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Abstract

CrossMark

In this paper, we investigate the convex roof measures of quantum coherence, with a focus on
their superadditive properties. We propose sufficient conditions and establish a framework for
coherence superadditivity in tripartite and multipartite systems. Through theoretical derivation,
the relevant theorems are given. These results not only expand our understanding of the

superadditivity of pure and mixed states but also characterize the conditions under which the

superadditivity relations reach equality. Finally, the proposed methods and conclusions are
verified through representative examples, providing new theoretical insights into the

distribution of quantum coherence in multipartite systems.
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1. Introduction

Coherence is a fundamental feature of quantum theory and plays
a central role in quantum information processing and founda-
tional physics. The foundational achievements of quantum
information science have revealed the powerful potential of
quantum resources such as entanglement and coherence. For
example, quantum cryptography based on entanglement corre-
lations [1], quantum teleportation [2], and Shor’s polynomial-
time quantum algorithm [3]. All have demonstrated the non-
classical advantages of quantum systems in information pro-
cessing. These achievements have been systematically expoun-
ded in classic textbooks and reviews of quantum information
theory [4-6]. Coherence was soon recognized not only as a
formal property, but also as a useful physical resource. This
inspired a resource-theoretic perspective, which formalized
coherence measures that met rigorous axioms [7]. Later, an
operational approach to coherence as a resource was developed
[8], and coherence was also studied in broader resource theories
[9]. Building on this framework, researchers explored various
directions: coherence as a source of intrinsic randomness [10], its
transformation into quantum correlations [11], and its behavior
under decoherence processes [12]. In addition, scholars have
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proposed a coherence measurement method based on skew
information [13] and coherence vectors [14]. A particularly
intricate area of inquiry concerns coherence in multipartite sys-
tems. Efforts have been made to understand the coherence dis-
tribution and superadditivity in general settings. Notable
developments include the analysis of convex roof measures of
coherence and their non-trivial superadditive behavior [15], as
well as advances in separability-based characterizations [16].
Recent theoretical progress has introduced new sufficient con-
ditions for superadditivity in the coherence of formation and
convex roof constructions. This includes studies on multipartite
coherence distribution and generalized convex roof quantifica-
tion frameworks [17]. Further work has extended analytical tools
to compute such measures in large systems [18] and formal
unification across resource theories [19]. New insights into
coherence inequalities and multiqubit interactions have also
emerged.

Despite these advances, a general understanding of when
convex roof coherence measures exhibit superadditivity
remains incomplete. This calls for a more unified treatment of
superadditivity in both pure and mixed multipartite systems. In
this work, our aim is to address this gap by developing general
structural conditions under which superadditivity holds. We
also analyze the corresponding equality cases and provide
illustrative examples to demonstrate the applicability and
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tightness of our results. The focus of this paper is to investigate
the superadditivity of convex roof coherence measures in
multipartite quantum systems and the condition that the
bipartite states satisfy additivity. We begin by establishing
sufficient conditions under which the superadditivity holds for
tripartite pure states. Specifically, we provide a structural cri-
terion for the superadditivity of bipartite systems in lemma 3.
This lemma serves as the foundational component for sub-
sequent generalizations. In theorem 5, we rigorously establish
a superadditivity inequality for the convex roof coherence
measure Cp, which states that the coherence of a tripartite pure
state is lower bounded by a weighted sum of coherence
measures associated with its reduced pure states.We then
extend our analysis to the general multipartite setting in the-
orem 7. We establish a sufficient condition for superadditivity
in arbitrary multipartite pure states. Furthermore, we extend
these results to mixed states through convex roof construc-
tions. In theorem 8, we investigate the cases where the
superadditivity inequality is saturated. To illustrate these
results, we analyze several concrete examples, including the
coherence measure of formation, the coherence measure of the
convex roof based on the entropy % and based on the specific

function f.

