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Abstract
The present work primarily aims to explore the neuronal calcium (Ca*"), IP5, and dopamine
(DA) signaling systems through a feedback loop model. To date, there has been no exploration
of this feedback model in fractional-order dynamical systems. This feedback loop model
incorporates several crucial mechanisms like the buffering process, IP;-receptor, ryanodine
receptor, plasma membrane Ca*" ATPase and sarcoplasmic /endoplasmic reticulum calcium
ATPase (SERCA) pump, leak, sodium-calcium exchanger, voltage-gated Ca>" channel, Orai
channels, DA-dependent IP; synthesis, and others. By incorporating these mechanisms, the
model aims to provide a more comprehensive and realistic understanding of the system under
investigation. The present model incorporates fractional-order dynamics along both spatial and
temporal dimensions to examine the impacts of superdiffusion and memory showing Brownian
motion of Ca®", IP;, and DA signaling molecules. The bidirectional feedback between calcium
and IP; signaling systems, unidirectional feedback between calcium and dopamine signaling
systems, and unidirectional feedback between IP; and dopamine signaling systems have been
incorporated into the present model. These feedback loops establish interactions among calcium,
IP5, and dopamine signaling systems within neuronal cells. The numerical findings were
obtained by using the Crank—Nicholson method with the Grunwald technique for fractional
space derivatives and the L; method for fractional time derivatives in conjunction with the
Gauss—Seidel Iterations. This research specifically investigates the implications of cell memory
as well as superdiffusion on Ca”, IP3, and DA dynamics in neuronal cells, which are interactive
nonlinear systems. The superdiffusion process results in a reduction in Ca®", IP5, and DA
concentrations, while cellular memory leads to an increase in ion and molecule concentrations in
neuronal cells during the initial time. The disruption of any given process can lead to imbalances
in calcium, IP;, and DA systems, hence contributing to neurotoxicity and cellular demise.

Keywords: feedback loop among Ca*", IP; and dopamine systems, reaction-diffusion equations,
fractional-order dynamics, superdiffusion, cell memory

(Some figures may appear in colour only in the online journal)

Introduction facilitate chemical signaling. This process is observed in

various cells like neurons and is mediated by calcium, IPs,
An assortment of cellular processes, including but not limited and dopamine signaling molecules. Neuronal cell calcium
to diffusion, buffering, influx, and outflux mechanisms, play a  signaling is essential for the regulation of numerous cellular
role in the complex and versatile bioenergetic systems that —processes. Neuronal disorders may manifest due to any dis-

ruption in the calcium signaling pathway. Alzheimer’s disease
* Author to whom any correspondence should be addressed. (AD) has been associated with alterations in calcium
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buffering [1], hyperregulation of the sarcoplasmic/endo-
plasmic reticulum calcium ATPase (SERCA) pump and leak
activities [2], and heightened sensitivity of calcium release
channels [3]. Nevertheless, under realistic circumstances,
calcium regulation depends on the interplay of additional
signaling systems, including IP; and DA, which occur within
neuronal cells. The IP; molecule facilitates the increase of
cytosolic Ca®" levels by discharging Ca®" ions from the
endoplasmic reticulum (ER) to the cytosol; it operates as a
secondary messenger. Multiple cellular processes, including
cell proliferation, fertilization, cell transformation, and mus-
cular contraction, are intricately regulated by this process.
Dopamine is a neurochemical messenger that has a significant
concentration inside the midbrain region of the central ner-
vous system [4]. Dopamine is a potentially harmful chemical
that has been associated with the onset of neurodegenerative
conditions like Parkinson’s disease (PD) [5]. Dopamine is
influenced by a wide range of metabolites, many biological
constituents, and a diverse array of environmental and genetic
influences in neuronal cells. The mathematical investigation
of DA signaling and its potential relevance to Parkinson’s
illness has been reported in cells [6].

The cell utilizes two separate sources of calcium ions to
generate signals: the discharge of Ca®" ions from internal
cellular compartments and the Ca>" inflow across the plasma
membrane. Both the processes of releasing and entering Ca*"
can produce highly localized Ca®" signals, which are regar-
ded as essential events in Ca®" signaling [7]. The ryanodine
receptor (RyR) and IPs-receptor (IPsR) are distinct
Ca*"-releasing channels positioned within the ER membrane
[8]. The calcium buffering mechanism involves the use of
both stationary and mobile buffers, which significantly affects
the movement of calcium ions in cellular settings [9]. A
calcium buffer was used to induce a quantifiable decrease in
the alteration of free calcium levels following a transient
infusion of calcium [10]. Recent studies examined the
phenomenon of calcium signaling and its modulation in many
types of human cells, such as neurons [11-16], astrocytes
[17, 18], acinar [19, 20], myocyte [21, 22], Oocyte [23-27],
fibroblast cells [28, 29], hepatocyte [30-32] and
T-lymphocyte [33]. An investigation has been carried out on
the process of diffusion of calcium ions within neuron cells
using the excess buffer approximation as a theoretical fra-
mework. This framework includes the impact of sodium
(Na™) ions on the movement of calcium, while also including
different sources of Ca®" and Na ™" in neurons [34]. The study
investigated calcium diffusion using a two-dimensional
model, taking into consideration several elements such as
buffer, diffusion coefficients, and flux, to accurately assess
their impacts [35]. The external environment has a crucial
impact on the regulation of cytosolic Ca®" levels in neuronal
cells by governing the inflow and outflow of Ca®*" ions
through the plasma membrane [36].

There has been a lack of extensive research on the con-
nections between calcium and IP5 systems in various types of
human cells, both in experimental and theoretical settings.
The findings obtained by analyzing interconnected signaling
systems such as Ca®" and IP; reveal significant disparities

when compared to those obtained from examining separate
signaling systems such as Ca®" in neuronal cells. The struc-
ture and functioning of IPs-mediated Ca>" signaling have a
substantial impact on the control of brain activity [37].
Observations have been made about the link between fluc-
tuations and chaotic dynamics in Ca®" signaling, as well as
the coexistence of dynamic calcium and constant IP; within
neural cells [38]. A study has reported a nine-variable kinetic
model that accurately describes the behavior of the IP;R
channel by using quantitative measurements of Ca®" jons
activation and inhibition of the IP;-receptor situated in the ER
[39]. The nine-variable IP3R model has been analyzed and
simplified, resulting in a two-variable system [40]. Measuring
the transportation coefficient of IP; and Ca®" is important for
determining the extent of messenger action from a localized
source of calcium and IP; inside cellular contexts [41]. The
interplay between the concentration of calcium ions and
inositol trisphosphate results in the creation of a state of
bistability. This is achieved by a feedback process where
Ca®" concentration influences the formation of 1P, and the
discharge of calcium ions is regulated by both calcium ions
and IP; [42]. The investigations undertaken on the calcium
and IP; signaling systems have been the subject of recent
reports. These investigations have revealed their role in reg-
ulating many mechanisms in different cell types, such as
neurons [43, 44], hepatocytes [45], B-cell [46], fibroblast cells
[47, 48], T-lymphocyte [49], and others. Prior studies have
examined the exploration of the interrelated spatial and tem-
poral impacts of Ca>" and IP; mechanics, together with their
contributions to the generation of nitric oxide [50] and (-
amyloid [51], and the release of ATP [52] in neuronal cells.

