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Quantum information masking (QIM) is a crucial technique for protecting quantum data from
being accessed by local subsystems. In this paper, we introduce a novel method for achieving
1-uniform QIM in multipartite systems utilizing a Fourier matrix. We further extend this
approach to construct an orthogonal array with the aid of a Hadamard matrix, which is a specific
type of Fourier matrix. This allows us to explore the relationship between 2-uniform QIM and
orthogonal arrays. Through this framework, we derive two distinct 2-uniform quantum states,
enabling the 2-uniform masking of original information within multipartite systems.
Furthermore, we prove that the maximum number of quantum bits required for achieving a
2-uniformly masked state is 2" — 1, and the minimum is 2"=! 4+ 3. Moreover, our scheme
effectively demonstrates the rich quantum correlations between multipartite systems and has

potential application value in quantum secret sharing.

Keywords: multipartite systems, quantum information masking, Fourier matrix, orthogonal

arrays

1. Introduction

In the realm of quantum mechanics, the no-cloning theorem
stipulates that it is fundamentally impossible to produce an
identical copy of an arbitrary unknown pure quantum state [1-3].
This seminal principle has catalyzed a cascade of related theo-
rems that further articulate the nuanced nature of quantum
information. Among these are the no-deleting theorem [4], the
no-hiding theorem [5, 6], and the no-broadcasting theorem [7, 8],
each contributing to our understanding of the distinctions
between quantum and classical information paradigms. Con-
currently, quantum entanglement has emerged as a cornerstone in
the advancement of quantum information processing and quant-
um computation [9]. The phenomenon of quantum entanglement
underpins several pivotal applications, including quantum key
distribution [10], quantum teleportation [11, 12] and quantum
secret sharing [13-16], highlighting the profound implications of
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quantum mechanics for secure communication and computa-
tional tasks.

Recently, the concept of quantum information masking has
been introduced by Modi et al [17], who have also underscored a
novel no-go theorem, termed the no masking theorem. This
theorem asserts the impossibility of masking an arbitrary quant-
um state within bipartite quantum systems. Quantum information
masking (QIM) has aroused widespread attention in the scientific
community and many interesting and meaningful results on this
topic have been obtained [18-33]. For instance, Li etal [18]
studied how to mask quantum information in a multipartite
scenario. In their masking protocol, it is also required that the
original information is inaccessible to each local system. Fur-
thermore, they have extended the definition of quantum infor-
mation masking, as initially put forth by Modi etal [17], to
encompass multipartite quantum systems. Wang etal [31]
explored the possibility of partial masking of quantum informa-
tion in multipartite systems using the generator matrices and
stabilizer codes. Shen et al [32] gave the Latin-square construc-
tion of Abelian and Ising anyons in the Kitaev model and studied
the maskable space configuration in anyonic space. In addition,
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Liu et al [23] devised a photonic QIM machine using time-cor-
related photons to experimentally investigate the properties of
qubit masking and demonstrated the transfer of quantum infor-
mation into bipartite correlations and its faithful retrieval. How-
ever, all of the above studies are limited to the case of 1-uniform
quantum information masking. Afterward, Shi and Li et al [27]
proposed the concept of k-uniform QIM in multipartite systems
and indicated the relation between quantum error-correcting
codes in heterogeneous systems and quantum information
masking. The studies on the above-mentioned quantum infor-
mation masking can facilitate the advancement of quantum secret
sharing.

In 2013, Arnaud and Cerf [33] introduced the concept of k-
uniform states, which has since become a pivotal framework in
quantum information theory. Building upon this foundation,
Goyeneche and Zyczkowski [34] demonstrated that orthogonal
arrays, a mathematical structure with profound implications for
quantum state characterization, can be derived from Hadamard
matrices. In addition, they established a link between the
orthogonal arrays and k-uniform states. In this work, we estab-
lish 1-uniform QIM within multipartite quantum systems by
employing a Fourier matrix. Subsequently, we focus on a special
case of the Fourier matrix, specifically when the dimension
d = 2. Under these conditions, the Fourier matrix is equivalent to
a Hadamard matrix, which is a key component in our sub-
sequent analysis. Capitalizing on the foundational work of
Goyeneche etal [34] regarding the derivation of 2-uniform
states, we proceed to manipulate these states further. By
applying an X-gate to each qubit within the 2-uniform state. we
successfully generate an alternative 2-uniform state. Utilizing
these states, the original quantum information encoded in the
form «|0) + §|1) can be effectively masked in a 2-uniform
manner across multipartite systems. Our research further enri-
ches 1-uniform QIM and 2-uniform QIM, and has significant
application value for quantum secret sharing.

