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This is a writeup of lectures delivered at the Asian Pacific Introductory School on Superstring
and Related Topics in Beijing (2006) and an expanded version of these lectures given at the
Third Summer School on Strings, Fields and Holography in Nanjing (2023). It aims to provide
both a historical and pedagogical account of developments in finding 1/2 Bogomol'nyi—Prasad—
Sommerfield (BPS) extended string solitons during the early stage of the so-called second string
revolution, before which these objects were thought to be unrelated to strings. Non-
supersymmetric solutions related to brane/anti brane systems or non-BPS systems are also

discussed.
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1. Overview/motivation

Two major revolutions occurred during the development of
superstring theory. In the so-called first superstring revolution
(1984-1985), five perturbatively consistent quantum super-
string theories were established, namely, type IIA, type IIB,
type I, heterotic SO(32) and heterotic Eg x Eg. Each of these
theories Requires 10 spacetime dimensions (nine spatial and
one temporal) and spacetime supersymmetry (SUSY). In the
so-called second string revolution, many non-perturbative
states were discovered, now known as p-branes or Neveu—
Schwarz (NS) NS p-branes and Dirichlet p (Dp) branes. These
played an important role in this revolution, giving rise to
various dualities and revealing the existence of a unique
though not-yet completely established unified theory called
M-theory (See [1] for example).

M-theory has a maximal 11-dimensional spacetime and
unifies not only the five known 10-dimensional perturbative
string theories but also the previously isolated 11-dimensional
supergravity. These latter six theories appear as six different
limits of the former at six different limits, as shown in
figure 1.

It also answers many of the puzzles that remained after
the first string revolution, such as the so-called ‘embarrass-
ment of riches' problem (too many string theories and one real
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world) problem and the status of 11-dimensional super-
gravity. In particular, Dp-branes have a dual description either
in terms of closed or open strings, which provides the basis
for the anti-de Sitter (AdS)/conformal field theory (CFT) as
well as the matrix theory proposal for M-theory.

1.1. The first superstring revolution

In the early days of superstrings and supermembranes, two
views were taken in the world of quantum gravity and grand
unified theory.

People in the string community (mainly in the US) at that
time were strongly opposed to the study of supermembranes,
i.e., extended objects with spatial dimensionality higher than
one, for the simple reason that only strings, as (1 + 1)-
dimensional CFTs, could potentially be first quantized due to
the presence of sufficient underlying local symmetries. In
particular, Weyl symmetry along with the two worldsheet
diffeomorphisms can be used to make the worldsheet flat in a
given coordinate patch, implying that there is no worldsheet
physical propagating gravity or that the worldsheet propa-
gating gravity is decoupled.

This was reflected, for example, in the first well-known
‘Superstring Theory’ textbook by Green, Schwarz and Witten
with the quotation [2] ‘Weyl invariance, or at least the ability
to locally gauge away the h,s dependence, is central in the
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Figure 1. M-theory.

physics of strings. This is one of the things that singles out
strings as opposed to, say, membranes. Membranes and
objects of still higher dimensionality have another glaring
problem, as follows. Equation (1) (i.e., the p-brane Polyakov-
type action) defines an (p + 1)-dimensional quantum field
theory, which is by power counting renormalizable for p = 1
and non-renormalizable for p > 1. Making sense of (1) as a
quantum theory for p > 1 is as difficult a problem as making
sense of general relativity as a quantum theory. Thus, mem-
branes or higher dimensional objects would be hardly be a
promising start toward quantum gravity’.
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Meanwhile, those in Europe, mostly in England, took a
different view by asking if people are interested in strings,
why not higher-dimensional extended objects for quantum
gravity? There are several rationales behind this view.

When Green and Schwarz (GS) used the so-called fermionic
local x-symmetry, discovered by Warren Siegel from the
supersymmetric particle action [3], to derive type I and type II
superstring theories with manifest spacetime supersymmetries
without the need of Gliozzi—Scherk—Olive (GSO) projection,
called the Green—Schwarz formalism of superstring theories, a
certain I'-matrix identity must hold that can be true in spacetime
dimension D = 10, 6, 4 and 3, corresponding to those dimen-
sions for which the super Yang—Mills theories exist. This led to
the belief that this x-symmetry would be difficult to achieve for
the worldvolume actions of objects with spatial dimensionality
higher than one, while still possessing their respective manifest
spacetime supersymmetries.

It was the late Polchinski and his collaborators who
overcame this challenge by showing explicitly that this local
fermionic symmetry can be used to construct the super-
membrane (actually a super 3-brane) action in six spacetime
dimensions [4].

Shortly after this and following the same procedure,
Bergshoeff, Sezgin and Townsend [5] found corresponding
actions for other values of d and D, called super p-branes
where p = d — 1 is the number of spatial dimensions of the
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Figure 2. The old brane scan.

worldvolume (here D stands for the spacetime dimensions).
For example, for the 11-dimensional supermembrane action,
they showed that the k-symmetry itself requires that
11-dimensional supergravity must be on-shell, i.e., the
equations of motion (EOMs) of 11-dimensional supergravity
hold, when the supermembrane couples with the supergravity.

This, to some extent, hints that the 11-dimensional
supergravity multiplet may give rise to the massless modes of
the supermembrane if the latter can be quantized.

Soon after this, the Polyakov-type actions for a large
class of super p-branes in diverse dimensions were classified
[6]. Each of their actions needs x-symmetry and this sym-
metry can hold only if the corresponding supergravity fields
satisfy certain constraints consistent with their EOMs when
the p-brane is coupled with the supergravity background.

Moreover, Duff, Howe, Inami and Stelle [7] showed how
the action for a (p — 1)-brane in (D — 1)-dimensions could be
derived from that for a p-brane in D-dimensions via the so-
called double-dimensional reduction. In particular, the type
ITA superstring action in 10 dimensions can be obtained from
the supermembrane action in 11 dimensions.

Precisely because of these developments, there was
a surge of interest in super p-branes, particularly the
11-dimensional supermembrane, even though these higher-
dimensional objects do not appear to be quantizable.

Each of these super p-branes considers only its world-
volume scalar supermultiplet, i.e., consisting of only the
worldvolume scalars and spinors in the multiplet. As men-
tioned above, they were classified in diverse dimensions in
[6]. According to this classification, type II p-branes, i.e.,
those with N = 2 spacetime SUSY, do not exist for p > 1,
which can be summarized in the so-called old brane scan [8],
as shown in figure 2.

Following the above, two puzzles remain. If 10-dimen-
sional superstrings are the whole story, how can we explain
and understand 11-dimensional supergravity, noting that the
dimensional reduction of 11-dimensional supergravity gives
rise to type IIA supergravity. In addition, as mentioned above,
Duff, Howe, Inami and Stelle [7] demonstrated that the type
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ITA superstring action can be obtained from the 11-dimen-
sional supermembrane action via the so-called double-
dimensional reduction.

In other words, the 11-dimensional supermembrane appears
to be more fundamental than the superstring. If the type ITA
superstring can be quantized, plus its connection to the 11-
dimensional supermembrane, it hints that there should be a
quantum theory for the 11-dimensional supermembrane. This
sparked interest in seeking how to quantize the supermembrane.

Among these efforts, the matrix regularization procedure
stands out. Its basic ideas are: Using the three diffeomorph-
isms of the M2 brane worldvolume, one can set its world-
volume metric hg, = 0, hgy ox —deth,, with a, b = 1, 2. In
addition, the light-cone gauge of X' oc 7 is taken.

With the above gauge choices, the residual symmetries of
the M2 worldvoume are the diffeomorphisms preserving the
area of the M2. As such, any function defined on the M2
worldvolume can be represented by a U(N) matrix with
N — o0, and the dynamics of M2 can then be described by
the following Hamiltonian

H=_! Tr(lxif("—i[X",Xf][X’}X"’]

27l \2

+ %GW[X& 9]), @)

where [;; is the 1l-dimensional Planck length, X i
@=1,2,---9) and the nine-dimensional Majorana spinor 6
are all N x N matrices.

By this, we convert the (1 + 2)-dimensional M2 brane
dynamics to (I 4 0)-dimensional infinite Matrix quantum
mechanics, which appears to be quantizable [9], therefore
providing hope for quantizing the supermembrane.

However, not long after this, de Wit, Luscher and Nicolai
[10] showed that the energy spectrum of this system is con-
tinuous, suggesting the instability of this system, therefore
ending people’s further interest in studying the 11-dimen-
sional supermembrane.

One had to wait about 10 years, when the non-perturbative
effects of superstrings were considered and became important, to
realize the physical significance of this continuous spectrum.

The would-be first-quantized matrix theory turns out to
be a second-quantized one, containing multi-particle and
multi-brane states. Therefore the continuous spectrum pro-
blem is solved and the resulting matrix theory provides a
concrete proposal for M-theory [11] (see also the insightful
review article by Taylor [12]).

In addition to the above, by the end of the first super-
string revolution, other problems were encountered, such as
the so-called 'embarrassment of riches' (too many theories but
one real world) experimental testing problem'. All of the five
superstring theories are only perturbatively well-defined. In

! Although the Calabi-Yau compactification of the heterotic Eg X Eg

superstring [13] does provide something that looks like the particle physics
standard model with one SUSY, there are also other light modes such as
various scalar multiplets that are not seen in the real world. In the perturbative
region of superstrings, their contribution in low energy cannot be eliminated.
In addition, picking up this special string theory is due to a phenomenological
preference, not by the theory itself or a more fundamental reason.

other words, they are only asymptotically well-defined. A
well-defined unified theory cannot be an asymptotic one, as
its coupling, vacuum structures and other characteristics,
except for some fundamental inputs such as its tensions,
constants and some initial or boundary conditions, should all
be determined dynamically.

Addressing any of these issues needs to go to the non-
perturbative region of superstrings, i.e., g, ~ O(1).

The worldsheet action of a superstring can be used to
study its perturbative behaviors. However, studying its non-
perturbative effects remained a challenging problem. We did
not have a non-perturbative formulation of a given superstring
theory; the only thing available at that time was the
corresponding 10-dimensional supergravity, which was
believed to be the low-energy effective theory of the pertur-
bative superstring?.

This is because, for each of the five perturbative super-
string theories, the massless spectrum corresponds to the
corresponding supergravity supermultiplet, plus a possible
super Yang—Mills multiplet (such as in the type I and the two
heterotic string theories).

For example, in the type IIA theory, the massless spec-
trum can be given as the tensor product of left and right
movers with their eight-spinors having opposite chirality as

@, @ 8)® (8, ® 8)
=8, ® & D 8§ D 8 D & ® &, d & ® 8. (3

Here, the bosonic NSNS sector gives the gravity multiplet and
decomposes according to the little group SO(8) as

8, @8, =1®28@35=0¢0B; ® g, “)

where ¢ is a singlet (the dilaton), B; is a 2-form antisym-
metric tensor (the Kalb—Ramond field) and g;; is the traceless
symmetric tensor (the graviton) all under SO(8). While the
so-called Ramond—Ramond (RR) sector gives the additional
bosonic form potentials from the bi-linear fermionic fields
with opposite chirality as

8 ®8 =8B 56 =A; DA, %)

where A; is a 1-form vector while A, is a 3-form tensor.
Concretely, we have
~ . 1 .
Yaa = YaAi + ;’YZZAII/%' (6)
For a type IIB superstring, its massless spectrum comes from

the tensor product of left and right movers with the fermions
having the same chirality as

@@ 8)® (8, @ &)
:8V®8V@ 8v® 85@ 85® 8\;@ 85® 85. (7)
The bosonic NSNS sector remains the same as in type ITA

case, while the bosonic RR sector also gives additional
bosonic form potentials as

8 @8 =1®28D35, =xDA; ©AY, (8)

2 The superstring field theory may be good in providing such a non-
perturbative description, but its development, even nowadays, is still in its
infancy.
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where x a zero-form scalar, an axion-like field, A;; is a 2-form
tensor and A,j-,;l is a 4-form tensor, satisfying the following
self-duality

L1

iriaizis Ifilizisu 15l6l7l8Ai;Li(>i7ix’ ©)
which reduces its degrees of freedom (DOF) by half. Con-
cretely, we have

s = 0O+ S0Py + GG (10
In the above, yi withi=1, 2, --- 8 are the SO(8) Dirac matrices
and v’ = 7'y --- 4® the eight-dimensional chiral operator.