Several calcium-activated channels, including voltage-
gated Ca®" channels (VGCC) [53], are involved in control-
ling the distinct functions of dopamine neuron cells. PD is
identified by the deterioration of dopaminergic neurons,
which is influenced by high levels of calcium, dopamine, and
a-synuclein [54]. The function of the Calbindin-D,gx buffer
in safeguarding dopaminergic neuronal cells against the
pathological process that causes PD was elucidated in
the literature [55]. The increase in Ca’" ion concentration
can be attributed to the presence of a small quantity of
calbindin-D5g;, which is both indicative and characteristic of
Parkinson’s disease [56]. Several mechanisms such as source
influx, buffering, ryanodine receptor activity, and other fac-
tors have been identified as contributors to the high levels of
calcium and dopamine that eventually result in the death of
dopaminergic neurons [57].

Utilizing fractional calculus in the analysis of biological
systems provides a more profound understanding of the intri-
cate mechanisms exhibited by different cells and tissues [58].
Various numerical approaches such as the Grunwald approx-
imation are employed to solve the fractional derivatives along
spatial dimensions [59]. The fractional model is utilized to
elucidate memory phenomena across several disciplines,
encompassing mechanics, biology, and psychology [60]. Cell
memory is commonly linked to fractional-order systems, and
cells acquire learning through their encounters with disease-
related circumstances [61]. A notable finding reported in the
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literature is that the memory trace begins to emerge when the
fractional order increases from O to 1 and entirely vanishes
when the order reaches 1 [62]. The Ca®" dynamics within
neurons are characterized using a fractional reaction-diffusion
framework that incorporates the presence of calcium-binding
proteins [63]. Cell memory is found to have a notable influence
on protein and VGCC. Cellular memory reduces the influx of
calcium ions with elevation, leading to improved outcomes in
estimating the Ca®" flow during pathological conditions [64].
Superdiffusion is a rare occurrence that can be observed in
several situations, such as biological systems and the motion of
organic molecules [65]. The augmentation of the diffusion
mechanism is noted when the fractional derivatives are
employed as replacements for the second-order derivatives
inside the diffusion framework. The phenomenon characterized
by an enhanced rate of diffusion is commonly referred to as
superdiffusion [66]. The studies on the effects of memory and
superdiffusion on the interacting signaling of Ca®>" and IPs
[67], Ca>" and (-amyloid [68], Ca*" and NO [69], Ca®" and
DA [70], and Ca", IP3, and S-amyloid [71] in neurons have
been analyzed with numerical findings. These investigations
have revealed a significant discrepancy in results when com-
paring systems with fractional-order dynamics to those with
integer-order dynamics.

The existing integer-order models of Ca*t, IP5;, and DA
systems in the literature exhibit mutual interactions among
these signaling systems in neuronal cells, providing significant
insights into many biological functions within neuronal cells.
However, there is no documented research on the interaction
among Ca”, IP;, and DA in nonlinear fractional-order
dynamics, which illustrates the impacts of superdiffusion and
cellular memory with Brownian motion (BM) in neuronal cells.
The principal advantage of examining the space-time fractional
reaction-diffusion equation compared to the classical diffusion
equation is its global behavior. The integer-order differential
equation acts as a local operator, while the fractional (non-
integer) order differential equation performs as a non-local
operator. Estimating the spatial and temporal profiles of Ca*",
IP3, and DA in neurons in any certain state depends not only on
the current profiles of these molecules but also on all prior
profiles of Ca*t, IP;, and DA. The dynamics of the fractional
reaction-diffusion equation facilitate the calculation of precise
concentration profiles for Ca*", TP, and DA clarifying the
complex mechanisms involved in the nervous system. There-
fore, a fractional-order reaction-diffusion model of interacting
Ca”", IP5, and DA has been developed in neurons. This paper
presents the framework of a feedback loop model with frac-
tional order to accurately represent neuronal calcium, IP;, and
DA signaling, which interact with nonlinear dynamics. The
computational method utilized in this study involves the
implementation of the Crank—Nicholson (CN) scheme in
conjunction with the Grunwald technique for spatial dimen-
sions. Additionally, the L1 scheme is applied for temporal
dimensions, and Gauss—Seidel Iterations (GSI) is used for the
solution process. The feedback loop framework incorporates
the reciprocal relationship between Ca®" and IP;, the one-way
relationship between Ca®" and DA, and the one-way rela-
tionship between DA and IP;, along with various crucial such

as VGCC, plasma membrane Ca>" ATPase (PMCA) channel,
sodium—calcium exchanger (NCX), buffer, STIM-Orai chan-
nel, RyR, IP;R, etc in neuronal cells. This study investigates
the impact of various significant processes such as super-
diffusion and memory characterized by BM on the interacting
calcium, IP;, and DA signaling in neuronal cells providing
novel insights into these impacts.

Mathematical formulation

The existing integer-order Ca®" model proposed by Wagner
et al [42] has been extended to fractional order along both
spatial and temporal dimensions. This extended model also
incorporates the EGTA buffer, VGCC, STIM-Orai, PMCA,
NCX, and RyR into the fractional-order Ca*" framework and
can be depicted as follows:

aUICa2t] V[Ca2+]
ol Ty
n (JIPR + JLEAK + JRyR — JSERCA)
Fc
— K" [Blo([Ca*"] — [Ca**])
+ Jvgee — Jpmca. (D

In this context, 0 < U; < 1, 1 < V; < 2. The parameters
[B]ls and [Ca”]OO denote the equilibrium concentrations of
buffer and Ca®" ions in neuronal cells, respectively. The
variables ¢ and x are employed to denote the temporal and
spatial dimensions, respectively. The diffusion coefficient of
calcium ions is denoted as Dc,, while the rate at which cal-
cium ions associate with buffers is represented by K.

The flux of IPs-receptor (Jipr) denotes the process by
which calcium is released from ER to the cytosol of neuronal
cells in response to IP3 stimulation as follows [42],

Jipr = Viprm?h*([Ca? g — [Ca®™]). (2)
The following are the mathematical depiction of the variables

m and h [40],

3

:( [1P;] )( [Ca’*] )
[IP5] + Kips J\ [Ca®*] + Kyc )’
Kinn

SR — 4
I(Inh + [Ca2+] ( )

The parameters Kips, Kac, and K, stand for the dissociation
constants associated with the binding location of inositol
trisphosphate and the activation and inhibition of Ca®*" in
neuronal cells.

The SERCA pump flux (Jsgrca) depicts the SERCA
pump activity, which causes the translocation of cytosolic
calcium ions from neuronal cells to the ER. The mathematical
representation for the Jsgrca is as follows [42],

[Ca2+]2 )

[Ca>* P + Kgirea

&)

Jserca = VSERCA(

In this context, the variables Vggrca and Kggrca are
employed to denote the rate at which flux occurs and the
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constant that characterizes the Michaelis—Menten kinetics,
respectively, for the SERCA pump.

