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In this paper, we present some properties of scattering data for the derivative nonlinear
Schrddinger equation in H*(R)(s > %) starting from the Lax pair. We show that the reciprocal of
the transmission coefficient can be expressed as the sum of some iterative integrals, and its
logarithm can be written as the sum of some connected iterative integrals. We provide the
asymptotic properties of the first few iterative integrals of the reciprocal of the transmission
coefficient. Moreover, we provide some regularity properties of the reciprocal of the

transmission coefficient related to scattering data in H*(R).

Keywords: derivative nonlinear Schrodinger equation, modified Zakharov—Shabat spectral
problem, scattering data, inverse scattering transform, asymptotics

1. Introduction

The derivative nonlinear Schrodinger (DNLS) equation
ig, + g,  i(lgPg): = 0, (1.1)

appears in many fields, such as the wave propagation of circular
polarized nonlinear Alfvén waves in plasmas [1-5] and the weak
nonlinear electromagnetic waves in ferromagnetic [6], anti-
ferromagnetic [7], or dielectric [8] systems under external
magnetic fields. Kaup and Newell [9] showed that equation (1.1)
is completely integrable and has the following modified
Zakharov—Shabat eigenvalue problem (Lax pair) [9]:

q=qkx, 1), x€eR,

e =Ux, 1, N,
Y=V (x, 1, Vi, (1.2)
with
Ux, t, \) = —io3(X + iAQ),
Ve £ ) _[ —iQX T /\ZIqIQ). 2/\36'1 F Mglg + iA%)
F2NGF + AgPg* £ it QN F NigP)
Q:(‘tq*(()x, 0 q()g tj’ "3:(1) _0‘) (1.3)

0253-6102/25,/055001+-20$33.00

where ¥ (x, £; A) = (W1(x, t; N), ¥2(x, t; M)' stands for the
eigenvector, and \ € C is the spectral parameter. Without loss of
generality, in the following, we can take the + sign (because the
case of the + sign can be transformed into the — sign by means of
x — —x). Moreover, equation (1.1) also possesses an infinite
number of conservation laws, for example,

Ho = | laPdx,
R

1
H :Imj];{ g*q,dx + Ej};lql“dx, (1.4)

3 1
H:f 2 — ZIm(lqPqq®) + =lglfdx,
2=/, lq.| > (ql*qq;) 2Iql

where the star denotes the complex conjugate.
Note that the DNLS equation (1.1) is L*-norm being
invariant under the following scaling:

q(x, 1) — z23q(zx, 221, 7> 0. (1.5)

Inverse scattering transform (IST) was investigated for
the DNLS equation (1.1) with zero boundary conditions
(ZBCs) to obtain its one-soliton solution [9] and N-soliton
solutions [10]. IST was also considered for the DNLS
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equation (1.1) with nonzero boundary conditions (NZBCs)
[11-14]. Explicit double-pole solutions were found for the
DNLS equation (1.1) with ZBCs/NZBCs by IST with matrix
Riemann—Hilbert problems [15]. The long-time leading-order
asymptotic behavior was analyzed for the DNLS
equation (1.1) [16, 17] via the Deift—-Zhou method [18].

The local well-posedness for equation (1.1) was proved
in the energy space H'(R) [19, 20]. By using mass and energy
conservation laws, Hayashi and Ozawa [21, 22] proved that
equation (1.1) was global well-posedness in the energy space
H'(R) under the following condition:

lgCx, 0,2 < V2. (1.6)

Condition (1.6) was then improved by Wu [23, 24]. More-
over, Guo and Wu [25] proved that equation (1.1) is globally
well-posed in the energy space H:(R). The global existence
with solitons of the DNLS equation (1.1) was investigated
[26, 27]. Recently, the global existence of the DNLS
equation (1.1) was studied by IST [28-31]. Moreover,
Bahouri and Perelman [32] showed that the DNLS
equation (1.1) was globally well-posed for the general Cau-
chy condition in H'/2(R) and that the H'/’-norm of the
solutions still remained globally bounded in time.

Recently, Koch and Tataru [33] studied the (de)focusing
cubic nonlinear Schrodinger (NLS) equation:
ig, + 4., £ 2lgPg =0, ¢g=qx, 1), (1.7)
provided a modified conservation function for the NLS
equation (1.7), and showed that there existed a conserved
energy that is equivalent to the H*-norm of the solution for
each s > 1/2 with the aid of IST. Koch and Liao [34] studied
the one-dimensional Gross—Pitaevskii (GP) equation:
and proved the global-in-time well-posedness of the GP
equation (1.8) in the energy space. Recently, they [35] further
constructed a family of conserved energies for the one-
dimensional GP equation (1.8) but in the low regularity case.

In this paper, motivated by the idea for the NLS equation
[33], we present some properties of scattering data for the
DNLS equation (1.1) with initial data g(x) € H*(R)(s > %)
in the energy space, which is a complete metric space
equipped with a newly introduced metric and the energy norm
describing the H*(RR) regularities of the solutions. We provide
some regularity properties of transmission coefficient related
to scattering data in H*(R).

The main conclusion of this paper is the following
theorem.

Theorem 1.1. Let g(x) € L*(R) and s;,()\) be the reciprocal
of the transmission coefficient of the modified Zakharov—
Shabat spectral problem (1.2) associated with the DNLS
equation (1.1). Then one has the following properties:

(D) Ins;;(N) = i sz(A) with
Jj=1 .
J
by = (=17 [
v =0 Pl

X g () q*(x) XX - dx dy, -+ dx;dy;, (1.9)

being formal linear combinations of connected integrals,
where Y; is any domain that obeys the condition x; <y, for
all k (k <j), A € C is a spectral parameter, and the star
denotes the complex conjugate.

(2) The following estimates hold:

i
s ~ =24 @, A — oo, (1.10)

and

st ~ e 2190lhg A oo (1.11)

The remainder of this paper is arranged as follows. In
section 2, we introduce some basic properties about the IST of
the DNLS equation (1.1) with g(x) € S(R) (where S(R)
represents Schwartz space). In section 3, we give the formal
expansions of the reciprocal of the transmission coefficient,
s11(N\), and its logarithmic function In s;;(\). In section 4, we
construct iterative integrals Bi\) arising from a formal
expansion of Ins;;(\) into a Hopf algebra, such that we can
proof the first conclusion of theorem 1.1. In section 5, we give
the boundary estimate for the leading term in both s1;(\) — 1
and In sy (). In section 6, we recall the function spaces U?,
VP, and DU”, and give the boundary estimate for the iterative
integrals s,; of 51,(A) — 1 with g(x) € H*(R). In section 7, we
have the asymptotic expressions for b4(A\) and bg(A). In
section 8, we give the expansions for the iterative integrals
by (M) with g(x) € H*(R).