The remainder of this paper is organized as follows. In
section 2, we introduce the necessary definitions, notation,
and known properties of convex roof coherence measures
that are used throughout the paper. In section 3, we present a
sufficient condition for the superadditivity of convex roof
coherence measures in tripartite systems and generalize the
result to pure multipartite states and mixed states via convex
roof extensions. Section 4 focuses on the characterization of
equality conditions, including both pure and mixed states,
and provides examples when superadditivity inequalities are
saturated. Finally, section 5 concludes the paper with a
summary of our contributions and discusses open questions
for future research.

2. Preliminaries

Before presenting our findings, we first review some con-
cepts that are relevant to the problem in this paper. Let H be
a finite-dimensional Hilbert space with a fixed computational
basis {|i)}¢-4. The coherence of a state is measured with
respect to a particular reference basis. In this passage, we
denote the particular basis by {|i) };i:’ol. Then an incoherent
state is denoted as 6 = >_;p;|i){i|, with > ;p; = 1. The set of all
incoherent states is denoted by Z. All other states are called
coherent states, a general state is denoted as p. An incoherent
operation is defined as a completely positive trace-preserving
map, A(p) = X, K, pK,}, with > KK, = I and K, IK,| € T
for each K,. This means that each K, maps an incoherent
state to an incoherent state. With the above notation, we can
give the definition of the coherence measure.

Definition 1. A function C can be considered as a coherence
measure if it satisfies the following four conditions,

* Positive definiteness: C(p) > 0 and C(p) = 0 if and only
if p e Z;

* Monotonicity under incoherent operations: C(p) > C(A
(p)) if A is an incoherent operation;

* Monotonicity under selective measurements on average:
C(p) = XwpnC(py), p, =Tr(K, pK,), p, = K, pK,}/p, and
Alp) =2, K, pK; is an incoherent operation;

 Convexity: >_,4,C(p,) = CC_,q,pn) for any set of states
{p,}and probability distribution {g,}.

Building on the general requirements above, we now
introduce the specific class of convex roof coherence mea-
sures, which are central to our analysis.

Definition 2. For a pure state |¢) = Zidz’ol ¢li), we define
Chp) = f(col |1’ --os |ca1|?). Here, f is a symmetric
continuous convex function on any set of probability distribu-
tions. The extension to mixed states can be expressed as follows,
Cr(p) = inf 37 p;Cr(g).
Pis%is
Here the infimum is taken over all possible ensemble
decompositions p = >_pi|;) (| with p; > 0 and >_p; = 1.

A coherence measure C for a bipartite state is said to be
superadditive if the following relation holds for all density
matrices p,p of a finite-dimensional system with respect to a
fixed reference basis {|i)a@ i)z}

Cr(pap) = Cr(pa) + Cr(pp). (1)

Here, p, = Trg p,p and pp = Try p,p are relative to the basis
{|i)a} and {]j)p}, respectively.

First, we introduce a sufficient condition for super-
additivity in the bipartite states [15].

Lemma 3. A convex roof coherence measure C¢ is super-
additive if the following inequality is satisfied for all pure
states |p)ap = 2iiciili)ali/ with Zij|Cij\2 =1,

Crllphan) > Cf(z_ @m) + Y aClem). @

1 .
Here q; = Yj|cy|” and |p,)p = T cilj)s-

An alternative expression of the sufficient condition for
the convex roof coherence measure Cy to be superadditive
can be stated as

Cehn) > Lp Gl + L ac o). @

J

1 .
Here, p; = >/|c;|* and lpa = ﬁzi cijli)a.
7

3. Superadditivity of convex roof coherence
measures

Building on the definitions of coherence measures and con-
vex roof introduced in section 2, we now investigate their
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superadditivity properties. Although previous studies primarily
addressed bipartite cases, our analysis extends to tripartite and
general multipartite states. We begin with tripartite systems and
subsequently generalize the results to n-partite states.

3.1. Superadditivity of tripartite states

We next consider the superadditivity properties of convex
roof coherence measurement in the tripartite states.

