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Abstract
In this article, the large-time asymptotic wave dynamics of rogue curves are analytically investigated
and numerically confirmed in the Davey–Stewartson (DS) I equation. We show that, when time in
bilinear expressions of the rogue curves is large, a certain number of localized lump-shaped waves
would arise on the uniform background, exhibiting various wave patterns. We further show that, as
time increases, the individual lump-shaped wave asymptotically evolves into a line soliton on the
constant background that persist at large time. By performing large-time asymptotic analysis, we
reveal that such wave patterns as well as the numbers of lump-shaped waves can be analytically
determined by the structure of nonzero roots of the Wronskian-Hermite polynomials. Our asymptotic
predictions are compared to true solutions quantitatively and excellent agreement is obtained.

Keywords: Davey–Stewartson I equation, rogue curves, wave dynamics, asymptotic, bilinear
method

(Some figures may appear in colour only in the online journal)

1. Introduction

The Benney–Roskes–Davey–Stewartson equation is a well-
known model to describe the evolution of a (2+1)-dimensional
wave packet on water of finite depth [1–3]. This equation
becomes integrable under the shallow water approximation [3],
and is sometimes termed the Davey–Stewartson (DS) equation.
The DS equation has received considerable attention from the
physics and mathematics communities as a prototype model of
nonlinear interactions between long and short waves. In addi-
tion, this equation can also be obtained from a self-dual Yang–
Mills equation via a suitable reduction technique [4]. Depending
on the strength of surface tension, the DS equation can be
divided into two types [3]: DSI equation (strong surface tension)
and DSII equation (weak surface tension). This paper focuses on
the Davey–Stewartson I (DSI) equation, which can be expressed

in the following form
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where ε = ±1 is the sign of nonlinearity, A ≡ A(x, y, t) is a
complex function representing the envelope of the surface wave
packet, and Q ≡ Q(x, y, t) is a real function that represents the
potential of the velocity field in the (2+1)-dimensional surface
water wave context.
Rogue waves are exceptionally large and unpredictable

ocean surface waves that may cause danger to ships in the sea
[5]. Due to their mysterious nature and potential damage,
rogue waves have received intensive experimental and
theoretical studies. Currently, they are at the frontier of
research in diverse physical fields, including water wave tank
[6, 7], optical fibers [8, 9], Bose–Einstein condensates [10],
plasma physics [11], acoustics [12] and superfluid helium
[13]. So far, theoretical studies on rogue waves have focused
mostly on (1+1)-dimensional models, such as in the
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nonlinear Schrödinger (NLS) equation [14–18], the Manakov
system [19–22], the massive thirring model [23], the three-
wave resonant interaction model [24], and many others [25].
It is quite meaningful to investigate rogue wave patterns

for (2+1)-dimensional equations since surface waves in the
ocean are always governed via (2+1)-dimensional models.
Given that the DS equation is a well-known mathematical
model which arises in the description of two-dimensional
surface water waves, the pattern formation of DS rogue wave
solutions could have significant implications for the invest-
igation of rogue waves in the ocean. Previously, rogue waves
in DSI have been derived using the Hirota bilinear method
[26]. It was found that rogue waves primarily exhibit wave
crests in line-shaped and nonlinear interaction of multi-line in
two-dimensional spatial plane. Recently, varieties of rogue
curves in the DSI equation have been reported [27]. The
wave crests for these rogue curves can exhibit shapes of
closed or open curves in the spatial plane. They arise from a
uniform background when time ( )= Ot 1 , and then reach
high amplitude in various attractive shapes, such as a closed
ring, a knotted curve, and many others. Moreover, it has been
found that such two-dimensional curved-shape rogue wave
patterns would appear when an internal parameter in bilinear
rogue waves expressions are real and large [27]. The emer-
gence of these new and striking shapes of rogue curves
provide more potential possibilities for extreme physical
events in nature and experimentation.
In particular, we further observe that these rogue curves

always appear possibly with a few lumps on the background.
As time progresses, those lumps would not disappear into the
same constant background without trace. Instead, they will
evolve into several localized lump waves on the constant
background that persist at large time, thus leaving with a
trace. Due to these peculiar behaviors, an interesting problem
for us is to investigate large-time asymptotic wave dynamics
and pattern formation for DSI rogue curves. Especially, when
time is large, the (x, y) locations as well as the dynamic
behavior for these lump-shaped waves are still unclear.
In this paper, we study asymptotic wave dynamics for

rogue curves in the DSI equation through large-time
asymptotic analysis on its rogue wave solutions. This work is
motivated by earlier work on wave patterns of higher-order
lumps of the Kadomtsev–Petviashvili I equation, where it is
shown that fascinating lump patterns appear at a large time,
which are described analytically by root structures of the
Yablonskii–Vorob’ev polynomials and the Wronskian-Her-
mite polynomials. For rogue curves in the context of the DSI
equation, we will demonstrate that when time is large, a
certain number of lumps would appear on the uniform
background, exhibiting various wave patterns. We further
show that such wave patterns and the numbers of these lumps
can be determined by structure of nonzero roots of the
Wronskian-Hermite polynomials. More importantly, as time
increases, we find that individual lump-shaped wave would
asymptotically change into a line-shaped soliton, undergoing
a state change. We compare our asymptotic predictions to
true solutions and demonstrate excellent agreement
between them.