2. Preliminaries: Jost solutions and scattering data

In this section, we review some basic properties about the IST
of the DNLS equation (1.1) with g(x) € S(R) [26, 28-32,
36, 37]. For the Lax pair (1.2) of the DNLS equation (1.1), it
is easy to see that the compatibility condition, U, — V, + [U,
V] =0 (i.e. zero-curvature equation), of the Lax pair (1.2) just
generates the DNLS equation (1.1). The zero-curvature
equation has the advantage that it is well defined even without
decay assumptions on the initial data, because it is all formal
calculations.

For the given g(x) € S(R), i.e. the potential g(x) — 0 as
x — + 00, one has the asymptotics of Jost solutions (eigen-
functions) of Lax pair (1.2) as

(i o
b= (1% O

X — Foo.
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Therefore, it is natural to introduce the eigenfunction
defined by the following boundary conditions:

dx, N) ~ e’%‘(l), x — —00,

B(x, A) ~ ei’\z)‘((l)), X — —00,

ox, A) ~ euzx((l))’ x — 400,

B, \) ~ e*”z"((l)), x — +o00. Q.1

The functions ¢ (x, A), ¢(x, A), @(x, A), and B(x, \) are
called Jost solutions. The Jost solution ¢(x, A), ¢(x, A) can be
analytically extended to L, = {\ € C|Im X*> > 0}, C* up to
the boundary. The Jost solution @(x, \), B(x, A\) can be
analytically extended to L_ = {\ € C|Im X> < 0}, C*° up to
the boundary.

For A € R U iR, because the Jost solutions solve both
parts of the modified Zakharov—Shabat eigenvalue problem
(1.2), there is a constant scattering matrix S(A) = (s;)2 « 2
independent of x, ¢, which holds the following relation:

(@G N, 3. V) = (P(x, M), o, A))(j“(/\) s”“))

21(A) s (A
2.2)

The functions s;;(\)~!, s5,(N\)~! are called transmission
210 sV
st s (V)
The Jost solutions have the following symmetry:

P(x, A) = 030 (x, =),

s =" JFe . wwn = e
(2.3)

coefficients, and are called reflection coefficients.

wx, N) = —g3px, —N),

According to equations (2.2) and (2.3), the symmetry of
the scattering data can be obtained. For A € R U iR,

Sll()\) = Sz*z()\*),
s12(A) = —s551(X).

sii(A) = s11(=N),
$21(A) = =s21(=A),

Because det(S(\)) =1,
obtained:

the following equation is

Isti (VP + Isa (VP =1,
Isti (VP = IsaiVD P =1,

A€ER,
A €iR.

It follows from equation (2.2) that the scattering data
have the Wronskian representations:

s11(A) = det(o(x, A), ¢(x, V),
SlZ(A) - det(a(x’ A)’ (p(x’ A))7
S21()\) - _det(¢(x7 )‘)’ @(-xa )\))7

s22(N) = —det(d(x, ), B(x, N). 24

Denoting 577(\) = 219265, (VX), it has the fol-
lowing asymptotic expansion:

In5(\) = Y D@ X7, A — o0,

j=1

(2.5)

where D;(q) is a polynomial with respect to g(x) and its
derivatives. For example,

i i
D = —H, D = ——H,. 2.
1(q) TR 2(q) g (2.6)

Furthermore, one can show that |[s7(\)|? € 1 + S(R),
and

(M= 1, A<0,  [snM)I <1, A>0.

The scattering data satisfy the following time evolution
equation:

Isu(N) _ 0 921N _

—4iXs1(N).
ot ot X521 ()

2.7

Although the assumption g(x) € S(R) can be weakened
[26, 28-31], one needs at least g(x) € L'(R) to define the
scattering data. A way to overcome this difficulty and to keep
a trace of the complete integrability for H® solutions, for
A€ L™, that remains well defined via equation (2.4) for
g(x) € L*(R) [32].

3. Formal expansion of the reciprocal of the
transmission coefficient

Lemma 3.1. [32] For any initial data q,(x) € H:(R), the
Cauchy problem of the DNLS equation (1.1):

{iqf + ¢, £ i(lgP@)x = 0,

‘ 3.1
q(x, 0) = go(x) € H*(R),

is globally well-posed, and the corresponding solution q(t)
satisfies

sup;eg 19O 1 ) < +00- (3.2)

Moreover, if the initial datum is in H*(R) for some s > %,
then the H®-norm of the solution of the Cauchy problem (3.1)
remains globally bounded in time as well.

The scattering transform associated with the DNLS
equation (1.1) is defined via the first equation of (1.2), which
can be written as a linear system:

d . .
% — Xy + iAgUn,

49,
dx

(3.3)
= 1Ny + iAg Yy,
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Then, based on the asymptotic of go(x), one can seek for the Jost solutions 1; with asymptotics:

—iAZx
1/}1~(eo ) x — —00,

- 34)
sii(A)e A (
Wy~ o |, x— oo,
s21(N)er
where sl’ll()\) is the transmission coefficient, and &()\) is the reflection coefficient.
S11
Theorem 3.1. The reciprocal of the transmission coefficient, s11(\), has a formal expansion as follows:
s =1+ > 5N, (3.5)

j=1

where s5;(\) are multilinear integral forms with homogeneous of degree 2j in the potential q and its conjugate q, that is,

j .
s = (=1 [ M T g0 e o wdydy, - dxdy, (3.6)

<Y< - <<y, k=1

Proof. We solve system (3.3) by using the iterative method to prove this theorem. First, we choose the initial value iteration
function as

) _ efi/\zx
¥ (x) ( 0 ) (3.7)

where the upper-right corner represents the number of iterations.
Substituting equation (3.7) into the second one of equation (3.3) yields

PR, = iIXYH) — AgFe N, (3.8)