The NSNS 2-form potential B, appears in any consistent
superstring theory (except for type I) and is always with the
gravity multiplet, i.e., the NSNS sector. Its appearance is
completely expected since the string carries the so-called
NSNS charge and, as a one-dimensional extended object, it
must couple with a 2-form potential just like a point-charge
must couple with a U(1) 1-form potential, given what we have
discussed previously.

The RR form potentials in either IIA or IIB come from the
bi-linear spinors and it is difficult to understand their origins from
a perturbative string perspective, although it is clear that the
NSNS 2-form potential B, couples to the underlying fundamental
string. Even so, the natural question of what the magnetic dual of
a string in 10 dimensions is, supposedly an NSNS five-brane, had
never been asked until the very end of the 1980s, when a very
few researchers, including myself, began seriously addressing the
non-perturbative issues concerning how strings are related to
other higher-dimensional objects.

Michael Duff [14] was the first to notice that there may
be a duality between a heterotic string with either SO(32) or
Eg x Ejg and the corresponding so-called heterotic five-brane,
thereby conjecturing the existence of the heterotic five-brane.
This was based, among other things, on the observation that
there are two equivalent dual formulations of N = 1 super-
gravity plus the respective super Yang—Mills in 10 dimen-
sions: one with the NSNS 3-form field strength or 2-form
NSNS potential [15], associated with the heterotic string, and
the other with the NSNS 7-form field strength or 6-form
potential [16] associated with the so-called heterotic five-
brane. The first non-trivial evidence in support of this was
made by Strominger [17] in finding the heterotic five-brane,
with its core as an instanton, from the low-energy theory of
heterotic strings, as a solution preserving one half of the
spacetime SUSY”. Subsequently, Duff and I [18] found the
so-called elementary five-brane solution from the 10-dimen-
sional N = 1 supergravity, which also preserves 1/2 space-
time SUSY and was shown to correspond to the zero-size
instanton limit of Strominger’s solution. Moreover, this five-
brane solution solves the respective EOMs of all of the 10-
dimensional supergravities and preserves the respective 1/2
spacetime supersymmetries; therefore serving as a 1/2
Bogomol'nyi—Prasad—Sommerfield (BPS) five-brane solution

3 The heterotic string solution was also later found in [19] from the dual
formulation of [16] when the relevant higher-order corrections are
considered.

of the respective supergravities. All these studies provide
further evidence in support of the existence of NSNS five-
branes.

The discovery of various supergravities actually predates
the corresponding perturbative superstrings by a few years.
They are based on the representations of the underlying
SUSY algebra and the spacetime localization of the corresp-
onding SUSY transformations. Since the algebra itself has
nothing to do with the string coupling, each supergravity
theory, whose concrete form is tied to the relevant low-energy
scale (the corresponding Planck scale), as in every effective
theory description®, should be viewed as the low-energy
effective theory of the underlying non-perturbative string /M-
theory, rather than, as previously thought, that of the pertur-
bative one, see a discussion of this in [20].

1.2. The second superstring revolution

In other words, if supergravities are the respective low-energy
effective theories of the underlying non-perturbative super-
strings (independent of the underlying string coupling or in
other words, valid for any string coupling), we can simply
ignore the perturbative picture regarding the RR potentials
(named in the perturbative sense) discussed earlier and
naturally associate each of them with the corresponding
branes. This is just like a point charge coupled with a 1-form
potential, a one-dimensional charged string coupled with a
2-form potential and, in general, a p-dimensional charged
brane coupled with a (1 + p)-form potential’. In other words,
in general, we have the following:

A] = AN dx“
— coupled with a charged point particle,
Ay = LA,“, dx# A dx”
2!
— coupled with a charged 1-brane,
1
A= ;Awpdx“ A dx” A dx?
— coupled with a charged 2-brane,
-1 .,
1+ p)!

—  coupled with a charged p-brane,

Ay dxt A - A di

1D

To demonstrate the correctness of the above, we need to
show the existence of these branes associated with the form

4 If the on-shell bosonic and fermionic degrees of freedom remain the same,
but the underlying concrete description depends on the respective low-energy
scale (there can be more than one low-energy scale, the concrete form of the
supergravity can also vary), we view such supergravity or supergravities as
the same supergravity theory and this is consistent with our current
understanding. For example, we view the usual 11-dimensional supergravity
and 10-dimensional type ITA supergravity as two different forms of the same
supergravity theory, each of which corresponding to their respective effective
description in the respective low-energy scale. A detailed discussion of
this is given in [20].

This is also consistent with our current understanding regarding the
absence of global symmetries including higher-form symmetries in any
consistent quantum gravity theory. In other words, string theories as
consistent quantum gravity theories imply the existence of these dynamical
extended objects.
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potentials in various supergravities along with the funda-
mental string which is associated with the NSNS 2-form B,
by finding their solutions from these supergravities and at the
same time to show that their existence is independent of the
string coupling.

Duff and I were among the first to start such a journey to
find the brane solutions or string solitons preserving one half
of spacetime SUSY, called 1/2 BPS branes. For example,
Duff and I found the so-called elementary five-brane (i.e., the
NSNS 5-brane) [18] mentioned earlier, the self-dual super-
threebrane (the D3 brane) [21] and the general 1/2 BPS
p-branes in diverse dimensions [22]. Note that the funda-
mental string, or F-string, is also a 1/2 BPS state, as identified
earlier [23]. See also the discussions in [24] for 1/2 BPS
NSNS 5-brane solitons and in particular their zero modes in
type II superstrings. The black p-brane solutions in 10
dimensions were also found in [25].

Although these 1/2 BPS p-branes are found as solutions
of various supergravities, their existence is independent of the
underlying string coupling and they are fundamental dyna-
mical objects of non-perturbative string/M-theory. This is
because their respective Arnowitt—Deser—Misner (ADM)
mass per unit brane volume or their tension [26] equaling
their corresponding charge, i.e., M,, = O, in certain units (the
BPS property), is protected by the underlying unbroken
SUSY and the quantized charge. In other words, this relation
is exact and independent of the underlying string coupling, or
in other words is suitable for any string coupling®. For
example, the existence of these 1/2 BPS objects can also be
deduced purely from their respective SUSY algebra with the
proper central extension [27-29] and this also shows that
these objects are the fundamental objects in the underlying
non-perturbative theory following [30].

Duff and I not only found these 1/2 BPS p-branes but also
classified them all [8, 31], which is summarized in figure 3.

Note that all these 1/2 BPS branes are found as solutions
from the corresponding supergravities. The crosses in figure 3
represent the new 1/2 BPS branes not given in the previous
old brane scan in figure 2.

All these 1/2 BPS p-branes are the string solitons of the
non-perturbative superstring theory and they are the
corresponding non-perturbative superstring states. Just like
the fundamental string or F-string, they are the basic dyna-
mical objects of the complete non-perturbative string theory.
These objects, including the strings, are all intrinsically con-
nected to each other. This discovery puts an end to the early
assertion that strings have nothing to do with other branes. In
other words, if one wants to study strings, the dynamics of
other branes cannot be ignored in general and vice versa.

For type I in D = 10, the newly discovered p-branes,
except for the type IIA NSNS 5-branes (also the D = 11 M5
brane) whose worldvolume modes give a tensor super-
multiplet, are all vector supermultiplets, i.e., the super-
symmetric Yang—Mills theory. These are nowadays called
D-branes.

6 Although the solutions themselves may be corrected when higher-order
corrections to the low-energy effective theory are included.
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Figure 3. The new brane scan. All possible d > 2 scalar super-
multiplets, denoted by circles, and vector supermultiplets, denoted
by crosses, according to D = d + the number of scalars.

Almost at the same time, Polchinski er al [32] dis-
covered these branes, but via a completely different
approach that was not widely accepted at the time. The
branes found by the two different approaches were not
recognized as the same until the surge of the so-called
second string revolution around 1995. This was still due to
the late Polchinski [33, 34].

Polchinski et al [32] applied T-duality, derived from
closed string theory, to directly open strings. This application
requires the existence of D-branes. Initially, this was met with
skepticism, as open strings are unable to wind around com-
pact directions with the respective conserved winding num-
bers and, further, the required hyperplanes identified as
D-branes for consistency have no place in perturbative string
theory. This led to a prejudice within the string community
against the existence of higher-dimensional branes. As such,
the validity of this direct application of T-duality to open
strings was questioned at that time.

T-duality for closed strings in the simplest case can be
understood as follows. Consider a closed string moving
along a compactified circle with radius R and the other one
along a compactified circle with radius R, with the respec-
tive quantum momentum number 7, /i, and the respective
string winding number around the circles as w, w. If
RR = o with the string slope parameter o and we make the
exchanges of n < W and w < 7, then these two string
theories are either equivalent (as in the case of bosonic string
theory) or one string theory is mapped to the other one (as in
ITA and IIB).

From the perspective of the string worldsheet, T-duality
is nothing but the worldsheet electromagnetic or Hodge
duality. If we apply this to an open string, it has the following

consequences for its boundary conditions
Neumann BC < Dirichlet BC. (12)

In other words, if we perform T-duality along a direction
for which the open string initially obeys the Neumann
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boundary condition, it will obey the Dirichlet one after this
duality and vice versa. In other words, the two ends of an
open string after certain number of such T-dualities will obey
the Dirichlet boundary condition along these T-duality
directions and the Neumann boundary condition along the
rest directions. Therefore, the Dirichlet boundary conditions
obeyed by the ends of the open string define the location of a
hyperplane, on which the ends of the open string can move
freely, along these Dirichlet directions.

The discovery of the string solitons associated with
RR potentials not only validates Polchinski et al’s applica-
tion of the T-duality found from closed strings to open
strings, but also reveals the existence of D-branes in string
theories.

The discovery of D-branes by Polchinski er al [32, 33]
via the open string T-duality, with respect to string solitons,
has an advantage and usefulness in that in weak string
coupling, the open string so defined provides a perturbative
description for the non-perturbative D-branes and this
appears to be the first case in the history of physics where a
perturbative description of the underlying non-perturbative
objects can be provided in the region of small coupling. We
know that the massless modes of the open string correspond
to supersymmetric Yang—Mills theory, which is also con-
sistent with what has been found as the zero modes of the
solitonic D-branes that form the corresponding vector
supermultilets.

The 1/2 BPS self-dual D3 brane along with its zero
modes, namely the N = 4 super Yang—Mills theory in d = 4
found by Duff and I [21], along with the non-Abelian
extension obtained from the open string description [32, 33],
provides a basis for the AdS/CFT correspondence proposed
later by Maldacena [35].

In summary, finding the stringy extended solitons, i.e.
the 1/2 BPS p-branes, from various supergravities, has the
following significances: 1) establishing the intrinsic con-
nection among these branes, including the fundamental
strings; 2) validating the use of the open string T-duality and
as such leading to a useful description of the D-brane soli-
tons in terms of perturbative open strings when the string
coupling is weak; 3) providing the basis for the AdS/CFT
correspondence.

Moreover, this finding provides a basis for various string
dualities, which always exchange the fundamental string with
its solitons, and plays an important role in the existence of a
unified theory called M-theory [1].

By now, we hope that we have provided enough physical
motivation to convince the reader that finding the so-called 1/
2 BPS basic extended objects associated with the various
form potentials in various supergravities is extremely
important for understanding the non-perturbative properties of
the underlying unified theory, since these objects can be used
to explore this unknown theory.

