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Abstract
In this work, we mainly study Bell nonlocality and quantum steerability of two-coupled double
quantum dots (DQDs) system via local filtering operation. We compare and analyze the
influence of the Coulomb potential, temperature, tunneling parameter and local filtering
operation on quantum steering and Bell nonlocality in the system. The results show that quantum
steering and nonlocality first increase and then decrease but never vanish even for the stronger
value of the Coulomb potential. Quantum steering and Bell nonlocality would degrade with the
increase of temperature. The filtering process does not increase the degree of steerability, but
decreases the range of quantum steerability. In addition, it is noteworthy that a peculiar
phenomenon exists: the Einstein—Podolsky—Rosen (EPR) steering asymmetry between Alice and
Bob first increase, then decrease to zero and finally increases as the tunneling strength increases.
However, this phenomenon does not appear with no operation between Alice and Bob.

Keywords: double quantum dots, EPR steering, Bell nonlocality, quantum steerability, filtering
operation

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum correlations,  including quantum discord [1],
quantum entanglement [2], quantum steering [3] and Bell
nonlocality (BN) [4], are indispensable in quantum commu-
nication and quantum computation, which are impossible
tasks for classical correlations. Quantum discord is an infor-
mation-theoretic measure of nonclassical correlations that
goes beyond entanglement, introduced by Ollivier and Zurek
[5], which is defined as the difference between the total
correlation and the classical correlation. Quantum entangle-
ment is an intermediate type of quantum correlation between
quantum steering and discord. It has been viewed as an
important resource for quantum key distribution, quantum
cryptograph and quantum teleportation [6]. The Einstein—
Podolsky—Rosen (EPR) steering, first proposed by Schro-
dinger to verify the EPR paradox, is a form of bipartite
quantum correlation, intermediate to the concepts of entan-
glement and Bell nonlocality. Quantum steering has
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stimulated an important concept of ‘quantum nonlocality,’
which manifests itself in three types: quantum entanglement,
quantum steering, and Bell’s nonlocality. Entanglement, EPR
steering and Bell’s nonlocality have an interesting hier-
archical structure: quantum entanglement is a superset of
steering, and Bell’s nonlocality is a subset of steering [7].
Although Bell’s nonlocality is more often used to show
‘quantum nonlocality,” the original EPR paradox is essentially
a steering paradox. Quantum nonlocality is an essential
characteristic of quantum physics, which is dramatically dif-
ferent from classical physics and has been considered to be
the foundation of quantum information and quantum
computation.

EPR steering describes the ability of one observer to
affect the state of another remote observer via local mea-
surements. In 2007, Wiseman et al [8] strictly redefined
quantum steering. Subsequently, Walborn et al [9, 10]. used
the entropy uncertainty relationship (EUR) to derive the EPR
steering inequality. In 2014, Skrzypczyk et al [11] proposed
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the quantity steerable weight (SW) to describe the ability of
quantum steering. Suppose Alice and Bob share a pair of two-
qubit state, it is not hard to imagine that if Alice entangles
with Bob, then Bob must also entangle with Alice. Such a
symmetric feature holds for both entanglement and Bell
nonlocality. In fact, in the case of entanglement and Bell
nonlocality, Alice and Bob can be freely interchanged.
However, in EPR steering, Alice’s ability to steer Bob’s state
may not be equal to Bob’s ability to steer Alice’s state. This
formal asymmetry can never be found in entanglement or Bell
nonlocality. EPR steering is a significant quantum phenom-
enon in which a quantum state can be non-locally changed or
steered to another state remotely by performing some local
measurements. There are situations where Alice can steer
Bob’s state but Bob cannot steer Alice’s state, or vice versa,
which are referred to as one-way EPR steering [12]. Recently,
quantum steering has attracted increasing attention for both
theoretical and experimental investigations [13—15] because
of the potential applications in quantum information proces-
sing, such as the quantum key distribution [16], asymmetric
quantum network [17], randomness generation [18, 19] and
randomness certification [20].