The paper is organized as follows. In section 2, we give
some necessary definitions about the masking of quantum
information and some related concepts. In section 3, we firstly
implement a l-uniform quantum information masking in high-
dimensional multipartite systems using the Fourier matrix
method. In addition, we propose a 2-uniform quantum informa-
tion masking and offer a specific example for n = 4. In section 4,
we provide an application of QIM, which is the recovery stage of
quantum secret sharing. In section 5, we draw a conclusion.

2. Preliminaries

In this section, we will mainly give some important defini-
tions of quantum information masking [17, 18, 27] Fourier
matrices and orthogonal arrays [34-37].

2.1. Quantum information masking

In [18], Li et al generalized the definition of quantum infor-
mation masking to multipartite quantum systems.

Definition 1. [18] An operation M is said to mask quantum
information contained in states {|ax)s, € H 4} by mapping
them to states {|I;) € @1 Hal such that all the marginal
states |¥) are identical, i.e.,

pa, = Tra (1) (WD, j € {1, 2,-.n}, ey

have no information about the value of k, and ;\\J denotes the
set {A}, Ap,-- A )\ {4} ).

To simplify writing, we use C to represent the complex
number field and C? to represent a d-dimensional Hilbert
space. Therefore, the concept of QIM can be rewritten as
follows.

Definition 2. An operation M is said to mask quantum
information contained in states |/) € C? by mapping them to
quantum states {|¥) € (CH»**: [ = 0, 1,---,d — 1} such
that all the marginal states |¥) are identical, i.e.,

py=Trp(10) (W), j € (1,2}, )

where j denotes the set {1, 2,---,n}\ {;}.

For quantum information masking in multipartite sys-
tems, collusion between some subsystems would then reveal
the encoded quantum information. Therefore, to avoid such
collusion, Shi and Li eral [27] proposed the definition of k-
uniform quantum information masking. The following will
provide the specific definition of 2-uniform masking.

Definition 3. An operation M is said to mask quantum
information contained in states |/) € C?> by mapping them to
quantum states {|¥) € (C®)®": [ = 0, 1} such that all the
reductions to 2 parties of [U) = «|Wp) + S|¥;) are identical,
ie.,

py = Tr(1¥) (W), 3)

where z} denotes the set ({1, 2,--,n}\{i,j} and

2.2. Fourier matrices and orthogonal arrays

In this section, we present the Fourier matrix and orthogonal
arrays with the intention of developing a QIM scheme.
Consequently, the Fourier matrix can be expressed in the
following manner:

1 1 1 1 1

w w2 wd—Z wd—l
1 w2 (w2)2 (wd—Z)Z (wdfl)Z
Fa=1. : : S S
lwd—Z (wl)d—Z (wd—l)d—Z (wd—l)d—Z
1 wdfl (w2)d71 (wd72)d71 (wdfl)dfl

where w = e . The matrix F, is a unitary matrix over the
complex space C, characterized by the property that each row
(or each column) of F, is orthogonal to every other row (or
column).
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arrays for masking quantum information. Moving forward,

we will now present the definition of orthogonal arrays. |T) = |0q J (7)

Definition 4. [35] Let A be a matrix of dimensions r x N
whose elements are drawn from a set S = {sy, $2,--+,84}, if
every r X k submatrix of A contains each k-element subset of
S with equal frequency, then A is said to be an orthogonal
array, denoted as OA(r, N, d, k).

For an N-particle multipartite pure state, if all of its k
particle reduced states are maximally mixed, it is called a k-
uniform state. Goyeneche and Zyczkowski [34] provided two
important basic conditions for establishing k-uniform states
through orthogonal arrays. We term this the fundamental
property of orthogonal arrays, as illustrated below.

(1) Each subarray composed of any k columns from the
orthogonal array contains all k-element arrays formed by
the elements of the set S, and each k-element array has
the same number of repetitions;

(2) A subarray consisting of any N —k columns of an
orthogonal array contains an (N — k) tuple array in each
row, and each (N — k) tuple array is not repeated.

3. Quantum information masking in multipartite
systems

In this section, we first use a Fourier matrix to achieve
1-uniform quantum information masking in multipartite sys-
tems. Then, we consider a special case to obtain 2-uniform
quantum information masking.