The leak flux (Jpeax) exhibits the leakage event, in which
the gradual diffusion of Ca*" ions from the ER membrane to
the cytoplasm, occurs in the following manner [42],

Jieak = Vipak ([Ca?tlgr — [Ca®T]), (6)

where the variable V| g5k is employed to denote the flux rate
associated with the leak mechanism.

The RyR flux (Jryr) exhibits the activities of the RyR,
which mediates Ca>" from the ER to the cytosol, in the fol-
lowing manner.

Jryr = PoVryr ([Ca®>Tlgr — [Ca®T]). (7

In this context, the variable Vgygr is employed to denote the
flux rate constant associated with the RyR, while P, repre-
sents the open probability of the RyR that ranges from O to 1.

The current equation proposed by Goldmann—Hodgkin—
Kartz is utilized to simulate the flow of voltage-gated calcium
channels (Jygcce) as follows,

Ca —
RT 1 — exp(—Zca i)

Here, equation (8) incorporates the extracellular concentration of
calcium ions ([Ca2+]0), the intracellular concentration of calcium
ions ([Ca®>"],), the permeability of calcium ions (Pc,), valency of
calcium ions (Zc,), membrane potential (V,,), Faraday’s para-
meter (F), real gas constant (R), and absolute temperature (7).
The mathematical representation for converting equation (8) into
the unit of molar/second is depicted in the following manner,

. (8

c ©

Jvgece = ———7——.
ZCaFchtosol

In neural cells, The NCX enables the transfer of a single calcium
ion in exchange for three Na® ions. The following is the
mathematical representation for the NCX,

3
Na; FV,

Jnex = Cag]l — | exp| —= |,

Nex O(Nao) p( RT )

where, the variables Na; and Na, represent the respective levels
of intracellular and extracellular Na™ ions.

The PMCA pump flux (Jppmca) exhibits the activities of

the PMCA pump, which facilitates the removal of cytosolic

calcium from the intracellular environment to the extracellular
space in the following manner,

(10)

(1)

[Ca2+]2

Jemca VPMCA([Ca2 T KSMCA).

In this context, the parameters Vpyca and Kpyca are

employed to depict the flux rate constant and the dissociation
pump rate for the PMCA, respectively.

The Orai channel (Jo,;) flux exhibits the Orai channel

activities, which facilitates the transfer of Ca®" from the

external environment to the cytosol in the following manner,

I .
Jori = ¢ﬂ

. 12
A()ZF ( )

Here, ¢ represents the open probability, whereas Ay and Ig,;

respectively denote the area and current of the Orai channel.
The equation representing the Ca>" content in the ER

([Ca®"gr) can be depicted in the following manner [42]:

[Ca®t]y — Fe [Ca”]c)
F '

[Ca>Mgr = ( (13)
The existing integer-order IP; framework proposed by
Wagner et al [42] has been extended to fractional order along
both spatial and temporal dimensions. This extended model
also incorporates the Ca®"-dependent and DA-dependent flux
of IP3 production into the fractional-order IP; model and can
be expressed as follows:

V2P
o2

9%11Py)
bogxv2
-]production - )\(Jphosphamse + Jkinase)
Fe

+
+ Jpa,

where 0 < U, < 1, 1 < V5 < 2. The IP; diffusion coefficient
is exhibited by D;. The term Jpoduction 18 Used to symbolize
the flux of calcium-dependent inositol trisphosphate genera-
tion in as follows [42],

(14)

Ca2t)?
o 2[ ]2 . (15)
[Ca ] + Kproduclion

Jproduclion = production[

Here, the IP; generation rate and the Michaelis parameter
concerning the activation of Ca®" are denoted as Vproduction
and Kp;oquetion, respectively. The mathematical expressions
for the flux of degradation of inositol trisphosphate by Jiinase
[72] and Jpposphatase [73] are depicted as follows,

Jkinase = (1 - Q)Va(&) b(&),

[IP;] + 2.5 [IPs] + 0.5

(16)
_ [1P5]
Jphosphatase - Vph( [IP3] 130 )7 (17)
[Ca’*]

= . 18
([Ca2+] + 0.39) (1%

Here, the parameters associated with low and high con-
centrations of calcium ions (3-kinase) are denoted as V,, and
Vp, respectively. Additionally, Vj;, represents the maximal
rate constant of the phosphatase. The flexible parameter \
depicts the elimination rate of IP3 [42].

The process of IP5 synthesis through the activation of
D;-receptor and its reliance on dopamine can be represented
by the following mathematical expressions,

[DA}’

Jpoa = Vpa (19)

[Ca?*] )’ ’
[Ca2*] + Kpy

where the maximum formation rate of IP; by phospholipase C
(PLC) due to D;-receptor activation is denoted as Vpa. The
binding strength of DA to the receptor is represented by the
affinity constant, Kpa.

[DAY + (KDA + Kp
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Figure 1. The spatiotemporal Ca®" distribution at U;, U, and Us = 1.0 and V, V5 = 2.0 with NCX, PMCA, VGCC and Orai channel for

Vi=2,19,18 and 1.7.

The existing integer-order DA model proposed by Tello-
Bravo [74] has been extended to fractional order along both
spatial and temporal dimensions. This extended model also
incorporates the Ca®'-dependent DA production into the
fractional-order DA model and can be expressed as follows:

O%[DA]
oY

O%[DA]
Ox"

DA

Vinax [DA]

+ (Jrelease + [DA]Pf ([DA] T Km)) ( )
Here, 0 < U5 < 1,1 < V3 < 2. The parameter Dp, repre-
sents the DA diffusion coefficient. Equation (20) incorporates
the dopamine release per electrical stimulus pulse (DAp),
stimulus frequency (f), Michaelis parameter (K,,) and DA
uptake rate (V.. The formulation of [Ca2+]—dependent
dopamine release is presented as follows [74],

[Ca2+]4 )

—_— 21
[CaZt]* + K2

Jrelease = 1/) HRRP- Prel(

where the term Jieease represents the flux of DA release.
Equation (21) incorporates the average release flux (¥), high

release probability (P,) and Ca’™" sensitivity (K) in neu-
ronal cells.

Initial conditions

The initial concentration for the Ca>" [75], inositol trispho-
sphate [76], and dopamine [77] are shown as follows,

[Ca®*t],—op = 0.1 uM. (22)
[IP3];—¢ = 0.16 pM. 23)
[DA]=o = O pM. (24)
Boundary conditions
The boundary circumstances for Ca>" as follows [75],
2+
lim(—DCa OICs ]) — o dnex +domn (25)
x—0 ax

The symbol o shows the Ca>" influx.
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Figure 2. The spatiotemporal IP3 distribution at Uy, U, and U3 = 1.0 and V; and V3 = 2.0 with NCX, PMCA, VGCC and Orai channel for

V,=2,19, 1.8 and 1.7.

