© 2025 Institute of Theoretical Physics CAS, Chinese Physical Society and IOP Publishing.

Al rights, including for text and data mining, Al training, and similar technologies, are reserved Printed in China

Communications in Theoretical Physics

Commun. Theor. Phys. 77 (2025) 085504 (12pp)

https://doi.org/10.1088/1572-9494 /adae73
CSTR: 32041.14.CTP.adae73

Detection of frequency signal induced by
quantum vacuum with optical

frequency comb

Guanyue Chen' ®, Xiaofei Shen'”, Jing Wang', Shan Jin', Yi Zhang',
Shaoping Zhu’, Xiantu He'~, Bifeng Lei"" and Bin Qiao'”"

! Center for Applied Physics and Technology, HEDPS, and SKLNPT, School of Physics, Peking

University, Beijing 100871, China

ZInstitute of Applied Physics and Computational Mathematics, Beijing 100094, China
? Frontiers Science Center for Nano-optoelectronic, Peking University, Beijing 100094, China

E-mail: xfshen@pku.edu.cn, blei@pku.edu.cn and bgiao@pku.edu.cn

Received 6 January 2025, revised 26 January 2025
Accepted for publication 27 January 2025
Published 28 April 2025

Abstract

®

CrossMark

The properties of the non-trivial quantum state in an all-optical environment come mainly from
the higher-order quantum electrodynamics effect, which remains one of the few unverified
predictions of this theory due to its weak signal. Here, we propose a scheme specifically

designed to detect this quantum vacuum, where a tightly focused pump laser interacts with an
optical frequency comb (OFC) in its resonant cavity. When the OFC pulse passes through the
vacuum polarized by the high-intensity pump laser, its carrier frequency and envelope change.
This can be intuitively understood as the asymmetric photon acceleration induced by the

ponderomotive force of the pump laser. By leveraging the exceptional ultrahigh frequency and

temporal resolution of the OFC, this scheme holds the potential to improve the accuracy of
quantum vacuum signal. Combining theoretical and simulation results, we discuss possible
experimental conditions, and the detectable OFC signal is shown to be orders of magnitude
better than the instrumental detection threshold. This shows our scheme can be verified on the

forthcoming laser systems.

Keywords: strong-field QED, vacuum polarization, laser matter interaction

(Some figures may appear in colour only in the online journal)

1. Introduction

The quantum vacuum can be excited by some external
stimulus like strong macroscopic electromagnetic fields
(called vacuum polarization) [1]. Even at relatively low
energies (relative to the Schwinger field strength E. =
m2c3/eh ~ 1.32 x 10'8 V. m~"), electron—positron pairs can
be transiently created and annihilated (virtual particles),
thereby interacting with the external fields [1, 2]. The mea-
surement of the vacuum polarization effects has been under-
way since 1990s, such as Polarizzazione del Vuoto con LAser
(PVLAS) and Biréfringence Magnétique du Vide (BMV)
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[3-6]. Recently, the development of high-power lasers,
facilitated by the chirped pulse amplification technique, has
reignited the interest in measuring such processes at ultrahigh
laser intensities. Even though the current laser intensity has
been able to reach the order of 10°> W cm™2 [7], the vacuum
polarization signal in the experiment is still so weak that we
have to resort to sophisticated instruments [8].

Among the various schemes that have been proposed or
started to be implemented, the most eye-catching one should
be the experiment driven by the vacuum birefringence effect
[9]. This type of scheme is very promising because x-ray
polarization detectors have already showcased outstanding
accuracy, and it capitalizes on the fact that shorter wave-
lengths exhibit higher polarization flip rate [10—15]. There are

iopscience.org/ctp | ctp.itp.ac.cn


https://orcid.org/0000-0002-9537-160X
https://orcid.org/0000-0002-9537-160X
mailto:xfshen@pku.edu.cn
mailto:blei@pku.edu.cn
mailto:bqiao@pku.edu.cn
https://doi.org/10.1088/1572-9494/adae73
https://cstr.cn/32041.14.CTP.adae73
https://crossmark.crossref.org/dialog/?doi=10.1088/1572-9494/adae73&domain=pdf&date_stamp=2025-04-28
https://crossmark.crossref.org/dialog/?doi=10.1088/1572-9494/adae73&domain=pdf&date_stamp=2025-04-28

Commun. Theor. Phys. 77 (2025) 085504

G Chen et al

high power
Reflecting

Mirror

pump laser

L///,Al A ()I'I(',mma‘ )
VN

-

R

Quiput

coupler

Saturable  gain material

virtual particle
Absorber

Laser Cavity

Figure 1. Schematic of the scheme for using OFC to probe the quantum vacuum. OFC is a phase-stabilized mode-locked laser [22]. In a
typical passively mode-locked OFC resonant cavity, a saturable absorber causes a single pulse to gradually form in the cavity. Each pulse
forms a smaller output pulse when passing through the output coupler, and then the main pulse is reflected back into the cavity and amplified
by the gain medium. (Stabilized OFC also requires an external feedback loop to control the system that has not been drawn.) When the OFC
pulse propagates to a certain position, a powerful tightly focused pump laser is injected from the outside to form a collision of two pulses. At
this time, virtual particle-antiparticle pairs are generated and annihilated instantaneously, i.e. quantum fluctuations, which affect the

properties of OFC pulse.

other schemes such as combining the phase velocity change
with detectors [16], combining the double slit interference
[17, 18] or high-order harmonic effect with the single photon
detector [19]. Despite the existence of several promising
schemes, the pursuit of higher detection accuracy can help
unveil previously unknown physical phenomena, such as the
detection of axions [20]. Furthermore, it might extend
theoretical verification to a broader parameter regime, espe-
cially given the current scarcity of potential schemes in the
optical frequency range. Therefore, there is a strong motiv-
ation to explore new approaches to further enhance the
measurement accuracy. However, the challenge lies in how to
connect signals of vacuum polarization with the inherent
accuracy of measuring instruments. In addition, finding a new
detectable signal is essentially valuable. Compared to ongo-
ing polarization signal detection schemes, it can provide a
cross validation of quantum electrodynamics (QED) theory
and give new dimensional information to explore polariza-
tion-blind particle models.