In 1964, based on the Einstein’s local realism, Bell
derived the famous Bell inequality for local hidden variable
(LHV) models [4]. Bell inequalities offer a way to contrast
predictions of certain hidden variable theories with exper-
imental observations [21]. In addition, Bell’s inequalities
appear to be equivalent to the Clauser—Horner—Shimony—Holt
(CHSH) inequality [22]. The CHSH inequality has been
mostly used for detecting and quantifying the Bell nonlocality
of two qubits [23], which has been experimentally tested
[24, 25]. The violation of Bell’s inequality by quantum
entangled states implies Bell’s nonlocality whose correlations
cannot be explained in terms of any LHV model. Bell non-
locality refers to correlations between two distant, entangled
particles that challenge classical notions of local causality.
Beyond its foundational significance, nonlocality is crucial for
device-independent technologies like quantum key distribu-
tion and randomness generation [26, 27]. In general, Bell
nonlocality can detect by either the Bell inequality or the
CHSH inequality, which indicates that the quantum world has
the characteristics of non-localization. The violation of Bell
inequality (especially the Bell-CHSH inequality [22]) pro-
vides an unambiguously measurement of Bell nonlocality,
which has been proved both theoretically and experimentally
[28, 29]. In terms of the Bell nonlocality concept [30, 31], the
nonlocal character of a quantum state lies in the violation of
the Bell inequalities. Such a nonclassical feature of quantum
mechanics can be used in device-independent quantum
information processing [32]. Nonlocality quickly deteriorates
in the presence of noise, and restoring nonlocal correlations
requires additional resources. As a sort of stronger quantum
correlation, Bell nonlocality is an important quantum resource
in the course of quantum computation and quantum com-
munication and cannot be reproduced by any classical local
model.

Studying theoretical quantum information quantifiers in
condensed matter physics systems is crucial for various
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Figure 1. Schematic diagram of the physical model of the two-

coupled DQDs with two excess electrons localized at the left (right)

side of the top (bottom) DQD.

information processing protocols. One of the most promising
physical systems for implementing quantum technologies,
particularly quantum computing, is solid-state quantum dots
(QDs). Quantum dots and double quantum dots are promising
options for quantum information processing, utilizing Cou-
lomb interaction and tunneling effects to create stable and
controllable quantum states. These solid-state-based systems
offer scalability and tools available for information control,
retrieval, and inscription. The characterization of quantum
correlations in coupled double quantum dots has gained
increasing interest among researchers [33-38].

In this paper, we study the nonlocal properties, EPR
steering and Bell nonlocality in the model of two-coupled
double quantum dots (DQDs) and propose a scheme to
improve the quantum steering and nonlocality by local fil-
tering operation. The paper is organized as follows. In
section 2, we briefly introduce the model of the two-coupled
DQDs system. In section 3, we give review some basic
definitions about quantum steering (or EPR steering) and Bell
nonlocality and elaborate the behavior of the steering and
nonlocality under the different parameters. In section 4, we
improve the ability of steering and nonlocality via local fil-
tering operation. Finally, we provide a brief conclusion in
section 5.

2. Physical model and thermal density matrix

The physical model consists of the two-coupled DQDs sys-
tem (see figure 1), in which each of the two excess electrons
have two degrees of freedom and can be found either in the
left quantum dot |L) or in the right one |R). The Hamiltonian
of such a system is given by [39-41]

2
H=3% Aol + Vol ® o)), (1)
i=1

where Aj(A,) is the energy of the tunneling coupling between
each pair of quantum dots and V represents the strength of the
Coulomb interaction between two excess electrons. ai(i) are
the Pauli matrices, where o, = |L)(R| + |R)(L|and
o, =|L)(L| — |R)(R|. In the standard computing basis of
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{ILL), |LR), |RL), |RR)}, the matrix form of the Hamiltonian
then reads

V. A, A O

| S
0 A A, V

The eigenvalues are evaluated as

E = \/Vz + (A — Ay)?,

Ey=—V2+ (A - A2,

Ey= (V2 + (A + Ay)?,

Ey=—\V + (A + Ay, 3)

and the corresponding eigenvectors are given by

l1) = A, [a; (—ILL) + IRR)) + (—ILR) + IRL))],
l,) = A_[a_(—ILL) + IRR)) + (—ILR) + IRL))],
l43) = B, [by (ILL) + IRR)) — (ILR) + IRL))],
l4y) = B_[b_(ILL) + IRR)) — (ILR) + IRL))], 4)

V24 A2
=" x

_ 1 B — 1 s
= =, by = —F7——,
V2 a2+’ V2 b2 +1

2 2
py = YENVEAY VZ” and Ay, = A, + A,

The statz: of the two-coupled DQDs system in the thermal
equilibrium is described by

where A,

o(T) = %efﬁ/’cﬂ, 5)

in which the partition function is Z = Tr(e*":’ k8T kg is the
Boltzmann’s constant and 7T is the temperature. The thermal
density matrix o (T") can be analytically derived by using the
spectral decomposition of the Hamiltonian. The density

matrix of the system in the standard basis
{|LL), |LR), |RL), |RR)} takes the following form
on 012 013 Oua
5 (T) — o1 0n 01 013 6
6D =115 023 om0 o1 | ©)
214 013 012 On
where, the corresponding entries are provided by
on = [Lie % + Tefer 4 Aemfes 4 A_e P,
012 = [0 (—e P 4 &0 4 Qe — e o),
013 = é[ﬂf(e_ﬁel —e ) + Qe — e ),
014 = é[—ﬂe‘ﬁe' —De P2 4 Ajefes + Ae P,
on = é[l}e‘*%l +Te P2 4 Aefes 4 A_eFed],
023 = é[ff‘_e*ﬁel — D_e*ﬁez + A_e e 4 A+efﬁe4]’
(7N
\4 \4 A
where e = 1% Jat’ B=l*ms and €, = \/Wli'
The partition function of the system is given by
Z = 2[cosh (3 V2 4+ A2) + cosh (By V2 + A?)]. The

