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Abstract
We investigate the boundary effect of quark–gluon plasma (QGP) droplets and the self-similarity
effect of hadrons on QGP–hadron phase transition. In intermediate- or low-energy collisions,
when the transverse momentum is below quantum chromodynamics (QCD) scale, QGP cannot
be produced. However, if the transverse momentum changes to a relatively large value, a small-
scale QGP droplet is produced. The modified MIT bag model with the multiple reflection
expansion method is employed to study the QGP droplet with the curved boundary effect. It is
found that the energy density, entropy density and pressure of QGP with the influence are
smaller than those without the influence. In the hadron phase, we propose the two-body fractal
model (TBFM) to study the self-similarity structure, arising from resonance, quantum correlation
and interaction effects. It is observed that the energy density, entropy density and pressure
increase due to the self-similarity structure. We calculate the transverse momentum spectra of
pions with the self-similarity structure influence, which show good agreement with experimental
data. Considering both boundary effect and self-similarity structure influence, our model predicts
an increase in the transition temperature compared to the scenarios without these two effects in
the High Intensity heavy-ion Accelerator Facility (HIAF) energy region, 2.2 GeV to
approximately 4.5 GeV.

Keywords: QGP droplet, multiple reflection expansion method, self-similarity structure, phase
transition

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum chromodynamics (QCD) theory predicts that quark–
gluon plasma (QGP) can be formed after the de-confinement
of quarks and gluons [1–3]. In recent years, the production of
QGP has been discovered in heavy-ion collisions [4–6]. To
gain a clearer understanding of the properties of QGP, besides
studying its properties, it is also significant to study QCD
phase structure and the QCD critical point [7–9]. The QCD
phase diagram is an important tool to explore QCD phase
structure and the critical point. Previous studies focused on
exploring the phase diagram in the region of low chemical

potential [8, 10]. However, recent results from BES-II
experiments indicate that the critical point may not exist in
high-energy collisions with a chemical potential μB <
450 MeV [11]. Consequently, it is significant to investigate
the QCD critical point and the phase transition in mid-energy
collisions with a high chemical potential. To date, mid-energy
experimental programs Beam Energy Scan Phase I (BES-I)
and Beam Energy Scan Phase II (BES-II) at Relativistic
Heavy Ion Collider (RHIC) have been run successfully, and
low- and mid-energy facilities like High Intensity heavy-ion
Accelerator Facility (HIAF), Facility for Antiproton and Ion
Research (FAIR) and Nuclotron-based Ion Collider Faсility
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(NICA) have been proposed and are planned to run in the near
future [12, 13].

Previous studies concentrated on the phase structure in the
thermodynamic limit [14–16]. In conditions of high temperature
or large baryon density, the production of large-scale QGP
[6, 17–20] can be approximately described in the thermo-
dynamic limit [21]. However, in mid-energy collisions, where
the baryon density is not large enough and the transverse
momentum transfer fluctuates to a momentum less than QCD Λ

scale, QGP cannot be produced and only hadrons can be pro-
duced. In the region where the transverse momentum transfer to
the momentum which is higher than QCD Λ scale [22], a small-
scale QGP droplet can be produced [23–25]. The curved
boundary of these small-scale QGP droplets results in one side
being QGP and the other side being hadron matter, inducing
surface tension due to different densities [26, 27]. Hence, the
thermodynamic limit cannot be used in this scenario, and the
effects of curved boundary and surface tension should be con-
sidered. In this paper, we study the boundary effect on small-
scale QGP and QGP–hadron transition. After the phase trans-
ition, in the hadron phase, the collective flow, an important
phenomenon observed in experiments [28, 29], results in the co-
movement of the π meson and its neighboring π meson. This
will induce resonance [30, 31] in pion gas. The π–π resonance
effect for pion gas will also be considered in our study.

In this paper, we study QGP–hadron phase transition con-
sidering two influences: the surface tension and boundary effect
for QGP droplets, and the π–π resonance in pion gas. For QGP
droplets, the modified MIT bag model, extended by the multiple
reflection expansion (MRE)method [32], is employed to describe
the droplet with curvature and surface tension at the boundary.
For pion gas, we propose the two-body fractal model (TBFM)
[33] to analyze the resonance influence on pion gas near the
critical temperature. Finally, we explore QGP–hadron phase
transition under the influences of surface tension and resonance,
and compare the results with and without these influences,
demonstrating the significant effects of surface tension and reso-
nance on the phase transition.

