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Abstract
This study investigates the thermal and statistical properties of the Dirac oscillator within the
framework of two prominent formulations of doubly special relativity (DSR): the Amelino-Camelia
and Magueijo-Smolin models. DSR extends Einstein’s special relativity by introducing an
additional invariant scale—the Planck energy—leading to modified energy-momentum relations
that encode potential quantum-gravitational effects at ultra-high energies. In this context, we derive
the modified Dirac equations for both DSR scenarios and analytically determine the corresponding
energy spectra. These spectra are subsequently used to compute the partition function and key
thermodynamic quantities, including specific heat, by employing the Euler–Maclaurin formula to
facilitate an efficient approximation of the partition function. The analysis is restricted to the
positive-energy sector, enabled by the exact Foldy–Wouthuysen transformation, which effectively
decouples positive and negative energy states. The findings reveal that Planck-scale deformation
parameters induce significant modifications in the energy spectrum and thermodynamic behavior of
the Dirac oscillator in each DSR framework, thereby offering valuable insights into possible
observable imprints of quantum gravitational phenomena in relativistic quantum systems.

Keywords: Dirac oscillator, thermal properties, Amelino–Camelia and Magueijo–Smolin DSR
theories

(Some figures may appear in colour only in the online journal)

1. Introduction

In the relativistic extension known as the Dirac oscillator,
the canonical momentum p in the Dirac equation, is substituted
with p m ri 0 , a modification first proposed by Ito
et al [1]. Moshinsky and Szczepaniak subsequently introduced
the term ‘Dirac oscillator’ (DO) and showed that, in the non-
relativistic limit, it simplifies to a harmonic oscillator integrated
with a significant spin–orbit interaction [2]. The DO interaction
can be comprehended as a coupling of an anomalous magnetic
moment to a linearly growing electric field, with the

corresponding electromagnetic potential explicitly determined by
Benitez et al [3]. The precise solutions of the DO and its
extensive applications—from particle phenomenology to
quantum optics [4–7]—have been widely studied. The initial
experimental demonstration, conducted in a one-dimensional
microwave resonator by Franco-Villafane et al [8], led to further
studies on Dirac oscillators by the authors [6, 9–14].

DSR improves Einstein’s special relativity by incorpor-
ating an additional invariant scale: the Planck energy

/=E c G 10 GeVp
5 19 , in conjunction with the invar-

iant speed of light c. Conventional special relativity main-
tains the invariance of c, but deformed special relativity alters
the energy-momentum relations to include hypothetical
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quantum-gravitational phenomena that emerge at ultrahigh
energies. Two fundamental DSR models are the Amelino-
Camelia proposal [15, 16] and the Magueijo-Smolin (MS)
framework [17]. Additionally, a new projective formalism of
the MS DSR is presented in [18]. These theories examine
Planck-scale physics, with relativistic oscillators such as DO
to investigate the intersection of quantum mechanics and
gravity [18–23].

These frameworks provide essential phenomenological tools
for examining the impact of Planck-scale alterations on funda-
mental quantum systems [18–23]. Relativistic quantum oscilla-
tors, exemplified by the Dirac oscillator, serve as optimal
theoretical frameworks for examining the interaction between
quantum mechanics, relativistic principles, and gravity-induced
modifications. Comprehending the impact of DSR-induced
deformations on the energy spectra and thermodynamic proper-
ties of the DO can provide crucial insights into quantum gravity
phenomenology and assist in detecting experimental signals at
high-energy scales.

This research investigates the thermal and statistical prop-
erties of the one-dimensional Dirac oscillator within the Ame-
lino-Camelia and MS DSR theories. We derive the modified
Dirac equations and solve them to obtain their energy spectra,
enabling us to calculate partition functions and essential ther-
modynamic parameters, including specific heat. The analysis
highlights the impact of Planck-scale deformation parameters
on system behavior, specifically on the positive energy solutions
derived from the Foldy–Wouthuysen transformation.

The document is structured as follows: section 2 eluci-
dates the origin and resolution of the Dirac oscillator within
the framework of the MS DSR model. Section 3 employs a
comparable methodology within the Amelino-Camelia fra-
mework, obtaining the associated updated oscillator
equations and energy spectra. Section 4 analyzes the statis-
tical and thermodynamic characteristics, offering analytical
approximations for the partition function and specific heat in
both DSR contexts. Ultimately, section 5 encapsulates the
key findings and delineates avenues for future research.