centrosymmetric matrix n X n is defined by the relations for
its matrix elements as follows: a; = a,1—jn11—; [42]. The
state (6) has the centrosymmetric (CS) matrix. The thermal
density matrix p(7T) equation (6), as previously mentioned,
will be used to quantify the quantum correlations that exist
between two-coupled double quantum dots through the EPR
steering and Bell nonlocality quantifiers.

3. Measures of quantum correlations

In this section, we give a brief review concerning the defi-
nition and properties of the EPR steering and Bell nonlocality.
We elaborate the steering and nonlocality under the difference
parameters.

3.1. Entropic steering

Considering discrete observables R and § with outcomes{ [R)}
and {|S;)}, respectively, and where i runs from 1 to the total
number of distinct eigenstates N, there exists the entropic uncer-
tainty relation

Ho(R) + Ho(S) > log, U, (8)

. 1
where U = min ———;.
ij 1Rl S)P

tainty relation equation (8), along with local hidden state
(LHS) constraint for discrete observables

Using the discrete entropic uncer-

HREIRY) > > P(MHo(REN), ®
A

where Ho(RE|)\) is the discrete Shannon entropy of the
probability distribution B,(RE|)\), where the subscript Q
means that it corresponds to a quantum state. We immediately
arrive at an entropic steering inequality for pairs of discrete
observables,

H(RB|RA) + H(SE|SY) > log,(UP), 10)
where U” denotes the value of U associated with observables
R® and S”. This steering inequality that involves a pair of
discrete observables may be generalized to the more general
case that involves arbitrary number of mutually unbiased
observables. In two-dimensional quantum systems, employ-
ing the Pauli measurements base on each side, and the entropy
uncertainty relation (EUR) steering inequality reads [43].

Ty = HEP16) + HG16) + RGP 161 > 2,
(1)

where (6, &y, 0;) represent the Pauli spin operator as mea-
surements and the symbol H stands for the Shannon entropy
and H(Ry|R,) = H(2s) — H(2,) represents the conditional
Shannon entropy. Quantum steering is demonstrated when the
inequality is violated. By using Pauli matrices 6 = (&, 8y, 0;)
measurements, one can simplify the expression of EPR
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steering inequality in equation (11) reads, with,
) (P log, (P{)) Py =14+2(001— 00, P, =P, =1 (18)
1 ab ab
Lap = 52 (P logy (Py7) Unlike quantum entanglement and Bell nonlocality,
i=1 +(P) log, (P) quantum steering may not be symmetrical, i.e. Sy_.p = Sp_. 4.
: EPR steering exhibits distinct asymmetric characteristics and
(Py)log,(Py) serves as the necessary quantum resource for one-sided
B Z +(P9) log, (P (12) device-independent quantum information tasks. The differ-
P ya y; ’ ence between Sy .p and Sp_., is introduced by
+(Pz,-)10g2(Pz‘-)_

where P;ib, P),“I_b and Pz‘:” represent the eigenvalues of the
density operator o (T'). Explicitly, they are given by

Py’ =1+ 2(013 + 2014 + 224),

PP =1—2(213— 2014 + d24),

P& =1—2(—213+ 2014 — d2),

P =14 2(=013 — 2014 — b2,

b _
;’ll’yzv«vz’.‘h =1
Pf,.b = 40;;. (13)

Likewise, P)ff, R Pf and Pz‘f are the eigenvalues of the
reduced density operator g4, where,

Py, =1+2(013+ 00), P}, =P, =1.

y, Yo 21,22 (14)
The degree of steerability is quantified based on Alice’s
measurements as follows [44, 45]

Ty — 2
Toax — 2)°

where Z,,x = 6 is calculated for a system initially prepared in
Bell states. The factor (Z,,x — 2) is introduced to ensure that
the steering process is normalized. By exchanging the roles of
A and B, the possibility of the steering by performing mea-
surements on the subsystem B is given by,

Tpa — 2
Toax — 2}

where 7, quantifies the steering from Bob to Alice, it is
given by,

Si_.p = max {O, (15)

Sp_.4 = max {O, (16)

(Pab) logZ(Pab)
=23 [+ P log, (P)
G log, (P |
(Ph)log,(PL) ]
= Y| +Ph10g,y (P
D108, |

LS}

7)

SAAB = |SB*>A - SAHB'? (19)

which represents the degree of asymmetry between S;_.p
and Sp_.4 in different orientations.