2. Model and method

2.1. The boundary effect of a QGP droplet

Under conditions of high temperature or large baryon density,
a large number of quarks and gluons are produced, leading to
the formation of large-scale QGP [34]. However, in mid-
energy collisions [35–37], where the temperature and density
are not large enough, and the transverse momentum [38, 39]
fluctuates to a small value less than QCD Λ scale, free quarks
and gluons cannot be produced and, instead, hadrons are
produced. Only in the region where the transverse momentum
fluctuates to a large value larger than QCD Λ scale can the
small-scale QGP—QGP droplet [23, 24] be produced. Con-
sequently, for the QGP droplet, one side of the curved
boundary is QGP, while the other side is hadrons. This will
induce surface tension. The effects of the curved boundary
and the surface tension need to be considered.

The MIT bag model is an effective model to describe the
thermodynamics of quarks and gluons confined in a bag [40]. The
MRE method is an important approach to study the finite size
effect of a system with a curved boundary in powers of the
system radius [27, 32, 41]. It can be used to analyze the influence
of a curved boundary. In Madsen's work [42, 43], the MRE
method was used to investigate the effect of curvature caused by
massive s quark in a finite size MIT bag model. Here, in our
study, we apply the MRE method to investigate the curvature of
the boundary and the surface tension of a small-scale QGP droplet
produced in mid-energy collisions.

We treat the QGP droplet as a source field j, the radius
of a QGP droplet points to the droplet's center.

The potential field distribution obeys the equation [44]

( )j jD + =E 0. 1

j¶
¶r
, recognized as the surface tension, is along the tangent

plane P of the point on surface S as shown in figure 1.
In the thermodynamic limit, the density of microstates
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However, a correction for the density of microstates due
to the boundary effect in a small-scale QGP droplet needs to
be considered. The correction can be calculated using MRE
for Green's function method.

The MRE for a time-independent Green's function has
the following form:
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Here, S(0) corresponds to the free field satisfying
( ) ( ) ( )( )g d¶ - - = -m

m
¢ ¢m S x x x xi 0 . Ω is the finite space of

the QGP droplet. K is the reflection kernel in the integral over
surface ∂Ω and describes the boundary effect using correc-
tions of increasing order in the principal radii of curvature as

( )+ = ¼n, 0, 1,
R R

n1 1

1 2
. Here, R1 and R2 are the principal

radii of curvature, R1 = R2 = R. r and ¢r represent the spatial
vectors in Ω. α and β are the spatial vectors on ∂Ω.

Figure 1. Potential field of QGP droplet.
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Based on the relation [32] of the density of microstates ρ
(ω) and S matrix,
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Considering the reflection of order n = 0, 1 in
equation (3) and performing the trace operation through
equation (4), we can obtain the MRE of density of states in
powers of

kR

1 , where R is the radius of the QGP droplet:
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The detailed derivations can be found in [45]. The second
term in equation (5) corresponds to the n = 0 order for
boundary curvature correction. Integrating the kernel K over
the surface, A can be derived as the surface area of a QGP
droplet, A = 4πR2. The third term in equation (5) arises from
the curvature of the boundary with n = 1 order, where C
represents the extrinsic curvature given by the surface integral
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corrections of orders n = 0, 1 in the principal radii of cur-
vature within the second term of the Green's function
equation (3), fS and fC are derived as
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Taking surface tension and curvature of a QGP droplet into
account, the density of microstates for quarks and anti-quarks
with momentum pq is obtained from equation (5) as

( )
( )¯r r

p
= = + +g Vp

p R
f

p

p R
f

1

2

3 6
. 8qMRE qMRE q q

q
S

q

q
C

2
2

2

2

⎡

⎣
⎢

⎤

⎦
⎥

For gluons with mass m = 0, it follows that fs = 0 and
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where pg is the momentum of gluons. gq and gg denote the
degeneracy factor of quarks (anti-quarks) and gluons.

Applying the density of microstates under the influence
of surface tension and curvature above, the energy density,
entropy density and pressure of a QGP droplet are expressed
as
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where ( ¯)e e,q q g are the energy of quarks (anti-quarks) and

gluons, where ¯e e= = +m pq q
2 2 and εg = pg. ¯f f,q q

denote the Fermi distribution for quarks and anti-quarks

¯=f fq q and fg is the Bose distribution of gluons. The three
terms in equation (12) correspond to quark, anti-quark and
gluon, respectively. B(T, μ) is the bag pressure as a function
of temperature T and chemical potential μ in the MIT bag
model [46, 47]. To investigate the boundary effect, we adjust
the parameters to align with recent results of lattice QCD
[48, 49], obtaining the bag pressure B(T, μ) as

( ) ( ) ( )m
m
p

m p= - + +B T B T T,
85

1

4
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, 130

4

2
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where / =B 233.5 MeV0
1 4 .