Without further ado, we will focus on finding these 1/2
BPS extended objects from various supergravities with
maximal number of SUSY in diverse dimensions. For those
BPS extended solutions from supergravities with fewer
SUSYs and other aspects of these solutions in diverse

dimensions, we refer to the reader to, for example, [36-38].
For black brane solutions and non-BPS solutions7, refer to
[25] for black brane solutions in 10 dimensions, [22, 31,
36-38] for black p-brane solutions in diverse dimensions and
[39] for non-supersymmetric p-brane solutions including non-
BPS ones in diverse dimensions.

2. The brane sigma-model action

Before moving on to find the 1/2 BPS p-branes, we briefly
introduce the bosonic part of the supersymmetric p-brane
sigma-model action for those branes in the old brane scan.
This bosonic part is also useful for finding brane solutions
from supergravities for the branes in the new brane scan,
because as far as the static SUSY-preserving 1,/2 BPS p-brane
is concerned, the other worldvolume fields, such as the pos-
sible vector or tensor along with the fermionic ones, are not
excited and can therefore be set to vanish.

Just as a point particle moving in spacetime gives a
worldline, a string moving in spacetime gives a (1 + 1)-
dimensional worldsheet and a general p-brane moving in
spacetime gives a (I + p)-dimensional worldvolume, see
figure 4 for an illustration.

For those super p-branes in the old brane scan, the
worldvolume action of a super p-brane moving in a curved
superspace with a superspace coordinate Z” = (x*, ) is
[5, 6]

1 N d—2
Sa =Ty fdda(—gx/—_W’Y”Ei Ej "y, + TH

1

+ 5611.41{,Ei1 Al L. Eid AdCAl-“Ad)v

13)

where the first term is the usual kinetic or the volume term
determined by the metric, the second the cosmology one and
the third the Wess—Zumino or volume one determined by the
total antisymmetric density e/,

In the above, E,* is the supervielbein with the super-
space world indices M = u, o and the tangent space indices
A = a, . We also define the worldvolume pull-back as
E,—A = a,-zMEMA with i, j = 0, 1, --- p the worldvolume
indices. Note hered =1+ p, p =0, 1 --- D — 1 with D the
spacetime dimension and « the spinor indices of the

" In general, the black solutions found are only good in the low-energy limit,
ie., when the corresponding supergravity is valid. Unlike the SUSY-
preserving 1/2 BPS solutions, such kinds of solutions valid in the low-energy
limit do not necessarily imply their existence in the underlying non-
perturbative UV complete theory. However, if the underlying theory is
supersymmetric, such as for supergravities, the corresponding extremal or
BPS solution usually preserves a certain number of unbroken super-
symmetries and such a SUSY-preserving solution, although the solution itself
will be corrected when quantum and/or higher-order corrections are
included, its existence as a state in the corresponding non-perturbative UV
theory will in general be guaranteed. In other words, only an SUSY-
preserving BPS solution can be a potential state in the underlying non-
perturbative UV complete theory. Precisely because of this, explicitly
checking if a BPS solution preserves a certain number of SUSYs becomes
important.
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Figure 4. Particles,

spacetime spinor coordinate 0. Cy,...4,(Z) is the super d-form
potential.

The target-space symmetries of this action are super
diffeomorphisms, Lorentz invariance and d-form gauge
invariance. The worldvolume symmetries are ordinary dif-
feomorphisms and the x-symmetry, which is defined as

8ZMEy =0, §ZMEy © = (1 + I)* 3K”, (14)
with
O i E;, “(Tya)® 5 (15)
a g = - fhla i ap ... i ag -ag @ 8
N

If we focus on the bosonic part of the above action (13),
it gives
d 1 PN — d—2
S, =T, fd o ~3VTIVIOX X G X) + Neoi
+ iEil.uidaile o 0 X1 Cy ),
d' ' 1 d
(16)

where G, is the background metric in the so-called p-brane
frame (its relation with the Einstein frame metric will be given
later) and C,, ., is the d-form potential.

The above action reminds that a p-dimensional object,
when it carries a U(1) charge, must couple with a (1 + p)-
form potential when the U(1) local symmetry is insisted. It is
clear that action (16) is invariant up to a surface term (the

EOM is invariant) under the gauge transformation

Cy— Cé =Cy+ dAyy, (17)

where the (d - 1)-form A, | is the gauge transformation
parameter.

This is just like in quantum electrodynamics. A local
U(1) symmetry must imply that a U(1) charged particle (or
object) couples with the U(1) gauge potential (or higher-form
gauge potential) for consistency.

Noether's theorem says that a global U(l) symmetry
gives a conserved charge. If this symmetry can be promoted
to a local one, i.e., a U(1) gauge symmetry, there must exist a
U(1) form gauge potential associated with the corresponding
conserved current for consistency and their interaction can

strings and branes.

also be easily determined via the standard current and gauge
potential coupling or the minimal coupling.

Let us see how the Wess—Zumino action is obtained from
this coupling. For a point charge ¢ moving in bulk spacetime
along its worldline X*(7), the current produced by this charge
at a spacetime point x is

Jh@) = qde 9, X(1) 6 (x — X (7)), (18)

then the coupling is given by j*“(x)A,(x) and the Wess—
Zumino action is given as

Swz = [dPx j" (x)A,(x)

=q [dr 0. X"(T)A,(X). (19)

For a string with its line charge density p; moving in
bulk spacetime with its worldsheet X*(7, o), the current
produced at a given spacetime point x is

@) = f &0 XX 76D (x — X (1, 7). (20)

The coupling is then j"“(x)B,,(x)/2! and the Wess—
Zumino action is

Swz = [dPx  j"(x)B,,(x)

- % [ I9X10X"B,,(X). @1

In general, for a p-brane with its p-volume charge density
{1, moving in bulk spacetime, the current produced at point x

1S

jul...upﬂ(x):upfderlo_ Ei"""r+'8;1X“l

X ~--8,~p+1X“p+1<5(D) (x — X(0)). (22)

This gives the coupling

i (6) Cy (23)

(p + D!

p+1
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and the Wess—Zumino action is

1
Sws = ——
(p+ 1!
% dex J'“l'”“"’“(x)Clll"'M,,+|
__ M
(p+ 1!
% fdb+la € ipag, Xt ... ai/}+1X“p+lCﬂl"'ﬂp+l(X)
and the conserved form charge is
Zhy = de’lijI‘l“'“’p(x)
=, fdpo' 60i1~‘inailxm aipxup’ (25)

where we have taken 0 = x°. For example, if we take the
source as a static one, say, along X' = o', we have

Z12p _ 4, Vi (26)

where V), is the spatial p-volume of the brane.

3. 1/2 BPS p-branes from various supergravities in
diverse dimensions

Before we begin this section, a few remarks follow. Firstly,
without the understanding and the physics guidance given in
section 1, we would not have the motivation to seek the 1/2
BPS p-brane solutions from various supergravities and further
to find their connection, which at one time was unpopular, to
the fundamental strings. Note also that supergravities were
found around the 1970s. If the purpose were merely to find
solutions, this would have been accomplished long before the
end of the 1980s. Even if the goal is purely to find stable BPS
solutions, if there is no physical guidance or a clear physical
picture, such solutions would hardly be possible to find. At
the very least, it would be an extremely difficult task given the
higher non-linearity and the complexity of supergravity the-
ories. For example, the Lagrangian for the 10-dimensional
ITA supergravity as given in [40], not mentioning the SUSY
transformations for the various fields involved, is much more
complicated than the usual Einstein gravity.

3.1. The generality

Let us discuss some general features expected for the p-brane
solutions from the supergravities in diverse dimensions.

Suppose that we begin with an empty D-dimensional
Minkowski spacetime. In other words, we have the
D-dimensional Poincaré symmetry Pp. Now consider placing
a p-brane source (p < D — 1) in this spacetime.

Due to its mass (equal to its tension times its volume) and
charge, this brane will curve spacetime and give rise to a (p +
1)-form potential or a (p + 2)-form field strength around it.

We are seeking a static and stable BPS configuration and
this requires that the brane is infinitely extended along its
p-spatial directions and the brane tension be equal to its
charge density in certain units such that the attraction due to

=

p-brane

Figure 5. 1/2 BPS p-brane configuration.

its tension can cancel the repulsion due to its charge density.
Otherwise, it is impossible to balance the attraction against
the repulsion and to give rise to a stable configuration. Pic-
ture-wise, this p-brane configuration is represented in figure 5.

Given what has been said, for a coupled system of a
p-brane and the background fields involving gravity, finding a
static SUSY-preserving 1/2 BPS p-brane vacuum-like con-
figuration is not so obvious at first glance partly because of
the higher non-linearity of the system (unlike the case of
finding the electric field of a given charge from the linear
Maxwell equations in four dimensions). Nevertheless, the
physical basis we gave earlier implies the existence of such an
SUSY-preserving configuration. Once such a brane source is
placed in spacetime, we expect the original underlying sym-
metry Pp to be broken to P, X SO(D — d) withd =1+ p and
P, being the d-dimensional Poincaré group. If we split the
D-coordinates as x™ = (x*, x™) with x = 0, 1, --- p and
m=d,d+ 1, --- D — 1. Therefore, we have the most general
ansatz for the D-dimensional Einstein frame metric, respect-
ing this residue symmetry, as

ds? = ey, detdx” 4 e*B0)§,,dx"dx", 27

with r = /§,,,x"™x" the radial coordinate along the transverse
directions of the brane.

The ansatz for the dilaton ¢ is ¢ = ¢(r). If the brane is
treated as an electric-like source, then the ansatz for the (1 +
p)-form potential is

Agr.p = — (€0 — 1), (28)

As described above, we are looking for the static field con-
figuration produced by the brane source, which is also static,
and the whole system preserves a certain amount of SUSY
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(here actually 1/2). For this reason, the worldvolume fields of
the brane are all frozen except for the embedding coordinates
describing the location of the brane. For the infinitely
extended brane, we expect to have

ot = XH, X" =0, (29)

i.e., the brane is located at r = 0 along the directions trans-
verse to the brane.

Since the brane configuration along with the source is
invariant under P; X SO(D — d) and this is a vacuum-like
configuration, the spacetime (bulk) fermionic fields and the
worldvolume fermionic fields must be both set to vanish. In
other words, only the relevant bosonic fields, which remain
invariant under the residue symmetry P, X SO(D — d), are
relevant to this configuration.

This configuration is expected to preserve some SUSY;
therefore, the transformations of both the bosonic fields and
the fermionic fields are also expected to vanish such that this
configuration remains invariant under the unbroken SUSY.

As will be seen, this remains true automatically for the
bosonic fields once the fermionic ones are set to vanish and the
requirement that the transformed fermionic fields remain so
determines how many SUSYs are preserved for this configuration.

Given what has been said, we first find p-brane solutions
in diverse dimensions and then discuss some specific cases to
illustrate the number of preserved SUSYs [22, 31].

3.2. p-branes in diverse dimensions

Given that the fermionic fields for both bulk and worldvo-
lume are set to vanish, we need only to consider the relevant
bosonic fields® in the corresponding supergravity action plus
the bosonic action of the brane. In other words, we only need
to consider the bosonic action of the combined bulk and
brane, i.e., Ip(d) + S; where the Einstein-frame bulk action is

L Dy — _l 752
> [d x\/_g(R z(aqs)

1 ,
o~ emadép?
2(d + 1) arl

Ip(d) =
(30)

and the brane sigma-model one is
S.=T, f ddor[—%\/—h hoB0,XM 93X N Gyy + %\/—h

d! 601-»-a48(,1XM' 811dXMdAM1de:|.

€1y

In the above, both the p-brane o-model metric Gy and the
Einstein metric g,y are asymptotically flat and the possible
vacuum expectation value of ¢ or its asymptotically one is
absorbed into the respective factors. So the x and the brane
tension 7, are both physical.

