2n—1 2
ir(2cosm(j— —-1)/3
+ Z eit@cos@m(j—n)/m)—1)/ YI|P> .
j=n

We change the indexing in the second sum in the above equation from j to j — n. This gives

1 n—1 . . n—1 ) » )
R(P, q) — ﬁqlz elr(2cos(27(//n)+l)/3xj +Z elt(ZCOS(Zﬂ/ n)—1) 3}/}
=0 j=0

We now compute the (p, g) entry of time-averaged probability matrix Pr. It is given by equation (12).
First observe that the action of X; or ¥; on |p) is given as

v
X)lp) = w“’*‘”[vj] = (®)lp).
If we apply (¢| on the above state we will get

(q1Xplp) = @~ D@V = (q|(Y)|p).
Now using equations (12) and (A37) we have,

n—1 n—1

[T 3 eir@eosemi/me/sya=pi 4 3 gir@eosai/n=1/3a—p)

dr
0
Jj=0 Jj=0

Pr(p, q) =
(P> @) 2T

2

n—1
1 fT (eir/3+e—it/3)zeir(2cos(27rj/n))/3w(q7p)j dr

4n*T 70 20

1 n—1 2

I\ " 2cos(t/3) S eirCeosni/my/Aa—py

- 4n’T d
j=0

n—1 2

Z eit ¢l cos(27rj/n))/3w(qfl’)j
j=0

1 fT 1 + cos(2t/3) dr

~ a2t o 2

2 2

n—1

Z eit(2cos2mj/n) /3y, (a—p)j
Jj=0

1 T T
=5 I dt + [ cos(21/3) by

10

n—1
Z it (2cos2mj/n))/3,,(g—p)i dr.

(A37)

(A38)
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We have bound on the modulus of the second term because

2
1

21T

3

dr <
4n?T

(n)%. (A39)

n—1
Z et (2cos(2mj/n)/ 3y, (q—p)j
j=0

LT cos(21/3) y 32T|sin(2T/3)|(n)2 <

n

Since for a complex number z, |z| — 0iff z — 0, the second term itself goes to zero as T goes to infinity giving us

2

n—

dr. (A40)

1
eit(2cos2mj/n))/3,,(q—p)j
0

_ 1 T
lim Pr(p, g) = lim
T—o00 T(p q) T—o0 2n2T ‘/(‘) j=

For a complex number z we have |z|> = zZ. We use it for |Z’;;(§ei’ 2cos@mj/n)/3,(a=p)i|2 and get the following

|
5

7 n—1
lim PT(p, q) EEET 1 f Z eit(2cos(27rj/n)72cos(27rk/n))/3w(q7p)(j7k) dt
T—o0 T—o00 2n2T 0 j k=0

T n—1
— lim f nd 3 etCeos@ui/m-2eos @rk/m)/Aa-pG-b |y
T—o0 2]’12T 0 jk=0,j=k
1 (IR B : :
—— ¢ lim f S eif@eosCai/m-2eosCrk/m)/dya-p)G-H |dy. (A41)
2n T—00 2}’12T 0 jok=0,j=k
We now make the following cases:
Casel: p=qgorg —p =n.
In this case since w'9~” = 1, equation (A41) becomes
.= 1 . 1 [ = . . .
lim Pr(p, q) = — + lim f Z it (—4sinQm(j—k)/n)sin@r (j+k)/m)/3 | 4z, (A42)
T—o0 2]’1 T—o0 2n2T 0 jk=0j=k
Now for each j > 1, there exist k such that j + k =n. We separate these terms and get
.= 1 n—1 . 1 T nl g o . .
lim PT(Pa q) = — 4+ —— 4+ lim _f Z et (=4sinQ2m (j—k)/n)sinm (j+k)/m)/3 | 4¢. (A43)
T=o0 2n 2n? 700 2T 0 \ 40 /k ke

Finally, since the third term vanishes after evaluating the integral we have

n—1
2n?

.= 1
lim Pr(p, q) = — + (A44)
T—oo 2n
Case2: p=gandg — p = n.