Definition 4. A coherence measure C for tripartite states is
said to be superadditive if the following relation is valid
for all density matrices pspc on a finite-dimensional
Hilbert space with respect to a particular reference basis

{I)a ® i) ® k)c},

Cr(pac) 2 Cr(py) + Crlpp) + Cr(pe). 4)
Here p, = Tigc papes P58 = Ttac Pager Pc = Tias Pape With
respect to {|i)4 ® |j)p ® [k)c}-
Theorem 5. A convex roof coherence measure C; is
superadditive if the following inequality is satisfied for all
pure states |p)apc = 2iikCijkli)alj)slk)c with 2jk|0ijk|2 =1,

Cr(l)apc) = > pCrlaia) + > 4;Cr(18))

J

+ > Cr(Ive)e)- %)
k
Here p; = ; jk|Cijk2, q = ik|clijk2: g = Zij|Cijk|2
and |o;)a = ﬁzjkqjkﬁ)A, Bi)s = ﬁzik il e e =
1
ﬁzijcijk|k>c~

Proof. We first examine equation (5) in the case where
papc is a pure state. We use p, = ijjlle> (jla to represent
the optimal decomposition of p, that achieves the
infimum in the definition of Cr. Since py = > p;|ay)(ayla is
also an ensemble decomposition of p,, there must be
2ipiCA|i)a) = Zipj-/ Cf(|1/)j>A) = Cy(py) according to the
definition of the coherence measure.

Similarly, we can obtain >2q,CA|5;)8) = CApp) and
2k CA| V) o) = CApc). This means that for pure states
PABC>

Cr(papc) = > piCrlai)a) + Y q;Cr(16)8)
i J

+ > G (wde)
k
2 Cr(py) + Crlpp) + Cr(pe)- (©6)
Second, we prove that equation (4) holds for all states if
it holds for pure states pspc. To this end, we use papc =

>-iili) (il apc to represent one of the optimal decomposi-
tions giving C{papc)- Using equation (6), we have

Cr(papc) = E P:Cr(IWi)ac)

> Zpi(cf'((Pi)A) + Gr((pB) + Cr(pHe)).  (7)

Here (p"a = Tigclyy) (Yilase, (0D = Tracly) (¥ilasc and
(P = Tiaplth) (Yilapc. According to the convexity of a

coherence measure, there are 3=, p; Cr ((p)a) = Cr (32, p;(p)a)s
SipiC(phs) = G(Tipi(phe)  and  YpCr((p)e) =
Cr (3 pi(p)c), which leads to

Cr(papc) 2 G5 (Z Di (Pi)A)

+ Cf(z P,‘(Pi)B) + Cf(z D; (pi)c). (8)

We note that p; =39 (p)a. pp=X;pi(p)p. and
P = 2iP;(p)c. So we finally prove that equation (4) holds
for all states. This completes the proof. ]

3.2. Superadditivity of multipartite states

In this section, we generalize tripartite states to multipartite
states about the superadditivity of the convex roof measure
on the basis of theorem 5.

Definition 6. A convex roof coherence measure C; of
multipartite states is said to be superadditive if the following
relation is valid for all density matrices p, ,, , of a finite-
dimensional system,

Cr(paa,..a) Z Crpa) + Crpy,) + . +Cr(py,)

=2 Crlpy). ©)

j=1

Here p, = Tra _a, A .APaA. 4y = 1.2,..0

Theorem 7. A convex roof coherence measure Ci is
superadditive if the following inequality is satisfied for all
pure states |caa,..a, = 2 i Ciili)aliz)a,-lin)a, with

Z|Ci1...i,,|2 =1
Crla)an,..a) = > P Cr(li)a) + > pi, Crlaiy) ay)

i ip

+ ot P, Gr(li)a,)

Iy

=22, Crllai)a).

j=1 i

10)

,i,1|Ci,...i,l|2 and |ai,>A, =

Here P, = >
1
—X

7, TR TR

e Bj— 141

Ciilia, =1, 2,0

Proof. For the pure state p,, ., utilize the optimal
decomposition of p 4 that achieves the infimum in the
definition of Cr. We use p, =3, ql.j|1/),~/.) (¢, to represent
the optimal decomposition. Since p 4= Zij pl.j|a,»j> (ila, is
also an ensemble decomposition of p 4 According to the
definition of convex roof coherence measure, there is