8 The only relevant bulk fields for a simple p-brane are the metric and
dilaton due to the brane tension as well as charge which give rise to the
gravity multiplet which includes the metric and dilaton in the bulk, and the
(p + 1)-form potential which couples with this brane source due to its charge.
All other fields are irrelevant to this simple brane source and are set to vanish.
One has to have these points in mind, otherwise one will not know how to
begin, given the complication of supergravity.

In the above, F,;; = dA,;, d = p + 1 and the p-brane
frame metric Gyy = gy €*@?/4 with g,y the Einstein frame
metric (See [31] for deriving this relation) and ¢ = ¢ — @,
with (¢) = ¢, and the string coupling g = e%. We have also
the following: For D = 11, a(d) = 0; For D = 10, if we
choose to relate the relevant parameters to string ones, we
have 22 = (277)70/4g2 and

a(d) == 2~ P (NS(NS) p—brane),
a(d) = T (Dp—Dbrane),
| 1
Ir= - INss = 55—
" 2ra N9 g’ (2m)’a’
1
Top = (32)

gs(zﬁ)pa’(lﬂw)/Z '

For a 1/2 BPS p-brane in diverse dimensions with the
corresponding supergravity having a maximal SUSY, we
have in general

Q) = 4 — 2dd ’
D -2

(33)

withd =D — 2 — d.
From the action Ip(d) + S, with Ip(d) given in (30) and
S, given in (31), the EOMs are, for the metric

Run — —gynR

. (amaw L (09" )

1 MM
- 17 1
o (Fym, v, F d

B 2(d1+ l)gMNFdzH)ea(d)& = k*Tyn (p—brane), "
for the dilaton
8M(\/_—ggMN8N$) + 2(;‘:‘_1)1)'\/—6 a(d)aﬁF
_ a(d)n T, fdd 7 hot
X O XM 63XN N eXD/dED) (X, (35)

and for the d-form potential

5M(\/f—gefa(d)<5FMM1de)
= 2K7T, fddafﬂr“adaa,XMn o D XMa§D (x — X).
(36)
In the above, the energy-momentum tensor with up indices is

TMN (p—brane)

5 - D)(y —
= — Tp fdda\/__h hmiaaXMaﬂxNea(d)WdM

V=8 37

9 For supergravities with a lower number of SUSY, see [41, 42].
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The p-brane EOMs are, for X

(Nl h*09;XNgyy e Do/)
_ % [—h haﬁaaxNaﬂXPaM(gNPe(x(d)éb/d)

- e XM O, X B, = 0. (39
and for the worldvolume metric 4,3
hop = 0. XMXN g, e®@o/d, (39)
For a static p-brane (X" = o/, X" = 0), we have
hyy = guyea(d)é/d — 77#1/62A+a(d)5§/d, (40)

where u, v =0, 1, --- p and the metric g,y is given by (27).
So

h = deth,, = —eMdtadd o = detg,, = —edt2BO-d)
(41)
The energy-momentum tensor (37) is now
T, =-T, T e2A-B(D—d)+a(d)$/2 SO=d(x),
From (28), we have
FuMl"'MdE/ MMy
= —d! nlwefb‘x(df1)723+2C5mn8mcanc’
Fli---MdEL My My
= — d! e 2Ad+2C §,Co,C,
Fiyy
= — (d + 1)! e72B-24d+2C smng 9, C. (43)

With the given ansatz, the pw-components of the Einstein
EOM (34) are

6m"[(d - 19,,0,A + (d + 1)0,,0,B

+d(d — 1)9,,A8,B

+7d(d2_ 1)amAanA + Ld; D(?,,,B@,,B

1. -
_8m 8n
+3 P0no

+%e—2dA +2C7(k(d)(,7>amcancjl

—_ :‘szp e*Bd‘F&((l’)(ﬁ/Zé(D*d} (XL)’

(44)

and the mn-components
—d (0n0uB — 6,6 0,O1B) — d(0nOnA — Eun0M01OIA)

—d(amAa,,A - %@m 5kfakAa,A)

+J(6,,,B@,,B + %5,,,” 6"’8k861B)

+d(8mAanB + amBanA + (d~ - 1)6lnn5klakAalB)
1, -, - 1 -
— =00, d + =5, %0, PO
5 POn 2 9019
—%e—MMC—MW[—a,,,ca,lc + %5,,,” 5klakcalc] o,
(45)
which can be rewritten as

—0,,0n(dA + dB) + 0,,(dA + dB)0,B
(B — A)O,A — %am&san@

+%ef2dA+2C7a(56mcanC

+ 8 68 [0, 0)(dA + dB) + d(d — 1)0,A9,B
+@a,¢xam + @M@B

+%6k$61<}5 - %e‘z‘mﬁc““’@kCc‘ﬂ,C] =0. (46)

In deriving the above two equations, given the metric form,
ds? = ezA(’)anx”dx” + 280§, dy™dy", (47)

with y, v=0,1,---d —landm,n =d, --- D — 1, we have

used the following

Ry, = —1,,e*4 "D (9,0,A + d 9,A0,A + d 0,A,B),

(48)
Ry = _J amanB - 6m/16klakalB
—d 8,0,A — d 8,,AD,A
+ d(0pAO,B + 0,,BOA — 8, M OLADB)
+ d(8,,BO,B — 8,y 680, BO,B), (49)
R=—e2B§[2 d 0.0A+dd+1) 0.A9A
+2 d d 0AB+2 (d+1) 00B
+d (d+ 1)0yBO,B]. (50)

In the above, d = D — d — 2.
The EOM for the dilaton (35) reduces to

(5mn3m(eAd+Bdan@ _ %d)eBdedfa(d)&+2C6mnamcanC

= a(d) K2 Tp eAd+a(d)gE/26(D—d)(xl)’

(5D
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and the EOM for the d-form potential (36) reduces to

5mnam(eBcifAd7a(d)éJrZCanefC):72 2T, 80Dy,

(52)

K

and the EOM for the p-brane (38) now becomes

am(ec _ eAd+a(d)§s/2) =0,

(53)

which is usually called the ‘no force’ condition.

Note that A(r — 00) = B(r — 00) = ¢(r — o0) = 0.
If we choose C(r — o0) = 0 (a proper choice for which
Agi...,(r — 00) — 0), then from the last equation, we have

C=Ad+ a(d)p/2. (54)
With this, we have from (52)
5™, (eATdBY,e=C) = —2K2T, §@~D(x)). (55)
From (51) and combined with the above, we have
5, | ey [ — 22 [ o, (56)
a(d)
or
mn dA+dB d~ _
6" e O|A — ——C|| =0, (57)
2(d +d)

where we have used (54) and (33). Note that here A, B, C, ¢
are the functions of variable » only, so we have

further rewritten as

"
(B—A+£) +
2

Ly
2

d+1

r

/
(B-a+%)
2

+dA+aBy + L a1 apy +
r

’
(B-a+%)
2

%(dA + dB)”?

—l(A - %)/(dA + dB)

2
~ /
a d+d) 60)
For the m = n components of (46), we have
(dA + dB)" — l(dA + dB)
r
- cyY
—B/(dA + dB)' — dA’(B — A+ E)
~ /
Jr%(dA - O)A — LC =0, 61)
a? 2(d + d)

where we also use (54) to replace ¢ in terms of A and C. The
m = n components of (46) give

d+1

dA + dB)" + £ " (dA + dBy

+%(dA +dB)? — EB'(dA + dB)

i dA’ B—-A cy, 4 dA — CY
(Smnam(edAerBa F(I‘)) *5 - + 5 + E( - )
- ~ !/
=MWV~‘“”P+@+H®TJ a-—2 _c| = 62)
r 2(d + d)
mn8 6 " d~ + 1 !
6" 0y OpF = F" + — (58)  We subtract (62) from (60) to give
where F' = dF/dr, F” = d°F/dr?. Then the EOM (44), (B A4 g)” n d+ 1(3 A+ g)’
using (55) to replace the é-function on the right, can be 2 r 2
rewritten as ~ C
+(dA +dB)|B - A+ )= 0. (63)
—(dA + dB)" + u(dA + dBy
The EOM (57) can also be expressed as
+ —(dA +dB)? — —A’(dA + dB) . "o - /
’ ot i (A_ﬁc) + 50 (A_z(dcic?)c)
~a-By - @y - S - BB AN
r ~ d
~ +(dA + dB)’(A — 7C) = (64)
+ %(C” + MC’) 2(d + d)
r
JC g L / Combining (63) and (64) gives
IS T P d Y s
la @+d (B T C) + 2 (B y )
+ E(dA +dB)C, (59) 2d+d) r 2( + d)
) +(dA + JB)’(B C) 0. (65)
where we have used (54) to replace ¢ by A and C. This can be 2(d +d)

11
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We further combine (64) and (65) to give

d+1

r

(dA + dBY + (dA + dB)”* = 0.
(66)

(dA + dB)" +

We subtract (61) from 2 x (62) to give

@A + By + 23 A + By + @A + dBy* =o.
(67)
The above two equations must imply
(dA + dB) =0, (68)

which in turn gives, noting A(r — oc0) = 0, B(r — o00) = 0,
dA + dB = 0. (69)

As we will demonstrate, this condition and the so-called ‘no-
force’ condition (54), when combined with the other EOMs,
already imply the preservation of 1/2 SUSY. The ‘no-force’
condition (54) plays the key role here. We will see later that,
when this condition is dropped, we can find so-called non-
SUSY brane solutions.

With this, we have from (61) the non-trivial solution

d !/
A—-———C| =0, (70)
2(d +d)
which gives
= #C, (71)
2(d + d)

due to A(r — 00) = C(r — o00) = 0. So with (69), this gives
also

d

= -——C. (72)
2(d + d)
One can check that the following
= #C, = —#C (73)
2(d + 4d) 2(d + d)

solve all equations (60), (61), (62) and (64). So we have also
from (54)
-«
= —C. 74
¢ > (74)

In other words, all the EOMs boil down, from (55), to

8"y, 0pe=C = —2k*T, 5P~ D(x)), (75)
which gives the solution
e =1+ ﬁ, (76)
rd

12

where

27.r(n+ 1)/2

- 2K*T, _
CD((n+ 1)/2)

a JQJH’

d n (77)

with €, the volume of unity n-sphere.

In summary, we find the SUSY-preserving configurations in
diverse dimensions with d=D—-2—-d > 1—-D >3+d > 4
duetod>1 as

d d
ds? = en-2n,, dxtdx” + ¢ D28, dx"dx", (78)
where y, v=0,1---pandm,n=p+1,..D -1,
_ c 7 _ o
App..p =—(" =1), ¢= EC’ (79)
and
e =1+ & (80)
r
where
2k2T. 27T(n+1)/2
= —2, = —————, (81
d Qi I'((n+1)/2)

with €2, the volume of unity n-sphere.

3.3. Certain properties of the solutions
The charge density carried by a p-brane moving in spacetime
is given by (22) as

JM Mo (x) = T, fdﬁﬁ-lo.filmi,,ﬂail

XM ... 8ip+1XMp+16(D) (x — X (0)), (82)

where we have taken the charge density p, = 7T),. For a static
p-brane with o* = X", we have the familiar one

ey =T, 8P, (83)
and the total charge carried by the brane is
Zor= [ar-lx ) =1, v, (34)

which gives the charge density as Z' "7/ V, = T,. In general,
the current density jM M+ is a (p + 1)-form.

