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Abstract
In the present study, we investigated the existence of arbitrary amplitude dust acoustic solitons by
considering the Cairns distributed ions, negatively charged streaming dust grains along with (r, q)
distributed electrons in an un-magnetized dusty plasma. We used the pseudopotential technique to
obtain the solitary wave solution. It is seen that the coexistence of rarefactive and compressive solitons
is possible when ions and electrons are nonthermally distributed. We found that the soliton
characteristics are strongly dependent on the choice of velocity distribution function through the
nonthermal spectral indices r q, , a as well as on the ion and dust temperatures. For (r, q) distributed
electrons, we found that the soliton amplitude increases (decreases) with smaller (higher) values of
negative (positive) r . For Cairns distributed ions, we found a transition from negative to positive
polarity solitary structures with the coexistence in between as the nonthermal parameter a increases.
Our results gave a better explanation for the formation of dust acoustic solitary structures and their
dependence on high and low energy particles in nonthermal distribution profiles in space environments.

Keywords: dusty plasmas, generalized (r, q) distribution, non-Maxwellian distribution, dust
acoustic waves, compressive and rarefactive solitons

(Some figures may appear in colour only in the online journal)

1. Introduction

In recent years, a significant increase in research on plasmas
containing negatively charged dust particles has been seen; con-
sequently, astrophysical environments and space are the most
common places where these plasmas exist. A new wave mode,
known as Dust Acoustic Wave (DAW), with an ultralow fre-
quency domain, was theoretically predicted by Rao et al [1].
Numerous laboratory experiments [2, 3] have confirmed not only
the existence of such waves but also showed that linear as well as
nonlinear characteristics of plasma waves are strongly influenced
by velocity distributions [4]. Several observations have pointed
out that fast moving electrons and ions in space environments
follow nonthermal distributions.

Experiments have shown that when a dust particle takes
up ions or electrons from the plasma, it acquires a charge.
Usually, dust particles get a negative charge; since electrons
rapidly move towards them due to their smaller mass. Many
authors have reported that DAWs exist in such complex
plasmas where dust grains get a negative charge [1, 5–10].
The ultralow frequency DAW propagates due to the com-
pression and rarefaction of dust particles, however, the ther-
mal pressures of electrons and ions provide the restoring
force.

DAWs with small but finite amplitude and cold dust were
studied in un-magnetized dusty plasma [1], where electrons
and ions were assumed to follow the Maxwellian distribution.
Later, Mamun et al [5] studied DAWs with large amplitude in
un-magnetized dust-ion plasma using the pseudopotential
technique and reported that nonthermal distributed ions
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considerably alter the solitary structures. Asgari et al [6]
investigated the dust-acoustic solitary waves in dusty plasma
with nonthermal ions and showed that for a given soliton
speed, non-thermal ions broaden the dust-acoustic solitary
wave and decrease its amplitude by increasing wave phase
velocity. It is important to take non-thermal ion effects into
account while studying dust-acoustic waves in space envir-
onments, as these findings imply important consequences.
Mendoza-Briceno et al [7] investigated the dust acoustic
waves with large amplitude in un-magnetized, hot, dust-ion
plasma with Cairns distributed ions and reported the existence
of both compressive and rarefactive waves. Further, they
considered a relative streaming between the plasma and the
charged particles in astrophysical environments. Gill and
Kaur [8] employed the Sagdeev pseudopotential method,
taking into account nonthermal ion distributions and finite
dust temperature. They investigated nonlinear dust-acoustic
waves in un-magnetized dusty plasma in accordance to the
concentration of nonthermal ions, dust temperature, and Mach
number. They found the co-existence of compressive and
refractive solitons. The results demonstrate that while certain
nonthermal ion concentrations eliminate refractive solitons,
raising dust temperature reduces the range of soliton co-
existence. The restoration of refractive solitons upon
decreasing dust temperature at these concentrations empha-
sizes the interaction between dust temperature and ion
dynamics in soliton behavior. Mahmood et al [9] reported that
solitary structures were considerably modified in a dust–ion–
electron dusty plasma due to the streaming velocity of dust.
Misra and Wang [10] studied the dust acoustic solitary waves
in magnetized dusty plasma with nonthermal electrons and
trapped ions. The study examines the nonlinear propagation
of dust-acoustic (DA) waves in magnetized dusty plasma,
where small-amplitude solitary waves are described by the
KdV equation. The plasma contains vortex-like trapped ions,
nonthermal electrons, and negatively charged dust. They
found that solitons are only rarefactive and DA waves cannot
propagate below a critical nonthermal parameter cb . Ion
temperature ratios, magnetic field, dust gyrofrequency, and
propagation obliqueness are some of the factors that affect
soliton characteristics. Their results, which are backed by
numerical analysis, demonstrate that solitons are resistant to
turbulence and disturbances, which helps to clarify DA waves
in lab and space plasmas, such as the Earth’s magnetosphere
and auroral regions. Maharaj et al [11] studied DAWs with
negatively charged dust considering thermal electrons and
nonthermal ions. They reported that the dust streaming and
dust temperature could change the existence conditions that
allowed negative and positive solitons to coexist. Abid et al
[12] reported that DAWs show only rarefactive solitons when
dust grains were taken negatively charged and electrons and
ions follow nonthermal Cairns distribution. Recently, Zaidi
et al [13] investigated three component DAWs in un-mag-
netized hot dust plasma with thermal ions and nonthermal
electrons and found that the characteristics of solitons were
substantially influenced by nonthermal parameters as well as
the dust temperature.