By solving ordinary differential equation (3.8), we have

efix\zx
Doy = o 4 . 3.9
wl (x) 761)\2xf )\q*(xl)efh)\le dx (3.9
Substituting the second component of equation (3.9) into the first one of system (3.3) yields
Ui = —INGT + Ay, (3.10)
and solving ordinary differential equation (3.10) results in
. x , ¥ .
¢§%)X _ e*l)\zx _ f )\q(yl)eﬂ/\Z(Xfyl)f 1 /\q*(xl)e“z(yﬁzx')dxldyl. (3.11)
Simplifying equation (3.11) and using the second component of equation (3.9) yield
e_m(l - f )‘261(yl)q*(xl)CZi/\Z(y'_xl)dxldyl)
w;z)(x) _ X<y <x . (3.12)

_ei)\zxfx )\q*(xl)e—Zi)\zx]dxl
—00



Commun. Theor. Phys. 77 (2025) 055001 W Weng and Z Yan

By repeating the above process, we can obtain the results of the third and fourth iterations as follows:

e‘i*zx(l - j; e Azq(yl)q*(xl)ew(’l‘X”dxldyl)
1<)

w?)(x) — s (3.13)
—ei*zxf' )\q*(xz)ezi*z"z(l - f Azq(yl)fI*(xl)eZi’\z(yl"l)dxldyl)dxz
—00 x<y;<x2
and
(14 [ Moo oo
PP () = . (3.14)
—e”z"f )\q*(xz)em)‘z’@(l — f Azq(yl)‘]*(m)emz(yl"‘)dxldyl)dxz
—o0 X<y <
Simplifying equation (3.14) yields
i () = e%f(l o IR COLACO L
X<y, <x
+f X‘q(yl)q*(xl)q(yz)q*(xz)eziml”z)"“’dxldylddeyz)' G
X<y <x2<y,<x
According to equations (3.3) and (3.4), we iterate the above procedure and obtain the following expression:
2 ==[  Rqg e o vdudy,
x1<y;
s = [ X () g g (7)q"(x2)
X<y <x2<Yy,
% ezi)\2(yl+y2—xl—)(2)dxldyldxzdyz’
. . J 2
52j(A) = (*D’f N T aG0g* e o dady, - dx;dy,. (3.16)
1<yy< e <x <Ly k=1
Thus, the proof is completed. O

We remark that, at least as long as g(x) € L*>(R), each term 55{(A) is pointwise defined for A € L". For convenience, we
need the formal series of Ins;;(\) even more. Therefore, we propose the following theorem.

Theorem 3.2. The function In s;;(\) has a formal expansion as follows:

IHSU()\) = Z bgj()\), (317)

j=1
where each component by;()\) is a linear combination of the following expression:

by (V) = (=17 [ N
j S,
J
% q(yk)q*(xk)ezi,\z(ypxk)dxldyl dxjdy]-, (3.18)
k=1

where 3 is any possible domain that obeys the condition x; <y, for all k.
Proof. Expanding the Taylor expansion of Ins;;(\), we have
k

(3.19)

Ins;1(N) = ln(l + i Szj(A)) = i(l)klkl(i Szj()\)]
=1 =1

j=1
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Based on the sum of subscripts, we have

bry(N) = 5:(N),

bV = s3(A) — ”(2—”2
be(N) = s5(N) — 52Vt () + %”3
J 3.20
51V s G20

bg(A) = s3(A) — $2(N)ss(N) — — + 52(A\)?s4(N) — R

5
bio(A) = 510(N) — 52(N)sg(N) — s2(N)s6(N) + 52(V)2s6(N) + $5(0)55(V)? — 550034 (V) + %,

Thus, the proof is completed.

4. lterative integrals

The goal of this section is to construct iterative integrals given by equation (3.18) into a Hopf algebra. Our iterative integrals
are in the following form:

J -
JTT aGog e o mandy, - dydy, 1)
J k=1
where 3J; is an appropriate domain that obeys x; < y; for all k.

Omitting the indices, we use X to represent x; and Y to represent y;. For example,

<y — XY,
<y <x <y, — XYXY,
x<x<x<y <y, <y; — XXXYYY.

In what follows, we only consider the situation where the quantities of X and Y are the same, and x;, y; satisfy the following
constraint conditions: x; < y;.. Then, we can use letters X, Y to simply represent iterative integrals. For instance,

XY = q(y)g*(n)eX ¥ O dy dy,,
X<y,
XYXY = (DT (7,) g (e2)e? X011 dy dy, dradyy,
<y <x2<Yy,
J . !
o= [ [T 400 e 0 odndy, - dydy,

X<y < <x,-<yj k=1

3
XXYXYY := H q ()’j) q*(xj) eZi/\z(leﬁyva)’g*xl*xz*xs)dxl dy,dx,dy, dx;dys;,

<<y <<y, <y; o

3
XXXYYY = H q(yj)q*(xj) ezw(ylﬂ’zﬂf*l*Xzfx3)dx1dy1dx2dy2dx3dy3. “4.2)

X <X <3<y <<3 j=

According to equation (4.2), s;;(\) can be expressed in the following form:

st =1+ i(—l)f)\zf(XY)(f). 4.3)

J=1
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In addition, b,/()) in Ins;;(A) can be expressed in the following form:

by(\) = —XXY,
4 2
ba(h) = MY — “%Y)
3
166(\) = =X XYV)® + XOXY x (XY)P — )\6@, 4.4
8 @)y2 4
bs(N) = WYY@ — Xxy x (xy)» — 2T ((X;V ST L R ry x (xny® — AS—(XZ Y,

Next, we provide the pairing principle for X and Y. Starting from left to right, each X pairs with its nearest Y (see figure 1).
We call an integral (4.1) connected if its first X is paired with its last Y. Now, we want to prove that In s;;(\) is composed
of connected integrals. According to Fubini’s theorem, we have

2
( . f (xn)g(yl)dmdyl)

=2 S)g)f (x2)g(y,)dxdy,dxady,

X<y <x2<y,

+4 F g (y)f (x2)g (yy)dxidy,dxady,.

X <x2<y;<Yy,

Represented by letters X, Y, the above equation is written as

(XY)? = 2XYXY + 4XXYY.

