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Abstract

CrossMark

Resistance and impedance networks have applications in many disciplines and can be used for

simulation research. Consider a famous m x n Mobius-strip (MS) circuit network model, which is a
special topology structure with unique one sidedness, non orientability, and edge characteristics that
provide novel modeling ideas for network science. The study of its electrical characteristic formula
has been challenging for over a hundred years. This article establishes a new research theory and uses
the recursive-transform method based on node voltage to construct a 2D difference equation model. In
solving the matrix equation, a new matrix transform technique is established to ingeniously transform
the 2D equation into a 1D difference equation. The electric potential function and effective resistance
formula of the m x n MS network are derived. Visual images of the electric potential function and
effective resistance of the resistance lattice were drawn using Matlab drawing tools. As a byproduct of
this study, the article discovered new mathematical identities in the comparison of results obtained

from two different methods. The analytical formula for electrical characteristics derived from the
article can provide a new theoretical basis and research techniques for related disciplines.

Keywords: Mobius-strip network, RT-V theory, potential function, resistance formula

(Some figures may appear in colour only in the online journal)

1. Introduction

Resistor network models are applied across a wide range of
disciplines, in addition to electrical problems, they also exist
in non-electrical, biological, synthetic chemistry, optical
issues, and more. Examples include using circuit networks to
simulate chaotic quantum billiards [1], linear circuit designs
and simulations [2], modeling the electrical properties of 3D
printed grids using resistor lattice theory [3], the path mul-
tiplicity in ER random networks [4], research and application
of lattice Green’s function, etc [5-7].

It is well known that calculating the electric potential
function and the effective resistance of a resistor network is a
challenging task. This is particularly difficult for arbitrarily
large-scale finite resistor networks, as any change in the
network structure affects the solution for electrical char-
acteristics. In fact, boundary conditions impose strong con-
straints, influencing computational methods and procedures.
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Consequently, solving every complex network issue requires
innovative ideas and creative methods [8].

Reviewing the history of resistor network (RN) research,
the initial, relatively mature circuit theory can be traced back
to the two fundamental circuit laws established by Kirchhoff
in 1845. This theory can solve a series of small-scale circuit
problems [8]. Some 150 years later, in the year 2000, Cserti
utilized Green’s function techniques to study infinite RNs
[5]. Subsequent applications solved some new problems
[9-11], but this Green’s function technique is not suitable for
calculating finite lattices. To address the problems of finite
RNs, F. Y. Wu proposed the Laplacian matrix method (LM)
in 2004 [12]. This method has important applications
[13-16], but it is not applicable to lattices with arbitrary
boundary conditions. In 2011 [8], established an innovative
theory for studying arbitrary resistor network models
(RNMs), now called Tan’s recursion-transform (RT) theory
[16]. The advantage of the RT theory is that the established
matrix equation depends only on matrices in one direction. It
has solved RNMs with various complex structures [17-30].
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Figure 1. An arbitrary m X n MS network model, where m (mark
s = m-1) and n refer to the number of nodes in the longitudinal
and periodic directions, respectively. The unit resistor on the
Y-axis is 7, and the unit resistor on the axis along the periodic
direction is r.

The current RT theory is subdivided into two forms: one is
the method using current parameters to establish the matrix
equation [19-25], abbreviated as the RT-I method; the other
is the method using node voltage parameters to establish the
matrix equation [26-30], abbreviated as the RT-V method.
Generally, both methods are suitable for studying RNMs
with arbitrary boundary conditions. The series of papers in
[31-37] re-explore the series network models in [17-29]
using the RT theory, propose some optimization methods,
and provide another expression form.

Research indicates that a special Mobius-strip (MS)
network model exists in nature. An MS is a ring-shaped
topological figure with an 180° twist in its band, resulting in
only one surface (single-sided). It was first proposed by
August Ferdinand Mdbius (1790-1868) in the 19th century.
For centuries, the MS, with its unique 180° twisted ring, has
motivated philosophers, scientists, and artists, and will con-
tinue to prompt thought and exploration of such models. For
example, in 2022, the teams of Yasutomo Segawa and
Kenichiro Itami at Nagoya University, successfully synthe-
sized a Mobius carbon nanobelt and isolated and character-
ized it [38]. Reference [39] studied an FeSn alloy with a
Mobius shape, successfully developing a highly twisted,
C-wrapped 3D graded porous FeSn integrated anode.