We find that frequency or spectrum information is an
underestimated potential signal, despite some previous work
discussing it [19, 21]. To make use of this signal in the
experiment, we propose to employ the optical frequency
comb (OFC). The OFC was developed nearly two decades
ago to support the world’s most precise atomic clocks, which
stands at forefront of the measurement precision [22]. The key
features of the OFC are the ultrahigh frequency and time
resolution. Recent progresses of a monolithic OFC can pro-
vide ultralow phase noise and an unprecedented frequency
stability of 1 partin 10" at a 1 s gate time [23]. Consequently,
one significant application of the OFC lies in high-precision
frequency measurement [24, 25]. Therefore, fully leveraging
the characteristics of the OFC for frequency signal measure-
ment holds significant promise for detect the quantum

vacuum. However, to the best of our knowledge, research in
this area remains unexplored.

In this paper, we propose a novel scheme to encode
vacuum polarization signals into OFC to facilitate the
experimental detection, where a tightly focused pump laser
interacts with an OFC in its resonant cavity, see figure 1 for a
more detailed description. We adapted the average variational
approach [26, 27], where the OFC pulse can be treated as
quasi-classical particles, and the nonlinearly responding
vacuum acts as an effective potential for these particles. Our
investigation reveals that by appropriately adjusting para-
meters of the pump laser such as the pulse duration, the focal
spot size, and the time delay between pulse collisions, an
obvious frequency shift of the OFC pulse can be obtained.
This can be ascribed to the symmetry breaking by the tightly
focused pump laser. In addition, we found that the presence of
frequency upshift is always accompanied by the change in
wave envelope. These vacuum polarization effects are even-
tually encoded into the properties of the OFC which are
correlated to the parameters of ultrafast pump lasers. On the
forthcoming laser systems, the measured signal of vacuum
polarization surpasses the lowest resolution of OFC, which
provides a new possibility for detecting vacuum polarization
in the laboratory. The main results were verified and
demonstrated through multi-dimensional particle-in-cell (PIC)
simulations based on the quasi-classical method [28-30].

2. Theoretical analysis

The OFC can be intuitively understood in the time domain as
a series of nearly identical pulses emitted at a fixed repetition
rate T ~ Leaviey /c, as illustrated in figure 1, where Leavity 18
the length of the cavity and c is the light speed. It can be
written as the convolution of a single pulse with a delta comb
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function:

E= (A(t)exp(iwct) ® > (5(tm)) exp (ig, (1))

m=—0oQ

- Z A(tm) exp (iwv(tm) + isﬁo(f)),

m=—00

ey

where ® represents the convolution, ¢,, = t — mTg, w, is the
angular carrier frequency, A(?) is the pulse envelope, and ¢(7)
is the absolute phase of the single pulse (the so-called carrier
envelope offset (CEO) phase) which determines the differ-
ence between the optical phase of the carrier wave and the
envelope position.

The advancement of OFC technology relies on sophis-
ticated stabilization techniques that ensure the pulse train
sequence maintains highly stable parameters for each indivi-
dual pulse. This stability is directly reflected in the spectral
characteristics of the OFC. Specifically, OFC can be descri-
bed in the frequency domain as a phase coherent optical
Fourier modes: E(t) = Z;Zf: oAm exp(iwy, t) where each mode
Wi/ (2T) = fr, = m - fr + fogo is perfectly equidistant. We can
see that all optical modes are phase coherent with one
another, and fz = 1 /T relates to the interval between pulses,
Jeeo = (1/27) - dyp(r)/dt relates to the CEO phase. These two
key parameters of the OFC, f and fcgo, can be controlled and
measured with great accuracy using the nonlinear self-refer-
encing method (detecting the heterodyne beat between two
comb modes) [22, 25], which finally drove the OFC revolu-
tion around 2000. Recently, the linewidth of the spectral
signal has reached mHz or even lower orders of magnitude
[31]. This advancement naturally suggests leveraging the fact
that even a slight shift in a specific mode (referred to as a
‘tooth’) of the OFC can be detected with a high signal-to-
noise ratio (SNR).

Motivated by this, we aim to explore how to encode
vacuum polarization effects into the OFC, particularly in
terms of its spectral properties. Figure 1 and equation (1)
illustrate that OFC can be viewed as a chain of pulses gen-
erated by a single main pulse traveling back and forth within
the resonant cavity. Although the properties of the OFC are
determined by the entire pulse train, we can first study the
effect exerted by the vacuum polarization effect when the
pump laser collides with a single main pulse. Hereafter, we
refer to the single main OFC pulse as the probe pulse and the
entire pulse train as the OFC. Equation (1) identifies several
crucial parameters that warrant our attention, i.e. carrier w,
envelope A(?) and the phase lag between them (7). Hence,
we first focus on analyzing the evolution of carrier frequency
and wave envelope. Subsequently, we proceed to investigate
the alterations in the properties of the OFC.

2.1. Ponderomotive effect induced by vacuum polarization

The starting point of the nonlinear quantum interaction in
low-energy region, where the energy of photon is much
smaller than the rest energy of electron, is the Heisenberg—
Euler (H-E) Lagrangian [1, 2]. We assume that the strength of
the involved electromagnetic field is much lower than the

Schwinger limit E,.,, and the spatial scale of the field variation
is much smaller than the Compton wavelength \.. Thus, we
can use the so-called local constant field approximation and
consider only the leading contribution to the H-E Lagrangian,
as given in equation (2) for limits imposed by the exper-
imental conditions

L = _i(F#VF#V) + gl:(FMVFlLV)z + %(*pruu)z]’ (2)

where ¢ = 202e313/45m}c5 ~ 1.3 x 1073 is the coupling
parameter of vacuum polarization, “F,,,, denotes the dual field
strength tensor and o = ez/ (4meghc) is fine-structure con-
stant. We set ¢ = h = 1 next unless otherwise specified.