Numerous investigations have demonstrated that the
velocity distribution functions of constituent particles have a
significant influence on the linear and nonlinear character-
istics of plasma waves. The best choice for collisionless
plasma in thermal equilibrium is the Maxwellian distribution.
Observed space plasmas, on the other hand, typically exhibit
nonthermal properties such as high energy particle abundance
or a low energy flat top profile. A power law generalized
Lorentzian or kappa distribution, developed by Vasyliunas
[14], is used to model particles at the tail with high energy
Masood et al [15]. Another nonthermal distribution function
was presented by Cairns et al [16] to investigate the nonlinear
character of plasma waves which were observed by Viking
and Freja satellites. Cairns distribution then successfully
interpreted the negative as well as positive polarity potential
structures. However, the generalized ( )r q, distribution func-
tion, established by Qureshi et al [17], not only helps us to
study particles at high energy tails but flat tops or spiky
distributed particles at low energies. This double spectral
index distribution reduces to kappa distribution with limits
r q0, 1k=  + and in Maxwellian distribution with limits
r q0,=  ¥. In many problems, the ( )r q, distribution was
employed to explain such aspects of the waves that are unable
to be described by the other nonthermal distributions [18–20].
In space plasmas, where plasma particles have low densities,
non-Maxwellian distributions are the better choice to inves-
tigate nonlinear plasma waves and instabilities.

To the best of our knowledge, the co-existence of com-
pressive and rarefactive solitons, when ions and electrons
follow nonthermal distributions, has not been studied yet.
Therefore, investigating the propagation characteristics of
DAWs in the presence of Cairns distributed ions and ( )r q,
distributed electrons is the main objective of this research. It
is also noted that because of the mathematical tractability, it is
not possible to consider both the ions and electrons as ( )r q,
distributed.

2. Model equations

We examine un-magnetized dusty plasma consisting of three
components: dust, ion and electron. The dust grains having
negative charge are streaming in plasma where electrons and
ions follow the Cairns distribution and ( )r q, distribution,
respectively. Charged neutrality at equilibrium is expressed
as:

( )n n Z n 0. 1i e d d0 0 0- - =

In equation (1), ni0 defines the ion’s number density at
equilibrium, ne0 is the electron’s number density at equili-
brium and nd0 is the equilibrium number density of dust
grains. Further, Zd is a measure of an electron’s density on a
dust grain.