This paper is organized as follows. In section 2, we
introduce the explicit bilinear rogue wave solutions in the
DSI equation. By choosing different parameters, we show
various wave patterns and their dynamics for DSI rogue
curves at large times. In section 3, we present our main
results on the asymptotic wave dynamics of rogue curves
when time becomes large, including their connections with
root structures of the Wronskian-Hermite polynomials. In
section 4, we graphically and quantitatively compare our
analytical predictions and true solutions. In section 5, we
prove the theorem presented in section 4 of this paper for
p = 1 case. In section 6, we briefly discuss large-time
asymptotics for DSI rogue curves when p ≠ 1. Section 7
summarizes the paper with some discussions.

2. Pattern dynamics of rogue curves at large times

General rogue wave solutions for equation (1) have been
derived in terms of differential operators [26]. More explicit
representations of DSI rogue waves have been provided and
proved [27]. Specifically, the Davey–Stewartson I
equation (1) admits the following general higher-order non-
singular rational solutions [27]:

( ) ( )=A x y t
g
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where f ≡ f (x, y, t) is a real function, g ≡ g(x, y, t) is a
complex function, and Λ = (n1, n2,…, nN) denotes an order-
index vector. Here, N is the length of vector Λ, each ni is a
nonnegative integer, and n1 < n2 < ⋯ < nN. To describe the
solution, we introduce a tau function as follows
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Here, p ≠ 0 is a real constant, δr,1 is the Kronecker delta

function defined as =
=r

r
1, 1
0, 1r,1 .

The vector s = (0, s2, 0, s4, ⋯) consists of coefficients
from the expansion
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And …a a a, , , n1 2 N
are free complex internal parameters. The

elementary Schur polynomials Sn(x) with x = (x1, x2,…) are
generated by the function

( ) ( )=
= =

xS xexp , 10
n

n
n

k
k

k

0 1

and we define Sn ≡ 0 when n < 0.
The above bilinear expressions have been derived in

[27]. The first element a1 can be further absorbed through a
coordinate shift into (x, t) or (y, t). Moreover, It is observed
that equation (1) remains invariant under the variable trans-
formation of Q → Q + ε|A|2, x ↔ y, and ε → −ε. Thus, we
set ε = 1, a1 = 0 in the general solutions (2)-(3) without
losing generality, and denote ( )= …a a a0, , , n2 N

as a vector
of irreducible internal free parameters.
Firstly, let us consider a special case where the index

vector Λ is given by (1, 3, 5, …, 2N − 1). In this case, it is
found that the corresponding solution is a typical higher-
order line-shaped rogue wave. To demonstrate these rogue
waves in DSI, we show one example. By choosing N = 5 in
solution (2) with

( ) ( )= = =ap 01, 1, 3, 5, 7, 9 , . 11

The corresponding solution |AΛ(x, y, t)| at four time values of
t = 0, 1, 3 and 10 is plotted in figure 1.
It is seen that a line-shaped rogue wave appears at t = 0,

reaching peak amplitude of 11 2 . At the intermediate time
of t = 1, the wave crests form a multi-line structure, and then
it begins to disappear and becomes nearly invisible at t = 3.
At the large times, the solution disappears into the constant
background without trace (see t = 10 panel). Such types of
rogue wave solutions are not the main focus of this paper.
Here, we just briefly mention it without further discussion.
Next, we consider the general case where the index

vector ( )N1, 3, 5, 2 1 . In this case, to demonstrate
large-time asymptotic wave dynamics of rogue curves in DSI
equation, we will illustrate three examples. In all these
examples, we will restrict p = 1.
For the first example, we take N = 2, and choose the

index vector as well as the internal parameters in
equations (4)–(5) as

( ) ( ) ( )= =a1, 4 , 0, 0, 0, 1000 . 12

The graphs of solution |AΛ(x, y, t)| at three time values of
t = 0, 2, 5 are depicted in the upper row of figure 2.

It is observed that a rogue wave emerges from the uni-
form background in the (x, y) plane, which consists of two
symmetric curves with respect to the x-axis, attaining its peak
amplitude of 3 2 at t = 0. This t = 0 panel in figure 2 has
been reported in [27] for a larger parameter value. As time
gets large, these rogue curves firstly retreats to the same
uniform background at t = 2. And then, there are two lump-
shaped waves with different sizes and shapes arise from the
constant background at a larger time value of t = 5, which is
an interesting feature we should notice. As time evolves,
these two lumps move to the left and right along the hor-
izontal direction, separately.
To better observe their shape changes over time, we

focus on one of these two individual lumps (the one marked
by a white arrow in the upper rightmost panel of figure 2, at
t = 5), and show its asymptotic sates at large time values.
More specifically, we plot true solution |AΛ(x, y, t)| at three
time points of t = 10, 20, and 30 in the lower row of figure 2.
Visually, it is seen that as time increases, the width of this
lump extends along the x-axis, and the lump-shaped wave
gradually becomes a line soliton. While the other lump wave
would exhibit similar dynamical behaviors when time gets
large, graphs of time evolution for that lump are omitted
brevity.
For the second example, we choose N = 2, and set

parameters as

( ) ( ) ( )= =a2, 3 , 0, 0, 300 . 13

The corresponding true solution |AΛ(x, y, t)| from
equation (2) at three time values t = 0, 3 and 8 is depicted in
the upper row of figure 3.

Figure 1. A higher-order line-shaped rogue wave (|A|) in the DSI
equation at four time values of t = 0, 1, 3 and 10 for parameter
choices in equation (11).