To address the problems about quantum vacuum effect in
the equation above, we can either solve for the E-L equation
corresponding to the Lagrangian and apply the Green’s
function method to the first order [10], or alternatively, use
the ‘vacuum emission’ method [32]. In most cases, these
methods are sufficient for analysis. They transform the pro-
blem into evaluating the Fourier integral of a complex field
distribution and thus providing the far-field differential
number of signal photons d’N / dk®. However, since the
standard method for measuring OFC is self-referencing, we
must consider the photon coherence or obtain a macroscopic
description of the OFC. If the aforementioned method is used,
additional integration of the scattered signal photons is
required. Due to the complex form of the integral, obtaining
an analytical solution is challenging. Therefore, to address
this issue and focus on the key physics, here, we adopt the
‘average variational approach’ [26, 27].

For any Lagrangian describing the vector potential,
L= f/ L(O,A, V A, A) dxdt, A has a solution that involves
modulation based on some characteristic form (with slowly
varying parameters). In our case, the vector potential A cor-
responds the probe laser and is expected to be modulated by
vacuum polarization on the basis of the incident periodic
pulse, A = ®(0, x, ). Here, ® is a periodic function of 6 (with
the period normalized to 27). We define the following para-
meters for this wavetrain: the local wave vector and the local
frequency k(x, 1) = V 0, w(x, 1) = — 0,0. The average var-
iational approach allows us to directly study the evolution of
these parameters by introducing the following average
Lagrangian

L= —%az(k2 — w4+ %A,\,(k2 + 2kw + wz))
3)

where the probe laser is assumed as E = ¢;a(x, t) exp (i6(x, 1))
and the pump laser is Epymp(x, 1) = e, Eo(x, 1) - exp(iO(x, 1)),
Ay = 14EE¢(x, 1) /ey if e; is z direction, Ay = 8EEZ (x, 1)/eo
if e; is y direction. Eg(x, £) is the envelope of the pump laser. Note
that here, for clarity and to illustrate the main physics, we con-
sider the case of head-on collisions between the probe laser and
the pump laser. A detailed explanation of equation (3) including
the approximations and derivations involved are included in the
appendix and, our later analyses and PIC simulations will help
justifying the simplification.

— $AN (D@ — 20,ad,a + (D,a)),
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Then, using the variational principle for a and consistency
relations, we can obtain the ray-equation that can represent the
main characteristic dynamics of probe photon [26, 27]

x:(l — An(e, 1) + %)k
k=—-kV (1 — Av(x, D) + %) (4)

where My = (0, — 9,)(Ay0.a — AnO.a). While equation (3)
extracts the low-frequency effects of the rapidly oscillating
pump field on the incident probe laser (see appendix),
equation (4) describes the evolution process of position x and
momentum (wave vector) k of the probe laser under the
background pump field. This allows us to treat the probe pulse
as a quasi-classical particle, with the nonlinearly responding
vacuum acting as an effective potential for these particles. In
this context, the evolution of the photon momentum depends
on the gradient of the pump laser envelope, which is similar to
the well-known expression for the ponderomotive force
experienced by electrons in a laser field [33]. Following the
terminology in the literature [34], we refer to this effect as the
ponderomotive force for photons.

As mentioned above, we also need to apply the varia-
tional principle to 6. This gives the evolution of the envelope
and the relationship between the envelope and the carrier

(20.) + kAN + UJAN)a[Clz
—(—2]( + wAN + kAN)BXaZ
+a*(w — k) (9 Ay — 0.Ay) = 0. ®)

The solution to this equation can be written as the form

a?(x, 1) = §_,ag (x)

+ ft §o_i(—ad*(w — k)(OAy — O, Ay))dt’.
0 ©)

The §_; operator functions to rewind the variable x to its state

at time ¢ at a speed governed by W ~ V. This
N N

solution can be intuitively understood as treating each point
on the probe laser as an independent particle, carrying definite
intensity information. Each particle moves at a velocity
of v, while changing its intensity at a rate of (—d*(w — k)
(0An — 0,An)). Thus, v, represents the moving speed of the
envelope, i.e. the group velocity. In fact, v, is exactly the
speed of x in equation (4).

2.2. Effect induced by ponderomotive force

In the following, we will focus on three primary effects
induced by the ponderomotive force. The first corresponds
to the change in the spectrum, especially the carrier.
Equation (4) intuitively shows the main behavior that the
frequency of photons increase at the rising edge and decrease
at the falling edge of the pump envelope. This result can also
be understood from the perspective of equation (6). Since
each point on the probe laser carries intensity information
with velocity v,, equation (4) indicates a non-zero ponder-
omotive force (k = 0) implying a spatial inhomogeneity of
these velocities, leading to a change in the wave envelope.

When the probe laser is located on the rising edge of the
pump laser envelope, it will be compressed due to the slow
motion of the front point and the fast motion of the back
point. We know that the compression of the spatial spreading
distribution corresponds to an increase in frequency and this
also leads to a certain degree of broadening of the spectrum.
Secondly, the phase velocity of the carrier can be
obtained from the dispersion relation equation (A.3),

My
. 7
4ak? ™

Combined with the velocity of the envelope given by v,, we
can obtain the change of CEO phase.

The third is the change in the intensity of the probe laser.
In experimental measurements, we tend to focus on the
electric field information

E=—-0A = —0/(acos(0(x, 1))
= J(0a)* + a®w(x, 1)? cos(O(x, 1) — 0. ()

vl —Ayx, t) —

The evolution of w(x, f) can be obtained from equation (4),
and the evolution of J,a can be obtained by taking the time
derivative of equation (5). Finally, by substituting these
results into equation (8), we can obtain the evolution of the
electric field amplitude

3tvg

Ve

OUE| + v, OuE| = |E]. (€))

Its solution is IEl = I|Eyl exp ia;iT in the light speed

frame, with £ = x — fvgdt, 7 = t. The right-hand term of
equation (9) indicates that the probe laser intensity will gra-
dually increase or decrease depending on 0,v,.

To verify our theory and conduct further analysis of our
proposed scheme, we carried out 2D PIC simulations. We have
developed a vacuum polarization module and integrated it into
the EPOCH code [28]. The appendix includes some more spe-
cific explanations of the simulation program and supplementary
simulations that may be helpful for understanding.