In summary, the study of RNMs involves multiple dis-
ciplines, and the MS network model (MSNM) is a valuable
research topic, perhaps with more existence and value to be
discovered in future research. This paper intends to research a
versatile m x n MSNM, as shown in figure 1. The study of its
electrical characteristic formula has been challenging enough
for over a hundred years. Although [12] provided a resistance
formula expressed in double summation in 2004, our research
aims to directly obtain the potential and resistance results
expressed in a single summation. The unit cells in figure 1 can
be resistors, or RLC circuits composed of inductors and
capacitors. For calculation purposes, the elements within the
unit cell can simply be denoted by r and r; (r and r| represent

Figure 2. A sub-network model with resistor elements and node
potential parameters.

not only resistors but also RLC circuit elements or fractional-
order circuit elements [40, 41]). This research will achieve
theoretical and methodological innovation, providing analy-
tical expressions for the electric potential function and effec-
tive resistance in single summation.

2. Two main conclusions

2.1. Analytical expression of potential function

Consider an arbitrary m x n MS circuit network model as
shown in figure 1, where m denotes the number of nodes along
the Y-axis (e.g., Ag A axis), n denotes the number of nodes
along the periodic (cyclic) direction. The impedance element
on the Y-axis is ry, and the unit impedance on the axis along
the periodic direction is r. Selecting Ay (0, 0) as the origin of
the Cartesian coordinate system, the voltage parameter at any
node d (x, y) is denoted as V(V,,,.,(x, v), refer to the circuit
model in figure 2). Consider current J is input at d; (x;, y;) and

output at dp(xy, y,), and selecting Z;”:_Ol V{? =0 as the
reference voltage, then the electric potential function at any
node d(x, y) for an arbitrary mxn MSNM is

rJ{ x3 — x
Vinsn (X, y) = —(x# — (xx — xl))
m n
N 2r) " PO Cy i — PP Cy '
m b+ b — (=12 "

ey

i=1
where x;, C,; and F,ﬁi) are defined as

X, ifx < x

X =%, ifx <x < xo, 2)
X, ifxg 2 x
1 .
Cy.i= cos (yk + 5)(;5,, ¢; = im/m, 3)
P)Ell)—x = F;Ei—)quxl + (_l)iFlg:ll)fxl’

F = (bik - Eik) / (bi — Bi), )

meanwhile ¢ = r/r, and
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bi=q+1— qcos ¢ + \/(q +1-—gcosg) — 1 and A, «,, 1S @ m X m matrix, it is a tridiagonal matrix
i — i i ’
Ei:qulchosqbif\/(qulchosgbi)z71. (5) 2+4q —q 0 0 0
—q 20+¢q) —q O 0
2.2. Equivalent resistance analytical formula Amsxm = E o (10)
- 4 0 0 —q 20 +q) —q

Considering a class of arbitrary m x n MSNM shown in
figure 1, the analytical expression for the effective resistance
between any node d;(x;, y;) and d;(xz, y,) is

Ixz—xll)
n

. 9pm=l F,Ei)(clz,i + C%i) — ZP)Ef)_XZG,iCZ,i
bin -+ Ein - (71)l2

r
Rm><n(dl, d2) = —|X2 - X1| (1 -
m

(6)

mi—
where ¢, = imr/m, and G ; (k=1,2) is the abbreviation for
Cy.i» and F,gi) is defined in equation (4).

The above two main conclusions (1) and (6) are pre-
sented for the first time in this article and belong to the
original research results. The following is the derivation
process for the above conclusion.