The Ca®" reaches to baseline concentration near the
distal end of cells, opposite to the location of its source [75],

lim [Ca?*] = [Ca’t],, = 0.1 pM. (26)
x—5

The boundary circumstances for IP; molecules are depicted in
the following manner [76],

lim [IP5] = 0.16 pM, 27
x—5

lim [IP5] = 3 uM, ¢ > 0. (28)
x—0

The boundary conditions pertaining to dopamine regulation
were determined by Walters er al [77] as phrased in the fol-
lowing manner,

lim ( a[DA]) = 0. (29)
x—0 Ox
lim [DA] = 0 pM, 7> 0. (30)

x—5

Equations (1)—(30) present the initial boundary value problem
(IBVP) formulation for fractional-order PDEs, governing the
interacting systems of Ca®", IP; and dopamine. The numer-
ical methodology and analysis of stability have been eluci-
dated in the appendix.

Results and discussion

The graphical representation of the numerical results per-
taining to the feedback loop mechanisms of Ca**, IPs, and
dopamine systems with fractional-order dynamics across
spatiotemporal dimensions has been presented. This graphical
depiction aids in comprehending various essential cellular
processes such as superdiffusion and memory displaying
Brownian motion within neuronal cells. Table 1 displays a list
of several parameters alongside their corresponding numerical
values.

Figure 1 illustrates the spatiotemporal distribution of
calcium ion concentration at U, U,, and Us; = 1.0 and V, and
V3 =2.0. Additionally, the order of calcium space derivatives
(V) is observed to vary at 2, 1.9, 1.8, and 1.7. Also, this
distribution is influenced by the activity of the buffer and
several channels, namely the NCX, PMCA, VGCC, Orai
channels, and IP;R and ryanodine receptors in neuronal cells.
The process of calcium ion diffusion, the expulsion of Ca*"
ions from the cytosol through the SERCA pump, and the
fixing of Ca>" by EGTA buffering mechanisms contribute to
a decrease in Ca®" levels along the spatial dimension. Con-
versely, the influx of calcium from sources and the increase in
Orai channel activity leads to a notable rise in Ca>* along the
temporal dimension over time. The disparity in [Ca’"]
diminishes as the fractional space derivatives V; are reduced
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Figure 3. The spatiotemporal DA distribution at U, U, and Uz = 1.0 and V; and V, = 2.0 with NCX, PMCA, VGCC and Orai channel for
V;=2,19, 1.8 and 1.7.

from 2 to 1.7 in neurons. The observed range of calcium
space derivatives (V) transitioning from integer-order (2.0) to Table 1. Numeric data [42, 74].
fractional-order (1.9, 1.8, and 1.7) is linked to the occurrence

of superdiffusion events. This phenomenon amplifies the Parameter Value Parameter Value
diffusion process and leads to a drop in the spatiotemporal Vipr 855! k"Kips 1.5puM 57!
Ca’t levels. Hence, the phenomenon of superdiffusion Vierca 0.65 pM 57! A 0.15 uM
exhibited by calcium ions may have a significant impact on Vieak 001! Kierca 30
mitigating neurotoxicity in disease-related circumstances and Dc, 16 pm” S_i . D; 0.4 F%V{ .
maintaining optimal concentration levels. Veroduction  0.075 pM's Kac 283 pm” s
Figure 2 illustrates the spatiotemporal distribution of IP5 Kinn 1.8 uM . Fe 0.8 tM
e Va 0.001 pM's Kproduction 0.17

at U, U, and U3 =1.0 and V; and V5 = 2.0. The distribution Vi 0.02 M~ v, 0.4 M
is observed in the existence of NCX, PMCA, VGCC, and Fe 0.83 f 0.005 M s~
Orai channel, while the order of the IP; space derivative is v, —0.05V Viyr 100 Hz
considered to be 2, 1.9, 1.8, and 1.7 in neuronal cells. The Zca 2 Pca 0.5 M s
transportation of inositol trisphosphate molecules and their T 300 K R 43 x 10 ¥ ms™!
subsequent breakdown through the actions of kinase and [Ca*"]o 523.6 pm’ F 8.31 J/(molK)
phosphatase enzymes lead to a decrease in the spatial con- Na; 145 ml\g Veytosol 96486 C m°3171
centration of IP; in neuronal cells. The proximity of IP; Xma" 6 %N{: 230 512356153
molecule storage to the IPs-receptor site, which facilitates el ) rel

2 . . . NRRP 10 DAp 700 pM
Ca”" discharge from the ER to the cytosol, is responsible for K, 0.03 uM
the temporal increase in IP; levels observed in neuronal cells 0.2 M

as exhibited in figure 2. The spatiotemporal levels of IP;
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Figure 4. The spatiotemporal Ca”* distribution at V;, V, and V3 = 2.0 and U, and U; = 1.0 with NCX, PMCA, VGCC and Orai channel for

U;=1,09,0.8 and 0.7.

molecules exhibit a reduction when the order of space deri-
vative in the IP; system transitions from an integer-order
(V, = 2.0) to fractional-order (V, = 1.9, 1.8, and 1.7). Also,
the gaps in [IP3;] diminish when the order of the spatial
derivative decreases from V, =2 to 1.7. This reduction can be
attributed to the occurrence of superdiffusion events in the IP;
molecules in neuronal cells. The oscillatory behavior of [IP3]
is seen due to a discrepancy in the dynamic regulatory
mechanisms of IP; in nerve cells during the early time stages.
Hence, the superdiffusion process exhibited by IP; molecules
plays a crucial role in reducing elevated levels of IP3, as well
as its related dynamic ions and molecules such as calcium and
dopamine in neurons.

Figure 3 illustrates the spatiotemporal distribution of
dopamine at U;, U, and U3 =1.0 and V| and V, =2.0. The
DA distribution is analyzed in the existence of the NCX,
PMCA, VGCC, and Orai channels and the order of the space
derivative of the DA system (V3) is varied at 2.0, 1.9, 1.8, and
1.7 in cells. The spatial levels of dopamine are reduced due to
the transportation and degradation of DA molecules, whereas
the temporal levels of DA in neuronal cells are increased as a
result of DA accumulation. It is noted that the levels of
dopamine in neurons are regulated by the superdiffusion
processes of individual DA molecules. When the order of the
DA space derivative lowers from V3 =2.0 to 1.8, there is a
decrease in the concentration of spatiotemporal DA due to the

superdiffusion process in neurons. The spatial [DA] exhibits
distinct behavior in the integer-order system compared to the
fractional-order system. The maximum spatial [DA] is found
near the source location for integer-order spatial derivatives.
The spatial DA reaches a maximum concentration at the
center of neurons for fractional-order space derivatives,
attributable to the excessive diffusion of DA closer to the
source within neuronal cells. Therefore, the phenomenon of
superdiffusion shown by dopamine molecules may play a
notable role in reducing the abnormally high levels of DA and
DA-dependent ions and molecules in cells under hazardous
conditions.