Observe that, in the second term of equation (A41) for each j, 0 <j << n — 1 there exist k, 0 <k <n — 1 such that j + k=n and
there are n — 1 such j. Separating these terms, we get the geometric sum of —1.

n—1 — w2@-p)@m-1)
S wae-nj = y2a-p LW T
2(g—
i 1 — w2-p)
w2la-pr) _ 1
= —=—1.
1 — w2-p)

Using the above value and a formula for the difference of cosines equation (A41) becomes:

lim PT(p, q) =— — — lim
T—oo 2n 20 T—o0 2n*T
n—1
j(')T Z it (—4sin(mw (j+k)/m)sin(r (j—k)/n)/3y,(a—p)(i—k) |4z, (A45)
J.k=0,j=k j+k=n

As before, the third term in the above equation vanishes as T — oo. Thus,

.= 1 1

T—o0 n n

11
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The two cases together give:

1 n—1
2n * 2n?
Prooc(p, @) = 1(p, @) = 17 .
w2
ORCID iDs [15]
Shyam Dhamapurkar @ https: //orcid.org /0009-0008- [16]

5402-5779
Xiu-Hao Deng @ https: //orcid.org /0000-0003-0105-9074

References

(1]
(2]
(3]
(4]

(5]

(6l
(71
(8]

(91

[10]

[11]

[12]

[13]

[14]

Magniez F, Santha M and Szegedy M 2007 Quantum algorithms
for the triangle problem SIAM J. Comput. 37 413-24

Ambainis A 2007 Quantum walk algorithm for element
distinctness SIAM J. Comput. 37 210

Childs A M and Goldstone J 2004 Spatial search by quantum
walk Phys. Rev. A 70 022314

Shor P W 1997 Polynomial-time algorithms for prime
factorization and discrete logarithms on a quantum
computer SIAM J. Comput. 26 1484-509

Grover L K 1996 A fast quantum mechanical algorithm for
database search Proc. of the 28th Annual ACM Symp. on
Theory of Computing pp 212-9

Simon D R 1997 On the power of quantum computation SIAM
J. Comput. 26 1474

Lloyd S 2010 APS March Meeting Abstracts vol 2010,
pp D4-002

Farhi E, Goldstone J and Gutmann S 2014 The quantum
approximate optimization algorithm and the Sherrington-
Kirkpatrick model at infinite size Quantum 6 759

Lemieux J, Heim B, Poulin D, Svore K and Troyer M 2020
Efficient quantum walk circuits for Metropolis-Hastings
algorithm Quantum 4 287

Kim J, Esler K P, McMinis J, Morales M A, Clark B K,
Shulenburger L and Ceperley D M 2012 Hybrid algorithms
in quantum Monte Carlo J. Phys.: Conf. Ser. 402 012008

Cain M, Chattopadhyay S, Liu J-G, Samajdar R, Pichler H and
Lukin M D 2023 Quantum speedup for combinatorial
optimization with flat energy landscapes arXiv: 2306.13123

Childs A M, Cleve R, Deotto E, Farhi E, Gutmann S and
Spielman D A 2003 Exponential algorithmic speedup by a
quantum walk Proc. of the 35th Annual ACM Symp. on
Theory of Computing pp 59-68

Chakraborty S, Luh K and Roland J 2020 How fast do
quantum walks mix? Phys. Rev. Lett. 124 050501

Richter P C 2007a Almost uniform sampling via quantum
walks New J. Phys. 9 72

12

(17]

(18]
[19]

(20]

(21]

(22]
(23]

(24]

(25]

[26]

(27]

(28]

[29]
(30]
(31]
(32]

(33]

p=gq or qg—p=n,

(A47)

p=gq. and ¢q—p =n.

Ding J, Lubetzky E and Peres Y 2009 The mixing time
evolution of Glauber dynamics for the mean-field Ising
model Commun. Math. Phys. 289 725

Saloff-Coste L 2004 Probability on Discrete Structures
(Springer) pp 263-346

Gerhardt H and Watrous J 2003 Approximation,
Randomization, and Combinatorial Optimization..
Algorithms and Techniques (Springer) pp 290-301

Banerjee A 2024 Discrete quantum walks on the symmetric
group Quantum Stud.: Math. Found. 11 477-90

Venegas-Andraca S E 2012 Quantum walks: a comprehensive
review Quantum Inf. Process. 11 1015

Kadian K, Garhwal S and Kumar A 2021 Quantum walk and
its application domains: a systematic review Comput. Sci.
Rev. 41 100419

Ambainis A, Bach E, Nayak A, Vishwanath A and Watrous J
2001 One-dimensional quantum walks Proc. of the 33rd
Annual ACM Symp. on Theory of Computing pp 37-49