3. Proof of main conclusions

The current advanced theory for studying arbitrary resistor
network models is the RT-V theory established in [26] in
2017. Subsequent studies [27-30] further enriched the RT-V
theory. This article further develops the RT-V theory and
divides it into five main steps (see the 5 steps below), among
which the matrix transformation step varies due to different
network structures, especially the network structure in this
article which is different from a series of previous models, and
the matrix transformation requires mathematical innovation.
This article will derive the conclusions proposed in the pre-
vious section based on the basic steps of the RT-V theory.
Step 1. Establish the main matrix equation. Referring to
the circuit model in figure 2, without considering the con-
straints of current input and output, a discrete Laplace two-
dimensional equation (A2 + hA’%) V&) = 0 can be established

based on the node voltage equation theory (erle = 0),
assuming g = r/ry, then
VO =@+ VP - vP —qv{, i=0
VD =@ +29VP — VO, —qviD — gV 1 <i<m
VI = @ V) - VD - v =
(M

If considering that current J is input from node d, (x;, y;)
and output from node d;(x», y,), a constraint equation related
to current input and output can be established. This constraint

equation, together with equation (7), can be written as a uni-
fied matrix equation

Vk+1 - Am><mvk - kal - rJ((Si,ylék,xl - 6i,y26k,xz)’ (8)
where ¢, is the Dirac symbol, and

_ m—1) 1T
V= [ve . vO v v T

0 0 0 —g¢q 2+gq

Step 2. Establish the boundary condition matrix equation.
The boundary here refers to the area with the Y-axis as the
boundary, where the surface undergoes a 180 degree flip at
this position, resulting in the network always having only one
face. Establish a discrete matrix difference equation based on

the theory of the node voltage equation

‘71 = AmmeO — DpxVi-1, (1 §)

‘7;1 = Dm><mV£)’ (12)

where the matrix A,, ., is given by equation (10), while D,y ,
is a reverse identity matrix, which is

00 ---01
Dpxm=|2 0 71O (13)
10 00

Equations (11) and (12) show the cyclicality and periodicity
along the horizontal direction, where equation (13) expresses
the flipping characteristics of the interface.

Equations (7)—(13) are all the equations we need to
derive the electric potential function. However, it is impos-
sible for people to directly solve these 2D systems of
equations, which is an important technical challenge. To
solve this difficulty, we have created new matrix transform
techniques while applying the RT theory. Next, we will first
present the methods of the matrix transform, and then pro-
vide their general and specific solutions.

Step 3. Reduce the dimension of the equation through
matrix transform. The series of equations established above
are all 2D equations. Here, matrix transform techniques are
used to reduce these 2D equations to 1D difference equations.
Firstly, the eigenvalue p; of the tridiagonal matrix A,,., can
be solved using the determinant det|A,, — pE,,| =0,

pi =21 +q) — 2qcos ¢,

and ¢, =ir/m (i=0,1,2,---m — 1). Next, design an
undetermined square matrix By, ,, and perform the following
matrix transform on matrix A,,«,, in 2D equation (8)

14

BmxmAme = diag{Po, [717"',pm71}Bm><m- (15)

Expand equation (15) and let it be an identity. After a series of
algebraic operations, obtain

1/J2 1/V2

o2 ol e
cos (%)qul cos(l +: %)(/)WHI

1/V2

cos(m *. %)@4)1

A\
(16)

Buxm =



Commun. Theor. Phys. 78 (2026) 045702

Z Tan

At the same time, its inverse matrix can be obtained

Bl = 23T

mxm — ~—_ Pmxm*
m

(17
Therefore, by left multiplying the matrix B,,,, by the matrix
equation (8) and performing the transform, we can obtain

X0 =p X = X = 1J(644Cypi — 81,uCyyi): (18)

where according to matrix (16), C,; = cos(y + %)(/)i

@iz, Co=1/ J2 are obtained, and the following
transformation relationship exists
Xe = BuitVi, X = [X;EO), X,ﬁ“ L ’Xlgm)]T. (19)

Similarly, by multiplying matrix B,,,, by the boundary con-
dition matrix equations (11) and (12), we obtain

X0 =pX§ — (—1yx?, (20)
X0 = (—1yx{, (=0,1,2,m), (21)

The transformation of equations (20) and (21) above is the
original technique of this article (first implementation), and it is
precisely this technological breakthrough that can effectively
derive the analytical formula proposed earlier in the article.