3.1. 1-uniform quantum information masking

To construct maskable quantum states, we adopt the Fourier
matrices F,, where d is odd prime. Furthermore, we can
construct a matrix G =F,;® F, of order N, where N =d°.
Then we delete the first column elements of G and transform
the remaining elements through a mapping ¢:w'— i.
Therefore, we can get the new matrix GY¥, and it is represented
as

Gy =

(@o,15 G020 ,ToN)T, )

where Gp; is an (N — 1)-dimensional row vector, j=1,
2,---,N.

Furthermore, we define a permutation set {m,
T, Ta_1}, With each 7; represented as a mapping such that
i+— (i+ 1) mod d, where i, [=0, 1,---,d — 1. Therefore, we
transform all elements of G% according to the permutation
m € {my, 71, -+, Tg_1} to obtain the matrix

/ Lo .
Gy = (@11, Q120N (6)

According to the row vector |&;;) in the matrix Gh, we

Due to the unitarity of the Fourier matrix, it can be obtained
that

(Gujldre) =0, (8)
where j=k and j, k€ {1, 2, ---, N}.
Let |0), |1), ---, |d—1) be an orthogonal normalized
basis of C?, and define the following physical process:

D) = W) = €))

rZ'O‘U

Since Gl is obtained by applying different permutations 7, to
GY,, each row of Gl does not have corresponding equal ele-
ments, and due to the orthogonality of F,;, we can derive

(@uil@mi;) =0, (Guildm;) =0, (10)

where [, me {0, 1, ---,d— 1} and i, j € {1, 2,---, N}.

Theorem 1. Let Fy be a Fourier matrix of odd prime order,
then the quantum state |&) = Zf:_()' ayll) can be masked
into |¥z) = 2;1;01 oy|Uy) thought the process defined in
equation (9), where 2;1;01 a =1

Proof. Though equation (9), we can deduce that

lle

Zzazlau

2 120=1

(11)

Therefore, we can easily calculate the partial trace of
|\I/a> <\I/a> |, i.e.,

Py = Tri{|Wa) (Wl ] = % (12)

Thence, |&) = > qy|l) can be masked. O

3.2. Two-uniform quantum information masking

In this section, we focus on the case d =2, leading to the
simplification of the Fourier matrix to the Hadamard matrix,
denoted as F, = H,. From section 3.1, where d = 2 in F,, we
can conclude that the tensor product of Hye = H, ® H, can-
not achieve QIM. Consequently, we make simple modifica-
tions to the above method to consider higher-order Hadamard
matrices. To exemplify our methodology, we present a
2°-order Hadamard matrix as an illustrative case:

11 1 1 1 1 1 1
1 -1 1 =1 1-1 1-1
1 1 -1 -1 1 1-1-1
1 =1 =1 1 1 -1-1 1
Hp=Hp@Hm=\1 | | 1 1 -1 1]
1 =1 1 -1 -1 1-1 1
1 1 -1 -1 -1-1 1 1
1 =1 -1 1 -1 1 1-1
(13)

By equation (13), the corresponding orthogonal array is
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denoted by
1111111 "
0101010 T
1001100 0%
3 93 _ 1001 100 1|a]|M
OA(23, 2 1,2,2)_1110000_ e |
0100101 V6
1000011 R
0010110 72}

(14)

The Hadamard matrix is characterized by its distinctive
orthogonality property, which dictates that any two distinct
rows of the matrix are orthogonal to each other. This inherent
orthogonality has significant implications for the structure of
the resultant orthogonal arrays. Specifically, for any given
pair of such rows within an orthogonal array, there is at least
one position where the corresponding elements differ.

Thus, if we consider that v, € {7, 7,,...,7}, the quant-
um state generated by ~; is denoted by |v;). Then, we gain

(vilv) =0, i,j€{1,2,--2%}, i = (15)

To facilitate the subsequent mathematical proof, we introduce
the following lemma. It is imperative to emphasize that, for
the remainder of this discourse.

Lemma 2. Ler OA(2", 2" — 1, 2, 2) = (Y, Yp---»Vy)" be an
orthogonal  array, then (’yl.hj) =0, where n>=3
i, je{l,2,-2"Yandi = j.

Let |0) and |1) be an orthogonal normalized basis of C2,
and define the following physical process:

) W) =

HMN

2'[
0) — [Wp) = X"~ D|Iy) = — 7> (16)
) 0) 1) ; NeT %)
where |7;) indicates each element in |v;) is inverted, i..,
swapping Os for 1s and vice versa. Thus, the following

theorem is obtained.