The EOM for the (p + 1)-form potential A, as given in
(36) can be expressed in terms of jM M1 as
Ou([=ge IR My — 22 Me(85)

and the Bianchi identity is simply O, Fu,...p,,, = 0.
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Note that

d*(e *Fy. )

1 .
:maM*(e aoF)Msz"'MDdxM
X A dxMasz ... A dxMop
:(Dgi/[d;lz';Mll);/j'lgﬂ'iM—di:ll)v8M[ |g|e_a&FMIMM[H]]
X(S;‘v’ll%;HzNDAjlfdel A dx™ oo A dxDo-a
e
N\
m e MMaca Moy oy gty XN
< A dx™ ... dxNp-a
(_)D*d*lé‘MLl Ly
SCT Ay R—
XEMNZ--‘NDdeleddxM A dx™ ... dxMo-a
(_)JJrl _
:maM[ \ |g| eiangMleLd]ENINZ'“ND—dLl'“Ld
xdax™M A dx™ ... dxMo-d
(—)d+12x2
:m]LI Ld5N1Nz~‘NDfaLl“‘de‘)CN1
X A dae e o

:(*)J+1252*Jd’
(86)

where in the second to last equality we have used (85) and J,
used in the last equality is a tensor defined as

1.]L| <Ly
N

= dxlt A - dxla, (87)

So, writing in terms of differential forms, we have the EOM
and Bianchi identity as

d¥(e *Fy 1) = (=)t 12K2%,,

dFy1=0. (88)

In deriving the above, we have used the following conven-
tions for differential forms and the Hodge duality. We define
the totally anti-symmetric symbol £""""'», a tensor density with
weight —1, to be the same in all the frames with elP=1
and define

l])—(

In the above, we denote 7 as the number of the negative
eigenvalues of the metric g;. We then have two tensors

in = 18l €iips

)f i lD

(89)

Ei"“iD
Vgl

where the upper or lower indices are raised or lowered by the
metric or its inverse, and |g| denotes the absolute value of the
metric determinant. We define

tlp =

€

(90)

ehive; = DI(=)6h T oD

13

and in general (p + g = D)

fi"”i"kl“‘k”fjl---qucl-"kp =p! ql( )téljll lj( (92)
6,'1“‘,'4 — dlir-ig] (93)
jlqu = [j]"'jq}'
So we have
Aj-i, ;1 gy = Ay (94)
A p-form is defined
1 . )
Wp = — Wi, dxT A - A dxy, (95)
with the Hodge dual basis
*dxt A - A dx) = ! e,] . bbpdys A oo A dxde. (96)
We then have
*(w wp) = —— qu €jriy i "il7wi1---ipdxj‘ A - A dxds
:q_( W)j, i dxfl A - A dxd, o7
where
1 -
( * w)jl i —'fj] Jy Wi i (98)
Further
(* i w)ir“ip:'—q!c,i' ip ! jqc,jl J, ! ip/will“ i;;
—\Pq . . N
— %611'“&, il"‘ipEjl ];, 11‘-‘l,;wil/“ i
r:q:
= ()P Wi 99)

D

Given the above, it is clear that the charge per unit p-brane
volume is

= Jdhx G
:(7)(Dfd)(d+1)f*‘]d
( )D(d+1)

252
(7)D(d+1)

2K2

Jd = € Fu)

F i, (100)

[+ (e

§94+1(r—00)

Let us evaluate the above charge density for the SUSY
solution found earlier. Note that

2cKad Kqd

— C _ o2C -C
Fr()l.up—fare =€ 8,6 d T

(101)



Commun. Theor. Phys. 77 (2025) 097001

Topical Review

e "F)

—a—ad r01-pp 4o A ... d9‘j+‘

€ €0)--Op_g_ 01+ p AN A\

P+ 1) d,)ezB(JH)rz(JH)

—_ (_ —

=-() ¢ eAd+Bd+2) .d

Fop..pd@' A -+ A dgd+!
8o P
:_(_)D(d+1)eﬂwad+Bdrd+1E01mp A,
:(_)D(d+l)efa&—2Ad+2CJKd dQJ+1

=PV A, A0,

X

(102)

where we have used dA + dB = 0, a¢ + 2dA — 2C = 0.
So we have

B (_)D(d-H)
= 22
_ CdeQJJrl
2K2
TP

Jooo o T e E
r—00

(103)

as expected. Note that the canonical dimension for the elec-
tric-like charge e, is

lep] = [Tp] = d, (104)
while the dual magnetic charge is defined as
8= Jou, . Frr (105)

which has a canonical dimension (noting that the canonical
dimension for A, ..., is zero, i.e, [Ag;...,] = 0) as

g5l =1~ (d+1)=—d. (106)

In other words, the charges of these two dual objects have the
opposite canonical dimension, as expected such that they
obey the usual Dirac charge quantization (see [43, 44])

€8
4

(107)

= —n,
2
with n an integer.

However, the above definitions for the electric-like
charge and the magnetic-like charge are not symmetric in the
sense that the two charges are not put on an equal footing. For
example, the electric-like charge is always given by its ten-
sion ¢, = T, while the magnetic-one is given by g; ~ 2K°Tj.
This is not good for the electric-magnetic duality. So we
redefine the respective charge as

(_)D(d+l)

by = —
P \/zﬁ

while

[e s Fardlavr = V2nT,  (108)

(7)D(d+1)

V2K

[Fii= 2513 (109)
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Note that a good feature of using the dual formulation is
that we do not need to introduce the source, since the r = 0
point is excluded from the consideration. In other words, we
are using the so-called Wu—Yang construction. For this, we
need to make an ansatz for the field dual strength instead

2k*T,

d+1

Fipi=e L x (Fpe)lap = ()P —L0g,,, (110)
where 7. | is the volume form of unit (d + 1)-sphere. So the
charge quantization (107) gives the tension quantization
between two dual objects as

262T, Ty = 2mn. (111)

The ADM mass per unit p-brane volume can be com-
puted for our configuration (78) using a special form of the
general formula developed by the author [26] as

QJ-H
22

M, = ——2L[(d + 1)ri+19,e"

+ (d - l)rj+lar62A]r~>oo
Qi

2K2

LdK, = T, (112)

again as expected. So we have the BPS bound saturated as
V2 6M, = e, (113)

In general, in an SUSY theory, this indicates that the under-
lying configuration preserves a certain amount of SUSY. The
other indication for preserving certain underlying SUSY is via
the so-called ‘no-force’ condition derived earlier. Let us
explore this a bit further. Consider a probe p-brane in the
background found parallel to the source p-brane. Its dynamics
along the transverse directions can be described by the fol-
lowing Nambu—Goto Lagrangian (for simplicity)

L:p — 7Tp[edA+m‘3/2J7det(naﬁ + eZB—QAanxmaaxm) _ (GC _ 1)]

Tpl:edAJr(yE)/Z(l + %eZB’ZAn‘“’@aX’”BgX’"+ )*GC + 1:|7
(114)

where since the term e%+2%/2 cancels the e term, the initial
static probe brane will remain so if

(d—2)A + 2B+ ad/2 = C + 2B — 2A = constant,
(115)

which is indeed true from (73) with the constant=0 here.
Note that the relation of dA 4+ dB = 0 plays a key role in
having (73).

In the following subsection, we will explicitly demon-
strate, using the 10-dimensional (10D) supergravities as
examples, that the BPS solutions found above preserve one half
of the spacetime supersymmetries, although this remains true
for all solutions given above in diverse dimensions. In addition,
we will show that the zero modes associated with the p-brane
configuration are the expected ones; in particular, for D-branes
they give the corresponding vector supermultiplet.
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3.4. The 10D case

We first discuss the 10D case by focusing on type ITA and
type IIB supergravities.

For the type ITIA supergravity, in addition to the NSNS
2-form potential B, we have the so-called RR 1-form
potential A; and the RR 3-form potential A;. Given what we
have described before, they are respectively related to the
fundamental strings, the DO-branes and the D2 branes. By the
Hodge or electromagnetic duality in 10D, their respective
magnetic dual objects are NSNS 5-branes, D6-branes and D4-
branes.

For the type IIB supergravity, we have the same NSNS
2-form potential B, and, for this, the story remains the same
as in the type IIA case. In other words, it is related to the
fundamental strings and the magnetic dual objects are the
NSNS 5-branes. For RR form potentials, we have here,
however, the RR 0-form potential y, the RR 2-form potential
A, and the 4-form potential A;" whose 5-form field strength
satisfies the self-duality duality relation F5 = *Fs. These RR
potentials are expected to relate to the D-instantons, D1-
branes (D-strings) and the self-dual D3-branes, respectively.
Their magnetic duals in 10D are D7-branes and D5-branes
(note that the D3-branes are self-dual).

The above indicates that the Dp-branes in type IIA are
those with even p while the Dp-branes in type IIB are those
with odd p.

In the following, we will limit ourselves to those p-brane
configurations with well-defined asymptotically behavior. In
other words, we limit'® to 0 <p<o6.

In the 10D case, we will use the 1/2 BPS F-string con-
figuration and the (anti) self-dual D3-brane configuration
given above to demonstrate explicitly the preservation of 1/2
spacetime SUSY and the other cases can be done in a similar
fashion. We then move to discuss the new brane scan given
earlier and, finally, we discuss the zero modes for each of the
brane solitons in 10D and discuss them in detail for the
F-string and the (anti) self-dual D3 in IIB theory as
illustrations.

3.4.1. The 1/2 SUSY preservation: F-string as an example.
This 1/2 BPS F-string solution was first given in [23]. To
show the configuration (78) preserving one half of the
spacetime SUSY, we do not need the explicit solution. All we
need are the following relations

a4 po__ 1 .
2(d + d) 2(d + d)
b= %‘”C, (116)

where A, B are two functions given in the metric (27), which
for convenience is given below

ds2 — CZA(r)’l]/de“dx" + eZB(r)(Smndxmdxn’ (117)

10 The D-instanton solution (corresponding to p = — 1) is shown in [45].
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and C determines the form potential as given in (28).

We now specify the F-string configuration for which we
have d =2,d = 6 in 10D. As explained earlier, for this
static vacuum-like configuration, we need to set all the
fermion fields to vanish. Given that, under SUSY transforma-
tions, the variations of bosonic fields are directly related
to the fermionic ones and so we have automatically
Osusy gun = 0, dsusy Buy = 0, dsusy ¢ = 0. In other
words, the F-string configuration, which has P, x SO(8)
symmetry and involves only bosonic fields with respect to
this symmetry, is invariant under the underlying SUSY. To
actually have certain unbroken SUSY, we need to show that
there are a certain number of Killing spinors under which the
fermionic fields will remain to vanish under the corresp-
onding SUSY transformations. This is not obvious at first
glance since we have non-vanishing bosonic fields for this
configuration. As we will show below, this F-string config-
uration preserves one half of the spacetime SUSY.

In other words, we need to show that there are 16 Killing
spinors € under which the transformations of the gravitino
dsusy Y and the dilatino ésysy A also vanish, i.e.

l <
§ =Dy e — —e 92
SUSY Yum M %
X (FM NPQ _ 96M NFPQ)HNPQ ri €= 0,

5SUSY A= %PMaM(% e — %eié/zFMNPHMNP e=0,
(118)

where Hyyp = 30Byp) and the covariant derivative is

DMEZ (8M — %WMABFAB)Q (119)
with the spin-connection defined as
wune = e + Qevye + Qpuns (120)

with Qynp = eﬁa[MeN] 4 in the case of a vanishing gravitino.
In the above, M, N, P, --- stand for the spacetime curved
indices while A, B, --- stand for the flat Lorentz indices. efl is
the zehnbein.

With the metric (117), note that

wiapDAB = —Qupy IV + 2 Qypl' VP, (121)
we have
w48 =-29,AT" ,,
Wapl 48 = —-29,BT" . (122)
I'* are the 10D Dirac matrices satisfying
(A, T8} = 2n48, (123)
with n*® = (=1, 1, -~ 1). 48 C = TIAPB ... 7€ for
example,
48 = %(FAFB — T'Br4), (124)

Note that I''' = T°T! ... T with (I')? = 35,3, with Ly, y
the N X N unit matrix. The I”s with spacetime indices
M, N, P, --- have been converted using zehnbein ef,,.
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For the 1/2 BPS F-string, we make a 2/8 split
T4 = (p* @ ligx16, P* ® Y9, (125)

where p® and “ are the D = 2 and the Euclidean D = 8
Dirac matrices, respectively. Here we define

p? = p%", = (p»? = Lo (126)

and
7= 98 = (%) = Lisxe (127)

So
=T ... 19 = p? @ »°. (128)

The most general spinor, consistent with the P, x SO(8)
symmetry, takes the form'’

ex,y) =ex) @ ny),

where £(x) is an SO(1, 1) spinor while n(y) is an SO(8) spinor.
Noting that the only non-vanishing components of Hyyp are

(130)

then the Killing spinor equations (118) for the present case
become

(129)
Hy01 = — meca

2 29, 19
IMpe(x) @ | Onepy’ + Ee 2

2A+C8nc)
X<1(y) = 0 (—6X = 0),
Be) ® 1) + %F" () ® (DA
3 _
+§e‘¢/2‘2"+cﬁn€ vg)n(y) =0 (<06, = 0),

e(x) ® (amn(y) - %e“ﬁ/ 2‘2A+C8va9n(y))

+irn m(anB - le—é"/z—mwancfy‘»’)
2 8

xe(x,y) =0 (—y = 0).