3.2. Bell-CHSH inequality

Using the Bloch representation, an arbitrary two-qubit state
can be expressed as

’;
o=Miwiviooi+ios o+ Z
(20)

where [ is 2 x 2 identity matrix, = Tr[p(5; ® D] and
s; = Tr[p (f ® &;)] are Bloch vectors of Alice’s and Bob’s
qubit, respectively, 7;; = Tr[0(6; ® &;)] are correlation matrix
elements. & = (6, Gy, 0;) is a vector of the Pauli matrices,
with & = [0) (1] + [1) (0], & = i(10)(1] — |1){0]) and
6, = [0)(0] — |1)(1]. here r = (r, 1y, 1), § = (S, 8y, S)s
with |[r| < 1,[|s|] < 1 and (7;) is the correlation matrix.

The Bell-CHSH inequality quantifies the correlations
arising from local measurements on two-qubit states. All
correlations which violate the inequality are termed as non-
local as they defy explanation by any local hidden variable
model (LHVM). The Bell-CHSH inequality for the mixed
state equation (6) can be written as [6, 46]

(Bcusu) = |Tr(2Bcusw | < 2 (21)
in terms of the Bell-CHSH operator
Beusu=a - 6@ b +b)-6+d - -620-b) -5, (22)

where @, @', b and b’ are unit vectors in three-dimensional
describing the measurements on sides Alice and Bob,
respectively. Based on the Horodecki theorem [6, 46], the
maximum expected value of the Bell-CHSH operator for the
given state p is given by

Bgeli—cHsH = max Tr(oBcusn) = 2 /max (b + 1), (23)
'CHSH

where y1,(i = 1, 2, 3) are the eigenvalues of the real sym-
metric matrix { = 77 constructed from the correlation
matrix 7 and its transpose 7' For the mixed state
equation (6), we can obtain the Bell-CHSH inequality
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maximum violation by the following form
Bgeii—cusu = 2max { By, B, Bs},
Bl = hY //41 + /’LZ B
By = pi+ p3,

B3 = o + p3, (24)
where
py = —1601,
py = —1601,,
sy = 4013 — 024)>. (25)

Finally, the normalized form of Bell nonlocality quanti-
fier can be written as [23, 47, 48]

B(5) — max {0’ BBell—CHSI—I(@) — 2},
Bmax (g) -2

where 0 < B(5) < 1since Bge_cusu(2) < Bmax (&) < 242 for
a bipartite system.

The Bell nonlocality B(g), quantum steerability
Sa_p(0) and Sp_.4(p) of the state in equation (7) are plotted
against the Coulomb potential V, tunneling parameter A; and
temperature 7 in figure 2. It is observed that the behavior of
the Bell nonlocality and quantum steerability is similar in the
two-coupled DQDs system. As described in figures 2(a) and
(b), the increase of the Coulomb potential V cannot affect Bell
nonlocality and quantum steerability in the initial stage. These
quantum nonlocalities are frozen at different fixed values,
respectively. However, the variations of Bell nonlocality and
quantum steerability show a very rapid increase for the small
values of the Coulomb potential V and tunneling parameter
A, from zero to maximum values and then decrease with the
increase of the Coulomb potential V or tunneling parameter
A;. Moreover, we note that the quantum steerability cannot
surpass the Bell nonlocality.

Figure 2(a) shows that Bell nonlocality and quantum
steerability is absent when the Coulomb potential is zero for
several values of T = 1.0, A; = 10peV and A; = 3peV.
This result shows that the Coulomb potential can be used for
either turning on or off the quantum steering and Bell non-
locality. We note that the amounts of the Bell nonlocality and
quantum steerability display an increasing behavior until a
threshold value of the Coulomb potential V- and then
decrease, but never vanish even for stronger values of the
interaction coupling parameters. It becomes clear that the
Coulomb interaction between the two excess electrons have to
be adjusted to a specific interval to utilize quantum steering
and Bell nonlocality for better resourcefulness in the two-
coupled DQDs state.

To further understand the modulation of the Bell non-
locality and quantum steerability, we plot the Bell nonlocality
and quantum steerability as functions of the tunneling para-
meter A, as shown in figure 2(b). We can observe that Bell
nonlocality and quantum steerability vanishes when tunneling
parameter A; = 0 regardless of the values of tunneling
parameter A,. In this case, the two-coupled DQDs system are
not entangled, because the electron can no longer move

(26)
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Figure 2. Bell nonlocality and quantum steerability as a function

of various parameters. (a) Coulomb potential V with 7= 1.0, A =
10 peVand A, = 3 peV (b) the tunneling parameters A; with 7= 1.0,
V=20pueVand A, = 3 ueV (c) temperature 7 with V = 20 peV,
Ay = 10 peV and A, = 3 eV . The fixed parameter is kg = 1.

within the double quantum dots. It can be seen from
figure 2(b), that the Bell nonlocality and quantum steerability
first increase and then decrease as tunneling strength A,
increases. It should be stressed that Bell nonlocality is much
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greater than quantum steerability in general, but the quantum
steering S, _, g may be larger or smaller than quantum steering
Sp_.4 for weaker values of the tunneling strength parameters.
Moreover, it is worth noting that the perfect transfer of the
asymmetric quantum EPR steering can also be realized in
such a two-coupled DQDs system.