Theorem 3. For |Uy) and |V)) generated in equation (16),
there exists that all the states o|0) + (|1) can be 2-uniformly
masked into V) = o|¥) + B|W), where |a* + |8]> = 1.

The proof of Theorem 3 is provided in the appendix.

In Theorem 3, the number of qubits for the states |¥)
and |¥;) is 2" — 1. The quantum states after discarding the
first bit are denoted as |¥o ) and |¥;;), and this process
continues until the remaining quantum states have only
2""' 4+ 3 bits, at which point the states are denoted as
|Wo,2n-1_ay) and |¥; n-1_4y). For the convenience of sub-
sequent use, the following notation is employed.

|‘I’0> — |‘I’0,1> — |‘I’0,2> _—> T |‘I’0,(2"*174)>

¥ — [¥y) —

Furthermore, based on Theorem 3 and above formula, we

[Ui0) — -+ — Yy -1gy). (17)

obtain that the maximum number of bits for achieving
2-uniform quantum information masking in a quantum state is
2" — 1, and the minimum is 2"~ '+ 3. Therefore, another
theorem regarding 2-uniform masking can be gained, as
follows.

Theorem 4. Let {|Vy), |W) } and { ¥ ;), |V1 )} be two pairs of
quantum states that satisfy the equation (17),

(i) for quantum states of |¥,) and |¥), the original
information «|0) 4+ §|1) can be 2-uniformly masked
into V) = a|¥) + 81¥);

Gi) it |®o) = [U,) and [®)) = |¥,), then
a|®y) + B|P;) can achieve 2-uniform masking.

o) =

Proof. Firstly, when the number of qubits is N = 2" — 1, we

have already proved it in Theorem 3. When
2=l 4 3 < N < 2" — 2, that is, corresponds to the quantum
states  |Wo;) and |¥;;) in equation (17), where
j=1,2,..2""1 — 4. We have
l 2n71
D) =) = —) Iy (Al + 10)1%)),  (18)
1> 1]> \/7 1:21 J> > > > >
271 1

|@()> = l\IjO,j> = X®N|\Ill,j> = \/_ Zl’}/lj (lO |"}/l> —+ |1>|"}/l>)

19)

Given the range of values for A, it is evident that the number
of bits in the quantum state |, j> and |7, j> must be greater than
or equal to 2. Consequently, it is straightforward to calculate

Py = %, i, jE{1,2,..,N}, i= (20)

Therefore,
masking.

|U) = a|®y) + B|P;) can achieve 2-uniform

When N = 2"~! 4 2, quantum states have the following
forms,
1 2n 1

o) = Zlv (1) 1%) + 10) %), (1)

"= 1

Zw, (10) 1)

) = X" 210) + 1) Iy).

(22)

It is well-known that the number of bits required to
represent |y/) and |7/) is 2, which can only take on the values
|00), |01), |10) and |11). And from the basic properties of
orthogonal arrays, it can be deduced that

M&L (23)

P12 = Tg..o 14 ) [1W) (V] = Z +
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Additionally, we have

L .
=—, i€ {1,2,...,2""1 + 2},
Pi= { }
jE(3,4,.2"1 4 2), i=]. (24)
Hence, |¥) cannot achieve 2-uniform  masking

when N = 2"~ 1 4 2.

To sum up, only when the value range of the number of
bits in the quantum state is 2"~! + 3 < N < 2" — 1, |¥) can
achieve 2-uniform masking. The theorem has been proved. [

To provide a clearer explanation of our theorem, we
present a specific example for the case when n =4 below.

Example 1. For the OA=(2%2*-1,2,2) in
equation (A8), the corresponding 2-uniform state can be
obtained, i.e.,

L

1) — 10) = = (111111111111111) + 1010101010101010)
+1100110011001100) + 1001100110011001)
+1111000011110000) + 1010010110100101)
+1100001111000011) + 1001011010010110)

+ 111111100000000) + 1010101001010101)
+1100110000110011) + 1001100101100110)
+1111000000001111) + 1010010101011010)
+1100001100111100) + 1001011001101001)).

(25)
At the same time, we can get another 2-uniform state, namely,

X2 =D,
1

= ﬁ(loooooooooooomm + 1101010101010101)

+1011001100110011

+1000111100001111

+1011110000111100

)
)
)
+1000000011111111)
)
)
)

+ 1110011001100110)
+ 1101101001011010)
+ 1110100101101001)
+ 1101010110101010)
+1011001111001100) + )
+1000111111110000) + )
+ )

-+ 1011110011000011

[110011010011001
[101101010100101

1110100110010110)).
(26)

The general qubit state «|0) + G|1) is masked as
|T) = a|Ty) + B|P;). Through equations (25) and (26), we
calculate that

L

pi= i, je {1,224 — 1}, i =] 27)

Therefore, when N = 2* — 1, all the qubit states can be
2-uniformly masked.