Figure 4 shows the spatiotemporal calcium ion con-
centration at Vy, V, and V3 =2.0 and U, and U; = 1.0. This
Ca®* distribution is influenced by the active states of NCX,
PMCA, VGCC, and Orai channels. The order of time deri-
vative in the Ca>* system (U,) is evaluated at 1, 0.9, 0.8, and
0.7 in cells. The phenomenon of cell memory exhibiting BM
of Ca®" ions is linked to the temporal order of derivative
(O U;<1) inside cellular systems. When the temporal
derivative order transitions from integer (U; = 1.0) to frac-
tional (0.9, 0.8, and 0.7), the influence of cell memory exhi-
biting BM of ions on the Ca®" distribution intensifies in cells.
When the value of U; declines from 1.0 to 0.7, there is a rise
in the spatiotemporal Ca®" levels during the initial period.
This elevation is attributed to the cellular memory, which
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Figure 5. The spatiotemporal IP; distribution at Vy, V, and V3 = 2.0 and U, and U; = 1.0 with NCX, PMCA, VGCC and Orai channel for

U,=1,09,0.8 and 0.7.

induces Brownian motion effects. Also, the significant con-
sequence of cellular memory exhibiting Brownian motion
induces disturbances in calcium signaling, which is char-
acterized by oscillatory patterns in Ca®" concentration pro-
files at U; =0.7 as illustrated in figure 4(D). As time
advances, the temporal calcium levels reach a state of equi-
librium concentration for various time derivatives’ orders.
This occurs because the cellular control mechanism effec-
tively neutralizes the disruptions induced by memory in
neuronal cells. Hence, cellular memory may exert adverse
impacts on the calcium signaling pathways and their
corresponding dynamics such as IP; and DA within neuronal
cells.

Figure 5 illustrates the spatiotemporal distribution of IP;
at Vi, V, and V3=2.0 and U; and Uz = 1.0, considering the
existence of PMCA, NCX, VGCC, and Orai channels. The
distribution of IP; is analyzed for varying orders of time
derivative in the IP3 system, specifically at U, values of 1,
0.9, 0.8, and 0.7 in neuronal cells. The fractional order of time
derivative in the IP; system is associated with the memory
and BM of IP; molecules. When the time derivative’s order
(U,) decreases from an integer value to a fractional value, the
elevation in the IP; concentration is observed during the
initial time noted as a result of memory and BM effects,
whereas concentration-decreasing processes attempt to lower

[[P5] levels in neurons. The discrepancies among these
mechanisms induce abnormalities in the distribution of IP5 in
the form of fluctuations in neurons. With time, the main-
tenance of fluctuations in IP5 distribution at appropriate levels
in neuronal cells is achieved through an IP; regulatory
mechanism. Thus, the presence of cellular memory of IP;
molecules may contribute to the dysregulation observed in
both IP; and IP;-associated signaling systems like Ca*™ and
dopamine.

Figure 6 illustrates the spatiotemporal distribution of
dopamine (DA) at Vy, V, and V3=2.0 and U, and U; = 1.0,
and the order of DA time derivative (U3) is varied between 1,
0.9, 0.8, and 0.7 in neuronal cells. Also, this distribution is
influenced by the presence of NCX, PMCA, VGCC, and Orai
channels. When the time derivative of DA reduces from
U;=1.0 to 0.7, it results in a corresponding decrease in the
spatiotemporal DA levels. The influences of the DA cellular
memory on the DA distribution differ from the influences of
memory of Ca’" and IP; on the Ca?" and IP; distribution.
This is because the DA regulatory mechanism significantly
manages the disturbances caused by the cell memory of DA
molecules in the initial time. Also, the DA level is dependent
on other signaling systems such as calcium and IP3;, whose
cell memory is not considered. Thus, the decrease in
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Figure 6. The spatiotemporal DA distribution at V,, V, and V3 = 2.0 and U, and U, = 1.0 with NCX, PMCA, VGCC and Orai channel for

Us;=1,0.9, 0.8 and 0.7.

spatiotemporal dopamine (DA) levels resulting from cell
memory phenomena has been seen in neuronal cells.

Figure 7 depicts the effects of the D;-receptor on the
calcium concentration profiles at different integer-order and
fractional-order in neuron cells. The activation of the
D;-receptor stimulates the synthesis of IP; molecules, which
in turn amplifies the calcium concentration by activating IP;R
in neurons. Deactivating the D;-receptor decreases the pro-
duction of IPs, causing a subsequent decrease in Ca>" levels
in cells. The difference in the Ca*" levels for distinct
D;-receptor states exhibits different behavior at integer and
fractional order systems within neurons. The functioning of
the D;-receptor is contingent upon the calcium and DA levels
within neurons. The modulation of D;-receptor is directly
correlated with dopamine levels and inversely correlated with
calcium levels in neurons, which further causes uneven dis-
tribution of calcium concerning distinct D;-receptor states
within neurons. The functioning of the D,-receptor enhances
at the fractional-order temporal and spatial derivatives due to
memory and superdiffusion processes. Hence, the D;-receptor
significantly influences the allocation of Ca>" across various
integer and fractional-order derivatives. Additionally, it
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exhibits a feedback mechanism that involves Ca’*, 1P, and
DA in neurons.

Figure 8 illustrates the impact of the active and inactive
D;-receptors phases on the spatiotemporal neuronal IP;
levels. The presence of the D;-receptor increases the creation
of IP; molecules, while the absence of the D;-receptor
decreases the generation of IP; in neurons. The spatial gra-
dient in IP; levels between the active and inactive phases of
the D;-receptor rises from x =0 um towards the center of
cells and subsequently decreases towards the other end
(x=135 pm) since the appropriate IP; concentration levels are
maintained at both the boundaries within neurons. The tem-
poral disparities in IP; concentrations between active and
inactive Dj-receptor phases increase throughout time and
reach a state of balance at various locations within neurons.
The difference in IP; concentration levels increases when the
fractional time derivatives (U;, U, and U;=0.9) are con-
sidered due to the memory effects of ions and molecules
within neurons. Furthermore, the molecules exhibit super-
diffusion, which leads to a reduction in the differences in IP3
concentration levels. This effect is observed when the fraction
space derivatives (Vy, V, and V3 = 1.9) are taken into account.
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Figure 7. The difference in spatiotemporal Ca*" distribution at integer and fractional orders with NCX, PMCA, VGCC and Orai channel for

distinct D1-receptor states.

Therefore, the D;-receptor has a substantial impact on the
distribution of IP; at different integer as well as fractional-
order derivatives, and it also demonstrates a feedback loop
involving Ca*t, IP5, and DA in neurons.