The energy density, entropy density and pressure of QGP
droplets with and without the boundary effect as functions of
temperature at fixed radii, r = 1, 1.5, 7 fm, are depicted in
figure 2. The energy density, entropy density and pressure
increase with temperature as shown in figures 2(a)(1), (b)(1)
and (c)(1), respectively. For the sake of analysis, we compare
the energy density, entropy density and pressure with (red
trace) and without (blue trace) the boundary effect at fixed
QGP radius r = 1 fm in figures 2(a), (b) and (c). At a smaller
radius r = 1 fm, it is found that the values of three physical
properties under the influence of the boundary effect are less
than those without the influence. We also compare the energy
density, entropy density and pressure with (red trace) and
without (blue trace) the boundary effect at a fixed QGP radius
r = 7 fm as shown in figures 2(a)(3), (b)(3) and (c)(3),
respectively. The values of the three physical properties with
and without boundary effect are approximately unchanged,
suggesting that the influence of the boundary effect is
dependent on QGP size: when the size increases, the influence
decreases.

In summary, the surface tension originating from the
finite size effect of small-scale QGP droplets impacts on the
thermodynamics of QGP droplets, especially in mid- and low-
energy collisions where small QGP droplets can be produced.

2.2. Two-body structure in pion gas

2.2.1. Two-body fractal model. The collective flow is a
significant phenomenon in collision experiments. Due to the

3
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collective flow, π mesons have similar momentum and
frequency with their neighbors, resulting in co-movement of
neighboring π mesons. Furthermore, the same frequency of
neighboring π mesons will surely induce resonance [50].
Secondly, in high-energy collisions, the pion density at the
phase transition temperature is approximately = -0.5fmN

V
3,

and the distance between the neighboring pions is

approximately ( ) / » 1.3fmV

N

1 3
, which is less than the

thermal length of a π meson, l = =
p

3.008fmT
h

mkT2
.

This implies the quantum correlation between two
neighboring π mesons. In mid- or low-energy collisions

Figure 2. Thermodynamic quantities of QGP droplets with different radii, r = 1, 1.5, 7 fm.
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with larger chemical potential and larger baryon density, the
distance between the neighboring mesons is less than in high-
energy collisions. Thus, the quantum correlation is larger than
that of the high-energy case. Thirdly, the solution to the two-
body Dirac equation (TBDE) for ¯ud quarks [51] suggests that
within a distance less than l = 1.2fm, a u quark has a strong
interaction with a d̄ quark. Meanwhile, the interaction

distance and the pion average distance satisfy ( ) / < l2V

N

1 3
,

illustrating the strong interaction between a π meson and its
nearest neighbor. Overall, under the influence of resonance,
quantum correlation and strong interaction in a high baryon
density region, a π meson and its nearest neighbor can form
the two-body π–π system as depicted in figure 3(b).

Analogous to the π–π resonate state as a two-body
structure, a π meson is also recognized as a two-quark bound
state as shown in figure 3(a). Owing to the two-body structure,
we postulate that the two-quark system and two-meson system
exhibit self-similarity and apply the fractal theory to describe the
characteristic. The concept of a fractal was originally proposed
by Mandelbort [52, 53] to describe the similarity between the
components of a structure and the structure as a whole. Tsallis
statistics, inspired by the fractal theory, has been widely applied
to study systems characterized by self-similarity fractal structures
[54–56] in different scales. Hence, we propose the two-body
fractal model (TBFM) [33], which is based on fractal-inspired
Tsallis statistics to analyze a πmeson and π–π bound state as the
self-similarity structure in pion gas.

2.2.2. Pion gas influenced by self-similarity structures. First,
from a meson aspect, we study the π meson as a two-quark
bound state. The π meson is influenced by the self-similarity
structure from resonance, quantum correlation and strong
interaction. We introduce the modification factor q1 to denote
the self-similarity structure influence on the π meson. In the
rest frame, the probability of a π meson is
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in which β is the inverse of temperature, β = 1/T. ψ0 is the
wavefunction of a π meson, which is the ground state of the

¯ud bound state, and ψi is that of ¯ud bound states in different
eigenstates. The Hamiltonian of ¯ud bound states is

ˆ ˆ ( ) ( )= + + + +p pH m m V r , 151 2q q
2 2 2 2

where ( )+ pm 1q
2

2
2 is the kinetic energy of ¯u d, quarks, and

mq = 55MeV is the corresponding mass. ˆ ( )V r is the quark
potential. Here, we consider the quark potential V(r) from the
work of calculating the TBDE by the Crater group [51] as
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where Λ = 0.4218 GeV is the scale size, K = 4.198 and
B1 = 0.05081 are the variable parameters and e is Euler's
constant.