Theorem 4.1. In s (\) has a formal expansion as follows:

Ins; () = — XY — 2XXXYY — 406 (XXYXYY + 3XXXYYY)+---. (4.5)

Proof. According to equation (4.4), we calculate each item separately. First, we have
4 2
ba()) = X (XY)® — )‘(+Y)

2
= —2XXXYY. (4.6)

ooy - XY 007

Expanding bg()) yields

3
be(\) = — X (XY)® + XXY x (XY) — ”\6@
_ Aﬁ((xy)@) XY x (xpy 4 GXYXY + 4XXYY) x XY)
3
2
)\6((XY)(3) XY x 3(XY) " 4XXY); X XY). @7
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Since
XY x (XY)® = X x (YXYXY + XYYXY
+XYYXY + XYXYY + XYXYY)
=XYXYXY + 2XXYYXY + 2XXYYXY + XYXYXY + 2XXYXYY
+2XYXXYY + 2XXYXYY + 2XYXXYY + XYXYXY
=3(XY)® 4 4XXYYXY + 4XXYXYY + 4XYXXYY, (4.8)
and

XXYY x XY = (XXYYX + XXYXY + XXXYY

+XXXYY + XXXYY) x Y

=XXYYXY + 2XXYXYY + 3XXXYYY + 3XXXYYY + XXYXYY

+3XXXYYY + XXYXYY + XYXXYY

=XXYYXY + 4XXYXYY + 9XXXYYY + XYXXYY. 4.9)

According to equations (4.7)—(4.9), we have

be(\) = —4)X6(XXYXYY + 3XXXYYY).
Thus, the proof is completed. O

We need to construct a Hopf algebra. Let H be a graded algebra, and these are the following operations on H:

x :natural multiplication, ®:tensor product,
A:H— H X H,
where

Aa = Z a; ® as.

ajar=a

We call a word a € H group-like if

Aa =a® a.
Then, we know that the set G of all group-like words with natural multiplication is a group. The primitive words are

P={peHAp=10p+p®l}
The primitive words are linear combinations of connected integrals. There is a relationship between groups G and P as
follows:

G =e”. (4.10)

We obtain the following lemma:

Lemma 4.1. The expression

stV =1+ > (=D (X)W (4.11)
j=1
belongs to G.
Proof. For the sake of simplicity, let (XY)® = 1. Then
Asji(N) =AY (= DIV (X))
j=0

= Z A(=1)I DN (XY)WD

<
Il
o

> (= DN (XY)®
j=0k=0
® (= 1)I~k2U=h (xy) -k
= s511(A) @ s11(N).
Thus, the proof is completed. O

[
Nk
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Therefore, by;(A\)'s are formal linear combinations of
connected integrals. Then, the proof of the first conclusion of
theorem 1.1 is completed.

5. Bounding the integral term s,()\)
The leading term in both s11(\) — 1 and Ins;;(\) away from

¥ == {A\N € R} is s5()\). Thus, here, we analyze the term

Sz()\).
First, we know that

2 == [ RgOg@ero Iy, (5D

For convenience, we choose the unitary Fourier trans-
form

1 .
5(E) = ——— —ixé
1© == fR g(0)e"dx, 5.2)

and the corresponding Fourier inversion formula as follows:

1 .
] - g qy
q0) 2T j];a q(C)e '

Note that §(x) is a Dirac delta function and has properties:
+oo |
f e diy = 278 (E — ).

According to equations (5.2), (5.3), and (5.4), we have

20 == [ RgO)g*we 0 dxdy
x<y

For convenience, we introduce a new variable as follows:

a0 =50+ Hlewlk =i [ S laerds
2 L oo 4N 426 v
coj(N) = byy(N), j = 2.
(5.7)
Obviously, we have
i 00
Ins(A) + EHCI(X)Hiz = (V).
=1

Through the above analysis, we obtain the following
theorem.

Theorem 5.1.
(a) For A € ¥, := {\|Im()\?) > 0}, we have

€] Im(X)

A 2
(2Re 2+ 5)2 4 (ZIm()\Z))Z [ () |dE.

+00
IRecx(Vl < [

1 +o00 oo 2 2 (y—x) A e Ak a
__f< f f /\ € Y q({)e« (] (77)6 ndng]dxdy
X<y NS

- N fﬁo foo 21)\2
= mfx 2>\2
ﬂfﬂc foo 2)\2

(5.8)
(5.3)
(b) For all N € N, we have
A - N—1 |/\| 2N
R —_— - = My X2 < o
welo(Gy) - 3T )<
54 Im X + |[Re X + ¢
N+1 A 2d , 59
<[l ReF IO e dOreE 59
+0oo +0oo +0oo y ) 5 . 5
f f )\2 {f ely(2)\-+£)ﬂx(2)\~+r})dx} é(é)é*(n)dfdndy
eV EG(£)g* () dgdndy
oo
{ f | e"'(f’”’dy}c}(f)é*(n)d€dn
6 (& = MG g (mdedn
(5.5)

+00
—if Tz . £|q<5>|2d£.

Simplifying the last equation of equation (5.5), we
obtain

20 = Ll +i [T ig©Pde 66
2 L e AN 26

where
M= [ i@

—+00
ff lg®Rdy, =2k — 1,
—00

+00
—Im f g Dg*®dy,  j = 2k.
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XXYY XYXY XXYXYY where v (y) = 0.
VY N

(b) A U? atom is defined as
N—1
Figure 1. Pairing principle for X and Y. u(x) = Z cjx[lj’,f“)(x), le leil? <1
= -

Proof. First, th 1t . Weh . .. .
irst, we prove the property (). We have where Y is the characteristic function as follows:

+00 £
|Re c2(A)|=|Rei —5—-3(&)Pdg, 1, <<ty
foo 4>‘2 2¢ Xit;.t; 1)([) = ! . ok (6.1)
ek 0, otherwise.
i [T 2€|q(5>|2d§|
4¢ Im X2 We define the space U” as
m ACEV2
= dgl,
'f_oc GRe ¥ 1 267 + @im 2y dOT ] 0 o
Ur = Z ¢ajl(c;); € I', ajis UP atom ¢,
<[ i 14(6) Pde. =
o (2ReX + &7 + (2ImN)?
Then, we prove property (b). For ¢;(\), we can rewrite it as with the following norm:
+00 5
2(A) =1 g (&)d > >
@ Jioo 4—)\2 25 1 5 é HM”UI’ = 1nf{Z|C,| u = Z cia;, (Cj)/ € ll, ai is UP atom}.
S o
Ry A 1g(©)1dg
2X2