We firstly preform two simulations by colliding a Gaussian
probe laser with a pump field with and without oscillating
component. The envelope intensity of the pump field increases
linearly along the propagation direction of the probe pulse, as
depicted in figure 2(a). The temporal evolution of the maximum
wave vector, FWHM of spectrum, and highest strength of the
probe laser during the collision is shown in figures 2(b), (c), and
(d), respectively. It is worth noting that the maximum wave
vector in figure 2(b) does not exhibit an oscillatory feature like
the strength evolution in figure 2(d), but rather a low-frequency
rising process. This can be understood from the uncertainty
principle, which makes it impossible to define the wave vector
for the precise physical location. Hence, the wave vector of the
probe laser can only be analyzed within an appropriately wide
window, leading to a spatial averaging effect. This is also one of
the reasons why the averaged Lagrangian in equation (3) is valid
here. In any case, the comparison of the simulated and theoretical
results clearly shows that the average variational method and the
ponderomotive force equation (4) can effectively describe the
evolution of the probe laser.
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Figure 2. (a) Schematic of a probe laser with a Gaussian temporal
profile passing through a pump field with an oscillating (upper panel)
and non-oscillating (lower panel) increasing profile. The colormap
represents the strength of the pump fields (normalized by m.cwy/e).
The slope of the oscillating field is /2 times larger than that of non-
oscillating filed, which, according to the theoretical analysis, makes
the probe laser to behave similarly in both cases. (b), (c), (d)
temporal evolution of the carrier wave vector, FWHM of spectrum,
and highest strength during the collision of the probe laser,
respectively.

3. Main results

3.1. Photon acceleration by tightly focused pump laser

As shown in figure 1, a tightly focused strong pump laser is
injected into the OFC resonant cavity. For a single collision,
consider a two-dimensional tightly focused Gaussian laser as
an example

2

0 exp (_ny n i@),

Epump = EpumpO W)

b =kx + k)—27 — %arctan (xi),
2x[1+("7’*)] ®

X \'2 2
[[7 T ke ]

AT? ’

EpumpO = Ep eXp| — (10)

where w(x) = wo\/l + ((x — x9)/xg)* is beam waist,
xg = 7@/ \ is Rayleigh length, and R(x) = x(1 + x3/x?) is
radius of curvature. x, represents focal spot position of pump
laser, Ty represents the time when pump pulse reaches x = 0.

Using equations (4) and (10), taking only the first order
into account, after some simplification, we have the final
frequency shift

Ak(&, )

- er— o)
T —56¢E exp (W)(f + 2¢T — 7))

J; c2AT? ’1 + (754&77)0 )2
XR

_ o2
—EEG exp (72(6 t’_}zz;z <o) )(f +2¢7 — ¢Tp)

N2
4x,%(1 + (W{%XO) )

If £ + 2¢7 — ¢y < 0, Ak increases in the time of dr, and
vice versa. Note that when xy = ¢7¢/2 or xgx — oo, for £ = 0,

dr. (11)

the integrand is an odd function, and the entire integral value
is 0. This corresponds to that the probe laser passes through
the pump laser completely symmetrically, and the acceleration
and deceleration experienced by the probe laser cancel each
other out. In fact, equation (3) can be expressed in the form of
canonical equations, thereby allowing the use of canonical
transformations. By applying the canonical transformation
q =X+ ct,p =k to the effective potential field, we can
demonstrate that when the pump resembles a one-dimensional
plane wave f(®) = a(—k_(X + ct)) - exp(—ik_(X + ct)),
the probe laser does not gain any energy from the collision.
This suggests that when the pump laser has Gaussian profile
with a large beam waist, it can be approximated as a one-
dimensional wave, resulting in no final frequency shift for the
probe laser. In our case, if xo deviates a little from c¢7/2, the
tight focusing effect (i.e. the denominator term) will break the
symmetry. From the formula, it is appropriate to perform a
Taylor expansion of the integral around xg = c¢79/2 (using
variable substitution z’ = ((c7 — x0)2/x32)). This gives

—8x37
28£E02 exp ( L’2A)j'2 )

Ak(r) =2 [ ——

X 22 @+ 1) Axdz. (12)

We performed PIC simulations to analyze the above pro-
cess more carefully, as shown in figure 3(a). The size of the
simulation box is (—10 ~ 10)\) x (=15 ~ 15)), where
4000 x 600 cells are divided in the x and y directions,
respectively. A Gaussian pump laser was incident from the
right boundary into the box, with a peak intensity of
1.37 x 10**Wem™2 (a = 1000), wavelength A = 1 um, pulse
duration FWHM A7 = 5T, and beam waist W pump = 1A The
focal spot was positioned at x = 0. After a delay, a probe laser,
also Gaussian, was incident from the left boundary with
amplitude a =10, wavelength A = 1pm, FWHM of pulse
duration 7 = 27T, and beam waist Wpope = 8. Its focal spot
position was also set at x =0. The nonlinear parameter ¢ was
set to 4.3 x 10~* in this simulation (¢E* ~ 5S¢ see appendix
for justification). When the pump laser is at the x = 0, the probe
laser is at —5 pm. Thus, the pump laser passes through the
center of the simulation box and subsequently collides with the
probe laser.

Figure 3(b) displays the two-dimensional electric field
distribution of the probe laser after the collision. We can
intuitively see that because the pump laser has a narrow beam
waist, the electric field near y =0 changes after the interac-
tion, i.e. a phase delay occurs due to the presence of a strong
pump field that changes the refractive index. For the near-field
evolution that occurs when two lasers interact, we expect the
basic behavior of the probe laser to be similar to that shown in
figure 2, in which the most important thing is the gradual
change in the carrier frequency. To provide a more intuitive
understanding of the physical processes involved, we present
a plot that shows the trajectory of the probe laser (yellow line)
and the gradient of the laser envelope amplitude (shown as a
contour diagram) in the same figure figure 3(c). Between
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Figure 3. (a), (b) The intensity map of the pre- and post-collision of
the probe laser and the pump laser. (c) The probe laser experiences a
stronger positive gradient in the whole interaction process. The
yellow line represent the trajectory of the probe laser and the
background contour diagram shows the spatial distribution of the
gradient of the pump laser envelope (here only the data on the central
axis y = 0 are shown).