Removing some qubits from |¥) and |;), respectively,
yields the following quantum states. In this case,
N = 2*1 4+ 3 is the minimum number of quantum states

required for achieving QIM.

1
|1>Fa|GAA>—-1755011111111111> + 101010101010)
+110011001100) + 100110011001)
+ 100011110000y + 110110100101)
+101111000011) + 111010010110)
+ 111100000000) + 101001010101)
+ 110000110011) + 100101100110)
+ 100000001111) + 110101011010)
+101100111100) + 111001101001)),
(28)
0) — W 4) = XOC 43, )
1
> (100000000000) + 110101010101)
+101100110011) + 111001100110)
+111100001111) + 101001011010}
+ 110000111100) + 100101101001}
+100011111111) + 110110101010)
+101111001100) + 111010011001}
+111111110000) + 101010100101}
+110011000011) + 100110010110)).
(29)
And the following partial trace is gained,
pij:%’ i, jef{l,2,...2* =5}, i=] (30)

Therefore, regardless of how the two parameters of o, 3
are selected, when n =4, the quantum state range within
24=1 4+ 3 < N < 2* — 1,|¥) can achieve 2-uniform masking.

For every quantum state |¥), we can show the corresp-
onding quantum circuit diagram. For example, consider the
quantum state |¥U) = «| ¥ 4) + 3P 4), as shown in figure 1.

4. Application of quantum information masking

Quantum information masking forms the basis for quantum
secret sharing, where legitimate participants can recover the
original quantum state through collaboration, while unau-
thorized ones cannot. Therefore, Alice encodes the original
information «|0) + J|1) into a multipartite quantum state
[¥) = a|¥y) + G]P,), and then distributes each particle of |¥)
to each participant. We term the stage of recovering the secret
with minimal participants as the secret recovery phase. In this
section, to highlight the applicability of the quantum states,
we will explore how to recover the secret using the state
|U) = a|Wg4) + B]T;4) as shown in Example 1.

Alice prepares the quantum state |¥) and sends each
particle to each participant via a decoy photon sequence.
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0) —{H] ’
0) — H] '
0) —{H] *
0) — H | ’
0)
0)
0)
0) b
0)
0)
a|0) + B[1) . & D d >

Figure 1. Quantum circuit diagram for generating |¥) state.

These participants can be denoted by Py, Py, ..., Py;. During (1) If the measurement by P, is |0), then the quantum state |
the recovery process, we omitted the coefficient of |¥y4) and W) can collapse to |¢,), where |¢,) is denoted by

|T; 4) as they do not affect the final result. <\
In addition, we consider the structure of the legitimate |¢0> = (2 1000) + AI111))12;100000000)

participants as shown in figure 2, where the structure can be + (o 1101) + (1010))123101010101)
represented as + (« 1011) + (1100));3100110011)
4 (a1110) + B1001))23101100110)

T'= {{Py, Py, Py, Py, Ps, P, Py}, 4 (@ l111) + BI000)),5100001111)

{P1, P2, P3, Py, Ps, Po, Po},
{P1, P2, P3, By, Ps, Ps, Pio},
{P1, Py, P3, Py, Ps, Ps, P11},
{P1, P2, P3, Py, Ps5, P7, Pg},
{P1, Py, P3, Py, Ps, P7, Po},
{P\, P>, P3, By, Ps, P, Pio}, (2) If the measurement by P, is [1), then the quantum state |
{P, P,, P35, Py, Ps, Py, P({}, W) can collapse to |¢,), where |¢,) is denoted by

{P1, P», P3, Py, Ps, Pg, Pyo}, ~
|¢> = («a |000> + ﬁ|111>)123|11111111>
{P1, P2, P3, Py, Ps, Pg, P11}, !