Figure 9 displays the spatiotemporal Ca>" concentration
for distinct buffers namely EGTA and Calbindin-D,gx in
neurons. The buffer molecule exhibits an affinity to the excess
cytosolic Ca®" jons to bind them, hence reducing the cytosolic
Ca*" within cells. Upon analysis of the distinct buffers, it is
evident that neuronal cells have a higher reduction in calcium
levels for the Calbindin-D,gy buffer as compared to the EGTA
buffer. The Calbindin-D,gik buffer has a higher affinity for
binding calcium ions in contrast to the EGTA buffer, which
results in the temporal [Ca®"] profile reaching steady-state
more rapidly than the EGTA buffer within the cell. Similarly in
figure 10, the spatiotemporal IP; and DA production fluxes,
which are reliant on Ca>" levels, also demonstrate a compar-
able pattern for EGTA and Calbindin-D,gk buffers in neurons.
In the case of Calbindin-D,gx buffer, there is a decreased
amount of IP; and DA production in cells. Hence, the
Calbindin-D,g buffer plays a significant role in maintaining
the appropriate levels of calcium, IP;, and DA in situations
involving neurotoxicity and illness.

11

Table 2. Absolute relative error approximations for [Ca®*], [IP5] and
[DA] distribution.

Errors for
GSI [Ca2+] Errors for [IP;]  Errors for [DA]
0 pm 0.25 pm 0 pm
10 and 11 0.053521% 0.88% 12.20%
20 and 21 0.0055890% 0.29% 6.67%
50 and 51  1.9631 x 107%% 0.011438% 0.72%
100 7.5399 x 4.4128 x 0.0079433%
and 101 1077% 107°%

Table 2 displays the absolute relative approximate errors
for Ca2+, IP;, and DA concerning GSI. At GSI = 100, the
lowest accuracy and maximum error of the model for Ca*",
IP5, and DA are 99.9920567% and 0.0079433%, respectively.

The numerical results of the integer-order Ca>" and IP;
systems are displayed in table 3. These findings are consistent
with the documented results [42] at a time of 50 s, indicating a
good agreement between the current findings and existing
research. The root mean square errors for Ca*™ and IP; were
determined to be 0.0035 and 0.000 11995, sequentially.
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Figure 8. The difference in spatiotemporal IP; distribution at integer and fractional orders with NCX, PMCA, VGCC and Orai channel for

distinct D1-receptor states.

Table 3. [Ca>"] and [IP;] at =50 compared to Wagner et al [42].

Position (jum) Ca* levels [42]

Ca" levels (present results)

1P levels [42] IP; levels (present results)

0 1.350000000000000 1.338361848552280 0.500000000000000 0.500000000000000
0.5 1.232315043169371 1.236870382828057 0.466142830711937 0.466206313913817
1 1.115735280749170 1.119398214539027 0.432270696317190 0.432382728076332
2 0.878398731277883 0.880712373555526 0.364452905490556 0.364617532532743
3 0.628405810701451 0.629765718417450 0.296501658993935 0.296661310337345
5 0.100000000000000 0.100000000000000 0.160000000000000 0.160000000000000

Nevertheless, the lack of experimental documentation on the
kinetics of fractional-order calcium and IP; is a significant
challenge in terms of attaining thorough validation. Also, the
numerical outcomes related to the fractional concentration of
calcium ions, IP3, and dopamine signaling mechanisms within
neuronal cells exhibit conformity with biophysical realities.
Tables 4 and 5 depict the comparison in the Ca®", IP;
and DA levels (in uM) among three interacting systems:
Ca’", IP; and DA, with two interacting systems including
Ca®" and IP; and Ca®>" and DA at distinct neuronal sites.
The previous fractional-order model of the two signaling
systems of Ca’" and IP; included the bi-directional
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feedback between calcium and IP3 in neurons. However, the
influence of the ryanodine receptor on the interacting cal-
cium and IP; was not addressed in the prior fractional-order
model. The dynamics of fractional-order calcium and
dopamine, together with the effects of the ryanodine
receptor, were included; however, there is solely unidirec-
tional feedback between calcium and dopamine in neurons.
The present study establishes the feedback loop mechanism
among fractional-order Ca>", IP5, and DA signaling systems
by integrating the D;-receptor in the regulation of IP; in
neurons. The present work incorporates various essential
cellular processes namely the PMCA channel, Orai channel,
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Figure 9. The spatiotemporal Ca®" distribution with NCX, PMCA, VGCC and Orai channel for EGTA and Calbidin-Dygx buffers.
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Figure 10. The spatiotemporal IP; and DA production with NCX, PMCA, VGCC and Orai channel for EGTA and Calbidin-D,gx buffers.

VGCC, and NCX, which control Ca**, IP;, and DA at
optimal levels in neurons. The impacts of these pathways
were not present in the previously reported research. Con-
sequently, the interplay of Ca?", IPs;, and DA signaling
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pathways, in conjunction with biological mechanisms such
as the Dj-receptor, PMCA channel, Orai channel, RyR,
VGCC, and NCX, renders the current study more advanced
than previously published research.
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Table 4. Comparison of [Ca®"] in three signaling systems of Ca®", IP5, and DA with the [Ca®"] in two interacting systems of Ca>" and IP5

and Ca®>" and DA.

Locations [Ca®*] for two signaling systems; [Ca®*] for two signaling systems; [Ca*] for three signaling systems;
(in pum) Ca®" and IPs Ca>" and DA Ca’*t, IP;, and DA

0 1.59352626311615 1.67374166702743 1.39639145777306

1 0.959594060751098 1.10734892213237 0.444646823496717

2 0.583964456594164 0.775884667935086 0.199507243264428

3 0.360415236709176 0.573624721540783 0.152937005272446

4 0.212589240812298 0.377880288715064 0.136796466146167

5 0.1 0.1 0.1

Table 5. Comparison of [IP;] and [DA] in three signaling systems of Ca*t, IP;, and DA with the [IP;] and [DA] in two interacting systems of
Ca>" and IP; and Ca®>" and DA.

Locations IP; for two signaling IP; for three signaling DA for two signaling DA for three signaling
(in pm) systems; Ca®* and 1P; systems; Ca2+, IP3, and DA systems; Ca** and DA systems; Ca2+, IP;, and DA
0 3 3 0.633949375794030 0.634047185204713

1 2.43213661177129 2.43164738874235 0.611019641480479 0.611104126486061

2 1.86430790558617 1.86361274208202 0.538408754743416 0.538474355261389

3 1.29639654811965 1.29574921058797 0.412791833315504 0.412836720211876

4 0.728322817076785 0.727927224597782 0.233790129029834 0.233813079757628

5 0.16 0.16 0 0
Conclusion across multiple GSI. At 100 iterations, the model’s minimum