3
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It is seen that a ring-shaped rogue wave appears at
t = 0, with its crests forming a closed curve, reaching a
peak amplitude of 3 2 . This t = 0 panel in figure 3 has also
been reported in [27] for a larger parameter value. Then,
this rogue ring begins to disappear and becomes invisible at
t = 3, with two lumps staying on the uniform background.
Shortly afterward, these two lumps split into four lump-
shaped waves at a larger time value of t = 8. As time
evolves, these lumps move along four opposite directions in
the (x, y) plane. To better trace their locations and
asymptotic sates when time is getting large, we focus on
one of these four lumps, which is marked by a white arrow
in figure 3 at t = 8 (while the other three lumps would
exhibit the same behavior), and plot true solutions
|AΛ(x, y, t)| at three time values of t = 15, 30 and 60 in the
lower row of figure 3. Then, it can be observed that as time
evolves, the shape as well as the orientation of this lump is
varying, and it gradually becomes a line soliton on a con-
stant background.
For the third example, we choose N = 3 with parameters

( ) ( ) ( )= =a2, 3, 4 , 0, 0, 0, 1000 . 14

The corresponding true solution |AΛ(x, y, t)| at three time
values t = −15, 0 and 15 is depicted in figure 4.
It is seen that a parabola-shaped rogue curve combined

with a ring-shaped rogue wave appears at t = 0. This striking
wave pattern has not been reported before. Then, at two

symmetric large times t = −15 and t = 15, from the over-
view perspective, this solution splits up into five lump waves
arranged in a quasi-trapezoid shape. For each lump wave,
when time gets even larger, it would gradually evolve into a
line soliton on constant background. Similar to what has been
observed in figures 2 and 3.
Moreover, it is noted that in the above examples, both

solutions satisfy the time-reversal symmetry

( ) [ ( )]= *A x y t A x y t, , , , ,

thus |AΛ(x, y, t)| = |AΛ(x, y, − t)|. Due to this property, we
only need to discuss asymptotic wave dynamics for large
positive time in such examples.
How can we understand the large-time asymptotic wave

dynamics of these rogue curves? In particular, how to ana-
lytically predict these shape changes and (x, y) locations for
these lump-shaped waves at large times? These will be
explained in the following section.

3. Asymptotic wave dynamics of rogue curves at
large times

It is revealed that the large-time asymptotic wave dynamics
of these rogue curves can be predicted by roots structure of
the Wronskian-Hermite polynomials. So we first introduce
such polynomials and their roots structure.

Figure 2. A DSI rogue curve (|AΛ(x, y, t)|) for parameter choices of (12) at various time values. Upper row: at three time values of
t = 0, 2 and 5. Lower row: zoom-in of the asymptotic line soliton marked by a white arrow in t = 5 panel, at three time values of
t = 10, 20 and 30. In all panels, lengths of the x-intervals are the same, but the intervals are changing since the wave is moving along
the x direction.
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Let qk(z) be the polynomial defined by

( ) ( ) ( )= +
=

q z zexp , 15
k

k
k

0

2

and qk(z) ≡ 0 if k < 0. These qk(z) polynomials are related to
Hermit polynomials through simple variable transformations.
Then the Wronskian-Hermite polynomial WΛ(z) is given by
the following Wronskian determinant

( )
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where Λ = (n1, n2, ⋯ , nN) is the index vector with {ni}
being positive and distinct integers arranged in ascending
order.
Regarding root structures of Wronskian-Hermite poly-

nomials WΛ(z), the following facts hold:

1. The degree of polynomial WΛ(z) is equivalent to ρ,
where ρ is defined as

( ) ( )=
=

n
N N 1

2
. 16

i

N

i
1

2. The multiplicity of the zero root in WΛ(z) is ( )+d d 1

2
,

where d = kodd − keven, and kodd, keven represent the
numbers of odd and even elements in the index vector Λ,
respectively. The number of nonzero roots in WΛ(z),
denoted as Nw, equals to

( ) ( )=
+

N
d d 1

2
. 17w

3. The quartet root symmetry: If z0 is a root of WΛ(z), then
−z0, *z0 , and *z0 are also roots.

Three examples of such polynomials are given below
when selecting different Λ values

( ) ( ) ( )

( ) ( ) ( )
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= = +
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= = + +

W z z z

W z z

W z z z z

1, 4 ,
1
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4 4 ,
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12
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2, 3, 4 ,
1

144
6 36 72 .

4 2

4

6 4 2

Root structures of these three polynomials are displayed in
figure 5. For the first polynomial, it is seen that its root
structure forms a rhombus, consisting of two imaginary and
two real roots. For the second polynomial, it is shown that its
root structure is a square, containing four complex roots. For

Figure 3. A DSI rogue curve (|AΛ(x, y, t)|) for parameter choices of (13) at various time values. Upper row: at three time values of
t = 0, 3 and 8. Lower row: Zoom-in of the asymptotic line soliton marked by a white arrow in t = 8 panel, at three time values of
t = 15, 30 and 60. Except for the t = 0 panel, lengths of the x-intervals as well as the y-intervals are the same in all the other panels.
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the third polynomial, we can observe a rectangle structure
formed by six roots, including four complex roots and two
imaginary roots. All the roots in these three polynomials are
simple, consistent with the conjecture proposed in [28], i.e.,
all roots of every Wronskian-Hermite polynomial WΛ(z) are
simple, except possibly the zero root.
In fact, it turns out that the root structure of WΛ(z) is

closely related to large-time patterns of rogue curves. Now,
we analytically predict the asymptotic wave dynamics of
rogue waves in the DSI equation at large times. In our dis-
cussions, we first restrict p = 1 in DSI’s rogue wave solutions
(2)-(3). The case when p ≠ 1 will be discussed separately.
For the general index vector Λ ≠ (1, 3, 5,⋯ , 2N − 1), we

will show that when time is large, the asymptotic wave dynamics
of DSI rogue curves and locations of these lump-shaped waves
in the (x, y) plane would be predicted by the root structure of
WΛ(z). Our main results are concluded as the following theorem.