The denominator in equation (14) represents the partition
function, which is the sum of probability in all microstates:
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For calculation convenience, we sum up the lower discrete
energy levels of π and ρ, which are measured in experiments
in the first and second terms in equation (17), and integrate
nearly continuous higher energy levels in the third term. In
first and second terms, the energy of π and ρ solved by TBDE
[51] is Eπ = 0.159 GeV and Eρ = 0.792 GeV. In the third
term, V is the motion volume of a π meson; we take V as the
volume of the hadron gas, p=V r4

3 0
3, where r0 is the radius of

the hadron gas. rmin is the lower limit of the quark distance,
with its value set as the lattice spacing for light quarks
[57, 58] shown in table 1. rmax is the upper limit of quark
distance; here, we set rmax = r0. pmin = 0.29 GeV is the lower
limit of quark momentum as the quark momentum at ρ state.

In the above, we have discussed the escort probability of
a π meson while considering self-similarity structure based on
the fractal theory. Tsallis entropy is associated with the escort
probability in multifractals and follows the maximum entropy
principle [56, 59, 60]. Meanwhile, entropy plays a crucial role
in studying physical properties. In our model, we derive the
Tsallis entropy of a ¯ud bound system as
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Second, we analyze a π meson influenced by self-
similarity structure in the quark aspect. We introduce the
modification factor q0 for self-similarity structure influence on

Figure 3. Self-similarity structure of a meson and a resonant state.
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u or d̄ quarks, which comes from the influence of the strong
interaction between u and d̄ inside a π meson, and the
influence of outside hadrons on pions. The probability of u, d̄
quarks inside a π meson also obeys power-law form as
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where Ĥq is the Hamiltonian of the quark and the anti-quark

with ˆ ˆ ¯= = + pH H mq q q
2 2 . fq0 is the wavefunction of ¯u d,

quarks in the π state and fqj is the wavefunction of ¯u d,
quarks in different bound states.

The escort probability of a π meson can be expressed as
the product of the escort probability of u and d̄ quarks,

· ¯=pP P Pu d2 . Because of the pseudoadditivity [54] in
non-extensive statistics, we define the escort parameter q2 and
it satisfies
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where ˆ = + + +p pH m m1 2t q q
2 2 2 2 and fj is the wavefunc-

tion of ¯ud bound system.
So the escort probability of π meson is given by
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where f0 is the wavefunction of the ¯ud bound system in the π
bound state. The denominator in equation (21) is the partition
function for the quark and it sums up the probability of ¯u d,
quarks in all microstates as
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where ¯ ¯p rE E,ud ud represent the kinetic energy of quarks in the
π and the ρ state, respectively, and they are calculated by the

TBDE [51], ¯ ¯= =p rE E0.8508GeV , 0.3085GeVud ud . Vq

denotes the motion volume of ¯u d, quarks, which approxi-
mately equals the motion volume of π meson V.

Meanwhile, the corresponding Tsallis entropy of the ¯ud
bound system is given by
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Overall, we have analyzed the π meson from meson and
quark aspects separately. From the meson aspect, the π meson
satisfies self-similarity. By introducing the modification factor
q1, we obtain the probability of a π meson as in equation (14)
and the entropy of a ¯ud bound system as in equation (18). From
the quark aspect, the ¯u d, quarks also satisfy self-similarity.
Their probabilities follow a power-law form, leading to the
probability of a πmeson being the product of the probabilities of

¯u d, quarks. The escort parameter q2 is applied to derive the
probability of a π meson as in equation (21) and the entropy of a

¯ud bound system as in equation (23). In fractal theory, the
probabilities and Tsallis entropies for a π meson in the meson
and the quark aspect should equal each other; thus,

( )= =p p p pP P S S, . 241 2 1 2

Considering different situations at different collision
energies, the conservation equation sets (24) can be applied to
evaluate the two-body self-similarity structure influence on pion
gas at different collision energies. The parameter q1 describes the
self-similarity structure influence on the π meson in the meson
aspect, and the escort parameter q2 denotes the quark interaction
in the π meson and the self-similarity structure influence on the
π meson in the quark aspect.