Z,',.P,-,.Cf(|0¢i,>Aj) P Zi/.qi/.quwi,)Aj) = Cf(PA].)- Then, we
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have proven equation (9) for pure states,

ZZ pl,Cf(lal/ /

J=11i

(11

Cf(|04 AlAy .. A, ) = Z Cf(PA

Next, we prove that equation (9) holds for all states, and

we use paa 4 = 2 GlUr) (Yilaa,...a, to represent one of
the optimal decomposmons that gives Cr(py 4, 4,)- Using
equation (11), we have

Cr(Pan,..a) =2 GCrve)aa,..a,)
X

>3 g (Cr(pa, + Cr(pMa, + - ACr(pM)a,)
X

=3 > @ (Cr(ph)a).
=1k (12)

Here (0*)4, = Tra,...aj—1a,.,-a,|Uk) (Yilaa,...a,- According to

the convexity of a coherence measure, there is
k4 Cr(p9)a, = Cr(Z 4 (p)a), which leads to
Cr(pany..a) 2 Y3 (G (P")a)
j=1k
>y Cf(Z M) = Y Cr(py)  (13)
Jj=1 j=1
This completes the proof. 0

4. Conditions for the equalities to hold

This section investigates the conditions under which equality
holds in coherence measure and superadditive relationships.
We first analyze the equality conditions of the basic condi-
tions of the coherence measure. After that, we describe the
additivity conditions of bipartite states and give concrete
examples.

4.1. Conditions for the equalities in coherence measures

We investigate the conditions under which each inequality in
definition 1 becomes an equality:

(1) positive definiteness C(p) > 0: The equation holds if
and only if the state p is an incoherent state;

(i) monotonicity under incoherent operations: C(p) > C
(A(p)) if A is an incoherent operation. The equation holds if
and only if the state p is an incoherent state;

(ili)) monotonicity under selective measurements on
average:C(p) = SpuC(p), p, = Tr(K,pK,), p, = KupK,l/p,,
and A(p) = X, K, pKnT is an incoherent operation. The equation
holds if and only if all states p,, and p have the same coherence
measure value;

(iv) convexity: 3,4,C(p,) = CC_,qnpn) for any set of
states{p,} and probability distribution {g,}. The equation
holds if and only if all states p, and p have the same
coherence measure value.

4.2. Conditions for the equality of superadditivity of bipartite
states

We investigate the condition under which the inequality of
equation (1) is saturated. We recall that the convex roof coher-
ence measure is defined as C{p) = Fcol leils s Jcai]?). Let
f: R4 — R be a function defined in vectors. For any vectors
x=x,...x,) € R", and y = (y,...,),) € R, we have

J@) +fO) =fx®@Y). (14)

Here, x ® y = (1)}, X))+ --»Xm),) € R™ denotes the Kro-
necker product of x and y.

Theorem 8. Let f be a function satisfying multiplicative
separability in the form of equation (14). Then for the
separable pure state |\)ap = |a) ® |B), the pure states

lo) = Xajli)a and B) = Xobili)s, with Slal? =1 and
SiIbj]> = 1. The convex roof coherence measure Cy satisfies
the additivity

Cr(1)ag) = Cr(Ja)) + Cr(16)). (15)

Proof. The coherence measure can be expressed as
Cr(la)) = faol, lail?...lag,—1),
Cr(18)) = f(Ibol*, 1bal- - |bay— 1)

The tensor product of |a) and |3) are expressed as
lv)ap =la) @ 1B) = (Zd li) ) ® (Z bj|j>B)
J
=" aibjli)alj)s
i.j

The coherence measure can be expressed as

Cr(lo)) + Cr(18))

=faol, laol,....laa,—1?) + f(bol, b1l |bay—1)

=f(laoPlbol?, laoP1bil....laiP ;.. .. lag,— 1P 1bay—11*)
=f(laobol*, laobi.....laib;P,..  |aa,— ba,—1I*)
=Cr(a ® B) = C(1)ap).