2. The modified Dirac oscillator in MS DSR theory

In the MS DSR framework, the modified Dirac equation of
order ( )/O E Ep

2 2 is given by

˜ ( )=µ
µ m
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As Ep → ∞, this reduces to the standard Dirac oscillator
spectrum [6]

( )= ± +E m n
m

1 2 . 6

3. The modified Dirac oscillator in Amelino–Camelia
DSR theory

In the Amelino-Camelia DSR framework, the modified Dirac
equation to order ( )/O E Ep
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The energy quantization condition becomes
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As Ep → ∞, this reduces to the standard Dirac oscillator
result

( ) ( )= ± +±E n m nm2 . 122

This shows how the energy spectrum depends on the
quantum number n and the deformation parameter Ep, reco-
vering the usual result in the undeformed limit [6].
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4. Statistical properties

We summarize the key results from the previous section.

• Equations (5) and (11) serve as the foundational
expressions to evaluate thermodynamic quantities such
as the partition function and the specific heat of the
oscillator.

• The differences between these equations offer, in
principle, observable signatures that could distinguish
various quantum gravity-inspired modifications of spe-
cial relativity, as explored further through the analysis
and figures presented in this work.

In essence, equations (5) and (11) respectively represent
the fundamental energy spectra for the one-dimensional
Dirac oscillator in two well-known DSR models. They
demonstrate how Planck-scale effects impact quantum sys-
tems, in which case different DSR models lead to distinct
possible shifts in the energy levels and, consequently, dif-
ferent thermodynamic predictions.

Our primary goal in this section is to determine the
statistical properties of the system, with a particular emphasis
on calculating the partition function Z. Inspired from
[6, 24–26], we define the partition function as:

( )= +
=

Z 1 e . 13
n

E

1

n

Although conceptually the expansion should be written as an
infinite series, numerical evaluations of the series can be
problematic or impossible for complex systems. To circum-
vent this situation, we employ the Euler–Maclaurin formula
—an analytical method extensively described in the literature
(see [27]). This formula interpolates between discrete sums
and continuous integrals, allowing integrals to estimate sums
plus correction terms expressed in terms of derivatives,
Bernoulli polynomials, and/or constants.

The Euler–Maclaurin formula in full generality is written
as [27]
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where a and b are integers numbers; b − a is an integer; Bn

are Bernoulli numbers; Bp are Bernoulli polynomials; and p
is a positive integer. The function f is assumed to have
continuous pth-order derivatives. Where the remainder term
is referred to as

( )
!

( ) ( )( )=R
B t

p
f t t

1
d . 15k

a

b p p

In our case

( ) ( )=
+ +

f n e . 16E mn
E mn E m mn m n

E2
2 2 2

2p
p p

p
2

2 2
3

2

It is powerful in providing a good approximation to the
function, particularly when f (n) and its derivatives decrease
rapidly as n increases. When f (n) and all its derivatives
vanish at infinity, the formula becomes (see [13])
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all odd k > 1. Bernoulli polynomials Bn(x) can be char-
acterized using a generating function
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In contrast to classical Bernoulli polynomials, periodic
Bernoulli functions, denoted by ¯ (·)Bp , are defined explicitly
in terms of the fractional part of their arguments. Specifically,
they satisfy

¯ ( ) ( ) ( )= RB x B x x x, , 20p p

where the fractional part {x} is defined by

( )= <x x x x, 0 1. 21

Consequently, the periodic Bernoulli function ¯ ({ })B xp exhi-
bits exact periodicity with a period of unity. This feature
distinctly differentiates it from the polynomial form Bp(x),
which displays polynomial growth without periodicity.
Another essential characteristic of periodic Bernoulli func-
tions is their piecewise smooth structure. Discontinuities may
occur at integer points Zx , except for the trivial case
p = 0. In contrast, classical Bernoulli polynomials are infi-
nitely differentiable and continuous over the entire real axis.
Furthermore, a fundamental property distinguishing periodic
Bernoulli functions is that their integral over one complete
period vanishes

¯ ( ) ( )=B x x pd 0, 1. 22p
0

1

Periodic Bernoulli functions naturally appear within the
Euler–Maclaurin summation formula, where they provide
accurate remainder estimations for numerical series
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expansions. Their periodic and oscillatory characteristics
yield concise and rigorous descriptions of subtle corrections
needed when transitioning between discrete sums and con-
tinuous integrals.