Step 4. Solve the difference equation system. The above
equations (18), (20), and (21) are 1D difference equations,
and their general and specific solutions can be solved based
on the theory and techniques in [28]. We need to solve it in
segments here, that is, consider two cases of i = Q and i > 1
respectively.

Firstly, consider i = 0 = ¢, = 0, and p, = 2, which is
a special eigenvalue. After a series of algebraic operations,
solve the above equations (18), (20), and (21) to derive the
following results (0 < k& < n)

rJ

(ok X1)) ok

where x; is a piecewise function x; = {x: x; < x}U

{x: x <x < x) U {x2: x¢ = xo} (this is the same expres-

sion as equation (2)), and XO(O) is an undetermined initial

value that can be determined using a reference potential
value.

Using the transformation X; = B,,,,V, in equation (19),

X2 — X

X0 =x + (k (22)

X = %sz:_ol V{? is derived. Since the potential is

a relative value, its zero potential point can be assumed
arbitrarily, so Z?:Ol Véi) = 0 can be assumed, simplifying
equation (22).

Next, considering the case of i > 1, after a series of
algebraic operations using equations (14)—(21), the solution
can be obtained

X]EZ) o P)Eli)fkcypi - P)Ei)ka}'z,i
rJ b + b" — (—1)12
where C,; and F,Ei) are defined in equations (3) and (4),
respectively.
Step 5. Use the matrix inverse transform to calculate the
node potential and equivalent resistance. By using

, (23)

equation (19), its inverse transformation Vi = [By,xm] "Xk
can be obtained, and by applying equation (17), it can be
written as

2( 1 o 1
VO = 2 —=X0 + 3 XPcos(y + D)o | (24
k m( 2 k ; k AL
Substituting equations (22) and (23) into equation (24) yields
the analytical equation (1) for the potential function proposed
earlier.

Next, according to Ohm’s law, calculate the resistance:
1 .
Rixn(dy, dp) = j[V(xl, ) — V(x2, y,)], and obviously, the

node voltage needs to be calculated first. For example, using
equation (1) to obtain analytical expressions for node vol-
tages V,,., (11, y;) and V., (x2, ¥,), respectively

rJ(x —x
Vs (21, y1) = —( 2 l)xl
m n

2}’]’"71 FyEi)Cyl,i _ P)EI'ZLXIC’VZJ (25)
m = b+ b — (=1)2 "
rJ Xy — X
Vinsxn (X2, ¥,) = —(xz 2 (- xl))
m n
m—1 P(il C,;— F(i)C, ;
2L Dot T T S (26)

b + b — (=12

m i—

By substituting  them into the  R,.,(d, d») =
%[V(xl, y) — V(x2, y,)] calculation, equation (6) can be
derived.

Thus, the two main conclusions (1) and (6) proposed in
the article have been proven, and all the equations and cal-
culations mentioned above are rigorous and self-consistent.
As mentioned earlier, the unit cell structure in figure 1 is not
only applicable to RNs, but also to complex impedance and
fractional order circuits [40, 41]. The following discusses the
special cases and applications of electric potential and
resistance formula.

4. Discussion of results

4.1. Visualization of potential function

The analytical expression (1) of the potential function is
expressed by a function. In order to visually examine the
variation law of the potential function, Matlab drawing tools
were used to draw visual images under different conditions,
as shown in figures 3 and 4.

In the four potential function graphs of figures 3 and 4, a
positive peak appears at node d; for current input, and a
negative peak appears at node d, for current output. How-
ever, two positive peaks appear in figure 3(a) because their
positions are actually the same node, solely due to the dis-
torted 180° periodic structure. For example, for MSNM with
(n, m) = (100, 80), node d; (0, y) is actually node d’; (100,
79-y), which means that node d; (0, 20) and d’; (100, 59) are
two overlapping nodes.
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Figure 3. The potential function diagram under the same
conditions for node d, but different conditions for d;, where
(n, m) = (100, 80): (a) the nodes are d; (0, 20) and d, (70, 30)
respectively; (b) the nodes are d(20, 60) and d»(70, 30)
respectively.