A mathematical model has been framed for interactive sys-
tems of nonlinear calcium, IP;, and dopamine, utilizing a
fractional-order approach along spatial and temporal dimen-
sions. The CN method with the Grunwald technique for
fractional spatial derivatives and the L1 scheme for fractional
temporal derivatives in combination with GSI were employed
to get numerical findings. The L1 scheme is exceptionally
resilient and effective for the analysis of fractional-order
differential equations. The fundamental characteristic of the
L1 scheme is its capacity to integrate a memory trail that
records and assimilates all previous occurrences, essential for
simulating the dynamics. Earlier researchers examined the
fractional-order reaction-diffusion models of calcium and DA
incorporating unidirectional feedback in neurons. However,
no fractional-order model has been documented about the bi-
directional feedback process between calcium and dopamine
in neuronal cells. The influence of DA on calcium signaling is
facilitated by the integration of IP; signaling molecules, as
DA signaling plays a crucial role in the synthesis of IP;
molecules. The interplay of IP; signaling with calcium and
the dopamine system generates a feedback loop among these
three dynamic systems. No study is presently documented on
the interacting fractional-order systems of Ca®", IP; and DA
in neuronal cells. Also, the current model offers novel
viewpoints on the implications of superdiffusion processes
and cellular memory, which exhibit BM on the cooperation of
fractional-order nonlinear dynamics of Ca2+, IP5, and DA in
neurons. To assess the model’s performance, the absolute
relative approximation errors for Ca”, IP;, and DA con-
centrations in neurons at various sites have been computed
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accuracy and maximum error for Ca”, IP;, and DA are
recorded at 99.9920567% and 0.0079433%, respectively. The
spectral radius has been calculated to assess stability and is
found to be less than 1, indicating the unconditional stability
of the numerical techniques applied.

From the aforementioned results, the following basic
conclusions can be drawn:

1. The superdiffusion phenomenon is a concentration-
reducing mechanism. Enhanced diffusion promotes a
more comprehensive and efficient reduction of intracel-
lular Ca®>" levels through improved accessibility to
binding sites and buffers, effective removal by intracel-
lular organelles, membrane extrusion mechanisms, and
feedback regulation.

2. Cellular memory induces an increase in the concentration
of ions and molecules during the early period. Over time,
it begins to diminish the concentration levels of ions and
molecules within neurons.

3. Various buffer types, specifically EGTA and Calbindin-
D28K, diminish cytosolic calcium ion concentrations in
differing amounts due to their distinct interaction rates
with calcium in neurons.

The obtained numerical results have led to the following
novel conclusions:

1. A significant decrease in the spatiotemporal concentra-
tion levels of Ca”, IP;, and dopamine has been observed
due to the superdiffusion mechanism in neuronal cells. In
conditions associated with disease and characterized by
high concentrations, the cell may use superdiffusion
phenomena as an approach for reducing neurotoxicity.
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Any disturbances in the superdiffusion process can result
in increased levels of Ca”, IP3, and dopamine, leading
to the disruption of the interactive spatiotemporal
dynamical system involving these ions and molecules.

. The impact of DA cell memory on DA concentration levels
varies from the impact of calcium and IP; memory on
calcium and IP3 concentration in neurons. The reason for
this behavior can be attributed to the regulatory mechanism
of dopamine, which effectively controls the disruptions
induced by cell memory and Brownian motion of DA
molecules within neuronal cells during initial time.

. The D;-receptor influences the concentration of calcium,
IP;, and DA in neurons. The functioning of D;-receptor at
fractional-order space and time derivatives significantly
differs from the integer-order space and time derivatives
within neurons due to the memory and accelerated diffusion
phenomena and the same is visible in our findings.

. The neuronal cells experience a greater decrease in
calcium levels concerning Calbindin-D,gix buffer com-
pared to the EGTA buffer, which further leads to reduced
IP; and DA synthesis in neuronal cells.

Therefore, it may be inferred that the phenomenon of super-
diffusion and memory which involves the BM of calcium,
IP;, and DA have crucial functions in governing the
dynamical signaling systems of neuronal Ca®", IP; and
dopamine. The deregulation of any or all of these pathways
can result in neurotoxic circumstances and contribute to the
progression of disease-associated conditions such as AD.

The interaction of three signaling ions and molecules
namely calcium, IP;, and DA has been considered in the
proposed model. However, the current study establishes a
foundation for future investigations into the dynamic inter-
actions of critical neuronal signaling molecules, including
AQ, PLC, and ATP, with nonlinear calcium, IP;, and DA
dynamics in both healthy and pathological neuronal states.
Moreover, the intricate connections of additional essential
signaling molecules with the calcium, IP3;, and DA systems
will provide a more precise comprehension of several ill-
nesses, including Alzheimer’s disease and Parkinson’s
disease.

The CN approach, Grunwald and L1 schemes, and GS
iterations have demonstrated significant efficacy in obtaining
essential insights into the interactive Ca>", IP;, and DA sig-
naling systems within neuronal cells. This study provides
insights into the roles of superdiffusion and cellular memory
signaling molecules, as well as the essential signaling
mechanisms regulating the concentration levels of calcium, IP;3,
and DA in neurons. Also, the information acquired through
these models on the basic mechanisms and events linked with
disease-related states can be valuable to biomedical researchers
in the advancement of diagnostic and therapeutic interventions.
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Appendix. Model equations summary

The fractional derivatives along space in equations (1), (14)
and (20) exhibit the utilization of the CN method in con-
junction with the Grunwald formula as follows [78],

oM[Ca®*]
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Where, the h denotes the spatial increment for i =1, 2, 3,...,
K — 1. The normalized Grunwald weights referred to as gl,,
g2, and g3, are contingent upon the index k and the orders
Vi, V2, and V3, in a sequential manner. The representation of
these weights is as follows:
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T TCwWre G

g = — kW) (36)

T(—Vy)(k + 1)

The fractional derivatives along time in equations (1), (14)
and (20) exhibit the utilization of the L1 scheme as follows
[79],

e EJZ bl ([Ca* /7 — [Ca? )
oY F(2 - Ui (AU
(37
o%p] 1 i b24([IPs}/ "'~ — [1P3)/ ")
ot F(2 - )i (AN ’
(38)
OY%[DA] i b3 ([DA) ™' ™* — [DA} )
o 1ﬂ(2 = (An)Ys ’
(39
where
bl = (k + D% — (!~ 4, (40)
2 = (k+ D02 — ()02, (41)
b3 = (k + D% — ()~ (42)
Considering C=[Ca’*"], P=[IP;] and (=[DA] and

employing equations (31) and (37) within equation (1), we
obtain
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i bl (CIHIR — Cihy 1 & rk-w ; | Tk v "
Z u =Dcam v w—om Gl t o =Gl
F(z — U]) k=0 (AI) 1 2h 1](:0 F(—V])F(k + 1) " 1k:0 F(—\/I)F(k n l)
@
(C)? + (Kserea)?
+Vieak(Ger — /) + VawwPo(Cer — C) + Ks(B8))"

1 | Vierm*h3 (Ger — Cij) - VSERCA(

Fc

— KT[Bl(C/ — Cx) — Vemca L . (43)
' (C))? + (Kpmca)*

Employing equations (32) and (38) within equation (14), we obtain

Jop(p/TIk — pik i+1 _ ) i+1 _ .
1 K(P; o ) _p, 1VZ L'k — Vo) Eﬁk+1+lsz1’ﬂll
rQ - uy)=, (AnL 21" = T(=V)T(k + 1) 2h%2 = T(—Vy)T(k + 1)
c/y? c/ PJ
Vproduction - ( : ) - )\Va 1 - _— —!
1 (C[J)z + (Kproduction)2 C,'J + 0.39 Pij +25
+—
AV —— : — AV | ——
C/+039 )\ P/ + 05 P/ + 30
@)y
*Vba ﬁ ci v (44)
A%
B + (KDA + KPC/+KH)