Theorem 1. Suppose the index vector Λ ≠ (1, 3, 5,
⋯ , 2N − 1). Then, for large time |t| ≫ 1, when (x, y) is in
the O(1) neighborhood of the location (x0, y0), the
solution |AΛ(x, y, t)| would asymptotically separates into
( )N N Nw R I

1

2

1

2
line solitons A1(x, y, t), whose expression is

( )

( )
( ( ) )( ( ) )
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+ +
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where F1(x, y, t) is defined as

( ) ( ) ( )=F x y t y y z x x, ,
2

2
, 191 0 0 0

or equivalently,

( ) ( )=F x y t y z
x

t, ,
2

2i , 201 0

and the leading-order positions (x0, y0) are predicted by

( ) ( )=y it z x2
1

2
, 210 0 0

1
2

where z0 represents each of the Nw nonzero simple roots of
WΛ(z), and Nw is given by equation (17); NR and NI represents
the number of real and imaginary roots among these nonzero
simple roots, respectively. The error of this approximation is
O(|t|−2). Expressed mathematically, in the neighborhood of
each position, i.e., ( ) ( ) ( )+ =x x y y O 10

2
0

2 , we obtain
the following asymptotic behavior of the solution

( ) ( ) ( ) ( )= +A x y t A x y t O t t, , , , , 1. 221
2

When (x, y) is not in the neighborhood of each line soliton,
the solution |AΛ(x, y, t)| asymptotically approach the
constant backgrounds 2 as |t| → ∞. The demonstration
of this theorem will be presented in a later section.

On Theorem 1, we have the following remark:
equation (21) defines a corresponding relation between the pre-
dicted location (x0, y0) at large times and nonzero simple root z0
of the Wronskian-Hermite polynomials. Through simple analy-
sis, we could see from equations (18)-(20) that this correspon-
dence is a nonlinear mapping. For each (x0, y0) location in the
(x, y)-spatial plane, it matches a unique z0 on the specific region
of the complex z-plane. This correspondence relation between
the sign of (x0, y0) and the sign of z0 is given in tables 1 and 2 for
large positive and negative time values, separately.
In addition, if the polynomial WΛ(z) has zero root, due to

equation (21), then it is found that the zero root will not
induce any wave patterns at large times.

4. Comparison between analytical predictions and
true solutions

Now, we compare analytical predictions with true solutions
shown in figures 2, 3 and 4 at large times. For the first parameter
choices (12) where Λ = (1, 4), the corresponding root structure

Figure 4. A DSI rogue curve (|AΛ(x, y, t)|) for parameter choices of (14) at three time values of t = − 15, 0 and 15.
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of WΛ(z) has been illustrated in the left panel of figure 5. It is
seen that this WΛ(z) admits four simple nonzero roots, including
two real roots and two imaginary roots, which form a rhombus
shape. Utilizing this root structure, we can derive predicted wave
patterns similar to true solutions shown in figure 2 at large times.
This predicted pattern consists of two line solitons. To better
compare the change in the shape of waves to true ones, we
choose one of these two individual line solitons, which corre-
sponds to the one marked by a white arrow in figure 2. Then, at
three time values of t = 10, 20 and 30, this A1(x, y, t) prediction
is plotted in figure 6. When comparing this to figure 2, we
visually see that they closely match each other in all aspects.
Furthermore, in order to verify the decay rate of relative

errors on positions of these line solitons, we quantitatively
compare predicted and true solutions at various time values.
For this line soliton, we numerically determine at each large
time t the relative error of prediction for its position, which is
defined as

( ) ( )

( ) ( )
( )=

+

+

x x y y

x y
relative error , 23

0,true 0
2

0,true 0
2

0,true
2

0,true
2

where (x0,true, y0,true) is the true peak location of the line
soliton, and (x0, y0) is its leading-order prediction from
equation (21).
Then, we plot in the rightmost panel of figure 6 the

relative error of prediction versus time t for that line soliton
marked by a white arrow in the upper rightmost panel of
figure 2. The actual error graph in the rightmost panel shows
that its decay rate is indeed O(t−2), confirming our theoretical
prediction (22).
Next, we compare the true solution in figure 3 to our

prediction for the second parameter choices (13). In this case,
Λ = (2, 3), and the corresponding root structure of WΛ(z) has
been plotted in the middle panel of figure 5. It was seen that
this WΛ(z) admits four simple nonzero complex roots z0
which form a square pattern. Using this root structure, we can
obtain the predicted wave patterns at large times.
This predicted pattern consists of four line soliton

solutions. To better compare their wave dynamics to true
ones at large times, we choose one of these four individual
line solitons, which corresponds to the one marked by a white
arrow in the upper rightmost panel of figure 3. Then, at three
time values of t = 15, 30 and 60, we plot this A1(x, y, t)
prediction in figure 7. Comparing this to figure 3, we could
observe a strong visual agreement between the predicted and
true solutions.
We have also numerically verified O(t−2) error decay

rate of our prediction (22) for the line soliton associated with
a nonzero root of WΛ(z). To be specific, we plot in the
rightmost panel of figure 7 the relative error of prediction
versus time for the line soliton marked by a white arrow in
the upper rightmost panel of figure 3. The actual error
graph in the rightmost panel shows that its decay rate is
indeed O(t−2), confirming our theory.
Last, we compare the true solution in figure 4 to our

prediction for the second parameter choices (14). In this case,
Λ = (2, 3, 4), and the corresponding root structure of WΛ(z)
has been plotted in the right panel of figure 5. It was seen that
this WΛ(z) admits six simple nonzero roots z0 which form a
rectangular pattern. Using this root structure, we can obtain
the predicted wave patterns at large times. This predicted
pattern consists of five line soliton solutions, as theorem 1

Figure 5. The root structures of Wronskian-Hermite polynomials WΛ(z) in the complex z-plane, where index vectors Λ are given by
(1, 4), (2, 3) and (2, 3, 4), from left to right, respectively. In both panels, ( ) ( )z z4 Re , Im 4.