(131)
Note tl~1at, for this F-string configuration, we have
d=2,d =6, a(2) =1 and from (116) the following
3 1 - 1
A== C, B=—— (C, =— C. 132
3 3 ¢ 5 (132)
With these, the first equation in (131) reduces to

1+ 79)77()1) = 0, the second equation gives e(x) = &, i.e.
a constant 2D spinor, and the third equation gives
ny) = e3¢/ 1%, with 7y a constant 8D spinor satisfying
(1 4+ 7)1 = 0. The above says that the F-string configuration
has the following

-3C/16

e(x,y)=¢e €0 @ Nops (133)

with 79 satisfying
(1 + %)y = 0. (134)

For type ITA, the SUSY spinor parameter e(x, y) is a Majorana
one, therefore having 32 real components. If we decompose it

""'"To simplify notations, we use x to represent x*, along the brane

directions, while y to represent x”, orthogonal to the brane.
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with respect to SO(1, 1) x SO(8) as e(x, y) = e(x) ® n(y) with
e(x) and 7n(y) being the respective Majorana spinors in two
and eight dimensions. The former has two real components
while the latter has 16, giving a total of 32 real components
in general. For this F-string configuration, (134) implies
(1 + 4”)n(y) = 0. This in turn implies that only half of the 16
real components of the spinor 7(y) satisfying (1 + 7))y = 0
will leave the F-string configuration invariant under the
corresponding SUSY transformations (the other half will not),
since (1 + 77) /2 is a projection operator (noting that
Trv° = 0, (1) = Ligx16, S0 7 has eight ‘+1° eigenvalues
and eight ‘—1’ eigenvalues). In other words, we have a total
of 2 x 8 = 16 real components of e(x, y) = e 3w/ 1% @ No
or 16 Killing spinors, which leave the F-string configuration
invariant. So this F-string configuration is a 1/2 BPS one.

The broken half of the SUSY become Goldstinos,
which are the 16 off-shell fermionic zero modes of this 1/2
BPS F-string, giving eight on-shell fermionic ones in
addition to eight on-shell bosonic ones. Strictly speaking,
we also need to show that the 1/2 BPS F-string being
initially static will remain so and this can be shown using its
sigma-model action by setting all of the fermionic
coordinate @ = 0 to vanish. This action is, in the Einstein
frame,

S = —g f Po(V=hhP,XM XV e?/2g, (X)

+ €499, XM 93XV By (X)), (135)

where h,3 is the induced metric given by
hos = 0,XMD3XNe?/2g,,\, up to a scaling function f(0) in
this case, with g, and B,y along with the dilaton ¢ given
by the corresponding solution. Here «, = 0, 1. The string
EOM is

6(1(\/__hhaﬁaﬁxNgMN e(:’)/Z)
—%«/—h P9, XN O3XP Oy (g pe??)

1
_EfadaaXNaBXPHMNP = 0.

(136)
For this infinitely long string, we choose the static gauge
X" = o with 4 = o = 0, 1. Note that

hoo = —hyy = —e#A0/2 = —¢C,
J=h = eMA+9/2 = ¢C, (137)

When M = p, the EOM is satisfied trivially and when
M = m, we have

I3X™ =0, (138)

which just says that the F-string remains static if initially
being so. This is the ‘no-force’ condition mentioned earlier.

Again, for the worldsheet field X M and 0, we need to set
6 = 0 for the 1/2 BPS F-string, just like the bulk case, for
which under SUSY ésysy XM = 0 but for 0 we need also
dsusy @ = 0. In general, we have dsysy 8 = € with € a 10D
Majorana spinor. However, we also have the so-called
k-symmetry, which can be used to gauge away half of the
0 such that we have only half of the e left that has to be set to
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vanish for this 1/2 BPS F-string configuration. In other
words, this string again preserves one half of the spacetime
SUSYs, which are just those gauged away by the k-symmetry
(total 16). The broken ones are just the Goldstinos, i.e., the
fermionic zero modes. So, everything is consistent.

Due to the ‘no-force’ condition, we have multiple string
solutions placed at different locations as long they are parallel
to each other. In other words, given a single center solution
(78)—(81) for a 1/2 BPS F-string, the following multi-center
one also solves all the EOMs and preserves one half of the
spacetime SUSY,

1Y

T =

KO

2 _ - (139)
il
Finally, we come to count the zero modes for the 1/2 BPS
F-string.

Zero-modes:

Due to the solution, we spontaneously break the
translational symmetries along the directions transverse to
the F-string, therefore giving rise to eight translational zero
modes x” (m = 2, --- 9). In addition, this solution breaks one
half of spacetime SUSYs, i.e., 16 off-shell modes, counting
eight on-shell fermionic zero modes, giving a total 8 + 8, as
expected. This is the case for both IIA and IIB.

In fact, the same F-string solution also solves the
respective EOMs for the heterotic cases for which we have
only N =1 10D SUSY (Note that for the type I case, we do
not have a stable F-string but we have a 1/2 BPS D-string
solution). For the heterotic cases, we do have 1/2 BPS
F-strings.

For the heterotic cases, we have only one supersymmetric
mover, either left or right; therefore, we only count half of the
bosonic translational zero modes x™, giving 8/2 = 4 zero-
modes. We also have four fermionic on-shell zero modes,
giving a total of 45 + 4F, the expected result.

In the above, we give a complete discussion of the 1/2
BPS F-string in IIA (this also gives the 1/2 BPS F-string in
type IIB). By the same token, we can also show that the other
p-brane solutions given in (78) each preserve one half of the
spacetime SUSY wusing the respective Killing spinor
equations, which can be obtained from the general ITA SUSY
transformations for both the gravitino ¢, and the dilatino A
given below by focusing on the corresponding form field
strength (set all other form field strengths to vanish) and
set also both 6, and 6\ to vanish. These general SUSY
transformations for ITA are given here as

Sty = Dy + éew/‘*(m NP 148N TPYFypTH ¢

- %eféﬂ(m NPQ _ 968 TPC) Hypo M1 ¢

1 20 .
256 60/4(”’ et = ?51]‘V4FPQR) Fwor e,
SA = %FME)M(}F‘ le + éew/‘*FMNFMNf

(31')2 e—(?b/erNPHMNP €

(140)

TR 66/4FMNPQFMNPQFI le,
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where some notations are given in the discussion of 1/2 BPS
F-string and here

E = dA; + A A Ha, (141)

One can use the respective Killing spinor equations from
(140) to show that the p = 0, 2, 4, 6 solutions indeed preserve
one half of the corresponding spacetime SUSY. For this, we
need to consider each given form field strength at one time in
(140). For examples, for p = 0, we need to consider only the
electric-like 2-form F,,0 = — 9,,¢° in the above but for p = 6,
we need to replace the two form F, using its magnetic-dual,
ie. B = e Do*F with Fp0...6 = — 0,,eC to check the
one half of SUSY preservation. Similarly for D2 and its
magnetic dual D4 as well as for the magnetic dual of F-string,
i.e., the NSNS 5-brane case.

For IIB case, we need to use the following Killing spinor
equations from the respective 81y, and 6\ given in [46]. Here
we adopt a better form which is much more convenient as

S\ = %(an‘s — ie%9y)TMe
+ Le-0/4GedF® — gOY) e,
4

i i~
Sty = Dyre — —e®0y e — —FO Ty e
U M 2 MX 16 M
1

- %e-&/Z(FM NPQ — 9N TPC) Hypg *

- ie@»/z(m NPQ _ 98N TPQ) Frpo ¥, (142)
where both v, and A\ are Majorana-Weyl spinors satisfying
T'apy = 9y and THA = — X So is the spinor e satisfying
I'''e = €. In the above, we denote ¢" as the complex conjugate
of e. T'" is the product of the ten Dirac I**. Other notations are
the same as given in the above for IIA. We also have the
following

Fo = L'FMI‘“M"FM,..M, (143)
n'
and
F=dA,, H;=dB,, Fs5=dA4,
Fy=Fs — xH;,
- 1
Fs=Fs — E(Az N H3 — By N\ F3). (144)

In addition, the 5-form F satisfies the following anti self-
duality relation'?

Fs = —*F (146)

"2 In the original Schwarz’s paper [46], we have the self-duality relation
Fy = *F; for which the signature is (+, —, --- , — ). When we change the
signature to ( —, +, -+ , + ), the self-duality becomes an anti self-dual one
which can be seen easily as follows. For simplicity, we take the spacetime flat
and the self-duality in the original signature is

FA]A..AS = €A As Bl'”BSFBIA..BS, (145)

5!

019 _ Bi--Bs _ A{A}---ALBy---Bs
an_d note € =1 and e4;...45 = NaaMarag, " Masas€ pAz e AsBr

with 5 745’s. So when we change the signature which amounts to sending
Nap — — Nap, We have €. a5 BiBs therefore the self-

duality becomes an anti self dual one.

By--Bs _ —EAns
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In the above,~x is zero form axion in IIB and the (anti) self-
dual 5-form F; is related to the dyonic D3 in this theory which
we will come to give its explicit example in what follows.

3.4.2. The 1/2 BPS D3 brane. This (anti) self-dual 1/2 BPS
soliton solution was given a while ago by Duff and myself
[21]. For this case, from our general solutions (78), we have,
noting d = d =4,

(147)

where the last equality comes from a(4) = 0 which implies
that the dilaton is a constant. In the present context, we have
only form field strength F5 = 0. The Killing spinor equations
for the present case is, from (142),

dsusy Ym = Dy € — MMMy Tye =0,

4 x 480
Osusy A = 0.
(148)

The above Killing spinor equation désysy A = 0 satisfies
automatically due to ¢ = 0 and all other form field strengths
being zero in its expression. To check the Killing spinor
equations for dsysy ¥y = 0, we need first to solve the anti
self-dual relation for £. Given F,, 0103 = — amec, we have

Fonpoooms
Emporomg MO123
=———F0123
V78

= emmsme=C,,C, (149)

where we have used /=g = e®®*% and the relations given
(147). Here €™ ™s ig total antisymmetric with respective to
the transverse indices and with £*°7% = 1.