4.2. Visualization of equivalent resistance

The resistance formula (6) is expressed by a function. In
order to intuitively examine the variation law of equivalent
resistance, four visualization images under different condi-
tions were drawn using Matlab drawing tools, as shown in
figures 5 and 6, respectively.

In the image of figure 5, take (n, m)= (100, 80), if a
fixed point d; (50, 40) is taken, when the changing node d,
(X, y) moves to the d; position, the resistance between the
two nodes d, and d, is zero (a minimum value appears in the
image). The equivalent resistance relationship of all positions
forms a funnel structure.

In figure 6, when fixed point d; (0, 30) is taken, two
minimum values appear in the graph, it is because node d; (0,
30) and node d’; (100, 50) are actually two overlapping
nodes (due to cycle and boundary flipping). Therefore, when
the changing node d, (x, y) moves to position d;, the resist-
ance between its two nodes d, and d; must be zero.

4.3. Discussion of potential function

The analytical formula (1) for the electric potential is a general
expression, and for the convenience of readers’ understanding,
a series of special results are considered below.

Case 1: in the electric potential equation (1), if x, = x,
then the electric potential of any node d(x, y) of m X n order
MSNM is

2r) =) P (Cy i — Cy)

Vm n(x’ y) = — = -
) m i b + b — (=1)2

Cyis 27)

where C,; and F{” are defined in equations (3) and (4),
respectively.

Case 2: in the potential function equation (1), assuming
x; = 0, the potential function of arbitrary node d (x, y) in the
m X n order MSNM is

rJ( x
Vinxn (%, y) = _(x_Z - xk)
m n

20" PG, — POLG,

i e 28
m = b+ b — (=12 " (28)

where x;, C,; and F{" are defined in equations (2)—(4),
respectively.

@: g=1, (x,)=(40,79), (x,,,)=(40, 0), (b): g =1, (x,3)=(40, 50, (x,,)~(40, ),

Figure 4. The potential function diagram under the same
conditions for node d, but different conditions for d; where
(n, m) = (100, 80): (a) the nodes are d;(40, 79) and d,(40, 0)
respectively; (b) the nodes are d;(40, 50) and d,(40, 0)
respectively.

q =1, d1=(50, 40), d2=(x, y),

N
o

N

o

0.5

R(d,d) r

0 o0
Yy X

Figure 5. Visualization of equivalent resistance, let (n, m) =
(100, 80), using d; (50, 40) as the fixed point and d>(x, y) as the
moving point.

g =1, d=0,30), d~x,y).

= N
o N o

R(d,, d,) r

0
y 0 X

Figure 6. Visualization of equivalent resistance, let (n, m) =
(100, 80), using d; (0, 30) as the fixed point and d(x, y) as the
moving point.

Case 3: in the potential function equation (1), if y, = y,,
then the potential function of any node d(x, y) is

rJ x» — x
Visen(x, ) = —(x# — (xx — xl))
m n

2yl Py — P,

m 21 b+ b — (—1)72

Cy,iCyi (29)



Commun. Theor. Phys. 78 (2026) 045702

Z Tan

Case 4: in the potential function equation (1), let y, =
0,y,=m — 1, then Cy; = cos(%qﬁ,«), Cyi= (—1)Cp,, the

potential function of any node d(x,y) of m xn order
MSNM is

m><n(x )’) :;1]( Txl - (xk - xl))

m-1p® _ (_1yip®
2LJ Z X|—X _n( ) X2—X Co‘icv‘i. (30)
m =y b+ b — (=1)2 ’

4.4. Discussion of equivalent resistance

Formula (6) is a universal conclusion that applies to all
situations. For example, 0<n<oo, 0<m< oo,
0 < {x, x} <n, 0< {y,y} <m—1. To help readers
further analyze the physical meaning of formula (6), some
special conclusions are given below.