In order to investigate the influences of temperature on
quantum steering, and Bell nonlocality, we characterize the
dependence of quantum steering, and Bell nonlocality on the
temperature. Figure 2(c) shows that both quantum steering and
Bell nonlocality decay continuously when the temperature is
increased. This decay is mainly due to the thermal relaxation
effects. As the temperature reaches relatively higher value, the
quantum steering and Bell nonlocality eventually reaches zero. It
should be stressed that Bell nonlocality is much higher in general
than quantum steering in the case of lower temperature. By
contrast, for higher temperature, the quantum steering and Bell
nonlocality are become vanish.

We remark, that the quantum steerability Sy _.z(2) and
Sp_.4(0) are bounded by the Bell nonlocality 3(2). We observe,
that quantum steering is two-way steering, i.e., Sq_.p > 0 and
Sp_.4 > 0 in the case of T<2.27, as depicted in figure 2(c).
Moreover, the quantum steering is one-way steering, reached for
227<T<276,ie.,84_3 > 0, Sp_.o, = 0 (quantum dot 1 can
steer quantum dot 2, while quantum dot 2 cannot steer quantum
dot 1). Moreover, the quantum steering is no-way steering,
reached for 7> 2.55, ie., Sy _.p = Sp_4 = 0. Indeed, entangle
state is always steerable, while the steerable state is not always
entangled state.

4. Controlling EPR steering and Bell nonlocality via
local filtering operation

In practice, a quantum system exposed in the environment
will result in quantum decoherence or dissipation which is a
huge threat for the system. Therefore, knowing how to sup-
press the effect from environment and restrain the dissipation
of quantum correlation is significant in realistic quantum
information processing and communication. In recent years, a
number of researchers have proposed various methodologies
to retard the damping of the state, such as local weak mea-
surements [49, 50], local filtering operation (LFO) [51, 52]
and parity-time symmetric operations [53, 54]. The filtering
operation is characterized by a non-trace-preserving map
(NTPM), which is known to be capable of increasing entan-
glement with some probability [55]. Practically, this map can
be viewed as a null-result weak measurement [56]. To
improve the EPR steering and Bell nonlocality of two-cou-
pled DQDs states which are lost in the environment, we
perform a local filtering operation on the quantum state. In
our scheme, we assume that the user Alice only implements a
local filtering operation on the qubit A of the system. The
local filtering operation can be given in the computational
basis {|1), |0)} as [57, 58]

= VT = k[0)(0] + Vk|1) (1] 27

where k is the
with 0 < k< 1.

To improve the Bell nonlocality and quantum steerability
of quantum states which are lost in the environment, we
perform a local filtering operation on the quantum state (6).
When the operation is performed on particle A, the final state

can be expressed by

strength of the filtering operation

o _(EeDapEeIY

— —. (28)
Trl(E @ 1) oap(E @ I)']

Substituting g4 in equation (28) by equation (6), then we
obtain an evolutionary quantum state

o011 012 013 D14
(T O12 02 023 013 2
o) = 013 023 03 Ol (29)
D014 013 034 044
where, the corresponding entries are provided by
gy s 2n B
gll - &]1‘*'@22(1 k), 1_012 - 21 +@22(1 k)’
o013 = o3 m 014 = TS 1 — k)k,
o1+ 0y 1+ om
Don = A _ - 293 —
90 = @11+i'22( k), 833 = 011+ 02 = bk,
~ @22 ~ _ 2’12 _—_— 2}11
33~ butoy 934 ontém G = 2711+_522k' (30

We find that the evolutionary quantum state performed
via filtering operation is not an centrosymmetric (CS) state
coincidentally. For the mixed state equation (29), we can
obtain the Bell-CHSH inequality maximum violation by the
following form

Bgeii—crsa = 2 max {Bl, Bz, Bs},
1= By T+ fy s
BZ = V :E[/l + /13,

[oni}

By =, + i3, 31
where
fiy = 4(214 — 223)%,
(422 + 425 + 27
Hy =75 ’
2\ +\1622 + 23 + 8(-22 + 222 + &
5 . 4% + 4gﬂ + g7
Hs=3( 16(5 22 18—+ v+ ot |
(ga + gﬁ) + ( 12z + Qﬁ)% + gw, (32)
and
Oa = 014 + 023
03 = 012 — D34,
Oy = 011 — D22 — 033 + Das (33)
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Figure 3. The variation (evolution) of Bell nonlocality and quantum
steerability as a function of the filtering parameter k with T = 1.0,
V =20 peV, Ay = 10 ueV and A, = 3 peV. The fixed parameter
is kg = 1.