The Euler–Maclaurin formula demonstrates considerable
utility in this context, as illustrated in [13, 14]. By converting
discrete sums into integrals supplemented by systematic
correction terms, this methodology provides enhanced ana-
lytical clarity and improved computational efficiency. Fre-
quently, the principal integral component can either be
evaluated explicitly or calculated efficiently using numerical
methods. Concurrently, the series of correction terms—ori-
ginating from higher-order derivatives and Bernoulli num-
bers or polynomials—progressively refines the precision of
the resultant approximation. An essential feature of this fra-
mework is the integral role played by the periodic Bernoulli
function within the remainder term. This incorporation
extends beyond mere technicality, serving as a rigorous and
succinct representation of the inherent oscillatory behavior
inherent to discrete summations—behavior that integral and
polynomial corrections alone fail to capture adequately. This
inclusion substantially enhances both convergence char-
acteristics and the accuracy of approximations, especially in
cases involving slowly convergent or highly oscillatory ser-
ies. Consequently, the periodic Bernoulli function is indis-
pensable for accurately quantifying residual fluctuations,
providing refined control over error estimation and sig-
nificantly contributing to the overall reliability of the method.
These attributes render the Euler–Maclaurin approach parti-
cularly effective for evaluating partition functions and ana-
logous summations, where direct numerical computation may
prove impractical or computationally demanding. When
augmented by the periodic Bernoulli remainder term, the
Euler–Maclaurin formula constitutes a robust and systematic
framework for extracting asymptotic expansions and estab-
lishing rigorous error bounds. This synthesis ensures high-
precision quantitative outcomes while optimizing computa-
tional resources. Ultimately, the Euler–Maclaurin formula’s
enduring significance in mathematical and physical analyses
derives from its harmonious balance of analytical rigor and
practical effectiveness, notably enhanced by the inclusion of
periodic Bernoulli functions.

In our case, for any positive integer n, the periodic
Bernoulli function B̄n is defined as ¯ ({ })=B B xn n , where {x}
is the fractional part of x. This function is periodic with
period 1 and continuous over it, a property which, combined
with Elliott’s result [28], yields the ultimate form of the
partition function sum [13, 14]
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Within statistical physics, numerous thermodynamic
quantities—including the partition function Z(β), free energy
F(β), internal energy U(β), entropy S(β), and specific heat
Cv(β)—can be systematically derived from the Boltzmann
factor e−βE. These quantities illuminate the macroscopic
properties of a system grounded in its microscopic energy
structure. Their relationships to the partition function are
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where β = 1/(kBT), with kB being Boltzmann’s constant and
T the absolute temperature. The partition function Z(β)
encapsulates the statistical weights of all accessible energy
states and fundamentally governs the thermodynamic
behavior.

Note that the specific heat CV includes the subscript v to
indicate that the derivative concerning temperature is eval-
uated at constant V, which represents length (one-dimen-
sional systems), area (two-dimensional systems), or volume
(three-dimensional systems), depending on the dimension-
ality of the system under consideration. This distinction is
important, as the physical interpretation of CV inherently
depends upon the geometry and constraints of the given
system. Moreover, within the Amelino-Camelia (AC) Dou-
bly Special Relativity (DSR) framework, the energy spec-
trum is subject to an upper bound given by [ ]=n E2c p

2,
where [Ep] denotes the integer part of Ep. Consequently, the
Euler–Maclaurin expansion (initially presented as
equation (26)) must be adjusted to account explicitly for this
finite summation range. In contrast, under the Magueijo-
Smolin (MS) prescription, the standard infinite-range form of
the Euler–Maclaurin expansion remains valid.
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whereas in the AC case the integral is truncated at the
maximal level [ ]=n E2c p

2
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Here, the fractional part x is given explicitly by:
t = t − [t], 7D10� t < 1.

The upper limit [ ]Ep
2 reflects the fact that, in the AC

DSR theory, quantum levels are only defined
for [ [ ] ]n E0, 2 p

2 .
Such thermodynamic quantities not only characterize

equilibrium properties, but are also at the foundation of a
description of phase transitions, response functions, and
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fluctuations. Their representation as derivatives of the parti-
tion function unifies the study of diverse phenomena in
various physical situations.

Prior to presenting numerical results, we emphasize that
our analysis is restricted exclusively to stationary states
characterized by positive energies. Two principal justifica-
tions underpin this decision [29]:

• The Dirac Oscillator (DO) inherently possesses an exact
Foldy–Wouthuysen transformation (FWT) [30, 31],
which cleanly separates solutions into positive- and
negative-energy states. Consequently, thermodynamic
calculations are exclusively associated with positive-
energy states, thereby precluding particle–antiparticle
annihilation or mixing with negative-energy states under
this formalism.