To study the temperature evolution of modification factor
q1, we solve the equation sets (24) to obtain q1 in Au+Au
collisions at =s 39 GeVNN . Shown in figure 4 is the
modification factor q1 at =s 39 GeVNN . It is found that
q1 > 1, demonstrating that the similarity structure decreases
the number of microstates. In the context of non-extensive
statistics, if q1 > 1, Sq < SB−G. Moreover, it is found that q1
decreases with decreasing temperature, so pion gas is

Table 1. The factors q1 and q2 in Au+Au collisions at =s 7.7, 11.5, 19.6, 27, 39 GeVNN for 0–5% centrality solved by TBFM.

/s GeVNN T/ GeV μB/GeV rmin/ fm r0/fm q1 q2

7.7 0.1424 ± 0.00137 0.42 0.14 6.7 1.03062 ± 0.001100 1.13426 ± 0.004055
11.5 0.1483 ± 0.00142 0.316 0.12 6.7 1.03451 ± 0.002688 1.12593 ± 0.006648
19.6 0.1527 ± 0.00147 0.206 0.11 6.95 1.03595 ± 0.002156 1.11965 ± 0.006417
27 0.1541 ± 0.00148 0.156 0.11 6.95 1.04224 ± 0.002919 1.10896 ± 0.005396
39 0.155 ± 0.00149 0.112 0.11 7 1.04482 ± 0.001929 1.10500 ± 0.004225

6

Commun. Theor. Phys. 77 (2025) 075301 T Dai et al



typically influenced by self-similarity structure near to the
phase transition temperature.

From the lattice QCD phase diagram [8], we extract the
temperature and the chemical potential of the phase transition
within the range of error for different collision energies,
which are listed in the second and third columns of table 1.
Substituting the temperature and the radius of motion
volumes, q1 and q2 can be solved in equation sets (24).
Table 1 presents the parameters q1 and q2 solved for Au+Au
collisions at =s 7.7, 11.5, 19.6, 27, 39 GeVNN for 0–5%
centrality. q1 is larger than 1 at all collision energies,
suggesting the existence of self-similarity structure. As the
collision energy increases, the temperature of phase transition
and the motion volume of π mesons increase and q1 also
becomes larger. This tendency suggests that the influence of
π − π self-similarity structure becomes stronger with the
increase in collision energy. This is consistent with the
collective flow effect being stronger at larger collision
energies, leading to stronger resonance, so the self-similarity
structure influence becomes stronger.

We analyze the values of chemical potential and self-
similarity modification factor q1, shown in figure 5, and find
that with the decrease of the collision energy, the chemical
potential μ increases, and the modification factor q1
decreases. The variation of q1 with μ follows a specific rule,
as summarized in the parameter equation:

( )= +m-q e0.0393 1.0132. 251
1.9342

Based on this rule, in the planned collision energy region
= ~s 2.2 4.5GeVNN in HIAF, we obtain q1 = 1.0208 ∼

1.0224.

Regarding a ¯ud bound system as a grand canonical
ensemble and based on the escort probability of pion in
equation (14), the normalized density operator r̂ is expressed

as [61]
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where N̂ denotes the particle number operator of the grand
canonical ensemble.

Based on the density operator r̂ and the pseudoadditivity
law [62–64], the particle number distribution for a π meson
can be obtained [33]:

¯
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where επ is the energy of the π meson. In the limit q1 → 1,
the distribution converges to become a Bose–Einstein
distribution.

With the π meson distribution, the energy density uπ,
pressure Pπ and entropy density sπ can be calculated from the
following formulas:
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where pπ is the momentum of the π meson. gπ = 3 is the
degeneracy of the π meson and V is the volume of pion gas.
The sign of pressure is defined as positive in the expanding
direction.

We take q1 = 1.03595, 1.04482 in Au+Au collisions at
=s 19.6, 39 GeVNN listed in table 1 as an example to

study the influence of self-similarity structure, caused
by resonance, quantum correlation and interaction, respec-
tively. The self-similarity structure has most influence when

Figure 4. The relationship between the influence factor q1 and the
temperature T near to the critical temperature in Au+Au collisions
at =s 39 GeVNN .

Figure 5. The relationship between modification factor q1 and
baryon chemical potential μ.
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approaching the transition temperature. We compare the
quantities of pion gas with and without the influence of self-
similarity structure just below the transition temperature as
shown in figure 6. From figure 6, it can be found that
the energy density, entropy density and pressure without the
influence at =s 19.6, 39 GeVNN are, respectively, the
same. It is known that without the influence of self-similarity
structure (q = 1), there is the same particle number
distribution as the Bose–Einstein distribution at different
collision energies, leading to the same physical properties.
Shown in figure 6(a) is the energy density with and without
self-similarity structure at =s 19.6, 39 GeVNN collision
energy. It can be seen that the energy density increases with
the temperature. At fixed temperature for the same collision
energy, the energy density under the influence of self-
similarity is larger than that without the influence. This is
because the interaction between two π mesons causes self-
similarity structure, leading to the increase in energy density.
At fixed temperature for different collision energies, the
energy density under the influence of self-similarity structure
at =s 39 GeVNN (red trace) is larger than that at

=s 19.6 GeVNN (green trace), illustrating that there is
stronger influence of self-similarity structure on pion gas at
higher collision energy.