(¢) We define the space DU” as

:Li f”c (f—) IAGIRS
2 2
AN 2\ DU? = {u'|lu € UP},

(Zf (=D @) 1§ P

=0 with the following norm:
° +00
Vi N =11 A eV 2 +00 0
+§me (—1IE 12N 1146 df] Iflpwr = sup {I fodi ol <1, ¢ € C }
i (N2L proo - .
—;(Z [ enigneny i igerde
j=0" "% (d) We define the space DV?” as
o[ |4(5>|2d£). VP = [vly
—oo 2N+ ¢ €VP, vis left — continuous functions with limit O at the right endpoint },

Then, we have
with the following norm:

N 1
|RC (6‘2(%) 2 Z M 2)\ 2k~ 2]| too
2) 24 v =sup { [ o ol < 1. 0 € =},
1 oo (=) NeNtt o
=|Im — B d
o [ e la©re
A Im X + [Re X + R (e) Let 0 > 0, we define
e et 5)'2 - amiy 136 Pe.
- lullizoz = WX onyulloz e »
Thus, the proof is completed. 0
and
6. Bounding the iterative integrals s,; [ullizpw> = Illxgx, yullpo? iy
: P P P
Here, we first recall the function spaces U”, V¥, and DU? [33]. where Xpi 41, is a smooth cutoff function in inter-
I val [X, £
Definition 6.1. 7’ )

. Let us recall some basic properties of the spaces U”, V7,
(a) We define the space V” as the space of the function that and DU

the following norm is finite:

N—1 B Lemma 6.1.
HV“V'” = sup (Z |V(Zj+l) - V(tj)lp) (a) Forall 1 < p < 00, we have

—oo< <ty <IN=+00 \ j=1

1 <p< oo, Ur c ve, and |[ullyr < |Jullor. 6.2)

10
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If g € L', we have

g * vilve < llgll vl llg * ullor < llglleflullor. (6.3)

(b) If u € U%, v € V2, and v is left-continuous functions
with limit O at the right endpoint, then

lullr = 1 llpezs VI = IV llpyv2- (6.4)
(c) The bilinear estimates
vullpy> < 2[|vllv2{ullpy2- (6.5)

For convenience, we define the one-step operator as
follows:

LOO == [ q0)g" @ e 0 (vdxdy,
x<y<t

Lemma 6.2. For Im )2 > 0, we have

1Ll < 4VZ ]l ReNVrglp . 6.6)

Proof. It suffices to consider X = i. Then, according to
lemma 6.1, we have

e =1(f"_ [ amarwecrma) by

=1 a0 @I ) dr]ppe

< 2/lqllpez 1X <0 (@*)lv2
2‘/5“Q||DU2 IXr<0**(@*) [l
2V2 ||qllp2 100 @) |pe?
4‘/5“‘]”DU2 IX1<0€**(@*)lp
2\/5\\CI||DU2 lg*fllpu>

421|g|R 2 1Al

<
<
<
<
<

Thus, the proof is completed. O

This bound is very sharp on the region 3, but we want to
move A into the region {2, . Therefore, we need the following
lemma:

Lemma 6.3.

(a) We have

lgllizo> < 19qllizpv> + ollgllizpue- (6.7)
(b) The space la2 U? can be seen as
1?U? = DU? + VG2 (6.8)

11

(c) The following relationship hold:

Bt CIRU>C B, 2. 6.9)
(d) For all p > 2, we have

lgllizow> < 77~ gl 41 (6.10)

1—1
b r
(_) ||Q||/!’7DU2~
T -

Lemma 6.4. For Im )2 > 0, we have

Ll S lle®¥eglf, e

If0 < 1 < 7, then

<

~

lglliz, pv> < Nqllz pu2 6.11)

(6.12)

Proof. It suffices to consider \> = i. Then, we have

1Al =1 a0g* @ 0f () delpy:

S llgllepu 1x,<0e* (@) lleo

< llgllepv2 ||(Xt<0€2t*(q*f))/||lzDU2
< llgllepu llg*fllep

< gl 1 1lo?-

Thus, the proof is completed. O
Based on the above analysis, we provide an estimate of
Szj(A) and sz()\)

Theorem 6.1. The iterated integrals s,;(\) and byj(\) have
the following estimate:

X sy + IX2by (V)] < Clle™ReXeq] ©.13)
Im

2DU*

Proof. According to theorem 3.1, the first component of the
Jost solution can be rewritten as

Pi(x) = e NS WL ().
j=0
Then, the transmission coefficient s;;(\) can be expressed as

S]]()\) = lim i /\szjl(x).

xX— 400 j=0
First, we introduce a partial order <; f; < f, means that each
coefficient of Taylor expansion at zero for f; is not greater
than the coefficient of Taylor expansion at zero for f>.
Because both the iterated integrals s»; and b,; are homo-
geneous forms, we have

Let f:z — i and we note that In(1 + z) < f(z). Then,

Z(ZAﬁz)J‘sz =In
=1

1+ i(ZAz)jSQj).

j=1
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we have

i .

> @X )iy < f(f(G2)), (6.14)

j=1
where

C % —i X
Simplifying equation (6.14) yields
S (@X )by <> 2(Ga) (6.15)

j=1 j=0

Comparing the coefficients of each power of z, we get
IX by (V)| < 27'C.

Thus, the proof is completed. O

Theorem 6.2. Suppose that g € H". If—% <s < %1, then
we have

|s2j(e‘1\/§ )|+ |b2j<e*f\ﬁ )

<Cd +

)C’ 2 gl gl pge (6.16)

and

[T f(lsz(m( )|+|b2,(e4( D¢

1 6.17
N( et H)z)an a2 617

Proof. For convenience, we define the following symbols:

2= >

j=0k=2
Xjgl<19>

" LIZZQI@
k

g, = Gop = X|£|<ké’ G = Xk<|§|<2k‘?-

According to theorem 6.1, we have
i ¢

syl es [ =

2]( 2

Below, we investigate the classification for the above
inequality. According to lemma 6.3, we have

S 0 llag lizpuellag, lizou ||61<k,H, Lo
ki=ky

(6.18)

lgelbepv> S k¢ 2lglne . if1 <k < ¢

HCIk”lgDU2 S k_s_%||q||ﬂf, ifk>¢

lg<illizpv S llgilliepvr,  ifk > ¢

lgilizooe S k¢ 2lagllizpu, ik < ¢ (6.19)

