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Abstract We study the functional separation of variables to the nonlinear heat equation: u; = (A(z)D(u)ul)s +
B(z)Q(u), Az # 0. Such equation arises from non-Newtonian fluids. Its functional separation of variables is studied
by using the group foliation method. A classification of the equation which admits the functional separable solutions is
performed. As a consequence, some solutions to the resulting equations are obtained.
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1 Introduction

In this paper, we study the functional separation of

variables (FSV) of nonlinear heat equation

ur = (A(z)D(uw)uy)z + B(z)Q(u), (1)
which is used to describe shear flows of non-Newtonian
fluids.!*-2

It is well known that the method of separation of vari-
ables is an efficient way to solve linear PDEs with cer-
tain initial/boundary value conditions in mathematical
physics. The Lie point symmetry method®—5 plays an
important role in the study of the separation of variables
to linear PDEs with variable coefficients.[®! For nonlinear
PDEs, a natural question is whether they admit the func-
tional separable solutions or generalized functional sepa-
rable solutions. So it is of great interest to study the FSV
of nonlinear PDEs. In the last decades, there have been
several methods proposed to study the FSV, such as the
R-matrix method, 78] the Ansatz-based method,!9~'? the
geometric method, 314 the nonclassical method, 5! the
generalized conditional symmetry method,6=22] and the
multi-linear variable separation approach.?*24 Similar to
self-similar solutions of nonlinear PDEs, functional sep-
arable solutions play an important role in characterizing
the behavior of nonlinear phenomena.

Consider an n-th-order nonlinear evolution PDE with
one dependent variable u and two independent variables
x and t,

Ut :E(xauaumvuzrauzza:ww)' (2)

Its solutions of the form

u=p(x)p(t) or u=e(x)+y(t) (3)
are said to be the product or additive separable solutions.
Usually we call them the ordinary separable solutions. A
generalization to the ordinary separable solutions is

flu) =p(x) + (1), (4)
with f(u) # v and f(u) # Inu, we say it to be the func-
tional separable solutions. It has been shown that a
number of nonlinear PDEs have this type of separable
solutions.[?729] A further extension to the functional sepa-
rable solutions is the derivative-dependent functional sep-
arable solutions, 2122 which takes the form

fu,uz) = o(z) + (1), ()

for some functions f(u,u,). Galaktionov et al.2>=27 in-
troduced the concept of the nonlinear separation of vari-
ables in the study of blow-up of nonlinear parabolic equa-
tion, where the solutions take the form

u=(x)(t) +n(t). (6)
A further extension to the nonlinear separable solution is
the solution of the form

fu) = (@)d(t) +n(t), (7)

which we call generalized functional separable solution.

2 Group Foliation Method

The group foliation method was introduced originally
by Lie, developed by Vessiot,?8! and in a modern form by
Ovsiannikov.”! Tt is associated to the Lie point symmetries
of the considered PDEs, and has been used successfully to
obtain solutions of nonlinear PDEs.[29=34] The first step of
the group foliation method is to foliate the solution space
of the equation in question into orbits, choosing a symme-
try group for the foliation. Each orbit is determined by
the automorphic system joined to the original equations,
and considered as invariant differential constraints. Due
to automorphic property of this system, any of its solution
can be obtained from any other solutions by a transfor-
mation of the chosen symmetry group. The collection of
orbits of all solutions of the original equations is deter-
mined by the resolving system. So the problem is reduced
to seek exact solutions of the group-resolving system. To
obtain the functional separation solutions, our basic idea
is to convert the given nonlinear PDEs into an equivalent
first-order PDE system which characterizes the functional
separation of variables or the generalized functional sep-
arable solutions. This system is the so-called resolving
system in the group foliation method.