Richter P C 2007b Quantum speedup of classical mixing
processes Phys. Rev. A 76 042306

Sin P and Sorci J 2022 Continuous-time quantum walks on
cayley graphs of extraspecial groups arXiv:2011.07566

Wang Q, Jiang Y and Li L 2024 Unifying quantum spatial
search, state transfer and uniform sampling on graphs:
simple and exact arXiv:2407.02530

Sin P and Sorci J 2022 Continuous-time quantum walks on
Cayley graphs of extraspecial groups Algebr. Comb. 5 699

Dai W, Yuan J and Li D 2018 Discrete-time quantum walk on
the cayley graph of the dihedral group Quantum Inf.
Process. 17 330

Cao X and Feng K 2021 Perfect state transfer on Cayley
graphs over dihedral groups Linear Multilinear Algebr.

69 343

Liu Y, Yuan J, Dai W and Li D 2020 Three-state quantum
walk on the Cayley graph of the dihedral group Quantum
Inf. Process. 20 106

Kendon V 2007 Decoherence in quantum walks — a review
Math. Struct. Comput. Sci. 17 1169

Gallian J 2021 Contemporary Abstract Algebra (Chapman and
Hall/CRC)

Levin D A and Peres Y 2017 Markov Chains and Mixing
Times vol 107 (American Mathematical Society)

Gao X and Luo Y 2010 The spectrum of semi-Cayley graphs
over abelian groups Linear Algebr. Appl. 432 2974

Richter P C 2007 Quantum Walks and Ground State Problems
(Rutgers The State University of New Jersey, School of
Graduate Studies)


https://orcid.org/0009-0008-5402-5779
https://orcid.org/0009-0008-5402-5779
https://orcid.org/0009-0008-5402-5779
https://orcid.org/0009-0008-5402-5779
https://orcid.org/0009-0008-5402-5779
https://orcid.org/0000-0003-0105-9074
https://orcid.org/0000-0003-0105-9074
https://orcid.org/0000-0003-0105-9074
https://orcid.org/0000-0003-0105-9074
https://doi.org/10.1137/050643684
https://doi.org/10.1137/050643684
https://doi.org/10.1137/050643684
https://doi.org/10.1137/S0097539705447311
https://doi.org/10.1103/PhysRevA.70.022314
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1145/237814.237866
https://doi.org/10.1145/237814.237866
https://doi.org/10.1145/237814.237866
https://doi.org/10.1137/S0097539796298637
https://doi.org/10.22331/q-2022-07-07-759
https://doi.org/10.22331/q-2020-06-29-287
https://doi.org/10.1088/1742-6596/402/1/012008
http://arXiv.org/abs/2306.13123
https://doi.org/10.1145/780542.780552
https://doi.org/10.1145/780542.780552
https://doi.org/10.1145/780542.780552
https://doi.org/10.1103/PhysRevLett.124.050501
https://doi.org/10.1088/1367-2630/9/3/072
https://doi.org/10.1007/s00220-009-0781-9
https://doi.org/10.1007/s40509-024-00332-9
https://doi.org/10.1007/s40509-024-00332-9
https://doi.org/10.1007/s40509-024-00332-9
https://doi.org/10.1007/s11128-012-0432-5
https://doi.org/10.1016/j.cosrev.2021.100419
https://doi.org/10.1145/380752.380757
https://doi.org/10.1145/380752.380757
https://doi.org/10.1145/380752.380757
https://doi.org/10.1103/PhysRevA.76.042306
http://arxiv.org/abs/2011.07566
http://arxiv.org/abs/2407.02530
https://doi.org/10.5802/alco.237
https://doi.org/10.1007/s11128-018-2101-9
https://doi.org/10.1080/03081087.2019.1599805
https://doi.org/10.1007/s11128-021-03042-y
https://doi.org/10.1017/S0960129507006354
https://doi.org/10.1016/j.laa.2009.12.040

	1. General introduction
	2. Preliminaries
	3. Dihedral group
	4. Quantum walk on D2n
	5. Mixing time bound and conjecture
	6. Summary and outlook
	Acknowledgments
	Appendix A.Supplementary material for ‘Quantum walks advantage on the dihedral group for uniform sampling problem’
	A.1. Quantum walk algorithm
	A.2. Bounds for the cases in theorem 2
	A.3. Conjecture 1
	A.4. Quantum walk limiting distribution on Γ(D2n, S)

	References