Case 5: considering any m x n order MSNM in figure 1,
when d; = (0, y)), d» = (x, ¥,), the resistance formula (6)
degenerates into

Rpsen(dy, do) = E(1 - 1)
m n
2 m—1 F(l)(cl i + C21) - 2P(Z)CI 1C21

1
b + b — (—1)2 Gb

m

Case 6: considering any m x n order MSNM in figure 1,

when d; = (x, y)), d2» = (x, y,), the resistance formula (6)
reduces to
2r' S F(G - Gy
m n d L] d - 7 —. 32
wnldy, dy) = Zbub —C (32)

Specifically, if x = x, and considering y, =0 and y, =
m — 1, then formula (32) degenerates into
4]

FPIL — (—=1)] (1 )
Rmxn 5 - — 1 = - 2 =9, .
(dy, d) - ; B (-2 cos 2¢l
(33)

Case 7: when d; =
formula (6) reduces to

(0, 0) and d, = (x, 0), the resistance

Rysn(dr, d) = ix(l - f)
m

n
4rm=)

() (@)
+ —Z Fy - = B cos? (l(bi).
i=1 bll + b - ( ) 2
Case 8: considering n — oo but m and x, — x; are finite
values, the network in this case is a semi-infinite network,
which can be obtained by taking the limit n — oo from
formula (6)

(34)

Rmxoo(dl, dZ) = Mr

el Clz,i + Clz,i — )_\i|x2—X1|Cl’iC2,i
LIS - . (35)
miZl (1 +q — qcosf)? — 1

Ax .

B
Bo .

Ao

Figure 7. An arbitrary n-order MSNM, where Ay is the coordinate
origin, and A, and B, are any nodes on two axis.

Case 9: when m = 2, the model in figure 1 degenerates into
a simple n-order MS resistor network model, see figure 7. At this
point, ¢, = 7/2, the unit resistance on the periodic boundary

is r, and the unit resistance on the short axis (Y-axis) is
r» g =r/r. By substituting into equation (5), we

obtainb; = 1 + g + Jq(g +2),by =1+ q — Jq(q + 2).

Therefore, from equation (6), we obtam O<x<n

FO L g _ g
R,(Ao, B,) = ix(1 - f) IR R ,
2 bl + b+ 2

n
(36)
(€8] (1) (1)
R, (Ao, A,) = ix(l - f) b B Ea P E
2 n b + b +2
37)

Reference [42] specifically studied the problem of Case 9, and
the conclusions derived are identical to the conclusions in (36)
and (37) here, which verifies the correctness of the theoretical
formula derived in the article.

5. Comparison and validation

As a byproduct of our research, we discovered a new mathe-
matical identity during comparative studies. Referring to the
network model in figure 1 [12], first studied the equivalent
resistance of any m X n order MSNM, selecting A, (0, 0) as
the origin of the Cartesian coordinate system. The analytical
formula for the equivalent resistance given in [12] is

r X — x)?
Ryxn(dy, dy) = Z(Pﬂ — x| = u)

n
| n=lmel C+Ci - 266 COS[(Xl —x0)@4+1-(= 1))—]
T
M j=0i=1 r"[l — cos(4j +1— (- 1))—] +i'a - cos¢) (38)

where G, = cos (yl + %)% G, = cos (yz + %)@ and ¢, =

ir/m.
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Formula (38) is a double summation expression derived
using the LM method established by F. Y. Wu [12], which can
be referred to as a 2D result. People always hope to reduce this
2D result to a 1D calculation result, but this is a challenging
task. For example [13], the dimensionality reduction calcul-
ation when m =2 (only m = 2) was specifically studied, and
needed to consider the discussion of n=odd and n =even
separately. Obviously, the dimensionality reduction of identity
equations is a very difficult task.

The equivalent resistance analytical formula (6) in this
article is the result given by the single summation expression
using the RT-V theory. The two equivalent resistances
derived from the same network model must be equal.
Obviously, our results can conveniently reduce the 2D result
of formula (38) to a 1D result, which is a meaningful dis-
covery. From this, we discovered a new mathematical iden-
tity, and based on the equality between formula (6) and
formula (38), we can then obtain the below.