+ (a1100) + BI011))153100111100)

)
)
)
+ (@ 1010) + BI101))123101011010)
)
+ (@ 1001) + BI110))23101101001).  (32)

{Py. Py, Py, Py, Ps, Po. Pyo). + (a 1101) 4+ (1010));23110101010)
{P,, Py, Ps, Py, Ps, Po, 1} ). G1) + (o 1011) + F1100))123111001100)
+ (a 1110) + (1001))1,3110011001)
In figure 2, we present all sets of participants that can + (o 1111) + (1000))1,3111110000)
recover secrets. Furthermore, we take the set Py, Py, P3, Pa, + (a 1010) + B1101))123110100101)
Ps, Pg, Pg as an example. Other situations can be similarly + (a1100) + BI011));23111000011)
analyzed.
étep 1. The participant P, carries out several measure- +(1001) + AI110))13/10010110). (33)
ments on his particle in |¥) under the basis of {|0), |1)}. At
the same time, the remaining participants can get the fol- Step 2. The participant Ps measures the quantum state
lowing collapse states on their own particles. |do) or|¢,) with a computational basis {|0), [1)}. Then, he can
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obtain four cases, namely, four quantum states are collapsed
into

Igoo) = ( 1000) + BI111))123100000000)
+ (@ 1011) + [31100))23100110011)
+ (a 1111) + [3I000));23100001111)
+ (@ 1100) + BI011))123100111100),  (34)
Igo) = (a 1101) + £1010));23101010101)
+ (a 1110) + B001));23101100110)
+ (@ 1010) + B1101))123101011010)
+ (@ 1001) + BI110))123101101001),  (35)
l§,0) = (a 1101) + 31010));23110101010)
+ (a 1110) + 3I001));23110011001)
+ (@ 1010) + 31101)),23110100101)
+ (@ 1001) + BI110))123110010110),  (36)
g, = (@ 1000) + BII11))sl11111111)
+ (@ 1011) + [31100))123111001100)
+ (a 1111) + BI000));23/11110000)
)

+ (a 1100) + [l011))123111000011). 37)

Step 3. P and Pg use {|00), |01), |10), |11)} to measure
their particles of [@yg), |Bgy)s 161) Or |¢y). These states
obtained after measurement are as follows,

|Bo000) = (@000) + B]111))123/00000000),
|Pooor) = (al111) + B1000))123/00001111),
1Bo010) = (@]011) + 3]100))123/00110011),
|oor1) = (|100) + Bl011))123/00111100),
|Go100) = ([101) + B]010))12301010101),
|Gg101) = (@]010) + 5]101))123/01011010),
1Go110) = (a110) + 5]001))123]01100110),
|Go111) = (@]001) + 5]110))123/01101001),
[®1000) = (@001 + 5]110))123]10010110),
161001) = (a]110) + 5001))123]10011001),
[$1010) = (a]010) + B]101))123]10100101),
|¢1011) = (al101) + 5]010))123/10101010),
[$1100) = (a]100) + B|011))123]11000011),
161101) = (@|011) + B]100));23/11001100),
161110) = (al111) + 3]000))123/11110000),
|$1111) = (@]000) + BI111))123/11111111). (38)

Step 4. These participants, {P;, P,, P3}, cooperate to use
a Controlled-NOT gate on their particles with the first qubit as
the control and the second and third qubits as target bits.
Then, the above states in equation (38) yields the following
states,

PP, P, PP,

Figure 2. Schematic of seven participants collaborating to recover
secrets, where each triangle formed by connecting vertex
P,P,P3P,P5 with any two endpoints of the edges below represents a
valid secret recovery set.

[#0000) = (|0) + 3[1))110000000000),
[#o001) = (al1) + 5]0))/0000001111),
[0010) = (a|0) + B[1))1|1100110011),
[oo11) = (al1) + B|0))[1100111100),
[Do100) = (1) + £]0))111001010101),
[o101) = (@]0) + B]1))]1001011010),
[o110) = (al1) + B10))110101100110),
[o111) = (@]0) + B]1))|0101101001),
[}1000) = (@l0) + B[1))1|0110010110),
[#1001) = (1) + 5]0)):]0110011001),
[}1010) = (@]0) + B[1))1]1010100101),
[#1011) = (al1) + 5]0)):]1010101010),
[}1100) = (al1) + Bl0))[1111000011),
[}1101) = (|0) + B1)):]1111001100),
[}1110) = (al1) + £]0))1|0011110000),
[¢1111) = (@[0) + B[1)}|001T111111). (39

Step 5. According to the measurements of the four par-
ticipants P4, Ps, Pg, Pg, P, performs the following operations,
as shown in table 1. Therefore, P; can recover the original
quantum state «|0) + 3|1).