12

Then, we obtain

|s2j<e‘1\ﬁ )| < Pt

x > CC ki, k) ll gy [l llgg, Nl IIqII, Lo (6.20)
ki>k;
where
j—2s—1 —s—1
L} k—2 , ko <l <G,
¢ ki
Cetn k= 1(S)"
(¢, ki, ko) = < (< ky,
ky
[ k> < ko
ki
(6.21)
Then, the critical coefficients are 2sl+1; thus, we get

equation (6.16). Moreover, by the Cauchy—Schwarz inequal-
ity and Schur’s lemma, we get

) czs-ﬂszj(e‘f\g )|d< < clalfyr 17 DU,
1

where

¢ = max {supz C(C, ki, ka), sup>_ C(C, ki, k)

ki C ko ky Cky }

Then, the critical coefficients are ,;, ;,; therefore,
j—1-2s" (2s+ 1)
O

we get equation (6.17). Thus, the proof is completed.
Remark 6.1. For a single integral element, such as s,(\) and
by(N\), we do not need to transform their independent
variables to analyze their properties. However, for expression
(6.16) in theorem 6.2, if we want to obtain the regularity of
|s2j] + |byjl, we must transform their independent variables.
This is also the reason why we cannot obtain conserved
energies similar to those in the NLS equation [33]. However,
similar to the NLS equation, we can draw the following
conclusion for the DNLS equation. Let

E, = ZSIH(WS)I (Cz l)b[Re]nI(eét\/i)
1

SIS Gy, (6.22)
Jj=0 j=0
where
_ Lt <
Hy = I ) (Relnl(\/: )dg. (6.23)

1

Then, E is conserved along the DNLS flow if s > >

7. Asymptotic analysis of by()\) and bg()\)

In this section, we provide asymptotic expressions for by(\)
and bg(\) and some related conclusions. For the analysis of
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s-(\), we use the Fourier transform method. Here, we use the same technique to analyze b4(\) and be(\). We recall that by()) is
given by
bs(\) = —2XXXYY
=2 [ PTeATue)
X <x0<y1<y,

X q(9y)q* ()N 01t —n-2)dy dy, dx, dy,

=S
27T2 1R4 X1 <0<y <Y,

w @2N Oy —a—x)H Y10 30 E)
X Gn)gn)q* &)
é*(fz) dx dy, dx; d)’2 d§1d€2 dnl d772

)\4
271'2 \/];%4 j;q<x2<yl<y2

IV HEN 1)y, SN )0 IR Oy i, dy, dy,)

X () q ) d* (&) G*(€,)dE dE, dn,dn,. (7.1
Let

K (&, &, mys 772)5:f

X <X <y <y,
¢ @l@X )Y HIRN 41y, — 12X +E) 0 —i2 X +E)x2 dx;dx, dy,dy,

[ [ [ LX)y RN D)y, — RN )X —IRN+E)xa
L e dydrydy,dy,

_ 2im o o
o parigioer gttt T4 &) (7.2)

Lemma 7.1. We have the following identity:

by(N) = —— X
! 2 Jare=min QN + &)W + 1) 2N + 1)

x Re (ci(771)6?(nz)é*(fl)é*(fz))d&dmdnz- (7.3)

Suppose that q is a Schwartz function. Then, we have the following asymptotic series:

&N
by(N) ~ i) Hj4?’ (74)
= 2

where

Hy = —Re [ij S (- fqmz)q(as)q(as)qu}

ajtartaz=j—2

Proof. Substituting equation (7.2) into equation (7.1) yields
/\4
272
XfR“ K (& &, 1 1G4 (0) G (€D G*(€,) A€, €, dydn,
:Lf X6y +m, — & — &)
IR QN+ EEN + &+ LN =+ &+ &)
x q()q(,) G (€)G*(§y)dE, dE, dnydn,
= X
2R (202 4+ )X + L + )X + 1)
X G)gm)G*(E€Pg*n, + n, — €dg dn,dn,.

by(\) = —

13
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We note that

I I
2l (202 & o ya
2[ (2% + 2+ ByeX + )

1
2 n " 2
(2% + 2 + 22X + p,)
B 1
QX+ )X + 1)

+

We can take advantage of the symmetry between &, &, and 7, n,, then

i by
by = [ Re (@) 4(1,)d+(€)3*(€,))de ddiy,
7

Si+&=m+m, QN+ 51)(2/\2 + 771)(2/\2 + 1)

Expanding equation (7.3) to the negative power, we have

i 1
by(N\) ~ — —
+(N) 21 JE&+&G=n+n, 8 N2

SR
x Re (g (771)6?(772)6?*(51)6?*(52))d§1d771d772~

)\2—2/

Then, the corresponding coefficient of i S

as

Hy:=—Re > (—1)/

ajt+art+az=j—2
<[ TS FEEN €A A (1) A€ diy iy
St&=m+m
- L re > (—1)Jiz~

2m ajt+azytaz=j—2
<[ (i€, 27, (&) 762 () 4 ()
St&=m+mn,

= LRe Z V(=)™ q(a])*é_\*/qwﬁ*/q—aﬁ 0)

2w ajtazt+az=j—2

= Re(ij Z (- fq(tm)q(m)q(m)qu}

artar+az=j-2
Thus, the proof is completed.

Similarly, we provide an asymptotic expression for bg(\).
Lemma 7.2. We have the following identity:

i 2

be(\) = ——
° 4 §F&+&G=n+0+ (2>\2 + ‘51) (2>\2 + 52)(2)\2 + 772)(2/\2 + 773)

1 1
X(2A2+771 " 2/\24'51"'52_771)
X GG ()G ()G () G* (1) G (n3) A€ dE, dnydn, dns.

14

(7.5)
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Suppose that q is a Schwartz function. Then, we have the following asymptotic series:

X N
be(A) ~ —1; HNF’
where
Hjs = Re| i/ > (—1arta
ajtartaztast+as=j—4

% fq(al)q(az)qq(as)q(w)q(us) + q(al)q(UZ)q*(qq((«u)q(as))ﬂﬁdx).

Proof. According to theorem 4.1, we have

be(\) = —4)X0(XXYXYY + 3XXXYYY).

We calculate the two terms on the right side of equation (7.7).