Proposition: Given that m, n are natural numbers, and
g>0, 0<x,<n—-1 0<y<m—-1 ¢ =in/m,

C. = cos (yk + %)gbi, , and F}Ei) and P)Ei) are defined in

equation (4), b, and by are defined in equation (5), then there
is an identity equation:

. in T
”mﬂﬁ+@fMQm%rmw+vumE]

Ry [1 — cos(dj+ 1 — (71)")1] +q(1 — cosg,) (39)

(e cd) - 66

i=1 B4 b — (—1)2

This is a new mathematical identity that reduces a double

sum to a single sum (reducing 2D operations to 1D calcu-

lations). It is easy for people to use computer programming to

verify its correctness. By using this identity, many interesting

new identities can be derived. Below are its four corollaries.

Inference 1: if m = 2, x; = 0, x, = x (natural numbers)

in formula (39), then ¢, = 7/2. At this point, identity (39)
degenerates into

| 11 G + C} = 2GC; cos [x(Zj + 1)5]

2n 5 g+ 1— cos(2j + l)g
F(¢f + ¢3) = 2(FL, - FO)GG
= — , (40)
bl + by + 2

— b/ (b — by), and (g > 0),

bi=q+ 14+ Jg*>+2q, by=q+1— g*>+2q. (41)

then

where F{) = (b*

Inference 2: if y, =y =0 in formula (40),
C=0= 005(4) =2 /2. At this point, identity (40)
degenerates into

ol 1= cos[x(2j—|— 1)%]

_FP-F) + FY
2155 g+ 1 — cos2j + DT ’

b+ b/' +2

(42)

One can simply verify its correctness. For example, if x = 0
and the identity equation (42) is denoted as H, then we
obtain,

1= 1

H (left) = Z 1 — cos(0)
2ni5q+ 1 - cos(2]+l)—

F(l) _ F(l) F(l)
H (right) = —* - T
b]n + bl + 2

:0,

(43)

Obviously, when x = 0, equation (42) is an identity.
Again, if n = 2, x = 1, and the identity equation (42) is
denoted as H, then we obtain,
3m
1 - 005(7) - |

K
) 1- cos(;)
H(left)]y—> = — + = s
4 g+ 1-— cos(l) qg+1-— cos(%) g+ D
2 2
FY — F + F 1
2+

H (tigh)l,—2 = (44)

bR+ bf 42
Obviously, when n = 2 and x = 1, the identity equation (42)
holds. Of course, one can also use computers to verify the
correctness of equation (42).

Inference 3: if x; = x, in formula (39), then identity
equation (39) degenerates into

n—1lm—1 C - C 2
EZZ ( 1 l 27)r
j=0i=1 [1 — cos(4j + 1 — (—1)’)2—] + gq(1 — cos ¢,
n
m—1 (i) 2
(€ — &)
; "+ b — (=12

45

Inference 4: if the natural numbers y, =y, =y, 5 = 0,
x;=x and ¢, = in/m, then the identity equation (39)
degenerates into

i {1 — cos [x(4j +1 - (—1)")27r—n]]>cos2 [(y + ,%)%]

—ZZ T
j=0i=1 [1 — cos(4j + 1 — (—1)')?] + q(1 — cos ¢)
n
S il U G VU N 2[( 1) ]
Z:l bn+bn—( ])2 y’+’2 ¢i'

(46)

The above identities are all given for the first time in this
article and are by-products discovered incidentally, which
establishes a new fundamental theory for algebra in the field
of mathematics. The above identities have been calculated
and verified by computers. At this point, we have mutually
verified the results of [12] with our own results.

6. Comments and prospects

The article first uses the RT-V theory to research the arbitrary
MS network model, further developing the RT-V theory
established in [26], and establishing new matrix
equation (11)~(13), cleverly transforming the 2D matrix
equations in the article into 1D equations. This is the first
time that a single summation expression has been proposed
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for the electric potential and effective resistance of any
m X n MSNM.

The variation of the potential function with coordinate
parameters under different conditions was plotted using
Matlab drawing tools, revealing the influence of the current
input and output positions on the potential of any node. The
variation of equivalent resistance with coordinate parameters
under different conditions was plotted, revealing the influ-
ence of the coordinate positions of two nodes on equivalent
resistance. The MS network model is an interesting mathe-
matical model and an important physical model that has
appeared in scientific research fields [38, 39]. The research
work in this article can provide new theoretical value for
related research work, as well as new research thinking for
related researchers.
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