Table 1. The correspondence relation for t > 0.

Sign of (x0, y0) in the (x, y)
plane Sign of z0 in the complex plane

x0 > 0, y0 > 0 ( ) ( )> <z zRe 0, Im 00 0

x0 > 0, y0 < 0 ( ) ( )< <z zRe 0, Im 00 0

x0 < 0, y0 > 0 ( ) ( )< <z zRe 0, Im 00 0

x0 < 0, y0 < 0 ( ) ( )< >z zRe 0, Im 00 0

Table 2. The correspondence relation for t < 0.

Sign of (x0, y0) in the (x, y)
plane Sign of z0 in the complex plane

x0 > 0, y0 > 0 ( ) ( )> >z zRe 0, Im 00 0

x0 > 0, y0 < 0 ( ) ( )< >z zRe 0, Im 00 0

x0 < 0, y0 > 0 ( ) ( )> <z zRe 0, Im 00 0

x0 < 0, y0 < 0 ( ) ( )> >z zRe 0, Im 00 0
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predicts. Then, at two time values of t = −15 and 15, we plot
this A1(x, y, t) prediction in figure 8. Comparing this to
figure 4, visually, we could observe an excellent agreement
between the true and predicted wave patterns. In addition,
similar to what we did for the previous two examples in
figures 6 and 7, we have also quantitatively measured the
error of analytical predictions versus time. It is confirmed
that the error does decay in proportion to t−2. The corresp-
onding error-decay graphs are omitted here for brevity. Thus,
the numerical verification of theorem 1 are completed.
At the end of this section, we would like to briefly dis-

cuss potential physical applications of these rogue curve
patterns in real-world nonlinear wave propagation systems. It
is well-known that rogue wave patterns predicted by the NLS
equation and the Manakov system have been observed in
different physical experiments including optical fibers, water
tanks, Bose–Einstein condensates and plasma physics. The
perfect match between analytical solutions and experimental
observations has been revealed [25]. However, for those
rogue curve solutions in DSI equation, as far as we know,
relevant laboratory experiments have not been reported. It is
anticipated that our analytical predictions from theorem 1
may facilitate possible observations or experiment setup on
these rogue curve patterns in the context of water waves.
These large-time wave patterns are expected to be important

in understanding and forecasting natural rogue events in a
variety of multi-component resonant interaction processes.

5. Proof of theorem 1

In the following, we prove analytical predictions in theorem
1. First of all, we rewrite the determinant τk in equation (5) as
a broader (N + nN + 1) × (N + nN + 1) determinant

( )( )

( ) ( ) ( )
=

× × +

+ × + × +

O
I

, 24k
N N N n

n N n n

1

1 1 1

N

N N N

Figure 6. The leading-order analytical prediction of the asymptotic line soliton marked by a white arrow in figure 2, at three time
values of t = 10, 20 and 30. The (x, y) intervals here are the same as those in figure 2 for comparison. The rightmost panel shows the
error of the leading-order prediction versus time for this line soliton (the theoretical decay rate of t−2 is also plotted for comparison).

Figure 7. Leading-order analytical prediction of the asymptotic line soliton marked by a white arrow in figure 3, at three time values of
t = 15, 30 and 60. The (x, y) intervals here are the same as those in figure 3 for comparison. The rightmost panel shows the error of
the leading-order prediction versus time for this line soliton (the theoretical decay rate of t−2 is also plotted for comparison).

Figure 8. The leading-order analytical prediction of a DSI rogue
curve (|AΛ(x, y, t)|) for parameter choices of (14) at two time
values of t = −15 and 15.
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where

( ( ) ( ) ) ( )( )= ++
+x sS k j2 1 , 25i j

j
n j,

1
1i

( ( ) ( ) ) ( )( )= ++ x sS k i2 1 , 26i j
i

n i,
1

1j

where vectors x±(k) and s are as defined in equations (6)-(9).
Then we have

( ) ( )= ±±x k y t k2i , 271

( ) ( )= + =+ + *x x a x x
1

2
, , 282 2 2 2

and so on. Using Laplace expansion, determinant (24) can be
rewritten as

( ( ) )

( ( ) )
( )

= +

× +

< < <

+x s

x s

S k

S k

det
1

2

det
1

2
.

29

k
n i j N

n j

i j N
n j

0 1 ,

1 ,

N N
j

i j

j
i j

1 2

Now, for |t| ≫ 1, suppose x = O(t2), y = O(t), with
internal parameters satisfying the constraint ak = o(|t|k) in the
general high-order rational solutions. In this case, we have
the following asymptotic:

( )

( )

( )

+ +

=

=

+x s aS S y it x

x S z

x q z

2 ,
1

2
, 0,

1

2
, 1, 0,

1

2
,

n n

n

n

n

n

2

2

where qn(z) is defined in equation (15), and

( ) ( )=z x y it
1

2
2 . 30

1
2

Similarly, we also have

( ) ( )+ +
*

*x s aS x q z
1

2
.n

n

n
2

Therefore, choosing the index νj = j − 1, we can readily
show that the highest power of t term in τk is

( ) ( )( ) x W z t2
1

2
, 1, 31k

N N 1 2

where ρ is defined in equation (16). It can be shown through
equation (2) that solution AΛ(x, y, t) approaches constant
background 2 as |t|→ ∞, except at or near (x, y) locations
(x0, y0), where