approximately 87 — 147, the probe laser collides with the
pump laser, experiencing a positive gradient that results in a
frequency upshift (blank region). Its frequency reaches a peak
of 1.035k at around 147. As the probe laser is about to move
away from the pump laser, it experiences a negative gradient,
causing the wave-vector to gradually shift down (white
region). However, due to the presence of the factor \/wy/w (x)
in tightly focused lasers, we observe that the yellow line
experiences a larger gradient in the blank region than in the
white region (see the value marked by contour line). It is this
symmetry breaking that ultimately leads to photon accelera-
tion. Figure 4(a) shows the spectrum evolution of the electric
field on axis y =0. We can see that the spectrum undergoes
an overall right shift followed by a left shift, which corre-
sponds to a rise and then a fall in the carrier frequency. At
t = 21T, the probe laser has completely left the pump laser
and gets a final frequency rise 1.01ko.

3.2. OFC signal influenced by vacuum polarization

As previously mentioned, the properties of OFC is that of a
whole chain of pulses, so we now return to the analysis of the
entire OFC. In the schematic shown in figure 1, a con-
tinuously injected pump laser can collide with OFC pulse
multiple times. It may accumulate the vacuum polarization
effect over a given measurement time, so we broaden the
scope of pump lasers under consideration, ranging from ultra-
intensity and ultra-fast lasers commonly used in other vacuum
polarization experiments such as ELI-NP [35] (very high peak
power 10 PW with 1 shot per minute) to a wider range of
ultra-fast laser systems [36, 37] (relatively low peak power
but the repetition rate can reach 100 MHz or more). In

Figure 4. (a) The normalized spectrum of k, of the probe laser on the
axis at 87, 127, 21T. (b) The electric field E, of the probe laser as a
function of position x on the axis at the initial and final states. (c) The
time evolution of carrier k, on the axis for the cases wo pump = 1 pm
(upper) and wpymp = 8 pm (lower). The theoretical lines are
calculated from equations (12) or (4) (d) The dependence of the
theoretical prediction error with respect to beam waist of the pump

- \2
laser. \/zg’zo(ik'm;l; fo /v = 1).

general, the pursuit of higher intensity can produce a strong
measurement signal in a single collision, which is conducive
to reduce the measurement time and mitigate the impact of
other disturbance factors. However, the use of a high repeti-
tion rate laser allows for higher average power and provides
us with more possibilities to modulate the OFC and vacuum
polarization signals. So, there is a trade-off between the
repetition rate and the peak intensity of the focused pump
laser. To briefly illustrate the principle of possible OFC
property changes, we leave aside the specific parameters for
the moment and assume the OFC pulse in the resonator can
collide with the pump laser at the same position during each
round-trip. As stated above, we will focus on changes in OFC
frequency information as potential measurable signals.

The modifications in the properties of the OFC can ori-
ginate from two sources: the immediate alterations in prop-
erties following the collision of pulses (called direct change),
and the subsequent effects that occur during the transmission
within the resonant cavity (called indirect change). Regardless
of the type of pump source, these modifications can be
included in the expression of the pulse train represented
below.

EM)= Y A, + mbA(®))exp(iw(t,))

x exp (igy (1) + i6p, (1)) x exp(i méw(t,,)), (13)
where 8A(¢) is the amplitude change, d¢(f) is the CEO phase
change, t, =t — mTg, T = Tg + 6Tz is caused by the
refraction index change (phase delay), exp(i méw(t,,)) repre-
sents the carrier frequency shift after every collision.

Let us consider separately how these changes constitute a
possible OFC measurement signal. Firstly, we refer to the tips
in [25] to calculate the frequency shift term exp(imdéw(t,,))
which is a pure direct change. Let F denote the Fourier
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transform and F{A ()} = A(w), we have

f{ i A(ty)exp(iwe () exp(i méw(lm))}

~ Y. Acexp(—iwmTy)

m=-—0oo

+ Z '?RI {G méwTg + 1) — 1} exp(—iwmTyg)
= Z cob(w — mwr) + 16(w — mwr — bw). (14)

Here, A, = A(w — w,), we do a first-order Taylor expansion
on A(w— w, — mw,) with respect to mw,. and denote
AC/ =A(w—w). ¢=WA — i%:), = IAL/TLR We have
used the relation Y0 exp(—iwmTg) = >,
8w — mwr), wr = 27/ Tx. The above equation holds only for
a very small éw, specially NéwTg < 1, where N is the actual
number of pulses generated during the experiment measure-
ment, and 1/(N - Tg) is approximately equal to the theoretical
linewidth of the OFC. Thus, the direct contribution of the
frequency rise term to the OFC spectrum is to produce a small
sideband with a frequency shift éw, whose normalized
intensity power is (compared to the peak intensity of the
carrier signal).

ATprobe

ﬁéw = 101g(P6w/Pcarrier) ~ 2Olg( )dB» (15)

R

where AT is the pulse duration of the probe laser.
Secondly, analyzing the impact of T, = T + 6Tk on the
OFC is simpler, as it directly changes flg = 1/Ty, causing
each comb tooth to move §f =m - §fg = m - fg - (6Tg/Tg). The
corresponding overall shift of the comb tooth frequency at the

carrier frequency is approximately
Aw =~ Ay X ATpump X W

T, (16)

Thirdly, we already know that the CEO phase is directly
related to the fcgo of OFC. Our focus now is on analyzing the
possible sources of d¢ (). By definition, the CEO phase is the
relative displacement between the carrier and envelope,
usually caused by v, = v,.

L 1 1
Ap =w f —— + — |dx
0 Ve Vp
Equations (4) and (7) demonstrate that v, is not equal to v,

during the pulse collision, resulting in a direct change of the
CEO phase.

a7

Agp; = —w f ﬂd)c,

c 2ak2
where ¢ represents the collision area. In addition, there is a
more important source of indirect change for dyo(7). In the
absence of vacuum polarization, the main source of origin
CEO phase ¢q(?) is that the material inside the resonator is a

(18)

dispersive medium whose v, = v,,. So it can be calculated by
integrating along the beam path of one cavity round trip [24].