—4XXXYXYY = —4) [ q(y)g g (32)q*(x2)q (y3)4*(x3)

X <xX2<y;<x3<Y,<Yy3

x @AX Oty —x—x) gy dy,dx,dy,dx;dy,
3 3
iRy~ Y IR+

6
X ei=! k=1 dxidxadxzdy,dy,dy;

o3 fRﬁ J;]<xz<y]<X3<y2<y3

X qA(771)5?(772)67(773)62*('51)62*('52)‘j*(§3)d§1d§2d§3d771d772d773'

Let

SNy Y RN )x
K (&, &, & nps o5 773)::f €=t k=1 dxydxz dxzdy, dy, dy,

X1 <X2<y;<x3<y,<Y3
3

3
+oo Y X3y xS ANy~ S RN )X
:f f3 fz f3 fl f " e TS ' kdxldxzdx3dyldy2dy3
—00 —00 —00 —00 —o0 Y =00
1 1

=2mi
2N+ 4N + &+ &
y 1 1
AR+ E+E - mAN +E+H 6+ G-y

1
x Sy +my+m3— & — & — &)
R Gt GG —m—m, TR Gmhms

15

(7.6)

(1.7)

(7.8)

(7.9
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Substituting equation (7.9) into equation (7.8) yields

)0
—4)°XXYXYY = 57 e K& &2 & e 2 1)

xq ()4 ()4 (13) (€D G7(§,) §*(§3)dg; A&, A&z dmy dy dng

_ X 1 1 1
472 &&=+, 2N + §1 2N + %f] + %52 2N + G+&—m
1 e Ak s A
X% FREN Ty 4 ()4 (12)4 (1) (€D G (€,) G¥(€5)dE A&, dmydm, g
3T T 513 3

B i) 1 1 1 1
Ar? Jet gt g=nitmtny 2N + 2R + 2N + §+ & — m 2N + 1,

1
X 274(771)@(772)@(773) QA*(&) QA*(gz) QA*(§3) d¢,d&, dn,dn,dn;.
2X + 1,

On the other hand,

—12)°XXXYYY = —12)X° f gD T* ) g (3,) g5 (x2) g (y3) ¢ *(x3)

X <X2<X3<Y1<Y,<V3

X eZi)\Z(lerszr)@fxl —X2—X3) dxl dyl dx2 dy2 d)C3 dy3

i@y~ Y IR+

3 )
— €i=1 k=1 dxldX2dX3dy1dy2 dy3

:7 27‘(3 R® £1<X2<X3<)'|<y2<)r3
XG4 ()G (10,)G (M) G*(E) G (&) §7(£3) A dE, A€z, dn, dns.

Let

H (&, &5, &30 M1 M5 113)

3 3
Z i(2/\2+7]j)y/.7 Z i(2/\2+§k)xk
= et k=1 dxldxzdx3dy1dy2dy3
X <X <X3<Y <Y, <V3
3

3
Foo ey pd e B xS i@y 3 X
:f f3 f2 fl f 3 f ej=1 A ! kdx1dxzdx3d)’1d)’2dy3
— 00 —0 — 00 —0o0 — o0 -
1 1 1 :

=27
DR+ AN+ E+ LN+ E+ 6+ G4+ 6+ 6+ 86—,

1
x Sy +my+my— & — & — &)
X+ L+ L+ G- —m MA G R T

Substituting equation (7.12) into equation (7.11) yields

3)60
—12)0XXXYYY = 53 Jo 7160 €00 & 120 713)
X G ()4 (1,)q (13)§*(§) §¥(6) §¥(£3)d&; A&, d€sdny dny diyg
i) 1 1 1

471-2 &6+ &G=ntntn; 2)\2 + fl 2)\2 =+ %51 —+ %52 2)\2 + %(fl —+ 52 + 53)
1
X 4 ()4 (12)4 (M) (€D G (€2) G7(€5)dE A&, dnydn,dn,
2X + %772 + %773 28 + 13
__ i 1 1 1 1
4n? Jeceremninin 2N 1 620 + & 20 + 2R + 1,

1 R R R A A N
X =——4 ()4 (1,)4 (1) §*(§) §"(&,) §*(§3) € dE, dmy dn, iy,
2X + UL

16

(7.10)

(7.11)

(7.12)

(7.13)
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since
1 1 1
Py 2 2 + 2 2
3\@X + )X + 1) QX + 02X + n3)
1 ) 1
QN+ 1)Q@N +13) J2X + 2(py + 1, + 1)
_ 1
(2>\2 + 771)(2)\2 + 772)(2>\2 + 773)'
Expanding equation (7.5) to the negative power, we can obtain equation (7.6). Thus, the proof is completed. O

Based on the above analysis, we provide an asymptotic estimate of b,;.

Lemma 7.3. The following estimate holds:

byi(N) ~ O(XF2), j>2.

Proof. Based on the properties of the Hopf algebra that we constructed earlier, we know that b,;(\)’s are formal linear
combinations of connected integrals. We then obtain this lemma from the properties of connected integrals. 0

We recall that

o) = —Lgwle +i [ S lg©pde (7.14)
2 L o AN+ 26

According to lemma 7.3, we can obtain equations (1.10) and (1.11). Then, theorem 1.1 has been proven.

8. Expansions for the iterative integrals b,()\)

The overall properties of s,,(\) and b,;(\) were given in the previous section, and the properties of b,/(A) need to be considered
separately in this section.

Lemma 8.1. by; has the following estimation:

IX¥by (M| S [leReNg| . (8.1)

2j 2
llm )\2DU

Proof. The proof is a direct consequence of theorem 6.1. 0

Theorem 8.1. Suppose that g € H°. Then, we have

bai(e¥ JOI S ¢ |q|

dfpes s<i—1

2
g

00 . i ] !
fl Czs_/|b2j(e4\/§)|dg S 2./(1 + ]_]7”)

* Nl lalfpe 0 <s<j—1.

and

17
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Proof. First, we have

|ba(e5JOI S ¢ > ||Qk,||121DU2||Qk2||1’/DU ||Q<k2|| zJDUz

kizks
(8.2)
As a proof method similar to theorem 6.2, first, if 1 < k < (,
then we have
lgillzpo> < k2 3¢s 2 (8.3)
and
||61<k||z<2fDU2 S klleszlf71||61||l,2DU2- (8.4)
If k > (, then we have
g lizpoe S k= 2llglus (8.5)
and
||q<k||12’DU2 < llgllzpue- (8.6)
Then, we obtain
NS j—25—1
syled = || S ¢
| 21( \/; | ~ G
xS €k ko la g I laly2e. ®:7)
ki>ks
where
2(j—s—1 2j v—%#—%j
k k—) L k<h<C
¢ ki
s+ Zj*ngJr,j
CC ki ko) =1 & (@ . k< (<,
ki ¢
s+3 s+4
S c<hsn
ky k>

(8.8)

Then, by the Cauchy—Schwarz inequality and Schur’s lemma,
the critical coefficient obtained is pE— Thus, the proof is

O

completed.