( ) ( )=y it z x2
1

2
, 320 0 0

1
2

z0 represents any complex root of the Wronskian-Hermite
polynomial WΛ(z).
Next, we demonstrate large time asymptotic behavior of

the solution in the O(1) neighborhood of (x0, y0). For
this purpose, we need a more refined asymptotic for

( ( ) )++x sS kn

( ( ) )

( ˆ )[ ( )]

+ = + + +

= +

+x sS k S y t k
x

s a

x S z O t

2i ,
2

,

1

2
, 1, 0, 1 ,

n n

n

n

2 2

2 2

where ( )ˆ ( )= +z y t k x2i 1

2

1
2 . Now, we collect the domi-

nant contributions in the Laplace expansion (29) for τk near the
location. There are two sources of contributions. For the first
index choice (ν1, ν2, ⋯ , νN) = (0, 1, …, N − 1), we get

( ( ) )

( ˆ)[ ( )]

[ ( )( ˆ ) ][ ( )]

[ ( )( ( ) ) ( )]

( )

( )

( )

+

= +

= + +

= + +

+
+x sS k

x W z O t

x W z z z O t

x W z F x y t k O t

det
1

2

2
1

2
1

2
1

2
1 ,

2
1

2
, , ,

i j N j n j

N N

N N

N N

1 , 1 1

1
2

2 2

1
2

2
0 0

2

1
2

1
2

0 1
1

i

where the expression of F1(x, y, t) has been given by
equation (19) in theorem 1.
Similarly, we get

( ( ) )

[ ( )( ( ) ) ( )]

( )

+

=

× +

+

*

* *

x sS k

x

W z F x y t k O t

det
1

2

2
1

2

, , .

i j N j n j

N N

1 , 1 1

1
2

1
2

0 1
1

i

Therefore, the contribution to the Laplace expansion
(29) from the νj = j − 1 indices is

( ) ( ( ) )
( ( ) )[ ( )]

( )=

× +

× +*

x

W z F x y t k

F x y t k O t

2
1

2

, ,

, , 1 .

k
N N 1

1

0
2

1

1
1

For the other index choice (ν1, ν2, ⋯ , νN) =
(0, 1, N − 2, …, N), we get

( ) [ ( )]

( )=

× +

x

W z O t

2
1

2
1 .

k
N N 1 2

1

0
2 1

Based on these two dominant contributions, we have

( ) ( ( ) )( ( ) )

[ ( )]

( )=

× + +

× +

*

x

W z F x y t k F x y t k

O t

2
1

2

, , , ,
1

4
1 .

k
N N 1

1

0
2

1 1

1
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Substituting this asymptotics of τk into equation (2), we get the
asymptotic prediction for solution A(x, y, t) as

( ) ( ( ))
( )

[ ( )]

I
=

+

+

× +

A x y t
F x y t

F x y t

O t

, , 2 1
2i , , 1

, ,

1 ,

1

1
2 1

4

1

where I represent the imaginary parts of a complex number. This
concludes the proof of theorem 1.

6. Large-time asymptotic predictions for p ≠ 1

In theorem 1, we have set p = 1. In this section, we discuss
large-time asymptotic for rogue curves when p ≠ 1 and real.
In this more general case, from equations (6)–(9), we have

( )
( ) [ ( )]

( )

= + +

=

= + +

=

+

+

+

+

x k c x c y c t k

x k x k

x c x c y c t a

x x

i ,

,

i ,

,

1 11 12 13

1 1

2 21 22 23 2

2 2

and so on, where the p-dependent coefficients are given as

= =
+

= + >

=
+

=

=

c
p p

c
p p

c p p

c
p p

c
p p

c p p

2
,

2
,

0,

4
,

4
,

.

11

1

12

1

13
2 2

21

1

22

1

23
2 2

Then, for |t| ≫ 1, c11x + c12y = O(t), c21x + c22y = O(t2),
with internal parameters satisfying the constraint ak = o(|t|k)
in the general high-order rational solutions, we have

( ) (
)

( ) ( )
( ) ( )

+ +
+ +

= +

= +

+x s aS S c x
c y c t c x c y c t

c x c y S z

c x c y q z

i , i , 0,

, 1, 0,

,

n n

n
n

n

n

11

12 13 21 22 23

21 22 2

21 22 2

where qn(z) is defined in equation (15), and

( ) ( ) ( )= + +z c x c y c x c y c ti . 3321 22
1
2 11 12 13

Similarly, we could also show that

( ) [( ) ] ( )+ + + * *x s aS c x c y q z .n
n

n21 22 2

Therefore, from the Laplace expansion (29), we can get

( ) ( )( ) +c x c y W z t2 , 1. 34k
N N 1

21 22
2

It can be shown through equation (2) that solution AΛ(x, y, t)
approaches constant background 2 as |t|→ ∞, except at or
near (x, y) locations (x0, y0), where

( ) ( )+ = +c x c y c t z c x c yi , 3511 0 12 0 13 0 21 0 22 0

1
2

z0 is a complex root of the Wronskian-Hermite polynomial
WΛ(z). Equation (35) can be seen as the counterpart of the
previous one given by equation (32) for the p = 1 case.
Moreover, the leading-order predicted location (x0, y0) for

p ≠ 1 is related to that for p = 1 through a linear transfor-
mation

( ) ( )=
=

x
y c c c

x
y

2
.