For the low phase-velocity DA waves, the dust dynamics
are governed by the following set of equations:

·( ) ( )v
n

t
n 0, 2d

d
d¶

¶
+ =

2
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¶
+ + =

The system is closed by Poisson’s equation as follows:

( )n n n . 5d e i
2j = + -

In the above set of equations (2)–(5), ( )/T Z Td d im = describes the
dust grains’ normalized temperature and [ ( ) ]/N N2 ,g = +
where N is the degree of freedom. For 1D propagating wave
we get 3g = . Here nd, ni and ne are dust, ion and electron
densities, respectively, normalized by Z nd d0, j is the elec-
trostatic potential which is normalized by /T ei , and dust
pressure P is normalized by n k Td d0 B . Dust-acoustic speed

( )/ /c Z k T md d i dB
1 2= normalizes the dust velocity vd; and

( )/ /k T Z n e4d i d dB 0
2 1 2l p= and inverse of the dust frequency

( )/ /m Z n e4pd d d d
1 2

0
2 1 2w p=- are used to normalize space

variable and time, respectively.
The electrons are nonthermal and assumed to follow the

( )r q, distribution [17, 21–24] and the normalized number
density for electrons can be written as [13],

( ) ( )n n A B1 , 6e e rq rq0
2 2d j d j= + +

where /T Ti ed = and Arq and Brq are the coefficients of the
linear and nonlinear terms, respectively, which are given as
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The tail and flat top of the distribution’s profile is measured
by the spectral indices q and r , respectively; nonetheless these
conditions must be fulfilled, q 1> and ( ) /q r1 5 2+ > . The
limiting case where kappa distribution is recovered from
generalized ( )r q, distribution function is r 0= and
q 1k= + , and the constants Arq and Brq reduce to

( )( )
( )

/

/

/ /A B,1 2

3 2

1 2 1 2

2 3 2= =k
k
k k

k k
k

-
-

- +
-

, respectively. Fur-

ther, Maxwellian distribution can also be recovered from
generalized ( )r q, distribution under the limit r 0= and
q  ¥, and the constants Arq and Brq reduce to

/A B1, 1 2M M= = , respectively [25].
It is assumed that the ions are nonthermal as well and

follow the Cairns distribution [16]. The normalized ion den-
sity is given by the following expression [7],

[ ] ( )n n 1 e , 10i i0
2bj bj= + + j-

where 4

1 3
b = a

a+
.

Here, the nonthermal parameter a denotes the proportion
of the nonthermal population. Maxwellian distribution can be
retrieved in the limit 0a = .

In order to obtain solutions for solitary waves, we convert
our system into the stationary frame x Mtx = - , where M
represents the velocity of solitary wave normalized by dust-
acoustic-speed cd. Re-writing the above set of equations (2)–
(5), as

( ) ( )M
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( ) ( )1 e , 142s bj bj- + + j-

where, ( )/n Z ne d d0 0r = and ( )/n Z ni d d0 0s = . Integrate
equations (11) and (13) applying the subsequent boundary
constraints; v vd d0 , 0j  , n 1d  and P 1 at
| |x  ¥, we get

( )
( )

( )n
v M

v M
, 15d

d0=
-
-

( )P n . 16d
3=

Here vd0 represents the dust drift velocity at equilibrium. Also,
upon performing algebraic manipulations and supplanting
equation (15) in equation (12), we derive the subsequent bi-
quadratic equation

{( ) } ( )
( )

n M v n M v3 3 2 0.
17

d d d d
4

0
2 2

0
2m m j- - + + + - =

We solve equation (17), to get the solution for nd as

n
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Setting dust streaming velocity v 0d0 = , in equations (17)–
(18), expressions for n , andd 0 1m m reduce to the expressions
given in [7].

Using equation (18) in equation (14), yields
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( ) ( )
( )

A B1 1 e .

20
rq rq

2 2 2r d j d j s b j bj+ + + - + + j-

Applying the Sagdeev potential technique [26] makes it easier
to understand the qualitative nature of the solutions for
equation (20). Therefore, after integration, it can be expressed
as:

( ) ( )V
1

2

d

d
0, 21

2j
j

x
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⎝

⎞
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where the Sagdeev potential, ( )V j , is given by
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Here, C1 is the constant of integration. Following Mendoza-
Briceno et al [7], to enable the limit 0m  in the Sagdeev
potential, for considering cold dust, we express  as:
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⎥

Figure 1. Sagdeev Potential (a) and corresponding soliton (b) for various values of Mach number M when r0, 2a = = , q 3= ,
0.02, 0.5m d= = , n Z n0.1e d d0 0= and v c0.1d d0 = .
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By using above equation (23), the Sagdeev potential in
equation (22) can be expressed as:

( ) ( ( ) )V 1 3 1 e2j s b j bj= - + + + j-

A B
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rq rq

2 2 3r j d j d j- + +⎛
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Similarly, at 0j = , C1 is computed for ( )V 0j = and
obtained, as
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Equation (24) describes the Sagdeev potential. The conditions
given below must be met in order to derive solitary solutions
from equation (24) [23].