L L 2
o [ (_g . g)dx - [t iy,
0 Ve Vp 0 ¢ dw

We can see that ¢, depends on the carrier frequency. As the
pump light induces a shift in the carrier frequency, it conse-
quently affects the propagation of the OFC pulse within the
cavity, resulting in a modification of ¢,. Both equations (18),
(19) indicate a constant shot-to-shot phase difference, and
therefore we can assume a linearly evolving absolute phase
o) = 2fepot = 27242220, Accordingly,
obtain the physical quantity I}CEO that we wish to obtain.

Suppose we use a typical Ti:sapphire laser cavity, the
contribution of the crystal to the CEO is on the order of 1000
radians [24]. We adopt the expression of refractive index n
given in paper [38], n=mng+ n,=ny+ n20 +
Nyiexp(—(A — Ag)/A) + Nyexp(—(A — Ag)/A2), then the
change in CEO phase caused by the change of carrier fre-
quency should be

19)

we can

A0—A A0—A

e N N e 2 N,
Y + %
6(Ap) = 1000 X —— AO: X AN (20)
e NN e M
/\] )\z
Substituting the parameters N; = 2.3 em®* W,
N, = lem®W!, A\, = 46.6nm, A\ = 1086.3nm,

Ao = 266 nm, A\ = 8002* nm, A = 800 nm, we get the final

‘:")(,

fceo frequency shift is

opo = 120TL 3 Q1)

R We

Finally, by calculating the term of the change in ampl-
itude 6A(f) given by the equation (9), we will get results of
frequency shift of similar orders of magnitude. However, we
will not discuss this effect in detail because the amplitude
change also needs to consider both direct and indirect chan-
ges, and there are actually more complex effects such as high-
dimensional self-focusing effects (see simulation results in the
next section).

Based on the obtained results, we can estimate the
changes in the properties of OFC in realistic experiments. In
the subsequent analysis, we assume that the repetition rate of
the OFC is 100 MHz. The colormap plot in figure 5 shows the
frequency shift §f after a single collision at the optimal time
offset while varying different parameters. The peak intensity
of the pump field ranges from 10'® to 10** W cm 2, and the
pulse duration A7 from 17 to 157. Here, the compressed focal
spot is assumed to be 1 um with a duration of several fs.

We mainly discuss the experimental conditions in this
section required for the signal detection given by
equations (15), (16) and (21) respectively. For equations (15)
and (16), because of the high repetition rate, the energy of a
single pulse is limited to an order of 10™*J (see the circle at
the bottom left of figure 5). Here we assume the ultrafast laser
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Figure 5. Frequency shift df after a single collision at the optimal
time offset by varying the pump laser intensity and pulse duration.
The carrier frequency of the probe laser is set to be

3 x 10" Hz (1 pm). White contour lines: shift of the comb teeth at
the carrier frequency from equation (16). Black contour lines: the
shift of fcgo after a single collision. The number in the ellipse
represents the pulse energy under the corresponding parameter. e-01
means 1071, the same below.

can reach tens kilowatts average power [36]. For the
equation (15), the direct contribution of the frequency rise
term, we can see that the shift of the spectrum of the OFC is
0.3 Hz which is already larger than the 1mHz linewidth of
some low-noise OFCs. So the requirement for the OFC is the
original SNR is greater than Ps, ~ 100dB. For the
equation (16), the direct contribution of the change of Tk, the
corresponding shift of the comb teeth at the carrier frequency
is about 10> Hz (plotted by white contour lines in figure 5).
This places a higher demand on the linewidth of the OFC.

For the signal equation (21), obtained from the GPO
variation, a single collision with a high peak intensity or
multiple collisions at high repetition rate can achieve similar
result. The black contour lines in figure 5 represent the shift of
fceo after single collision with a high peak intensity. If we
adopt a realistic parameter 102 Wem 2 [39], the shift éfcgo
reaches order of Hz, surpassing the mHz linewidth by three
orders of magnitude. Compared to the previous two signals,
this demonstrates that the signal of the &fcgo is highly likely
to be observed in the experiment.

4. Discussion and conclusion

In experiments, the utilized laser pulse always has a finite
focal spot size. Then one has to check the validness of the
simplification of equation (3) where the transverse gradient is
neglected to facilitate our analysis. Qualitatively, in
equation (4), V| Ay(x,t) x V. (E Sump) indicates that the
deflection of the photon near the central axis become non-
negligible when the transverse gradient of the pump field is
relatively large: (1) the continuous increase in intensity
caused by the inward convergence of light; (2) transverse
spatial confinement, which, through the uncertainty principle,

introduces a spread in the transverse momenta and hence a
frequency shift in the axis [40]. Two simulations with focal
spot size of 1 um and 8 pm are conducted. The results are
illustrated in figure 4(c). For both cases, the simulation results
fit with our analysis quite well. In figure 4(b), we observe an
unexpected increase which deviates from our theory. To
explain this, we find that these deviations can be gradually
eliminated when the focal spot of pump laser increases. For
instance, the lower subplot of figure 4(c) shows the corresp-
onding results when wo pump = 8 pm. Figure 4(d) shows that
when the waist of the pump laser increases, the simulation
results quantitatively converge to the theoretical predictions.

The quantum-induced effect is small, its observation in
simulations requires analyzing the evolution of scattered pho-
tons. In our simulations, this can be conveniently calculated by
subtracting the electric field of the probe laser propagating in
vacuum, E,..(x, t), from the electric field of the probe laser
during the interaction, Ei,(x, 1). Egay = EindX, 1) — Eyuc(x, 1).
Figures 6(a), (b) present the spatial distribution of E, at dif-
ferent specific moments during the interaction process. The
results indicate that the scattered light initially converges
inward during the early stages and subsequently diffracts out-
ward. More importantly, if we can establish a relationship
between E;,, and E.,, we can gain a clearer understanding of
the role that the transverse effect can play. Assuming
Ei(x, t) = a(x, t)exp(i(dy + 6.) + a.), where 0y = kx — wt
is the intrinsic vacuum phase evolution, and a(x, ) is the
amplitude envelope, we have

- Evac ~ a(x, t)ewo(igc + iocac + ac)
1(90

E o = Ein
~a(x, t)e

Lia'(x, t) - ellota),

. _jec
-6, - e% - e %

(22)

Here the relationship between Ei, and E., is determined by
the envelope (d/(x,t) = afl. = a - 6, - exp(a.)) and phase
(exp(ify + ia’)) of E, This means that the envelope of the
scattered light is related to the phase lag of E;, and
o/ = —a./0. means that the phase of the scattered light is
closely related to the increase in intensity of Ej,. Then, we
substitute the form of E., into the governing equation,

V2E — OE = f. o1 (& E pump Evac), and have

iV (0o + a))* — (90 + a))?