p

c

c

c

c

p

0

0 1 13

4 4

11 12

0

0 1

21

13

22

13

Next, we demonstrate large time asymptotic prediction for
the solution when (x, y) is in the O(1) neighborhood of location
(x0, y0). Similar to what we have done earlier for p= 1 case, the
asymptotic prediction of the solution AΛ(x, y, t) is found to be

( ) ( ( ))
( )

[ ( )]

I
=

+

+

× +

A x y t
G x y t

G x y t

O t

, , 2 1
2i , , 1

, ,

1 ,

1

1
2 1

4

1

where

( )
( )

= +
+

G x y t c x c y

z c x c y c t

, ,

i . 36
1 11 12

0 21 22 13

7. Conclusions and discussions

In this article, we have analytically and numerically studied large
time asymptotic wave dynamics of rogue curves in the DSI
equation. We have demonstrated that, when time in bilinear
expressions of the DSI rogue curves is large, a certain number of
lump-shaped waves would appear on the uniform background,
exhibiting various wave patterns. Performing large-time asymp-
totic analysis, we have discovered that such wave patterns as well
as the numbers of lump-shaped waves can be analytically
determined by structure of nonzero roots of the Wronskian-
Hermite polynomials. We have further discovered that, as time
increases, these individual lump-shaped waves asymptotically
become a line soliton on the constant background. Our asymp-
totic predictions are compared to true solutions quantitatively,
and excellent agreement has been obtained.
We have also noticed that long-time asymptotic wave

dynamics of the higher-order lumps in the DSI equation was
analytically studied in [29], and it was found that wave patterns
for those lumps were determined by roots of special Wronskian
type polynomials. By comparing the results of their study to
ours, the main distinguishing feature here is the changes of state
in rogue curves, where a lump-shaped wave asymptotically
turns into a line soliton when time increases. On the other hand,
when comparing these results to large-time wave patterns of
KPI lumps in [30], where each fundamental lump in the solu-
tion at large time relates to a simple root of the underlying
Wronskian-Hermite polynomials, and this connection is a one-
to-one correspondence. However, in our case, it is found that
the relation between nonzero simple root of the underlying
Wronskian-Hermite polynomial and the individual line soliton
in rogue curves at large time is no longer a linear one-to-one
mapping. These differences mentioned above reflect the diver-
sity and complexity of nonlinear wave patterns. The deep
connections between wave propagation phenomena and root
structures of certain polynomials are expected to be discovered
again in other physically important wave systems.
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The robustness simulations of rogue waves has been
investigated before in the NLS equation and some other one-
dimensional integrable systems [25]. It was found that under
weak perturbations, the underlying rogue waves are still obser-
vable. Similarly, for these two-dimensional rogue curves in the
DSI equation, it would be interesting to see whether they could
survive weak perturbations, especially at large times. Another
interesting question that merits future studies is whether these
rogue curves and their large-time wave patterns would also
appear in other (2+1)-dimensional integrable systems, such as
the (2+1)-dimensional three-wave resonant interaction system
[31], or the two-dimensional multi-component long-wave-short-
wave interaction system [32], for instance.

Acknowledgments

The work of BY was supported in part by the National
Natural Science Foundation of China (Grant No. 12201326).

CRediT authorship contribution statement

Qun Yuan: Conceptualization, Methodology, Investigation,
Writing-original draft. Yi Zhang: Conceptualization, Meth-
odology, Investigation, Writing-reviewing. Bo Yang: Con-
ceptualization, Methodology, Investigation, Writing-
reviewing and editing, Supervision, Funding acquisition.

Declaration of competing interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

References

[1] Benney D J and Roskes G J 1969 Wave instabilities Stud.
Appl. Math. 48 377–85

[2] Davey A and Stewartson K 1974 On three-dimensional
packets of surface waves Proc. R. Soc. Lond. A 338 101–10

[3] Ablowitz M J and Segur H 1981 Solitons and the Inverse
Scattering Transform (SIAM)

[4] Chakravarty S, Kent S L and Newman E T 1995 Some reductions
of the self-dual Yang–Mills equations to integrable systems in
2+1 dimensions J. Math. Phys. 36 763–72

[5] Kharif C, Pelinovsky E and Slunyaev A 2009 Rogue Waves in
the Ocean (Springer)

[6] Chabchoub A, Hoffmann N and Akhmediev N 2011 Rogue wave
obserervation in a wat wave tank Phys. Rev. Lett. 106 204502

[7] Chabchoub A, Hoffmann N, Onorato M, Slunyaev A,
Sergeeva A, Pelinovsky E and Akhmediev N 2012
Observation of a hierarchy of up to fifth-order rogue waves
in a water wave tank Phys. Rev. E 86 056601

[8] Kibler B et al 2010 The Peregrine soliton in nonlinear fibre
optics Nature Phys. 6 790–5

[9] Erkintalo M, Hammani K, Kibler B, Finot C, Akhmediev N,
Dudley J M and Genty G 2011 Higher-order modulation
instability in nonlinear fiber optics Phys. Rev. Lett. 107 253901

[10] Romero-Ros A, Katsimiga G C, Mistakidis S I, Mossman S,
Biondini G, Schmelcher P, Engels P and Kevrekidis P G 2024

Experimental realization of the Peregrine soliton in repulsive
two-component Bose–Einstein condensates Phys. Rev. Lett. 132
033402

[11] Bailung H, Sharma S K and Nakamura Y 2011 Observation of
Peregrine solitons in a multicomponent plasma with
negative ions Phys. Rev. Lett. 107 255005

[12] Tsai Y-Y, Tsai J-Y and I L. 2016 Generation of acoustic rogue
waves in dusty plasmas through three-dimensional particle
focusing by distorted wave forms Nature Phys. 12 573–7