Shown in figure 6(b) is the pressure with and without
self-similarity structure influence as a function of temperature.
It can be seen that the pressure exhibits the same increasing
trend as the energy density. This is because at fixed
temperature the larger energy density under the influence of
self-similarity structure induces larger pressure. Shown in
figure 6(c) is the entropy density with and without self-
similarity structure as a function of temperature. It shows that
the entropy density increases with the temperature. At fixed
temperature for the same collision, the entropy density with
self-similarity structure influence is larger than without the
influence. This is because the interaction potential between
pions, one of the factors contributing to self-similarity
structure, increases the microstates. Consequently, the
entropy density increases. At fixed temperature for

=s 19.6, 39 GeVNN , with the influence of self-similarity
structure, the entropy density at =s 39 GeVNN (red trace)
is larger than at =s 19.6 GeVNN (green trace). It indicates

a strengthened interaction between π mesons with increasing
collision energy, leading to more two-body self-similarity
structure. When the influence of self-similarity structure
increases, the microstates increase and it also leads to the
increase of entropy density.

With the particle number distribution of the π meson, in
terms of the transverse momentum pT and the rapidity y, we
can derive the transverse momentum distribution function as
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where pT is the transverse momentum in the lab frame, and

= +m m pT T
2 2 is the transverse mass of the pion. Vlab is

the motion volume of the π meson, related to the volume in
center-of-mass frame V. The Lorentz transformation is
Vlab = γV, where γ is the Lorentz factor. In equation (31),
q1 can be solved through the TBFM in the meson aspect.

Substituting the value of q1 from the TBFM into
equation (31), we can derive the pT spectrum of π mesons in
Au+Au collisions at =s 7.7, 11.5, 19.6, 27, 39 GeVNN for
0–5% centrality, and compare the results with experimental data
shown in figure 7. In figure 7, the traces represent the transverse
momentum distribution under the influence of the two-body self-
similarity structure for pion gas produced in the collisions at

=s 7.7, 11.5, 19.6, 27, 39 GeVNN , and the colorful dots
are the experimental transverse momentum distribution of these
collisions. It can be seen that the theoretical results from the
TBFM have good agreement with experimental data, illustrating
that self-similarity structure exists in intermediate energy
collisions, and influences the distribution of pion gas. If the
distribution of pion gas is altered by the influence of self-
similarity structure, the phase transition will also be impacted
when considering the influence of self-similarity structure.

2.3. QCD phase diagram under the influence of QGP boundary
effect and self-similarity structure of pions

In heavy-ion collisions, QGP undergoes a phase transition
and turns into hadrons. As discussed above, the properties of

Figure 6. Thermodynamic quantities of pion gas with and without self-similarity structure influence in Au+Au collisions
at =s 39, 19.6 GeVNN .
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QGP are influenced by the boundary effect, and those of hadrons
are affected by self-similarity structure. The influence on two
phases will surely impact the phase transition temperature. Based
on the equilibrium condition that TQGP = Tπ, PQGP =
Pπ, μQGP = μπ, with the QGP pressure in equation (12) and
hadron pressure in equation (29), the phase transition temperature
can be determined. Shown in figure 8 is the pressure of the QGP
phase and the hadron phase in Au+Au collisions at =s NN

39 GeV with baryon chemical potential μ = 0.112GeV. The
traces on the left side correspond to the pressure of the hadron
phase, those on the right side correspond to the QGP phase, and
the intersections correspond to the phase transition points. We
also calculate the phase transition temperature at different fixed
chemical potentials and different collision energies as shown in
figure 9, which displays the phase diagrams from heavy-ion
collisions.

In order to study the individual influence of the QGP
boundary effect and self-similarity structure of pions, we
firstly neglect self-similarity structure on pions and treat pions
as an ideal gas through setting q1 = 1 ( blue solid trace) to
study the QGP boundary effect. As shown in figure 8, the
blue solid trace intersects with the trace of the pressure of
QGP phase in the thermodynamic limit at point B, and
intersects with these traces under the QGP boundary effect at
QGP radii r = 1, 1.5, 7 fm at points C, D, E, respectively. It is
observed that the phase transition temperature increases
due to the boundary effect and follows the pattern
TB < TC < TD < TE. This increase is attributed to the
reduction of QGP pressure due to the boundary effect. In
order to reach the phase transition pressure, the phase trans-
ition temperature should be increased. The smaller the QGP
radius, the stronger the boundary effect, leading to a greater
increase in the phase transition temperature.