(16)
That is, we prove the additivity of separable states in

equation (15). [l

Corollary 9. Let f remain the function introduced earlier that
satisfies the conditions of theorem 8. Then, for a pure state
composed as the tensor product of the pure state of the n-

,,,,,, 2 = [01) @ [0) @ -+ @ [ih,). The convex
roof coherence measure Cy satisfies the additive

Cr(¥ha,...n) = Crllthi)

i=1

a7)

Proof. We proceed with the proof by mathematical
induction. First, for the case n = 2, it reduces to the original
theorem 8: given [1)1, = [1)) ® |¢,), since the measure
satisfies additivity, we clearly have for a pure product state



Commun. Theor. Phys. 78 (2026) 025101

H Ren and L Chen

CAlY)2) = CAlr) @ [1a) = CAlYh)) + CAle)). Now
assume as the induction hypothesis that for any pure product
state of the k < n subsystems, one already has

k
Cr(l) @ [2)@ - @) = D Crly).
i=1
Consider the n-subsystem case [}, = |®)1....nm1 @ |Un),
where |¢>l ,,,,, n—1 = |w1> Q@ ® |wn71> is the pure product

state formed by the first n — 1 subsystems. By the additivity
of Cron pure product states, we have for:

Cf(|/(/}>l ..... n) - Cf(|¢>1 ..... nfl) + Cf(l/(/}n»
By the induction hypothesis,

n—1
CUN,..n-1) = Y, C(I))
i=1

Substituting it into the above, we obtain equation (17). This
completes the proof. (]

4.3. Examples of equality to hold

Example 1: the coherence measure of formation is defined as

Cror(p) = inf >~ p,Co(lg), (18)

Pilgilr
where C(J¢)) = S(A(|:){wi])) with S(p) = —Tr(plog, p)
being the von Neumann entropy. We use A(p) = >_;p:li) (]

to denote the diagonal part of p. To discuss the conditions
under which the equation holds, we consider the pure state
) = Tiaili)a and |8) = Sbjlj)s, with Lifa;> = 1 and
|bjI> = 1. We have

Cfor(|a Z|d |2 10g2|a |

Zlb P log, b,

J

Cfor(lg

For the separable state |¢)ap = |a) ® |0), the coherence
measure can be expressed as

Cror(I)a) = —>_ Ieil* log, |y
ij

=—>"la;?log,la;
i

= Cor(|)) + Cror(18)).

It shows that for the coherence measure of formation, the
separable state satisfies the equation (15).
Example 2: the coherence measure of the convex roof based

on the entropy i is defined as Cl (p) = mf > p,Cl (=03
piled}

where Cl(|<,0>) = 210%2(2 llcl|) for |(P> = ZC:') The

function f satisfies equation (14). We consider pure states |a) =
Z,ai|i>A and |ﬁ> = Z/?ADB, with Zi\af =1 and Zj|bj‘2 =1.We
have

— Y 1bjP log,|b,?

J

C1 (la)) = 210g2(z |a; |)

i=0

a (18) = 210g2(2|b I)

i=0

For the separable state |1))4p = |a) ® |0), the coherence mea-
sure can be expressed as

C%(|1/1>AB) = 21032(Z|Cij|)

= 2log2(2 la; |)+2log2(2 b |)
i=0
(o)) + C1 (B))-

C1
2
It shows that for the coherence measure of the convex roof based
on the entropy % the separable state satisfies the equation (15).

5. Conclusion

We proposed and proved the structural criterion for attaining
convex roof coherence measure superadditivity in bipartite
states. Then we extended this result to the pure states of the
general multipartite states and to the mixed states under its
convex roof extension. Furthermore, we give the sufficient
conditions when the above superadditive inequalities are
equal. We explain and verify it through typical examples, such
as the coherence measure of formation. Finally, we summar-
ized the full text and pointed out several research directions
that need to be further explored. The study of the additivity of
the mixed states is difficult. It is hard to apply this additivity
rule directly because the mixed states make the superposition
of the coherent characteristic of each part difficult. Future
research can further explore the necessity and completeness of
the proposed conditions and whether these conditions are
sufficient but also necessary for certain specific coherent
measures. Another direction is to extend the theory to other
coherent measures and discuss their additivity.
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