Employing equations (33) and (39) within equation (20), we obtain

j b3 __i+]7k _ ]7]() 1 i+1 T(k — Vi . 1 i+1 T(k — Vi
Z k(ﬁz - ﬁz _ DDA - Z ( 3) ﬁ}]_k+1 + - Z ( 3) ﬁl]+kl+l
F(z s @ 20 5 T(— VT + 1) 207 & T(— VT (k + 1)

() Vinax B

S A _ o ma 45
1 rd) [DA]p f @ + Ko (45)

+ 1/)-’1RRP-R~e1(

From equation (26), we obtain,

I bl (C/T R~ iRy [, i i1 i pi pj j+1
i R c/ +5 1, C; +dI(C/, P/, 3D + /T, (46
re - Ul)z:: (AU 2hV Zg k& iketr 1 Zg ki—k+1 (& BH f; (46)
J L - T2 — U)NAHY (] ) i+l
SbL(GTT -6 = D@%(Z gLClpr + 20 gk G
k=0 k=0 =
+ T2 — U)(ADYAI(C/, P/, ) + T2 — U)(ADY f17H, 47

F(2 Up(anh

Defining, Bl = , then equation (47) can be expressed in the following manner

2m
j . i+1 i+1 ) ) )
S b - ¢ = 31(2 SLCl i+ Y glkc,“kil) + 1@ = Un(An"dI(C, P, )
k=0 k=0 k=0
+TQ2 - U)(AnY f1it, (48)

. , . . j , . . i .
blo(C/M = €Y + bL(C/ — ¢/ + Y bl (¢ R — ¢/7F = Blglo G/, + Blgli ¢/ + 31(2 glkC/_kJ + BlglyC/Y!
k=2 k=2

i
+Blglhi ¢/ + Blglc/M' + B](Z glkcl.”,j)
k=3

+ T2 — UDA)NAI(C), P, 8) + TQ — U AnU it (49)
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it
—Blgly G/ + (bly — Blgl)C/™' — Blgh /! — BI(Z gl C,.fj,;l) = BlglyC/., + (Blgl, + bly — b1))C/
k=3
: i1 : J . , S .
+b1,C/7 + 31(2 gl c,/_kﬂ) = ST (/TR — ¢/7F + D@ — Uy(ANYdI(C, P, B + T2 — Up(AnY f1IT
k=2 k=2
(50)
Where, the nonlinear terms for equation (43) are represented by dl(Cij , Pij , 5{ ).
The equation (50) shows a nonlinear equations system, which is reformulated as follows:

AlLCH =1 & + (blqul DN Y (o A c,.fk))

k=2
+ T2 — UNAHYdI(C, P/, B)) + T2 — U(ADYFYHY, Gbh
where
CIH = [Cy Y, Git1, Cyitl, . .Ce i+ 1T (52)
C'=10,G/, Gy, ...Ck_]". (53)
FU =0, fI/, f15, ... fl 1. (54)

The coefficients matrix is represented by Al = [Al;;] fori, j=1,2,..., K—1 as,

0 Whenj > i+ 2
—gloBl Whenj =i+ 1

Al;; = {blg — gl Bl Whenj =i . (55)
—gbBl Whenj =i —1

—gl; ;1 1Bl Whenj <i— 1

Similarly, by employing the L1 formula for time dimension and the CN method with Grunwald approach for spatial
dimension in equation (44) as follows,

) . ) J ) . S _
A2P7H = p2p + (bzlP/‘l — > b2uE T - P/‘%) + D@ — U)(An%d2(C/, P, B) + TQ2 — Un(An»F2H. (56)
k=2

The coefficients matrix is expressed by A2 = [A2;;] for i, j=1, 2, 3,..., K—1 as follows,

0 Whenj > i+ 2
—g2¢B2 Whenj =i+ 1
A2;; = {b2y — §2,B2 Whenj =i , (57)

—g2,B2 Whenj =i —1
—g2,«,_,~+1B2 Whenj <i—1
L2 — UB)(AnY:
2hn" '
Similarly, by employing the L1 formula for time dimension and the CN method with Grunwald approach for spatial
dimension in equation (45) as follows,

where B2 = D;

AP = M35 + (b316{‘ > bR ﬁ{">) + T2 = U(An"d3(C/, B, )+ T2 = Up@An® F3IHL - (58)
k=2

The coefficients matrix is expressed by A3 = [A3;;] for i, j=1, 2, 3,..., K—1 as follows,

0 Whenj > i+ 2
—g30B3 Whenj=i+1

A3;; = {030 — g31B3 Whenj =i , (59)
—g3,B3 Whenj=1i—-1

_g3i—j+]B3 Whenj <i—1

L2 - U)(Aan™

where B3 = Dpy s
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Consider A; is an eigenvalue of Al, such that
AlX= XX for some non-zero vector X. Let |x]|=
max {|x]: j = 0, 1,2, ..k}, then 7 Aljx = N, this
implies

Xj

K
)\1 = Al,‘,,' + Z Ali,j

— (60)
j=0j=i  Xi
Putting the A;; values in equation (60),
M\ — bly — Blgl, — Blgly it
Xi—1 = X
— Blgl — B1| > glijii—|, (61)
X j=0 Xi
i+1 X
M =bly—Bllgl + > gl,»,,-ﬂ;f ) (62)
Jj=0,j=i i

Since, (Z?:o gly = 0) and g1, is the sole element in the
Grunwald weights sequence that possesses a negative value,
and gl; = —V] and thus for 1 < V| < 2

>

—gl > glg forj=0,1,2, .. (63)
K=0,K=1
Since‘ 5 < land gl > 0, forj = 0,2,3, ...
i+1 X i+l
S oglijpr |2 < D) gl < gl (64)
j=0j=i Xi j=0j=i
i+1 X
gll + Z gli—j+l —_— < 0 (65)
j=0=i Xi
Similarly, when considering the matrix A2,
i+1 X
821+ > 8241 | 2| <0 (66)
j=0,j=i Xi
Similarly, when considering the matrix A3,
i+1 X
B+ > | —| <o (67)
J=0j=i Xi

For interacting Ca>", IP; and DA systems, the matrix repre-
sentation is obtained in the following manner,

[Al]gxk 0 0
[Alkt1x3k41 = 0 [A2]g <k 0
0 0 [A3]xxx 3K+1x3K+1

(68)

Given that B1, B2, and B3 represent non-negative real num-
bers, all eigenvalues of A1, A2, A3, and A satisfy the criterion
IX] > 1. Matrix A is considered to be invertible, and it is
observed that every eigenvalue of the inverse matrix A~
meets a condition || < 1. Hence, it can be concluded that the
spectral radius of the matrix p(A ~') < 1, which implies that
the used scheme exhibits unconditional stability.
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