We study not only the phase transition temperature at
collision energy =s 39 GeVNN and μ = 0.112 GeV but

also the temperature at different collision energies and dif-
ferent fixed baryon chemical potentials. As shown in figure 9,
the blue solid trace, the cadet blue solid trace and the pink
dotted trace correspond to the phase diagrams with QGP
radius r = 1, 1.5, 7 fm, respectively. A detailed presentation
of three traces is inset in the upper right part of figure 9. It can
be seen that at different chemical potentials the trend of phase
transition temperature under the influence of the boundary
effect is the same as that in the =s 39 GeVNN case, that is,
TPT,r=7fm < TPT,r=1.5fm < TPT,r=1fm. This demonstrates that at
different collision energies the boundary effect also increases

Figure 7. Transverse momentum spectra of π+ meson in Au+Au
collisions at =s 7.7, 11.5, 19.6, 27, 39 GeVNN for 0–5% cen-
trality, in mid-rapidity |y| < 0.1. The experimental data are from
STAR [65].

Figure 8. The pressure of the hadron phase in Au+Au collisions at
=s 39 GeVNN and that of QGP droplets at different radii,

r = 1, 1.5, 7 fm.

Figure 9. The phase diagram considering (1) QGP in the
thermodynamic limit (TL) and ideal pion gas (IPG); (2) QGP in the
thermodynamic limit and pion gas (PG) with the influence of self-
similarity structure (SSS); (3), (4) and (5) QGP droplets with the
boundary effect (BE) at different radii, r = 1, 1.5, 7 fm and ideal
pion gas, respectively; (6) QGP droplet with the BE at radius r = 1
fm and pion gas with the influence of SSS. We also list the results
from the functional renormalization group (fRG) model [66],
Dyson–Schwinger equations (DSE) [67, 68] and lattice QCD
[48, 49] for comparison.

9

Commun. Theor. Phys. 77 (2025) 075301 T Dai et al



the transition temperature. The influence becomes more pro-
nounced with decreasing QGP droplet radius.

Secondly, we consider QGP in the thermodynamic limit
and focus on the self-similarity in the hadron phase to study
the influence of resonance, interaction and quantum correla-
tion on phase transition temperature. As shown in figure 8, the
intersection A of the blue dashed trace in the hadron phase
and the purple solid trace in the QGP phase corresponds to the
phase transition point under the influence of self-similarity
structure in the hadron phase. It can be seen that the phase
transition temperature TA under the influence of self-similarity
structure is higher than without the influence, TB. This is
because self-similarity structure increases the pressure of the
hadron phase. In order to have the two pressure traces in the
two phases intersect, the phase transition pressure should be
elevated, so that the phase transition temperature increases.
We also compute the phase transition temperature under the
influence of self-similarity structure in the hadron phase at
different collision energies and different chemical potentials
based on equation (25) and shown as the green solid trace in
figure 9. It can be seen that this trace is slightly above the
ideal gas (orange dashed trace) in the low and mid chemical
potential region, suggesting that self-similarity structure
increases the transition temperature in this region. In the high
chemical potential region, the transition temperature is
approximately the same as that for an ideal pion gas. This is
consistent with the prediction of the TBFM discussed in
section 2.2 that the influence of self-similarity structure
decreases with increasing chemical potential. In the higher
chemical potential region, the collision energy is smaller,
leading to a smaller collective flow velocity, so that the
resonance effect is smaller, and the influence of self-similarity
structure diminishes correspondingly.

Lastly, we take the boundary effect of QGP droplets and
the influence of two-body similarity structure on the pion gas
both into account, and explore the phase transition in the
intermediate and high baryon chemical potential region
(0.4 ∼ 0.85GeV), which could be produced in the future
HIAF. In figure 9, the phase transition of QGP in the ther-
modynamic limit (orange dashed trace), the phase transition
of QGP droplets at radius r = 1 fm with the boundary effect
(blue solid trace) and the phase transition of QGP droplets
with the boundary effect and the two-body similarity structure
influence on pion gas (cyan dotted trace) are plotted. We
also include the phase transition results from the fRG (func-
tional renormalization group) approach [66], DSE (Dyson–
Schwinger equations) model [67, 68] and lattice QCD
[47, 48] in the finite chemical potential region for comparison.