Given 3J; a connected symbol of length 2j, we study the
asymptotic expressions of the following iterated integral:

TN = ¥ [ [T 900 g (g dndy, - -y
D k=1

Theorem 8.2. The connected integrals Tg/.()\) have the
following asymptotic expressions:

o0
T (\) ~ Z Té 2121 \~(2j=2+420),
X .
=0
where
Ty, = CaﬂfH D g0 qydx
lal+]8l=!

18

with

5= V=% ‘f

and the errors in the above expansion have the following

bounds:
| T, (

<

~

eif'C
V2

k
o L y—j—(j—1+D F—(2j—2+2I)
) IR ¢ |

k+1<]al+]01<2j—1+k

<] Haakq:”l;{DUZ ||8ﬂk41k||1§§DU2,
K

2—j|c2|j—lal—|:3|

where max{coy, O} < [g] +land (> 1

Proof. First, we have

j .
Ty =X [ T] %0 9g (g dudy, - -dydy,

/

=~

ﬂz,flj
5>

Q= 0

= Z 2% fz
=0

2o 5 %) O — x)
Br=0 ﬂk'

—

Gukq*(xl)(xk — xl)ukdxldyl . dx]dyj

> H X0 Kk)g—3ij(X1)(yk — x)

Nlal+181=1 k=1
1
X —'8{”q*(x1)(xk — x)%dxdy; - --dx;dy;
Qs
[o¢]
=y ¥ omy
I=0lal+1Bl=1 (8.9)
where o = (i, 0z, ~ay), 8= (B, B2, B, lal =55 _ . |6 =
>} _ Bk For convenience, we redefine the following
notations:

{-xl, V1> X2, Yo, "',Xj, yj}Ej = {tla b, 13, 14, "'J2j—1, t2j}s

{Q’ q*’ s C]*}E, = {vls V2, V21, V2j}'

Then, we note that

A 1 ., )
T“d fz /_ X k]i[1 eMWm%8*’kq(x1)(yk — x)%

1
X?a“kQ*(xO(xk — x)%*dxdy; - --dx;dy,
k!

j—1
:fﬂofmf*oo...f*” N I
—00 Vi 153 lyi—1 el

[PY 5,
X @8 kg (1) (Y, — 1)

1 .
X — QU q*(1) (x — 1)e 2N
ak!

1
X —0%g* (1) (xj — )%
Oéj!

XeZi)\zrsz.aﬁjq(tl)(tzj — tl)‘ﬁ.fdlldtz . "dlzjfldlgj.
g (8.10)
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We first calculate the integral TSJU about 1,;, and we have

+o0 : 1
f 621/\2th
b1

0%iq(n)(tyy — 1)%dty;

1

2iNn

2i )2
f+oo 1
b 20N

_Z(_ )k

k=1

"—3‘@(]01)02,'71 — 1)

21 /\212]

(B — D!

> k 21/\21‘2]',1
(2 )

dPiq(t) (o — 1) diy

1 , ’
— 0" R
X(ﬁ-—k+ 1)!8 q @) (tj—1 — 1)”
1
—15
ECUL (mz)g
Bi+1

=3 (Do

k=1

¥ 0% (1) dny

2i)\ztzj,|
(2i >\2)k
1 ‘ _
0%q(n)(taj—1 — )5 *FL,

x k+ D!
0 —k+ Dt (8.11)

Thus, the corresponding terms in the errors are linear
combinations of the following integrals:

1
= 2i¢a—2+ jt‘

1:"':tj,+l<"'<t2j—j+:"':f2j

J
CZinfyi

€ i=1

2j
[ 0%wi(tydr; 41 -

i=1

"dlzj

—ji>

where

ogj,ga,_[k;r—z], 0<j, <ar=k+1
,[M

> ] jo+i <2 -2,

e k + 1 €l k+2
2 a=l—= Y a=l—]
i =1 i = 2jfjJr

Similar to the proof method of theorem 6.1, we have

i 2j-j, 1
Rl S =51l 2 lvillypoz (vl 2,
2/<2/72+2[ l-’;“DUZ i:lz_JIrL i 2 l‘f2++1DU2
where
1+ 2
= ]___[ 0%y, a H 0%v;.
i=1 i=2j-j,
We note that
sl = I Al g et
¢ ¢ ¢ ¢ I
r_1r.1
P q r
HQHIZZVZ S g lapwz + Ellglliapu2s
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where p > 2. Then, we have the following estimate:
vl 2 < [[0%||pipy
1 “DUZ
(
j—1
X H (||an{+lvl||l7’DU2 + —Han'V,HlZJDUZ
=2

We argue similarly for v,. Thus, the proof is completed. [

Based on the above analysis, we obtain the following
corollary.

Corollary 8.1. The following estimate holds:

_ k
ITz,(e'f\/Z) — Y T2 U
2 =0
2—jcj—lal—lﬂl
k+1<]al+181<2j—1+k

<[1 ||8"k%:kHl<2{DU2 0% gy ||l§§DU2~
X

where max{ay, G} < [g] +land (> 1

Theorem 83. Ler g(x) € H'(R) and j— 1+ ﬁ
s<j— 1+ k‘+1 (J, ki € ZT). Define the following zterated
integral:
Ty(\) = N fz [T %0003 qH) dudy, - ~dx;dy,
J k=1
and
J
Ty, = 3 cap f [T 0%q/0%qdx
lal+81=1 k=1
with
= V=% 8
CaB 'ﬁ'fol He Ix Y dxdyj
Then, the following error estimates hold:
ir |C ky . .
1T 3) — Z T3, 279 (3i¢) U 1D)
S2IE IIIQIIHslqu, LR
and
+ ] i/ —(i—
[ e, (m( )= ST 20 G

<

m”q”H ||(JH,] 2Dy

where ¥; is an appropriate domain that obeys xi <y, for
all k (k < ).
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Proof. According to corollary 8.1, we can show this

theorem.
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