Figure 2. Sagdeev Potential (a) and corresponding soliton (b) for various values of Mach number M when 0.2a = . The other parameters are
the same as in figure 1.
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( ) | ( ) | ( ) |V V V0 , 0 , 0,0 0 0j j j= =  <j j j=
¢

= =

( ) | ( ) |V V0 , 0

for compressive solitary structures,
max max

j j= ¢ >j j j j= =

( ) | ( ) |V V0 , 0

for rarefactive solitary structures.
min min

j j= ¢ <j j j j= =

Following the Taylor expansion of the Sagdeev potential
( )V j in equation (24) about the origin, the critical Mach

number ( )Mc , at which the second derivative’s sign changes,
is defined as

( ( ) )
( )

( )M
A

A
v

1 3 1

1
. 26c

rq

rq
d0

m s b d r
s b d r

=
+ - +

- +
+

Equation (26) shows the threshold for the existence of solitary
structure. In the case where M Mc> , the Sagdeev potential in
equation (24) would result in solitary structure (compressive
or rarefactive or both). For a limiting scenario when electrons
are thermally (Maxwellian) distributed i.e. A 1,rq 
equation (26) reduces to equation (31) of Maharaj et al [11].
However, when ions follow Maxwellian (thermal) distribu-
tion i.e. 0a  , equation (26) agrees with equation (26)
of Zaidi et al [13]. Furthermore, in the absence of dust
streaming and electron number density i.e. v n 0d e0 0= = ,

Figure 3. Sagdeev Potential (a) and corresponding soliton (b) for various values of Mach number M when 0.4a = . The other parameters are
the same as in figure 1.
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equation (26) agrees with equation (30) of Mendoza-Briceno
et al [7].

3. Numerical results

The dust acoustic solitary structures (DASS) are investigated in
this section to study the dependence of solitary structures on
different nonthermal parameters based on the choice of the dis-
tribution function. Since the plasma particles usually are not in
thermal equilibrium and are streaming in laboratory or space
environments, we can better understand the actual physical
situations in such circumstances by employing nonthermal

distributions in theoretical models. Therefore, we have taken into
account the influence of dust streaming in this study while
exploring Cairns distributed ions and (r, q) distributed electrons in
an un-magnetized dusty plasma. For numerical purposes, we use
observed plasma parameters from planetary rings of Saturn
[27, 28]. The chosen parameters are based on the Cassini
spacecraft’s local measurements near the primary A and B rings
and are: ne0 = (2−45) × 106m−3, ( )n 1 20 10 mi0

6 3= - ´ - ,
( )n 10 10 md0

3 5 3= - - , m 4 10 kgd
15= ´ - , Z 100d = ,

T T 1 10 eVi e< = - , T 0.01 eVd = .
The Sagdeev potential and associated soliton for Max-

wellian ions (i.e. 0a = ) are plotted in figure 1, however,
electrons follow (r, q) distribution (r q2, 3= = ). For a range

Figure 4. Sagdeev Potential (a) and corresponding soliton (b) for various values M0.2 and 1.50a = = when α= 0.2 and M= 1.50. The
other parameters are the same as in figure 1.
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of M values, the Sagdeev potential with negative polarity is
shown in figure 1(a) while figure 1(b) shows the associated
solitons. It can be seen that only negative potential solitary
structures exist when ions are Maxwellian and electrons are
nonthermal, i.e. (r, q) distributed; which agrees with the past
investigations that thermal ion distribution supports only
rarefactive structures [5, 11–13]. Furthermore, as M increa-
ses, the soliton amplitude increases.