_(Vae. 000 (ke 060 | _
a(x, )0 a(x, 10" B

[V(a@x, 0. - V(0 + o)
— Oa(x, 1)0L) - 00y + )] = fooy - € G0,

k)

(23)

While it is challenging to give an analytical solution, by
considering the simulation results and an asymptotic form of
the solution, the calculation can be significantly simplified.
Firstly, the simulation results reveal that E., exhibits a beha-
vior analogous to the diffraction divergence of Gaussian light.
Therefore, we introduce a description similar to the Gouy phase
shift, 8y + o/ = (kox — wot) + (Aksx) = ko(x — ct) + Ak,
(x — ct) + Akt = (kg + Aky)(E) + Akyer. Applying the
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Figure 6. (a), (b) presents the spatial distribution of E,, at different
time during the interaction process. (c) Red line presents the
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. They exhibit a precise negative correla-

temporal evolution of (r?) . Black line presents Ak,

Vi (atx,000)
ax, 00,
tion. (d) After the corrections in equations (24), (25), a comparison

between the theoretical predictions of the intensity and the
simulation results. (¢) Comparison between oblique incidence and
head-on collision. (f) Comparison of different simulation resolutions.
Waist of pump was set to 1.5 pm.

calculated via

paraxial approximation, the operator V2 is simplified to
V2 — k0, + V2. Secondly, by ignoring higher-order terms
above &, we can treat a(x, 1) as exp(—(x — cf)*/(Ax?))
to emphasize the primary physical process. With these
approximations, equation (23) are reduced to

Vi, 067)
ax,no. |

2(0,0., - 2ko) = 0. V2 (Op + a') + fop, - e 00+,

2ko(Aky) = ( (24)

(25)

Equation (24) shows that when the transverse effect is
nonzero, i.e. Vf_(a(x, 00 /a(x, t)0. = 0, it leads a correc-
tion to the wave vector of the scattered light, Ak,. We know
that the intensity of Ej, increases with o/, a.=
—0.(1) - o = —0,(1) - Akger. Thus, it explains the increase
in intensity caused by the transverse effect, as the simulation
results shown in figures 6(c), (d).

In equation (25), the two terms on the RHS of
equation (25) will affect the phase 6. of Ej,. When the
transverse effects are zero, it should revert to the one-dimen-
sional case, i.e. the result obtained by the average variational
approach. Since the transverse effects in equation (25) are
mainly reflected in the term 6, V2 (6 + o), the second
term on the RHS of equation (25) should represent the phase
lag caused by the ponderomotive force and the term
0. V* (0y + o) should correspond to the additional transverse
correction to this phase. The calculated results indicate that the
influence of this term is relatively minor, which ensures that our
theoretical predictions of the spectrum remain reasonably
accurate.

Another point is that, for simplicity, our previous ana-
lysis focused on the case of head-on collision. As shown in
figure 1, the practical implementation of the proposed
experimental setup may require the pump and probe lasers to
collide at a small angle, due to constraints imposed by the
cavity geometry. The reason for focusing on the case of head-
on collisions lies in the typical parameters of the resonator,
which is usually quite long. This results in angular tilts of less
than 10°, leading to only minor theoretical deviations. In
addition, an analysis of our theory reveals that our setup is not
sensitive to a small offset. As shown in figure 6(e), small
angular offset does not affect the main results. Finally, to
ensure the reliability of our simulations, we varied different
parameters, including &, simulation resolution, and pump
waist to confirm the convergence of the results. Some of the
results are shown in figure 6(g).

In summary, we we proposed a novel scheme to measure
and explore the effects of vacuum polarization, where a
tightly-focused pump laser interacts with an OFC in its
resonant cavity. An obvious frequency shift of the OFC pulse
can be observed when it passes through the vacuum polarized
by the ultraintense pump laser. Considering that OFC has
ultrahigh frequency and time resolution, our scheme holds
great potential in detecting the vacuum polarization.
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Appendix A Averaged Lagrangian

To carry out our analysis, we first follow the procedure out-
lined in [27]. As mentioned above, we introduce the follow-
ing average Lagrangian with A = ®(0, x, 1), ¢ is a periodic
function of #, and the laser configuration mentioned in
equation (3).

L= //if:() LA, DA, A) d dxdt

2w
=[5 [ £ + B, k) + @, B) d6 dxdr.
T Jo=0 A

We ignore the transverse gradient effect for now. The
equations from the variational principle applied to this aver-
age Lagrangian, i.e. 6L = 0 (regarding the three variables
0, x, t as mutually independent), is equivalent to the E-L
equation derived from the original Lagrangian £. A careful

proof of it can be found in the literature [27]. Then, if we can
find a way that the integral ¥ = fﬁ 2;0 L(OA, 0.A, A)df can
be executed analytically or approximately, we have
L= // P(x, t, w, k, a)dxdt. Consequently, variations for
6® will transform the E-L equations into equations involving
modulation parameters w, k, a. Here, a denotes the introduced
integral parameter which is usually associated with the
wavetrain amplitude. It can also be shown that the condition A
is a periodic function of 6 is equivalent to the variational
equation &L = (5//5[(}@ t, 0,0, —0,0, a) dxdt = 0. These
two equations together constitute the complete governing
equation for the modulated wavetrain.