By using Pauli matrices (&, 6y, 0;) measurements, one
can simplify the expression of EPR steering inequality in
equation (11) reads,

sab ~ab
(le_ )log, (le_ )

~ 4 ~ab ~ab
Iab = %Z +(Pyi )logZ(Pyi )
i=1 ~ab ~ab
+(le_ )logz(Pz,, )
(P)log,(P})
2 ~a ~a
,Z +(Py[)10g2(Py[) ,

SH (P log, (PY)

(34)

~ab

where P)Zb, P,” and ISZfb represent the eigenvalues of the

density operator o (T"). Explicitly,
they are given by

stalb =1+ 20013+ 2014 + 024),
Pff =1—2(013— 2014 + 924),
f)xagb =1-2(=013+ 2014 — D24),
PP =14 2(= 213 — 201 — 24),

~ab 1
YpYasYayy —

P = 4p;

<i

(35)

Likewise, P, P; and P, are the eigenvalues of the
reduced density operator g4, where,

Py, =1+2(013+ 024), Py

YiY2

:1’

Pl =1+ (2u+ 00— 03— du) (36)

The degree of steerability is quantified based on Alice’s
measurements as follows

Si_p = max {O, %’72},

max_2

37

where Z ., = 6 is calculated for a system initially prepared in
Bell states. The factor (Z,,,x — 2) is introduced to ensure that
the steering process is normalized. By exchanging the roles of
A and B, the possibility of the steering by performing mea-
surements on the subsystem B is given by,

Spa = max{O, ~Iba—_2},

max_2

(38)

where 7, quantifies the steering from Bob to Alice, it is
given by,

~ab ~ab
(Px,» )log, (le_ )

~ 4 ~ab ~ab
Iba == %Z +(Pyi )logZ(Pyi )
= sab ~ab
+(le- )logZ(Pz,‘ )

(') log,(P)
~h ~h
+(P)log, (P) |,
+(P)log,(B))

(39

2
-2
i=1

with
< . _ <
Pox, =1E£2(013+ 224), Py, = 1,

;b

P ., =1x (01— 020+ 033 — 044). (40)

Figure 3 illustrates the Bell nonlocality and quantum
steerability as a function of the filtering parameter k. The
results of Bell nonlocality Bg.; (red solid line), quantum
steerability Sy . p (green dash line), Sg_. 4 (blue dot-dash line)
and the steering difference Sa,, (purple dot line) between
Si_p and Sp_,4 are displayed in turn. The Bell nonlocality
Bgey and steerability Sy_.p, Sp_a, as well as steerability
asymmetry Sa,, show a symmetric behavior with respect to
the filtering parameter k. The Bell nonlocality and EPR
steering initially increases and then gradually decreases with
the increase of the filtering parameter k. Notably, the optimal
Bell nonlocality and EPR steering occurs when the filtering
parameter k = 0.5. When the filtering parameter k fulfills
0.0615 < k< 0.9387(0.0308 < k& < 0.9694), the quant-
um steerability Sy_,5(Sp_.4) is symmetrical. One can easily
find that the filtering parameter k& will induce asymmetry
steering. Obviously, steering S;_, 5 is not equal to the steering
Sp_.4 for most parameters 0.0308 < k < 0.9694, except for
the points k = 0.1378, 0.8624. Interestingly, we find that
steering S,_.p is always larger than Sp_,, for almost all
0.1378 <k <0.8624 and that steering Sy_.p is always
lower than Sp_,, for almost all 0.0308 <k <0.1378 or
0.8624 <k <0.9694. When 0.0615 < k < 0.9387, the steer-
ing is asymmetrical and a steering difference appears
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Sa,; = 0 (two way). Two-way quantum steering is a sig-
nificant and consequential resource for secure quantum
teleportation of the two-coupled DQDs system. In addition,
Si_p increases (or decreases) faster than Sz_4. When
0.0308 < k£ < 0.0615 or 0.9387 < k < 0.9694, one always has
Sga>0, S4_p=0 and the steering difference then
becomes Sa,, = Sp_.4 > 0 (one way). When k < 0.0308 or
k>0.9694, the steering is zero and S5 = Spa = Sa,,
(I’lO way). When k=0ork = 1, SAAB = SAHB = SB%A =0,
it means no perfect communication. It is obvious that Bell
nonlocality and quantum steerability will be reduced in the
filtering parameter region, 0.5 < k < 1 (or upgraded in the
filtering parameter region, 0 < k < 0.5) when the strength of
filtering operation is strengthened.