In figure 2, the Sagdeev potential and associated solitons
are plotted for different M when both ions and electrons are
nonthermal. We can see that as the nonthermal parameter for
ions reaches a certain value, i.e. 0.2a = with the same values
of r and q as in figure 1, both compressive and rarefactive
Sagdeev potential structures co-exist (figure 2(a)). Likewise,

associated solitons, both compressive and rarefactive, are
shown in figure 2(b). It can be seen that as M increases,
soliton’s amplitude increases while its width decreases, for
the rarefactive as well as compressive structures. However,
for 0.1a = and r q2, 3= = , we get rarefactive structures
only, not shown here. Earlier, Abid et al [12] showed that
only rarefactive structures could exist when ions and electrons
both follow a nonthermal distribution. However, our study
reveals that compressive and rarefactive structures can
coexist.

In figure 3, the Sagdeev potential and associated solitons
are plotted for different M when 0.4a = and r q2, 3= = .
We can note that as the nonthermal parameter for ions further
increases, i.e. 0.26a  , we can only obtain the positive

Figure 5. Sagdeev Potential (a) and corresponding soliton (b) for various values of q when r M1, 0.2 and 1.435a= = = . The other
parameters are the same as in figure 1.
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polarity Sagdeev potential structures (figure 3(a)). Figure 3(b)
portrays the soliton corresponding to the Sagdeev potential in
figure 3(a). It is evident that when M increases, the soliton
amplitude likewise increases but its width decreases. Hence,
from figures 2 and 3, it is observed that there is a transition in
the DASS, from negative to positive with the co-existence in
between, that depends on the nonthermal parameter a for ions
when electrons follow flat-topped (r, q) distribution.

In figure 4, the Sagdeev potential and associated soliton
are plotted for different values of dust to ion temperature ratio

( )/T Z Td d im = when q r M0.2, 3, 2 and 1.5a = = = = . The
Sagdeev potential with negative polarity for different values of
m is shown in figure 4(a), while the associated solitons are

shown in figure 4(b). It is evident that as m increases the
amplitude decreases which also agrees with the earlier findings
[7, 12, 13].

In figure 5, the Sagdeev potential and associated solitons
are plotted for different values of q when r0.2, 1a = =

Mand 1.435= . Figure 5(a) shows the rarefactive Sagdeev
potentials for different q’s and associated solitons in
figure 5(b). It is evident that when q decreases, the rarefactive
soliton amplitude increases, which means the electrons in
high energy tails are responsible for the increase in soliton’s
amplitude. In figure 6, the Sagdeev potential and associated
soliton are plotted for different values q for 0.2a = but
r 2= . We can see that as the value of r increases from

Figure 6. Sagdeev Potential (a) and corresponding soliton (b) for various values of q when r 2.= The other parameters are same as in
figure 5.
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r r1 to 2= = (as compared to figure 5), the flat-topped
profile of electrons is enhanced, and we obtain simultaneous
existence of both polarities of Sagdeev potentials and
corresponding solitons. For rarefactive and compressive
structures, it is evident that as q decreases, the width of
soliton also decreases but amplitude increases.

In figure 7, we plot the solitons for various values of ion
to electron temperature ratios ( )/T Ti ed = when q 3, a= =

M0.2 and 1.455= . Figure 7(a) shows the solitons for various
values of d when r 0.1= - . For the spiky electron distribution
(r 0.1= - ), it is seen that when the temperature ratio d
decreases, the width and amplitude of rarefactive solitons
increase, i.e. for colder ions the amplitude is higher.
Figure 7(b) shows the solitons for different values of d when
r 0= . For the electron exhibiting kappa distribution
( r qi.e. 0, 3= = ), soliton amplitude increases but width
decreases with the increase in d . Figure 7(c) shows the soli-
tons for different values of d when r 1= . For flat-topped
electron distribution, the co-existence of rarefactive and
compressive soliton is observed for 0.2d = , however, with
further increase in d only rarefactive solitons are obtained
whose amplitude increases but width decreases with the
increase in d . Figure 7(d) shows the solitons for different
values of d but for r 2= . Here, it is observed that solitons

with different polarity coexist for the larger value of temp-
erature ratio, i.e. 0.4d = . Though width decreases but
amplitude increases with the increase in d , for solitons with
positive as well as negative polarities.