As shown in figure 9, the cyan dotted trace (under the
influence of the boundary effect in the QGP phase and self-
similarity structure in the hadron phase) is a bit above the blue
solid trace (only under the influence of the boundary effect in
the QGP phase) in the low and mid chemical potential region,
and approximately coincides with blue solid trace. The rea-
son, explained above, is that the influence of self-similarity
structure decreases with increasing chemical potential. It is
also found that the cyan dotted trace is much higher than the
green solid trace (only under the influence of self-similarity

structure) and the orange dashed trace (QGP in the thermo-
dynamic limit and pion ideal gas), indicating that the
boundary effect with small QGP radius increases the phase
transition temperature more than self-similarity structure in
the hadron phase. This is because the pressure under the
influence of the boundary effect in the QGP phase increases
faster than that under the influence of self-similarity structure
in the hadron phase. This faster increase in pressure under the
influence of the boundary effect induces a larger increase in
phase transition temperature.

3. Conclusion

We study the curved boundary effect on QGP droplets and the
self-similarity structure effect on pion gas in intermediate-
and low-energy heavy-ion collisions. In the QGP phase, we
use the modified MIT bag model with the MRE method to
study the boundary effect on QGP droplets. At fixed temp-
erature, it is found that the energy density, entropy density
and pressure with the boundary effect are smaller than those
without this effect. The curvature of the boundary increases,
leading to a greater decrease in the energy density, entropy
density, and pressure.

In the hadron phase, we consider the resonance, strong
interaction and quantum effects, which induce the self-similarity
of the π–π two-meson state and the ¯ud two-quark state of a pion.
We develop a two-body fractal model (TBFM) to investigate the
influence of self-similarity structure. In the framework of the
TBFM, we introduce the modification factor q1 to represent self-
similarity structure influence on the π meson, and the escort
parameter q2 to characterize self-similarity structure influence on
the quarks. We derive the probability and Tsallis entropy of the
π meson from quark and meson aspects, and solve the
corresponding equations to obtain the values of q1 and q2. The
result q1 > 1 suggests that the π gas is influenced by π–π two-
body structures arising from resonance, interaction and quantum
correlation effects. Furthermore, the value of q1 decreases with
decreasing temperature, prompting us to analyze self-similarity
structure influence near the phase transition temperature. We
simulate the temperature variation with chemical potential from
lattice QCD and obtain q1 as a function of chemical potential μ.
It is found that q1 decreases as the chemical potential increases.
This is consistent with the trend where decreasing the collision
energy and increasing the chemical potential lead to a decrease
of the collective flow velocity, and subsequently decrease the
influence of self-similarity structure. It is predicted that
q1 = 1.0208 ∼ 1.0224 in the future HIAF energy region

= ~s 2.2 4.5 GeVNN . We compute the π meson distribu-
tion with self-similarity structure influence, and derive the
energy density, entropy density and pressure of π mesons. It is
found that the energy, entropy and pressure of πmesons increase
compared to the results in the thermodynamic limit. Substituting
q1 into the non-extensive transverse momentum spectrum, it is
observed to align well with the experimental data from Au+Au
collisions at =s 7.7, 11.5, 19.6, 27, 39 GeVNN .

Finally, we explore hadron–QGP phase transition under
the influences of the boundary effect in QGP and two-body
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self-similarity structure in pion gas. Considering the finite size
QGP droplet, and utilizing the results of the TBFM in the
intermediate chemical potential region, we derive the phase
diagram with these effects, and compare the result to the
phase diagram without these influences. Considering the
boundary effect of QGP and treating the hadron phase as an
ideal pion gas, we find that the phase transition temperature
increases with the boundary effect. The smaller the QGP
droplet and the stronger the boundary, the more the phase
transition temperature increases. While considering QGP in
the thermodynamic limit and pion gas influenced by the self-
similarity structure, the phase transition temperature increases
slightly with the influence at low and mid chemical potential,
and remains approximately the same as that without the
influence at high chemical potential. This suggests that there
is smaller collective flow velocity in lower energy collisions,
causing a smaller resonance effect and diminishing the
influence of self-similarity structure. Considering both the
boundary effect of QGP and the two-body self-similarity
structure effect of pion gas, our analysis reveals that the phase
transition temperature is higher compared to the temperature
without the two effects, and increases slightly compared to
that with only the boundary effect of QGP. This signifies the
notable influence of the boundary effect and the surface ten-
sion in the high chemical potential region where the small
QGP droplet can be produced. In contrast, the influence of
self-similarity structure diminishes as the collective flow
velocity decreases in this region. The result is instructive to
future low-energy experiments that aim to observe the physics
of the intermediate and high chemical potential region.
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