• The approach assumes complete occupancy of all
negative-energy states (antiparticles). Although tradi-
tionally associated with fermions through the concept of
the Dirac sea, this concept is generalized here to bosons.
Unlike fermions, bosons do not adhere to the Pauli
exclusion principle and can simultaneously occupy
identical negative-energy states [26, 32, 33].

Therefore, the fermionic spectrum naturally divides into
two distinct branches: one comprising positive-energy states
and the other negative-energy states. An effective energy
barrier exists between these two branches, analogous to the
bandgap observed in solid-state systems, effectively pre-
venting transitions between them [25, 34].

Although the Dirac oscillator Hamiltonian belongs to a
category of relativistic quantum systems defined by the sta-
bility of the Dirac sea, it distinctly separates positive and

Figure 1. The behavior of the partition function and specific heat of the one-dimensional Dirac oscillator (1D DO) as a function of 1/β
in the framework of Amelino-Camelia DSR, and its comparison with the standard 1D DO.
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negative-energy solutions without intermixing. This char-
acteristic is rigorously demonstrable via the Foldy–Wou-
thuysen canonical transformation. Nevertheless, it merits
consideration whether negative-energy branches might also
contribute to thermal properties. Myers et al [34] have
advocated for including negative-energy states in thermal
calculations, arguing their role as supersymmetric counter-
parts to positive-energy states. To our knowledge, this
represents an innovative perspective within the literature.
However, when applied to relativistic oscillators, such an
approach results in an unintended doubling of the specific
heat. More critically, in the non-relativistic regime, it yields
values twice those empirically validated in solid-state phy-
sics, where thermal characteristics derived solely from
positive-energy (electron) states exhibit excellent congruence
with experimental observations.

In summary, this investigation addresses the thermo-
dynamic properties of the one-dimensional Dirac Oscillator
under the assumption that the positive-energy branch pre-
dominantly influences thermal behavior. Specifically, we
analyze the partition function and specific heat associated
exclusively with the positive-energy sector, aiming to clarify
their impacts on the overall system dynamics.

Figure 1 illustrates the partition function and specific
heat as functions of 1/β (where β = 1/kBT, with T the
temperature) for the one-dimensional Dirac oscillator (1D
DO) in the Amelino-Camelia DSR framework, compared to
the standard 1D DO. The Amelino-Camelia DSR introduces
a deformation at the Planck scale, which alters the oscilla-
tor’s energy spectrum. This modification leads to notable
deviations in the partition function and specific heat curves
from the standard case, particularly at high temperatures

Figure 2. The behavior of the partition function and specific heat of the one-dimensional DO (1D DO) as a function of 1/β in the
framework of MS DSR, and its comparison with the standard 1D DO.
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(corresponding to low β). These deviations arise because the
DSR framework imposes an upper bound on the accessible
energy states, suppressing or enhancing the thermodynamic
quantities relative to the undeformed oscillator. At low
temperatures (high β), all models converge, as the influence
of quantum gravity effects diminishes. Thus, figure 1
demonstrates how Planck-scale physics, as encoded by
Amelino-Camelia DSR, significantly modifies the thermo-
dynamic behavior at high temperatures, with the most pro-
nounced differences occurring near the Planck scale.

A vital feature displayed in this figure is the singularity
of the modified energy spectrum: the denumerator
E mn2 p

2 vanishes with n tending to the critical number

( )/=n E m2c p
2 . When n approaches nc, the energy blows up,

and for n > nc, the spectrum becomes unphysical (complex
or singular). This singularity’s presence, which is the hall-
mark of the Planck-scale deformation, restricts the number of
excitations and hence the maximum amount of energy that
can be paid to the system. In contrast to the standard 1D DO,
where the energy levels are untruncated, the spectrum of the
DSR-deformed oscillator is limited at nc. This upper bound
causes the partition function and specific heat to saturate or
even suppress at large T, since states above the singularity
will be disallowed to be thermally populated. This can be
seen in the flattening or suppression of thermodynamic
curves at high temperatures for the DSR case, as opposed to
the continued rise exhibited by the standard DO. The bifur-
cation is a signpost for Planck-scale physics in the Amelino-
Camelia DSR model, due to a fundamental energy spectrum
cutoff that is missing from ordinary quantum mechanics and
relativity.