5. Conclusion

In this paper, we introduced a framework for 1-uniform
quantum information masking in multipartite systems, facili-
tated by the application of a Fourier matrix. Furthermore, we
constructed an orthogonal array utilizing a specialized Fourier
matrix, which we then leverage to develop a methodology
for the implementation of 2-uniform quantum information
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Table 1. The operations to recover the secret executed by
PP>P5P,PsPsPg, where I represents the identical operation and X
represents the bit flip operation.

Measurement Collapsed States after
result states using a Operations
CNOT
after gate with performed by

by P4PsPsPg measurement PP,P5 P,
|0000) |<250000> |#oooo) 1
|0001) |<?ooou> |ooor) X
|0010) |€?0010> |oo10) 1
0011) |(?oon> [$oor1) X
|0100) |€?o100> |Bo100) X
0101) P0101) |po1o1) 1
0110) |<?0110> |Bo110) X
j0111) |?on|> [po111) 1
1000) |q~51000> |#1000) 1
1001) [91001) [$1001) X
1010) |¢~’1010> |é1010) 1
|1011) |€?1011> |1011) X
‘1100> |(?1100> |¢1100> X
|1101) |€?1101> |H1101) 1
[1110) |<?1110> |é1110) X
|1111) [D1111) |B1111) 1

masking. Subsequently, we generated two 2-uniform states
|Wo) and |¥;) based on the corresponding orthogonal array.
Next, we proceeded to demonstrate that a quantum state
|U) = a|Wo) + B|¥;) can mask the quantum state into multi-
partite systems. Moreover, if the number of qubits for |¥)
and |U;) decreased sequentially from left to right, and the
count N satisfies the condition 2" ' +3<N<2"— 1, |T)
could also achieve 2-uniform masking. To illustrate our
method, we presented a quantum circuit diagram for gen-
erating |[¥) when n = 4. Finally, to prove that our scheme can
be applied to quantum secret sharing, we also provided a
specific application of 2-uniform quantum information
masking.
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Appendix: The proof of theorem 3.

Proof. Firstly, when n =3 and N = 23 — 1, the following
2-uniform quantum state can be obtained from the orthogonal

array of equation (14),
1
V23
+11001100) + 10011001)
-+ 11110000) + 10100101)
+ 11000011) + 10010110))

23

RS

1) 102) = ——(1111111) + 10101010)

(AD)

Based on Lemma 2, we have (yly) =0, i,
j€{l,2,...,2%}, i = j. Furthermore, another 2-uniform

quantum state can be obtained, namely,

10) - N2) = X =@ Dg2)
1
= ——(10000000) + 11010101)
V23
+10110011) + 11100110)
+10001111) + 11011010)
+10111100) + 11101001))

23
=¥ —hi
rNEI
Similarly, it is easy to get <7i|7].> =0, i, j€{l,2,...,2%
and i = j.
Utilizing the inherent characteristics of the orthogonal

array, the first two bits of each quantum state can be extracted
and obtained, namely,

(A2)

1
V23
+110)I01100) + 100)111001)
+111)110000) + 101)100101)
)
(

I02) = —(I11)I11111) + 101)101010)

+110Y100011) + 100Y110110))
éﬁ(mmm +16)) 4+ 1011385 + 182)
S 10Y(65) + 160) + 111 (5) + 16),  (A3)

1

—_(]00)[00000) + [10)|10101

N ) ) ) )
+101)[10011) + [11)]00110)
+100)|01111) + [10)]11010)
+[01)]11100) + [11)]01001))

2 %uow(m) 15 + 110)(3) + 13

+ 101)(165) + 186)) + 100) (167) + 18s))),

3
W5) =

(A4)

where  (§16;) =0, (846;) = 0,

0,i, j€{1,2,...,2%}, i =j.
Therefore, for |U) = a|\1/(2)3> + ﬁ|\11123>(|og|2 + 18> = 1),

tracing out the 3, 4,---,(23 — 1) qubits, we find the reduced

(846:) =0, (816) =
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density operator of the first and the second qubits,

I

pr2 = Tra 2 p 1) (W] = - (AS)

From the arbitrariness of orthogonal arrays, it can be inferred
that

i, jef(l,2,...22—1}, i= (A6)

_ L
Pij = Z,
Thus, when n = 3, all the quantum states «|0) 4+ 3|1) can be
2-uniformly masked into [¥) = a|\1183> + 6|\If]23>.
Next, consider when n =4 and N = 2* — 1. According
to the general formula of the Hadamard matrix,

Hys

Hy
Hy=Hy ® Hy = ( Ho — Hi) (A7)