For the present case, we need to make a 4/6 split on the
indices M = (u, m) and A = (o, 3 + a) with 4 =0, 1, 2, 3,
m=4,5 -9 anda=0,1,2,3,a=1, 2, --- 6. Then we
have the Dirac matrices I

T4 = (7" ® Igxs, P14 = 77 @ 19, (150)

where v are the usual 4D Dirac matrices, v° = — i7°y'7*+’

with (7°)? = I44, and X are the Euclidean 6D Dirac
matrices with the following

YW =ix ... 26, (X)) =Igys. (151)
So we have
R .7
— 2N B ey asa = —127 Y, (152)
which gives
].—‘M]mMSF[vjl.HM5
:5!F111()123E710123 + le“AmSF;’I’ll'”mS
=—i5!0 + I'HYa3 @ Igysl™H,,C, (153)

where we have used 44 — C = 4B + C = (. So we have
IMeMspy o Dye

=—51ilzx30 + I')° @ Ig,s"0,CTye,

=2 5liy° ® Igysl"9,Clye, (154)

where we have used I'''e = € in the last equality as given
below (142). From the first Killing equation in (148) with the
computations given in (122), we have
1 1
a,,f + ganc I uw g'ys X ngg P”anc F’u €

=0 (—6y, =0),

8mf - éanc I m %’75 & HSXS Fnanc 1_‘m €

=0 (¢ =0), (155)

where we have used (122) and A = C/4, B = — C/4. Note
that I'"T",, = I'"" , and I}, = 6}, + I'" ,,. So the above can
further be written as

Bue + érﬂ WOC( + 7)€ =0,
Opme — %ﬁamc € — é@nCF" w1 +9)e=0. (156)

If we express the SUSY  parameter spinor
e(x”, x™) = e(x") @ n(x™) with e(x") the SO(1, 3)spinor and
n(x™) the SO(6) spinor, from the above we have e(x*) = g a
constant spinor and n(x™) = e~ /%5, with 7 also a constant

spinor, both of which satisfy
1 +v)e =0, (1+X)n,=0,

where the second one is correlated with the first one due to
I''e = v ® ¥ = €. So we have

(157)

c(x, y) = e €08

(1 +77)e0 =0,

€0 ® Mo

(1 + 7, = 0. (158)

As in the F-string in the ITA case analyzed earlier, this (anti)
self-dual D3 brane configuration also preserves one half of the
spacetime SUSY.

This (anti) self-dual 1/2 BPS D3 carries equal electric-
like and magnetic-like charges, as indicated by the (anti) self-
duality of the 5-form field strength; therefore it is a dyonic
object. We now come to count its zero modes.

Zero-modes:

The 1/2 broken SUSY gives rise to eight on-shell
fermionic zero modes 8. Here, for the D3, it has six broken
translational symmetries, giving six translational zero modes
x™. So, unlike the F-string case, we are short of two bosonic
zero modes due to the underlying SUSY. These two extra
zero modes come from the excitation of the complex 3-form
Gunp [21] as described by the following equation

DPGyp = _%FMNPQRGPQR’ (159)
which is solved by b, = e&E A de** and
G5 = db, + 1 * db,. Here k is a null vector in two Lorentzian
directions tangent to the D3 worldvolume. E is a constant
polarization vector orthogonal to k but tangent also to the



Commun. Theor. Phys. 77 (2025) 097001

Topical Review

worldvolume and here * denotes the Hodge dual in the
worldvolume directions (so *db, is still a 3-form).

Although G is complex, the zero-mode solution gives
only one real vector field on the worldvolume which provides
the other two zero modes required. Together with the other
zero modes, these fields make up the d = 4, N = 4 super
Yang-Mills supermultiplet (4,, ', o'/ with I = 1, 2, 3, 4.
This is one of the present so-called 1/2 BPS Dp-branes,
different from the previously known ones, whose worldvo-
lume fields consist of a vector supermultiplet rather than the
scalar supermultiplet in the old brane scan. This turns out to
be very important, lending support to the Polchinski’s open
string description of D-branes found via the open string
T-duality as discussed at the outset if one recognizes that the
zero modes of the vector supermultiplet are just the massless
ones of an open string in the present context.

Again, by the same token, we can also show in the IIB
case that each of the p = 1, 5 branes preserves one half of the
spacetime SUSY using the SUSY transformations (142). For
this, we again need to consider each given form field strength at
one time in (142). For example, for p = 1, we have the 1/2
BPS F-string if we take H,,o; = — 9,,¢“ and 1/2 BPS D-string
if we take F0; = — 0, while setting all other form fields to
vanish. For p = 5, we have the 1/2 BPS NSNS 5-brane if we
take Hy = €% « H; with H,...s = — 0,,¢ and 1/2 BPS D5 if
we take F; = e =% x F; with F ;.5 = — 0,,e° while setting
also the other irrelevant form field strengths to vanish.

With the above explicit demonstrations, we hope to
convince the reader that the p-brane solutions found are
indeed 1/2 BPS p-branes, each preserving one half of
spacetime SUSY. We now classify the branes on the new
brane scan, which can be done merely based on the SUSY
requirement for extended objects (see [8, 31]).

3.5. The brane scan

For a supersymmetric p-brane moving in spacetime, it can be
described by its embedding coordinates X*(o) with o
standing for its worldvolume coordinates. Here, spacetime
world indices M =0, 1, --- D — 1 and the worldvolume ones
a=0,1, - p with p<D — 1. Denote ¢“ = (7, ¢) with
a =1, -+ p. The worldvolume dimension is d = 1 + p.
We can always take a ‘static gauge choice’ to give
D =d + (D — d) split

XM (o) = (X" (0), Y™(0)) (160)
with
Xt (o) = ot (161)
In the above, o = 0, I, - , d — 1 and
m=d,d+1,--- ,D— 1.

The physical (on-shell) worldvolume DOFs are given by
(D — d) Y"(0) scalars.

If Y"(0) are the only bosonic DOFs (i.e., only scalars),
we have

Ny =D — d. (162)
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In addition, a super p-brane requires anti-commuting
fermionic coordinates 6(c). Depending on D, 6(c) can be a
Dirac, Weyl, Majorana or Majorana-Weyl spinor. As men-
tioned earlier, in the GS-like formalism, the fermionic s-
symmetry is a must and this eliminates half of the spinor-
independent components by a physical gauge choice. The net
result is as follows: the theory exhibits a d-dimensional
worldvolume SUSY with the number of fermionic generators
being exactly half of the generators in the original space-
time SUSY.

Given this, we have the physical (on-shell) fermionic
DOF

1 1

Ny = —mn = —MN,
2 4

= (163)
where m is the independent components of a minimal spinor
in the worldvolume d-dimensions and 7 is the number of the
minimal spinors while M and N are the correspondences in
spacetime.

The following table covers the detail of the minimal
spinor and the number of the minimal spinors in diverse
dimensions.

Minimal spinor components and supersymmetries in
diverse dimensions.

Dimension (D or d) Minimal spinor (M or m) SUSY (N or n)

11
10
9

32
16
16
16
16
8

N WA LN 0
— N~ oo

The worldvolume SUSY gives

(164)
There are eight solutions, all with N = 1 when d > 2 (note
that D.x = 11 due to M >64 when D> 12 and d.x = 6
due to m > 16 when d > 7).

In the special d = 2 case, the left and right modes,
independent of each other, can be treated separately. If both
Np and N are the sum of the left and right modes, Ny = N
gives additional four solutions all with N 2 in
D = 3,4, 6, 10 (or eight solutions if IIA and IIB are treated
separately).

If only one mover matching is required,

D—2=mn= %MN, (165)

we have another four solutions all with N 1 in
D =3,4,6,10.
All these solutions give the old brane scan as given

earlier in figure 2.
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|_— anti p-branes

p-branes

Figure 6. Brane—anti-Brane configuration.

Now, if the worldvolume vectors (or tensors) are also
considered, the bosonic DOFs are

NB:D—d+(d—2):D—2:NF:%mn:iMN’
(166)

where in addition to D — d scalars, we have also a world-
volume massless vector in d dimensions which gives d — 2
physical polarizations, therefore giving a total bosonic
Ng=D —d+d—2=D — 2. A few additional facts should
be noted before proceeding. A vector supermultiplet exists
only in 4 < d < 10. In d = 3, a vector is dual to a scalar, while
in d = 2 a vector has no propagating DOF. A chiral (2, 0)
tensor supermultiplet (B,,, X, ¢"')) exists in d = 6 for the
ITA NSNS 5-brane in D = 10 and the M5 brane in D = 11.
The (anti) self-dual tensor counts only three physical (on-
shell) DOFs while the index I = 1, 2, 3, 4 runs in the fun-
damental representation of USp(4). Here ¢'*! with I, J anti-
symmetric counts five scalars in this multiplet since we have
the following traceless condition

Qo =0, (167)

with €2 the invariant tensor of USp(4), which can be chosen as

o=y 5%

—lLhyxo
In the case of M35, the five scalars are the five translational
modes y"” with m = 6,7, --- 10. Due to SO(5) == USp(4), they
can also be grouped under USp(4) as ¢!/ in the above tensor
multiplet. The four spinors are the symplectic Majorana—
Weyl ones since in d = 6 with the symplectic USp(4), we can
have the symplectic Majorana as follows

A= \)* = QBN

Ihx»

0 (168)

(169)

where the B matrix is related to the charge conjugate matrix
C = C" as C = By° with 1° the 6d Dirac matrix and has the
following properties

B*B=1, BT =-B. (170)
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So for the M5, we have

Ng=D—-d+3=11-6+4+3=38
1
= Np = —mn = —MN, 171
F= , (171)

which still holds since m =4, n =4 or M =32, N = 1.
Given the above, we have the new brane scan [8] as
given before and is given here again as figure 3.

3.5.1. 10D 1/2 BPS p-brane zero modes (llIA and IIB). Here
we give a concrete counting of 10D 1/2 BPS p-brane zero
modes. In general, the broken translation symmetries give rise
to the translation zero modes, while the broken SUSY gives
the fermionic zero modes.

1/2 BPS F-string:

Eight translation modes X" with m = 2, 3, --- , 9;
matching with eight fermionic modes (16 broken SUSY
generators and half of those contribute to the on-shell zero
modes). We have here a scalar supermultiplet (@', A with
I=1,2, - , 8 and SO(8) R-symmetry.

1/2 BPS NSNS 5-brane (ITA):

We have four translation zero modes X withm =6, 7, 8,9
and one extra scalar from the field fluctuation for the NSNS
5-brane as well as three tensor zero modes B, with its field
strength anti-self-dual also from the fluctuations, giving a total of
8 bosonic DOFs (see for example [24]), which match with 8.
We have here a chiral (2, 0) tensor supermultiplet (B,,, X, ¢!)
with the R-symmetry USp(4) discussed earlier.

1/2 BPS NSNS 5-brane (IIB):

We have four translation zero modes Y (m = 1, 2, 3, 4)
and four zero modes coming from a (1 + 5) vector, giving a
non-chiral (1, 1) 6d vector multiplet (A,, o', A with
I =1, 2, 3, 4 the vector index under SOy (4). Here, the four
spinors A’ are pseudo-Majorana—Weyl ones, each counting
four components and two on-shell DOFs (see also [24]).

1/2 BPS Dp brane:

We have 10 — d translation zero modes X with
m=d,d+ 1, --- ,9 and a d-dimensional vector counting
d — 2 zero modes (this vector can be found in a similar fashion
following [21, 24] from fluctuations around the p-brane
background configuration), giving a total of 10 — 2 = 8
bosonic zero modes, matching with the eight fermionic zero
modes (half of the broken SUSY generators). We have a
vector supermultiplet on the brane (4,, qSI, )\I) with
I=1,2,- ,10 — d and the R-symmetry SO (10 - d). Here
M\ are Majorana or pseudo or symplectic Majorana and can
further be Weyl if the worldvolume dimension is 2 or 6 or 10.

4. Non-SUSY and non-BPS p-branes in diverse
dimensions

In this section, we consider non-SUSY and non-BPS p-brane
configurations in the simplest setting in the sense of con-
sisting of only one type'? (including anti ) of p-brane put on

13 In other words, we do not consider a non-SUSY configuration which
includes different types of branes,; for example, different p’s or those with D
branes and NSNS branes.
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top of each other. We have in general two kinds of such
configurations which do not preserve any SUSY.

One is the black version of the BPS p-branes discussed in
the above, which is not discussed here'* except for the fol-
lowing brief note. The general feature for the metric is, for a
BPS p-brane,

ds? = eMO(—df? + dxf+ -+ +dx))

+eP0(dr? 4 r}d3 ), (172)
while for the corresponding black p-brane,
ds? = eXAO(—f (r)dr? + dx? + - + dxp2)
+ e2BO(F1(rdr? + erQ%iH), (173)
and there is an event horizon occurring at
f(r)zl—%:0—>r+:1(;/fz. (174)

In the aboved = D — d — 2.