For increasing deformation parameter Ep, the singularity
is moved to infinity (nc → ∞) and the DSR spectrum con-
tinuously approaches the ordinary 1D DO one, E±(n)
= ± +m nm22 . However, for any finite Ep, the singu-
larity is going to change the spectrum drastically, and thus,
one can not ever hope to reproduce the standard oscillator at
high energies exactly. This means that, practically, the DO
deformation of the DSR-deformed DO is the same as that of

the standard DO for small n (i.e., the low-energy limit),
where the singularity is located away from us. At higher
energies, DSR corrections become essential, and the singu-
larity prevents the system from reaching the entire standard
DO spectrum. Therefore, when Ep is finite, the accessible
energy levels for the Dirac oscillator are bound from above
by the quadratic potential, which has to have significant
consequences on the microscopic (spectral) as well as on the
macroscopic (thermodynamic) aspects.

Figure 2 displays the partition function and specific heat
as functions of 1/β for the 1D DO in the MS DSR frame-
work, alongside the standard oscillator for comparison. The
MS DSR framework also modifies the energy-momentum
relation, but with a different mathematical structure than
Amelino-Camelia DSR. As a result, the partition function
and specific heat curves diverge from the standard case at
high temperatures. Still, the pattern and magnitude of the
deviations are distinct from those in figure 1. Typically, the
MS model leads to a stronger suppression of thermodynamic
quantities at high temperatures, reflecting a more restrictive
upper bound on energy states. Comparing figures 1 and 2
reveals the unique signatures of the two DSR models,
underlining the importance of the specific form of Planck-
scale deformation in determining observable thermodynamic
effects.

Figure 3 offers a direct comparison of the specific heat as
a function of 1/β for the 1D DO in both Amelino-Camelia
and MS DSR frameworks, as well as the standard (unde-
formed) case. At low temperatures (high β), all curves
overlap, indicating negligible DSR effects. As the temper-
ature rises (lower β), both DSR models predict a suppression
of specific heat relative to the standard case. Still, the onset
and degree of suppression differ: the MS model typically
shows the most substantial reduction at high temperatures,
while the Amelino-Camelia model exhibits a milder, though
still significant, deviation. This figure encapsulates the core
finding that Planck-scale deformations in DSR frameworks
lead to observable differences in thermodynamic properties,
with specific heat serving as a sensitive probe of quantum

Figure 3. Comparison of the specific heat as a function of 1/β for the one-dimensional DO (1D DO) in the frameworks of Amelino-
Camelia and MS DSR, with that of the standard 1D DO.
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gravity effects. The distinct behaviors of the two DSR
models underscore the potential for experimental dis-
crimination between different quantum gravity scenarios.

In summary, these three figures collectively demonstrate
how Amelino-Camelia and MS DSR models imprint distinct
signatures on the thermal properties of the one-dimensional
Dirac oscillator. The differences arise from the unique ways
each DSR framework modifies the energy spectrum, leading
to varying degrees of suppression in the partition function
and specific heat at high temperatures. These visualizations
offer clear, comparative insight into the phenomenological
consequences of Planck-scale physics, highlighting the
potential for using thermodynamic observables to test
quantum gravity-inspired modifications of special relativity.

5. Conclusion

In this work, we derive and compare the energy spectra of the
one-dimensional Dirac oscillator under two prominent DSR
schemes—Amelino-Camelia and MS—obtaining analytic
expressions in the leading Planck-scale deformation and
verifying that both reproduce the standard relativistic oscil-
lator levels as the DSR scale tends to infinity [1]. By inserting
these spectra into the partition function and employing the
Euler–Maclaurin expansion, we demonstrated that Planck-
scale deformations impose an upper bound on accessible
energy states, leading to a pronounced suppression and
eventual saturation of thermodynamic quantities (partition
function, internal energy, specific heat) at high temperatures
compared to the undeformed case [1]. Our analysis reveals
distinct signatures between the two DSR models: the MS
framework typically yields stronger high-temperature sup-
pression than the Amelino-Camelia prescription, offering a
potential phenomenological discriminator in future experi-
ments or simulations [1]. These findings highlight how DSR-
induced modifications lead to observable deviations in the
thermal behavior of relativistic quantum systems, and they
pave the way for further studies on more complex potentials,
higher-dimensional oscillators, and the incorporation of
interactions beyond the single-particle level.
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