In figure 8, the Sagdeev potential and associated soliton
are plotted for different values of positive r when q 3= and

0.2a = . It can be seen that for r 2 , rarefactive and com-
pressive solitons coexist whose amplitude decreases as r
increase, i.e. the enhanced flat-top electron distribution profile
is responsible for the formation of dual polarity. In figure 9,
the Sagdeev potential and associated soliton are plotted for
different values of negative r when q 5= and 0.2a = . For
spiky distribution (i.e. r 0< ), only rarefactive solitons are
observed and as the negative value of r decreases the ampl-
itude increases. Additionally, it is evident that the soliton’s
amplitude stays lower than the Maxwellian for r 0.2< - .

In figure 10, we plot Sagdeev potentials for various
combinations of distributions. We can see that when both ions
and electrons follow Maxwellian distribution, i.e. 0a = and
r 0= , q  ¥, respectively, only negative potential struc-
tures are obtained, which coincides with the results of Rao
et al [1]. In the second case, when ions behave thermally and
follow Maxwellian distribution ( 0a = ), but electrons follow
flat-topped distribution (r q2, 3= = ), again only negative

Figure 7. Solitons for various values of ( )/T Ti ed = for (a) r 0.1= - , (b) r 0= , (c) r 1= and (d) r 2= , when q M3, 1.455 and 0.2a= = = .
The other parameters are same as figure 1.
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potential structures are obtained, which agrees with the results
of Zaidi et al [13]. Moreover, when ions follow Cairns dis-
tribution ( 0.22a = ), but electrons follow Maxwellian dis-
tribution (r q0,=  ¥), both positive and negative polarity
Sagdeev potential structures are obtained the same as that
obtained by Maharaj et al [11]. For the case of the current
study, when ions follow Cairns distribution ( 0.20a = ) and
electrons follow flat-topped distribution (r q2, 3= = ), we
found that both positive and negative polarity solitary struc-
tures coexist. However, in a recent study, Abid et al [12]
found only rarefactive solitons when ions and electrons fol-
lowed Cairns distribution.

4. Summary and conclusion

To account for the impact of low energy and high energy
particles in the profile of distribution functions, we have
studied the DA soliton’s amplitude and width characteristics
in un-magnetized dusty plasma. In this work, the pseudopo-
tential method for obtaining the solutions for solitary waves
using fluid equations has been taken into consideration. It was
previously established that when both electrons and ions
followed nonthermal distributions, only rarefactive solitary
solutions were feasible [12]. However, in the current study,
we not only found compressive and rarefactive structures

Figure 8. Sagdeev Potential (a) and corresponding soliton (b) for various values of r when q M3, 1.44 and 0.2a= = = . The other
parameters are the same as figure 1.
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independently but their co-existence also when ions and
electrons follow Cairns and (r, q) distributions, respectively.
Our findings demonstrated that the nonthermal spectral indi-
ces r q, and a have a significant influence on the soliton’s
width and amplitude. Our results also showed a significant
transition in the polarity of soliton, rarefactive to compressive
structure with the co-existence in between, as the nonthermal
parameter a increases. With an increase in dust to ion
temperature ratio we have observed a decrease in the ampl-
itude of soliton. We also found that for the spiky electron
distribution ( )r 0< , the amplitude of negative polarity soli-
tons increases with decreasing d , but decreases with the
increase in negative values of r . For the kappa electron

distribution (r q0, 2= > ), soliton amplitude increases but
width decreases. However, for flat top electron distribution
( )r 0> , the co-existence of rarefactive and compressive
soliton is observed and the amplitude of soliton increases with
increasing d , but decreases with increasing r . Moreover, the
soliton’s amplitude is higher for smaller values of q, i.e. the
increase in the amplitude with the increase in high energy
particles. Finally, it is concluded that the characteristics of
DASS are conspicuously altered by the electron and ion
distribution profiles. In the case of nonthermal ions, irre-
spective of electrons, the co-existence of positive and nega-
tive solitary structures is possible. However, if electrons and
ions follow the same distribution function, only rarefactive

Figure 9. Sagdeev Potential (a) and corresponding soliton (b) for various values of negative r when q 5= . The other parameters are same as
figure 8.
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structures can be obtained. Thus the results presented in the
current study are helpful in interpreting the propagation
characteristics of DASS based on the low and high energy
particles in the profile of nonthermal distribution functions in
various space environments.
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