However, there is another kind of non-SUSY p-brane for
which the ansatz for the metric looks no different from the
BPS one, i.e.,

ds? = O (—dr? + dxl+ - +dx?)

+ e (dr? + r2d0O2

) (175)

and the ansatz for the other fields remain also the same. The
resulting p-brane is not a BPS one or does not respect any
SUSY simply because

dA(r) +dB(r)=InG(r) =0, (176)

if one recalls the condition given in (69) and the discussion
thereafter for p-brane preserving SUSY. These kind of non-
SUST p-brane solutions were first considered by Zhou and
Zhu in [47] for pure solution purposes, but the physical
meaning of these configurations as representing a brane/anti-
brane system or non-BPS branes was later noticed by Brax
et al [48] and further studied by the present author and his
collaborator Roy [49, 50].

More general non-SUSY p-brane solutions were given
later by the present author and his collaborator Roy in [39].

There is mounting evidence in support of this inter-
pretation of these kinds of non-SUSY p-brane solutions (see
figure 6). There is an attractive force acting between N
p-branes and N anti-p-branes when they are placed parallel to
each other. When their separation is on the order of string
length [, annihilation between the branes and the anti-branes
begins to occur in reality. However, in the supergravity
approximation, such an annihilation process will not manifest
to the observer outside the event horizon and, instead, when
the N p-branes and the N anti-p-branes are put on top of each
other, the apparent spherical symmetry along the transverse
directions will give rise to a static configuration due to
Birkhoff’s theorem.

The other way to see this is to show that in the super-
gravity approximation, the attractive force between the N

14 These can be found in any of the references [25] in 10D and in diverse
dimensions [22, 31, 36].
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p-brane and N p-branes vanishes when they are put on top of
each other [51]. As expected and given above, these non-
SUSY p-branes also have the symmetry

P x SOMD — p — 1). (177)

Unlike the SUSY case, the brane source in the present
context will not be useful or helpful in finding a solution and
instead can make things even more complicated. As discussed
earlier, if using the dual formalism and making an ansatz for
the dual field strength, we can forget about the brane source
altogether. We will adopt this in what follows by making an
ansatz on the dual (1 + d)-form field strength

Fiig = bVol(Qp—p-2), (178)

where b is just a constant flux and Vol({lp_,_ ) is the
volume-form on the unit S?~7 *2; therefore, this brane system
carries a net ‘magnetic-like’ charge. In other words, we have

Fiiq=bydetg; do' A - A 6",

where g - is the metric on the unit §'*4 sphere and 67 are the
angle coordinates defined on the sphere. So we have the
following only non-vanishing sum

(179)

Faity...p, FOM-Ma

=d!b28; br 20+ De-20+DB(det g ) det g

=d! _e20+d)B§ b (180)
F20+d)
which gives
F2 .=+ J)v—b2 —20+d)B (181)
1+d Cp20+d) ’

Since we make the ansatz for the dual field strength as given
above, the field strength appearing in the bulk spacetime
action (30) should be this one and therefore the dilation
coupling is the dual one o(d) = —a(d). In addition, because
of this, we do not need to have the source brane present, and
this makes all the EOMs free of the source. Apart from this,
all the other things in the EOM should remain the same as in
the BPS case considered in the previous sections. For con-
venience, we still write the EOM for all the bulk fields in the
following:

1 -
RMN—55M¢3N¢
0@

2d!

. M---M;
[FMMlmdFN 1

d
T gMNF5H] =0, (182)
(=g e DIFMMI-May — (), (183)
1 - a(d) Y
K] — MN@ _ _ a(d)qu =0.
= (V=88 Ono) 2(d+1)!e A
(184)

Since we are interested in non-SUSY solutions, as discussed
above, we have the ansatz
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dA + dB = InG(r). (185)

Given the ansatz (175) for the metric, we have (i.e., those
given in (48) in spherical coordinates)

/
R, =—dA" +A/2 — A'B") — (J_,'_ 1)(3//+ B;)’
r

L
) y o a A
X (A” + dA'B’ + dA” + (d + 1)—),
r
R = —rZ[B” Lagr e 2y

r

1
+ dA’(B’ + - ) ]g(,—b,
(186)

where @, b are the indices for the transverse spherical
(angular) coordinates and g is the metric for the unit
(c? + 1)-sphere. Here x stands for x' with i = L - ,p
(d =1 + p). The ‘prime’ here denotes the derivative with
respect to r. Note that given the ansatz for the (1 + d)-form
field strength (178), its corresponding EOM (183) is satisfied
automatically. We have the EOM as

- : ' o) S /
B//—|—G__G__|_l(G__dB/) +de—iB/
G G* d\G G
1 - 1b2 2dA+0d
+d+131+l¢’2_ db et o
d 2 2(D — 2) Gx2d+1)
(187)
A+ ﬁA/ + i’A/ B d b? eZdA-}:a@ o
" G 2(D — 2) G2p2@+1)
(188)
i !/
B//+MB/+Q(B,+1)
r G ,
2 2dA+ad
db ¢ _ 0, (189)
2(D — 2) G2p2@d+1)
& i "\ - 2 W2dAtad
¢//+(d+1+g)¢l£67~0. (190)
r G 2 G22d+D

From (188) and (189) and using dA + dB = InG, we
have

2d + 1

r

G + G =0. (191)

Noting G(r — 00) — 1 from (185) due to A(r — oo0) — 0 and
B(r — 00) — 0, we have the following two solutions

2d ~\2d
G_zlf(ﬂ) ’ G+:1+(£) ,
r r

where both w and @ are taken as positively real.
In what follows, we focus on

(192)

d

G (r) = (1 + “’—j)(1 _ “’—d) = HMHHAF),  (193)

r r

while a detailed discussion for the case of G can be found in

[39]. In the above,

d d

Hr =1+, HArp=1-%. (194)
d 4
With this G_(r), we have, from (188) and (190),
- D-2 Y\ (d+1 &
d r G-
_ !/
x (g} - MA) =0, (195)
d
which has the solution
=P =2, s H (196)
d H
with § a parameter. We then have
ad
e2lA+od — (5) e, (197)
H
where
2 _
=244+ P2 (198)
We have then from (188) for A as
5 / ) YA ab—2
A’ + u_i_gA/_ db e- 1:I =0.
r G- 2(D — 2) p2d+1) foot2
(199)

To have a solution of the above, we make the following
ansatz

& 7\ i
et = [(%) cosh?f — (%) sinh? 9] = F7,

a B
F = (g) cosh?6 — il sinh? 6,
H H

and the parameters &, 3, 6 and +y are to be determined shortly.
With this A, we can obtain B from dA + dB = InG_. Plug-
ging this A along with G_ given in (193) into (199), we have

(200)

(201)

(vd w¥(a + B)?sinh?20) HO- PR OF-2
b2

+ —— HYH “FX =0,
2(D - 2)

(202)

In having the above, we need to pay attention to the fol-
lowing. From (200), we have
F" F’2

F/
A=~InF, A =~r—, A =~]— — - . (203
Y T 7( 7 F2) (203)

then in terms of F, F’ and F”, (199) becomes
F" F? d+1 G \F
YW — — — |+ + — 1=
F F? r G )F
d~ b2 FX7  He6-2
_ 2(D — 2) r2((i+1) I;'Ia(§+2

= 0.

(204)
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In order to obtain the first term on the left-hand side of (202)
with ease, the order regrouping terms in the above will be
important. With some effort, we first combine the following

terms to give

F”-’-(

d+1 G

ad ‘d / "'/ 2
Bz(g) (% - —N) sinh? 6, (205)
then we can have
3 !
F[F” + (d +1y (G;—)F’] - F?
r 3
/ 71\2 (= 22 a-j
__[H_ H—~ M(Z) sinh? 20
H H 4 H
5~ B2 g% ,2d I
_ @A O d T e poagieagaog (206)
F2(1+d)

With this, (204) becomes (202). To have (202) hold in gen-
eral, we need the parameters to satisfy the following relations

Q = ab,

’7:__, _B
X

p= 2D =D s 1 Bywdsinhg,
X

We have one remaining equation (187) unsolved. Plug
B, A, ¢ along with G_ into this equation and we find a further
constraint on the parameters, as given below

(207)

1

L 2a(a — ad)(D — 2)
2

dx

d+1
—. 208
Fi (208)

This can be solved, when combined with the relations given
in (207), to give

__2

-,

a\/x(57+1)6_2( dx 2)+a_5’
2D—2) 4\D-2 2

B\/x(67+1)6_2( dx_ _ | _as
20D — 2) — 2

2
sinh 6. (209)

‘/4"(’) 2D @+ Bl

So this solution has three parameters ¢, w and 6. Note that

2 4d

4 ~ 24
24 — Fx, e?8 = (HH)a Fdx. (210)

23

The complete non-SUSY p-brane solution is

ds? = FX(—d + dxf + -
4d

2
+ (HH)dF dx(dr? + rdei+l

2
dx?)

),

62& - F_4a(d€; 2)(5)26a
H
Fgi1=>bVol(1). (211)
This is a three-parameter (w, 6, ¢) solution.
Chargeless solution: b = 0 i
MHa+8=0oré= LACRD) . We have a

(D —2)(dx — a*(D —2)) ~
non-trivial configuration with b = 0, implying N = N, the
number of branes and that of the anti-brane are the same.

(2) w = 0. This solution is trivial Minkowski spacetime,
preserving all SUSY (N = N = 0).

(3)0=0.Now F = (%)a and this solution is still a non-
trivial one, giving N = N = 0.

BPS p-brane limit:

(a + B)w‘i — e,
sinh20 — e~ 1, 212)

with € — 0 (w — 0) while keeping @ fixed. We then have

H@r)—1, H(r) — 1,

[(&@ + B)cosh20 + (@ — B)|w?

F(ry—1+ ¥ — 1+

w—; = H(r).

r r

(213)

The non-SUSY configurations become the corresponding
BPS p-brane

_ 4
ds? = H X (—dr? 4 dx/ + --dx})

4d
+ Hdx(dr? + rzdﬂsﬂ)

i 4a(D-2)

e=H dx
Fgp1=bVol(Qg.1). (214)

Here, e ¢ = H and this gives
Aa=2c p=-Z2¢ 215)
X dx

with dA + dB = 0,
implies either

therefore SUSY is preserved. This

N — 0, N — 0, (216)
but keeping b fixed. The previous chargeless case with
w=0—-N=N=0—a=0.

For the b = 0 non-SUSY p-brane solution, it is inter-
preted as representing N (p-brane) - N (anti-p-brane) system
(note p = even in Il A and p = odd in IIB).

However, for b = 0 non-trivial solutions: p = even,
brane-anti brane pair in IIA but non-BPS in IIB while
p = odd, brane-anti brane in IIB but non-BPS in IIA [52, 53].

Evidence for these interpretations has been given in a
series of works on the tachyon condensation picture based on
an open string which can be realized from the above solutions

(see, [49, 50, 54]). The descent relations relating brane—anti

or
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brane pairs, non-BPS branes and BPS branes from open
strings can also be realized through delocalized non-SUSY
p-brane solutions in a similar fashion [55].

Some non-perturbative issues regarding brane—anti brane
pairs or non-BPS branes can also be addressed using the
supergravity approach [56], although caution must be exer-
cised regarding the validity of the solutions. Various puzzling
issues regarding the supergravity approach have also been
addressed in previous work [51].

5. Summary

This writeup of lectures gives a historical account and a
pedagogical introduction to the development of 1/2 BPS
extended string solitons in diverse dimensions during
the early stage of the so-called second string revolution.
Emphasis is placed on the physical motivations behind find-
ing these string solitons and the important role that these
solitons played in giving rise to various string dualities and
the later development of M-theory. Discussed also are the
non-SUSY and non-BPS p-branes in diverse dimensions
which can be used to describe the low-energy dynamics of
brane—anti-brane or non-BPS p-brane systems.
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with the string coupling and is good for any string coupling
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