In practice, filtering operations can regulate the exchange
of information between qubits and the environment. In the
two-coupled DQDs' system composed of two excess electrons
(qubits) and a hierarchical environment, the quantum state is
affected by the parameter k. That is to say, the filtering
operation of qubit A will lead to the change of information
flow. Moreover, to check the degree of asymmetry of steer-
ability under the filtering parameter, we define EPR steering
asymmetry as Sa,,. Then, we show the Bell nonlocality Bg
and steerability S4_.p, Sp_.4, as well as steerability asym-
metry Sp,, as a function of the Coulomb potential V, tun-
neling parameters A; and environment temperature 7 for
fixed filtering parameter k in figures 4-6. The evolution of
Bgey as well as Sy_.p and Sp_.4 are plotted for three values
of channel correlation strength: no operation (red lines),
k = 0.2(blue lines) and k = 0.3 (green lines).

In figure 4, we plot the Bell nonlocality and quantum
steerability as a function of the Coulomb potential V' with
T=1.0,A,=10peV, A, =3 eV and kg = 1, for different
values of the parameter k = 0.20, 0.30. The red line is plotted
with no operation, the blue line with k = 0.2 and the green
line with k = 0.3 It can be observed from figure 4 that after
performing the filtering operation, the amplitude of Bell
nonlocality and quantum steerability is improved as the
Coulomb potential Vincreases by in the filtering parameter
region, 0 < k < 0.5. Hence, we can make use of the appro-
priate filtering operation to extend the available range of
variate Coulomb potential V. Figure 4 shows that the Bell
nonlocality and quantum steerability are absent when the
Coulomb potential V is zero. This result shows that the
Coulomb potential V can be used for either turning on or off
the Bell nonlocality and quantum steerability. It becomes
clear that the Coulomb interaction between the two excess
electrons have to be adjusted to a specific interval to utilize
quantum correlations for better resourcefulness in the two-
coupled DQDs system.

In figure 5, we plot the Bell nonlocality and quantum
steerability as a function of the tunneling parameters A; with
T=10,V=20peV, A, =3peV and kg = 1, for different
values of the parameter k = 0.20, 0.30. Now let us consider
the effect of the tunneling parameters A;. We can observe
that the Bell nonlocality and quantum steerability vanish
when A = 0 regardless of the values of A, in figure 5. In this
case, the two-coupled DQDs are not entangled, because the
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Figure 4. Bell nonlocality and quantum steerability as a function of
the Coulomb potential V with T = 1.0, A; = 10 peV, Ay, = 3 peV
and kz = 1, for different values of the filtering parameter

k = 0.20, 0.30. The red line is plotted with no operation, the blue line
with k = 0.2 and the green line with k = 0.3. Graph (a) shows the
Bell nonlocality. Graph (b) shows the quantum steerability Sy_.p
(solid line) and Sg_,4 (dash line), and asymmetry Sa,, (dot line)
between Alice and Bob.

electron can no longer move within the double quantum dots.
The range of Bell nonlocality and quantum steerability can be
prolonged when the filtering parameter k = 0.30.

We can improve the value of the Bell nonlocality and
quantum steerability sometimes in some certain range of
tunneling parameters A;. However, as one switches on the
filtering process, the steering inequality is not satisfied at
larger values of the tunneling parameters A ;. In this situation,
the decoherence arises and consequently the degree of
quantum steerability decreases as the tunneling parameters A,
increases. It is worth mentioning that the filtering process
does not increase the degree of steerability, but decreases the
range of quantum steerability. This phenomenon is displayed
by comparing figure 5(b), where the steerable areas are
enlarged as the filtering parameter increases until kK = 0.5.

In addition, it is worth noting that there is an unusual
phenomenon, we take k = 0.30, at the left-hand of the
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Figure 5. Bell nonlocality and quantum steerability as a function of
the tunneling parameters A; with 7= 1.0, V.= 20 peV, A, =3 peV
and kp = 1, for different values of the filtering parameter

k = 0.20, 0.30. The red line is plotted with no operation, the blue line
with k£ = 0.2 and the green line with k£ = 0.3. Graph (a) shows the
Bell nonlocality. Graph (b) shows the quantum steerability Sy .p
(solid line) and Sp_.4 (dash line), and asymmetry Sp,, (dot line)
between Alice and Bob.

threshold value A;c = 24.691 eV in figure 5(b), EPR
steering S4_.p (green solid line) is lower than Sp_.,4 (green
dash line) between Alice and Bob. On the contrary, the right
hand of the threshold value A;c = 24.691 peV, EPR steering
Sa_p (green solid line) is higher than Sp_, 4 (green dash line)
between Alice and Bob. The EPR steering asymmetry S,
(green dot line) between Alice and Bob first increase, then
decrease to zero and finally increase as the tunneling strength
A increases. However, this phenomenon does not appear
with no operation between Alice and Bob.