It is easy to obtain that

Mmll m
721l 7
72| 1
7m0 M
72 (0 7

OAQY, 24 —1,2,2) = (A8)

V23

Accordingly, two 2-uniform quantum states can be gained,
denoted as

23
w3 = FZI% A1) 1) + 10) 7)), (A9)

W3y = x2@-Dgdy = (10) %) + 11) 1))

(A10)

r Z )
As a consequence,

) = al¥3) + A1T7)
23
J_Z[a(l’n 10) 17:) + %) 11) 1)

+ B3 1) 1) + 17 10) 17i)] (Al1)

where [7)10) %), %) 11) %), 1) 11)|y) and |)]0)[%;) are
quantum states generated by each row of OA (24, 24 — 1, 2, 2).

Based on the basic properties of orthogonal array, the
first two qubits of each quantum state in |¥) can be extracted,

resulting in the following form

W) = ﬁ[auomu@ F16) + 16 + 16D

+ 110)(I¢s) + 1¢6) + 16) + 1¢s)
+101)(IGo) + 1Go) + 161 + 1¢2))
+ 1) UG + 1Ga) + 1Gs) + 1¢i6)
+ B8N AG) +16G) + 1) + 18D

+101)(ICs) + 1¢g) + 16) + 1¢g))
+ 110)(1Go) + 1G10) + 1G11) + 1G12))
+100)(1G13) + 1G1a) + [Gis) + 1G] (A12)
where <<1|CJ> =0, <ZI|Z]> =0, (Gl¢) =0, (I =0
i, j€{1,2,...2*) and i = j.
It is easy to calculate that
P12 = Toa.rop[|¥) (T]] = %. (A13)

And due to the arbitrariness of the basic properties of
orthogonal arrays, there is

I .
pi = Z“, i jef1,2,...24— 1}, i=]j (Al14)

As a result, when n =4, all the quantum states «|0) + 5|1)
can be 2-uniformly masked into |¥) = a|\I/%4> + Bl\lflz4>.

Suppose that n=m and N = 2" — 1, «|0) + (|1} can
also be 2-uniformly masked into |¥) = a|\I!(2)m> + 6|\I/12m>.
Below, we will focus solely on the case where n = m + 1
and N = 2m+1 — 1,

For convenience, the orthogonal array corresponding to
Hy» can be denoted as

N
"2
oA 2m —1,2,2) = |, (A15)
"Yzlﬂ
where <7i|7j> =0,i, je{1,2,...,2"} and i = j.

Therefore, the orthogonal array corresponding to Hom+i
can be represented as

M|l m
"1l m
w1
OAQ@m+!, om+l _ 1 2, 2y = 12" 72 (A16)
7|0 M
7 |0 T
2 |0 Fom
So, the generated 2-uniform states are
2m+l 2'"
L% >—J—ZI% YAL) ) + 10) 7)), (A17)
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2m+l m+1_ 2ln+]
) = e

) (0) %) + 11) 1)) (A1B)
e
As a consequence,
|\Ij> _ al‘l}%m+l> + /8'\:[]%”1+]>
o
ol L% 10) %) + 7 11) 1))
Z
+ 5(|7i>|1>|%‘> + 1) 10) 7)1, (A19)

where [%)[0) %), %) 1) 1%), 1% 11)|y) and |3)]0)[7;) are
quantum  states  generated by each row  of
OAQm+1, 2m+1 — 1,2, 2).

Therefore, by Lemma 2, we know that they are pairwise
orthogonal. In addition, based on the properties of orthogonal
array, the first two qubits of each quantum state in [¥) can be
extracted, as follow,

om= 1

1 _
W) = N ;(aIOO>I§i> + BILLHIEN
o
+ > (@10)Ig) + BI01)E))
i=2m=1y
2myom=l _
+ > (@01)[g) + BI10)[E))
i=2my]
2m+1
+ > (@ID)Ig) + Bl00) ) (A20)
i=2m42m=ly]
where <£l|§]> =0, <gl|gj> =0, (&) =0, (&l§) =
0,i, je{1,2,...2m0, i=j.
We calculate that
pio = Toe..cnnip0) (U] = 2 (A21)

Since the arbitrariness of the orthogonal array, it is easy to
verify that

I . .
p,.j:Z“, i, jel1,2,..2m — 1}, i=j.  (A22)

Thus, all the quantum states «|0) 4+ (3|1) can be 2-uniformly

masked into |U) = «|Uy) + G|¥). This completes the
proof. g
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