[13] Ganshin A N, Efimov V B, Kolmakov G V,
Mezhov-Deglin L P and McClintock P V E 2008
Observation of an inverse energy cascade in developed
acoustic turbulence in superfluid helium Phys. Rev. Lett.
101 065303

[14] Akhmediev N, Ankiewicz A and Soto-Crespo J M 2009
Rogue waves and rational solutions of the nonlinear
Schrödinger equation Phys. Rev. E 80 026601

[15] Dubard P, Gaillard P, Klein C and Matveev V B 2010 On multi-
rogue wave solutions of the NLS equation and positon
solutions of the KdV equation Eur. Phys. J. Spec. Top. 185
247–58

[16] Guo B L, Ling L M and Liu Q P 2012 High-order solutions and
generalized Darboux transformations of derivative nonlinear
Schrödinger equations Stud. Appl. Math. 130 317–44

[17] Ohta Y and Yang J 2012 General high-order rogue waves and
their dynamics in the nonlinear Schrödinger equation Proc.
R. Soc. Lond. A 468 1716–40

[18] Bilman D, Ling L and Miller P D 2020 Extreme superposition:
rogue waves of infinite order and the Painlevé-III hierarchy
Duke Math. J. 169 671–719

[19] Baronio F, Degasperis A, Conforti M and Wabnitz S 2012
Solutions of the vector nonlinear Schrödinger equations:
evidence for deterministic rogue waves Phys. Rev. Lett. 109
044102

[20] Baronio F, Conforti M, Degasperis A, Lombardo S,
Onorato M and Wabnitz S 2014 Vector rogue waves and
baseband modulation instability in the defocusing regime Phys.
Rev. Lett. 113 034101

[21] Ling L, Guo B and Zhao L 2014 High-order rogue waves in
vector nonlinear Schrödinger equations Phys. Rev. E 89
041201

[22] Chen S and Mihalache D 2015 Vector rogue waves in the
Manakov system: diversity and composability J. Phys. A 48
215202

[23] Chen J, Yang B and Feng B 2022 Rogue waves in the massive
Thirring model Stud. Appl. Math. 151 1020–52

[24] Yang B and Yang J 2021 General rogue waves in the three-wave
resonant interaction systems IMA J. Appl. Math. 86 378–425

[25] Yang B and Yang J 2024 Rogue Waves in Integrable Systems
(Springer)

[26] Ohta Y and Yang J 2012 Rogue waves in the Davey–
Stewartson I equation Phys. Rev. E 86 036604

[27] Yang B and Yang J 2024 Rogue curves in the Davey-
Stewartson I equation Chaos 34 073148

[28] Felder G, Hemery A D and Veselov A P 2012 Zeros of
Wronskians of Hermite polynomials and Young diagrams
Physica D 241 2131–7

[29] Guo L J, Zhu M and He J S 2023 Asymptotic analysis of the
higher-order lump in the Davey–Stewartson I equation
J. Math. Phys. 64 123505

[30] Yang B and Yang J 2022 Pattern transformation in higher-
order lumps of the Kadomtsev–Petviashvili I equation
J. Nonlinear Sci. 32 52

[31] Yang B and Yang J 2022 Rogue waves in (2+1)-dimensional
three-wave resonant interactions Physica D 432 133160

[32] Rao J G, Kanna K, Mihalache D and He J S 2022 Resonant
collision of lumps with homoclinic orbits in the two-
dimensional multi-component long-wave-short-wave resonance
interaction systems Physica D 439 133281

11

Commun. Theor. Phys. 78 (2026) 035005 Q Yuan et al

https://doi.org/10.1002/sapm1969484377
https://doi.org/10.1098/rspa.1974.0076
https://doi.org/10.1063/1.531155
https://doi.org/10.1103/PhysRevLett.106.204502
https://doi.org/10.1103/PhysRevE.86.056601
https://doi.org/10.1038/nphys1740
https://doi.org/10.1103/PhysRevLett.107.253901
https://doi.org/10.1103/PhysRevLett.132.033402
https://doi.org/10.1103/PhysRevLett.132.033402
https://doi.org/10.1103/PhysRevLett.107.255005
https://doi.org/10.1038/nphys3669
https://doi.org/10.1103/PhysRevLett.101.065303
https://doi.org/10.1103/PhysRevE.80.026601
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1140/epjst/e2010-01252-9
https://doi.org/10.1111/j.1467-9590.2012.00568.x
https://doi.org/10.1215/00127094-2019-0066
https://doi.org/10.1103/PhysRevLett.109.044102
https://doi.org/10.1103/PhysRevLett.109.044102
https://doi.org/10.1103/PhysRevLett.113.034101
https://doi.org/10.1103/PhysRevE.89.041201
https://doi.org/10.1103/PhysRevE.89.041201
https://doi.org/10.1088/1751-8113/48/21/215202
https://doi.org/10.1088/1751-8113/48/21/215202
https://doi.org/10.1111/sapm.12619
https://doi.org/10.1093/imamat/hxab005
https://doi.org/10.1103/PhysRevE.86.036604
https://doi.org/10.1063/5.0210867
https://doi.org/10.1016/j.physd.2012.08.008
https://doi.org/10.1063/5.0153309
https://doi.org/10.1007/s00332-022-09807-8

	1. Introduction
	2. Pattern dynamics of rogue curves at large times
	3. Asymptotic wave dynamics of rogue curves at large times
	4. Comparison between analytical predictions and true solutions
	5. Proof of theorem 1
	6. Large-time asymptotic predictions for p ≠ 1
	7. Conclusions and discussions
	Acknowledgments
	CRediT authorship contribution statement
	Declaration of competing interest
	References