In figure 6, we plot the Bell nonlocality and quantum
steerability as a function of the temperature with V = 20 peV,
Ay = 10peV, A, = 3peV and kg = 1, for different values
of the parameter k. It is easy to see that the Bell nonlocality
and quantum steerability in the two-coupled DQDs system
with no filtering operation undergoes a rapid decrease when
the temperature 7 increases. It also can be seen that for a

1.OOF 1 : —
——no operation
---k£=0.20

0.75 --—k=0.30
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Figure 6. Bell nonlocality and quantum steerability as a function of
the temperature 7 with V = 20 peV, A} = 10 peV, Ay =3 peV and
kg = 1, for different values of the filtering parameter £ = 0.20, 0.30.
The red line is plotted with no operation, the blue line with k£ = 0.2
and the green line with k = 0.3 Graph (a) shows the Bell nonlocality.
Graph (b) shows the quantum steerability S;_. 5 (solid line) and
Sp—.4 (dash line), and asymmetry Sn,, (dot line) between Alice
and Bob.

given value of the parameter k, the Bell nonlocality and
quantum steerability is destroyed when the parameter k
decreases in the filtering parameter region 0 < k < 0.5. The
Bell nonlocality and quantum steerability Sy_,p and Sp_.4
are monotonically decreasing functions of the temperature 7'
until a threshold value T, which means that decoherence can
cause the degradation of EPR steering. These findings allow
us to conclude that the filtering operation in the system
induces the loss of quantum correlations. Figure 5 shows that
both the Bell nonlocality and quantum steerability decay
continuously when the temperature is increased. This decay is
mainly due to the thermal relaxation effects. As the temper-
ature reaches relatively higher values, the Bell nonlocality and
quantum steerability vanish, though the former is more
resistant than the latter as it relatively survives more. It should
be stressed that Bell nonlocality are in general much higher
than quantum steerability in the case of lower temperature. By
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contrast in figure 6, the Bell nonlocality and quantum steer-
ability will be disappeared in zero temperature. Figure 6(b)
investigates how variations of the temperature 7" influences
the direction of quantum steerability by examining S4 .5 and
Sp_.4. We demonstrate the symmetric EPR steering as a
function of the environment temperature 7 with varying fil-
tering parameter k = 0.2, 0.3. It can be observed that the
larger filtering parameter k = 0.3 (0 < k < 0.5) can lead to
stronger robustness against temperature for the EPR steering.
Under the effect of the filtering parameter k, the quantum
steerability Sp_.4can survive up to the temperature of
T = 1.910(2.100) when k = 0.20(0.30). As is evident from
the plot, it is possible to achieve quantum steerability asym-
metry Sa,, under different temperatures. Furthermore, the
one-way EPR steering can be achieved within a specific
temperature range (approximately 7 = 2.100 to T = 2.560)
under the effect of the filtering parameter £k = 0.30, which
provides an effective mean for manipulating the one-way
EPR steering by adjusting the temperature. It clearly shows
that the maximum value steerability asymmetry for one-way
steering appears with no operation. Apparently, the one-way
steering evolves with the filtering parameter k& maximized
at k = 0.5.

As can been seen from figures 2-6, the peaks of Bell
nonlocality and quantum steerability do not coincide com-
pletely. The reason is that quantum correlations are not
equivalent in general. This is due to the fact that different
measures of quantum states lack the same ordering. Addi-
tionally, the sudden change points of Bell nonlocality emerge
earlier compared to quantum steerability. We should
emphasize that the value of Bell nonlocality and quantum
steerability are confined in the following inequality

0 < S < Bo) <1, (41)

where the upper bound 1 indicates the maximum quantum
correlation.

5. Conclusions

In the present work, we have studied the dynamics of
quantum steering and Bell nonlocality of two-coupled DQDs
with two excess electrons. In the model, Bell nonlocality and
quantum steerability is solved exactly with and without the
local filtering operation. The influence of the finite temper-
ature, the weight of the Coulomb coupling between electrons
and tunneling coupling between the charge qubits on Bell
nonlocality and quantum steerability are investigated. We find
that the filtering process does not increase the degree of
steerability, but decreases the range of quantum steerability.
In addition, we should emphasize that Bell nonlocality is
always greater than quantum steerability. Furthermore, we
reveal an intrinsic feature that the quantifier of the quantum
discord and geometric quantum discord exhibit a dynamical
behavior to be different from each other by showing that it
actually coincides with a simpler quantity based on von
Neumann measurements. More importantly, the EPR steering
asymmetry between Alice and Bob first increase, then

10

decrease to zero and finally increase as tunneling strength
increases. However, this unusual phenomenon does not
appear with no operation between Alice and Bob. It is
expected that EPR steering can be seen as a better resource for
implementing quantum information processing in the two-
coupled DQDs system.
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