Next we need to choose the appropriate form of the
wavetrain A, which is also the key to use this method. The
selection of the corresponding wavetrain should follow two
principles, the integration is easy to perform (allowing proper
approximation) and the physics corresponding to the approx-
imation is sufficiently clear. For example, the assumption we
have chosen here is A(x, t) = (a + aj;)cos(d + 6,), a result
that takes into account the fact that the main fluctuations and
modulations are centred in the elastic scattering region and
includes the possible contribution of the high-frequency inter-
action term. It should be noted here that since we are concerned
with the results under near-field conditions, the solution during
the interaction does not need to satisfy the on-shell condition.
So in this case, we do not just remove the high frequency
oscillation term as previous literature [32]. Otherwise, if the
form A(x, t) = a(x, t)cos() is used directly, the modulating
component of the high-frequency oscillation is hidden (see
results shown in the figure 2).

Substitute A(x, t) = (a + ay)cos(0 + 6)) into
equation (2), where ¢; = Re[d exp(i©)], 6 = Re [0 exp(i0)]
and exp(i0) = exp(iKx — iQdr) is the oscillation term of the
pump laser. Integrate  and © from O to 27 to obtain the

10

average Lagrangian

L=—1a( - @+ B = & + JAx (K + & + 2kw) )

§a2(%AN Qkk + 2w@ + 26w + 21@))
12ad (2k1€ — 2w® + TAy (K + 2kw + w2))
AN (D,0)* — 20,ad.a + (D,a)?)

é(AN)(axaaxa — 28,a0,d — 28,d0.a + 0,ad,a).
(A.2)

We then use the relation from 6L/6G =0 — @ +
Ayk — k = 0. Ignoring terms of magnitude O (A7), we can
finally get equation (3). Finally, using the variational principle
for variations in a, we can obtain dispersion relation
equation (A.3).

%a(—kz +w? — LAVK? — Aykw — %ANwZ)
+ 5(~0:0:a + 8,0a)

+ 110y — 0)(Avda — Ay dya)] = 0. (A3)

In order to make the main text appear more concise, we
do not consider in the main text the additional contribution
formed by the tight focusing nature of the probe laser, i.e. the
%(—&Caxa + 0,0,a) term. Although this may be important in
some cases.

Appendix B Benchmark

Using the H-E Lagrangian and the principle of least action,
we can obtain a modified version of Maxwell’s equations that
takes into account the quantum vacuum effect. It is similar to
Maxwell’s equations in the medium, the only difference is the
expressions of polarization, P, and magnetization, M, see
equation (B.1). Our simulations are based on this vacuum-
polarization-corrected Maxwell’s equations. We used the
algorithm proposed by T. Grismayer [28] (modified algorithm
based on standard Ye scheme) and added the corresponding
module to the PIC program EPOCH.

P =20 — 2¢[2(E? - BY)E + 7(E - B)B);
_ OLug

OB

= —2([2(E> - B)B - 7(E-B)E]. (B.1)

We start from an idealized scenario that considers
the interaction between a probe laser and a sinusoidal
electromagnetic field, as illustrated in figure 7. At this
point, equation (4) will degenerate into the most basic with-
ham equations (similar to J. T. Mendonga’s work, photon
can be accelerated (frequency upshift)) % = dw(t, x, k)/
Ok, k = —0ow(t, x, k)/Ox, w is the effective dispersion rela-
tion of the probe laser. The primary simulation results are
depicted in figures 7(b)—(e), which validate the theory for
trajectory evolution % = cn, wave-vector evolution &, local
dispersion relation approximation and etc. These simulations
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Figure 7. 2D simulation results: a probe Gaussian laser with peak
intensity Iyope = 1.37 X 10° W cm ™~ 2(a = 10), wavelength

A = 1 um, gaussian temporal profile with duration A7 = 5T and
focal radius rprone = 5\ is incident from the left boundary into a
100X\ x 50X simulation box (along the X axis). At a time of 107, a
sinusoidal electromagnetic field with an amplitude of a = 1000
appears, where E, = sin(A\yx), B, = —sin(A\yx), Ay = 100)¢. As
the sinusoidal background electromagnetic field moves with the
probe light at the speed of light in the same direction, the probe laser
is almost always at the initial given phase of the background field. It
should be noted that our program allows to manually set the pump
field at each time step. Here we changed the direction of the pump
laser’s magnetic field, so that the vacuum polarization effect exists
(Lorentz invariant is not zero). Conversely, in realistic scenarios the
vacuum polarization effect does not exist when pump laser and
probe laser propagate in the same direction(lorentz invariant is zero).
This artificial adjustment was made to simulate an idealized case,
serving as a benchmark for the program. (a) The probe laser is on the
rising edge of the pump laser and is accelerated. Where the red and
blue pulse are two-dimensional spatial intensity distribution of the
probe laser. (b), (c) The time evolution of the position and wave
vector of the probe laser respectively. Solid lines are theoretical
predictions, and dots represent simulation results. (d) Dispersion
relation in evolution. (¢) Change the wavelength of the pump laser,
and the wave-vector growth of the probe laser at 607.

not only serve as theoretical verification, but also provide
support for the rationality of the following operations used in
our simulations. Firstly, the background electromagnetic field
has been manually provided at each time step and does not
participate in the evolution of the electromagnetic field. Its
role is to polarize the vacuum. Because of dprope <K dpumps
such an operation should be appropriate. Secondly, to
demonstrate the vacuum polarization effect within a limited
simulation time, we have artificially increased the nonlinear
parameter £ in equation (B.1) to 4.3 X 107* (see also in
[28]). The physical significance of the results remains unaf-
fected by this. Instead, it is merely a proportional adjustment
of a constant aimed at emphasizing the effects with greater
clarity. This is because the real physical parameter ¢ is very

11

small, the effect of vacuum polarization can only consider the
part that is proportional to £. As in figures 7(b), (c), after £ is
reduced by 5 times, the frequency growth rate is reduced by 5
times, which provides great convenience for us to rescale the
simulation back to real-world physics to obtain explicit
values. It is necessary to ensure that the physical process
remains unchanged, which requires ¢E2 < 1. So ¢ is chosen
to make ¢E* between 1 x 107* and 1 x 1072 in the
simulations.
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