Assume that equation (2) does not depend on time ¢
explicitly, then it is invariant under time translation. It
means that the first-order invariants for the time transla-
tion are x, u, and

Uy = G(z,u), ur=F(z,u).
Using the group foliation method, we have the associated
resolving system

F,+GF,=FG,, F=E(uG, GGy ...). (8
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To obtain the functional separable solutions, we put 3 FSV to Nonlinear Heat Equation

G(xvu) = g(x)h(u) and solve F(z,u) from the first one We now consider FSV of the nonlinear heat equa-
in Eq. (8), we get tion (1). Using the group foliation method in Sec. 2 and
vl * utting G(z,u) = g(z)h(u), we obtain
Fa) =), 00 = [ pisds— [gtpay,  Prene Glo) Zalnt e sprain
where g(z ) and h(u) are to be determined and 1 = 7(t) Fw,u) = h(u) f(n), n(t) :/0 h(s) ds 7/0 9(y)dy-

satisfies ' = f(n ) Substituting the expressions for Substituting F(z,u), G(z, ), and 7(t) into Eq. (1) implies
G(z,u) and F(x, u) into Eq. (2), we obtain an equation de- £ satisfying

pending on A(z), B(z), D(u), Q(u) and h(u), each term

in the expression is a.product of u—.dependent funct@on f(n) = (Ag™).Dh" ' + Ag" T (Dh™), + 397
and z-dependent function. The solutions of the equation ) ) h
depend on the dimension of the space spanned by the z- Where the functional sepfarable SOIUt_IOHS to Eq. (1) are
dependent functions. Consequently, the functional sepa-  given by Eq. (9). To obtain the functional separable solu-

(10)

rable solutions take the form tions, we need to determine g(z), A(z), B(x), D(u), Q(u),
“ r and h(u). Noting that f does not depend on z, and by
H(u) = /0 7h(s) ds = /0 9(y)dy +n(t). 9) differentiating Eq. (10) with respect to x, we obtain

|
(Ag™)ee Dh" 1 4+ Apg™ (DA™Y h + (DR™),] + Ag" gu[nh(DR" 1),
Q

+ (n+ 1)(Dh").] + Ag™ 2 h(Dh")u + By + th(%), =0. (11)

To proceed, we distinguish the following special cases.
Case 1 hy, =0, h =wu. In this case, equation (11) leads to the following equation

(Ag™)guDu™ 1 + Ayg™ Tt [(Du"il)uu + (Du™)u] + Ag" g [nu(Du"il)u

F (4 )(Du)a] + Ag™ P u(Du )+ B2 4 Bgu( D) =0, (12)

To determine A(x), B(x), D(u), and Q(u), we consider two subcases.
Subcase 1.1 A, # 0, B ="b= Const. # 0. Without loss of generality we put B = 1.
In this subcase, equation (12) leads to

(Ag™) g Du™ 1 + Apg™ ! [(Du"‘l)uu + (Du")y] + Ag"2u(Du™)

+ Ag"gu[nu(Du™ 1), + (n + 1)(Du™),] + gu(%)u =0. (13)

Let I' denote the space spanned by (A¢™)sz, A9"gs, Azg"Tt, Ag"t? and g. We solve Eq. (13) depending on the
dimension of I'. Let us restrict our attention to the situations dimI" > 2.

i) dimT = 2. In this situation, A and g satisfy | Q =blaz — 1)[(n+ 1a; +b1Julnu
Ag"ge = a19 + azAg"t?, Ayg"T =big + by Ag" T2 (14) — (nar + b1)u*? +cu.
Substituting Eq. (14) into Eq. (13), then the functions (d) by = —(n+1)az, as = —(1+ by)/n.
Q(u) and D(u) satisfy the following system of the ODE’s, D=bul" 4+l " Iny

2 n—1
[na2(n+1) 4 ag(ba(142n) +2n?) 4 by (by +2n — 1)Ju" ' D Q = cu— (ar + 2nas + 2by)ulnu.

+[az(1 + 2n) + 2boJu” Dy + u(u”D)uu =0, ii) dimT = 3. In this case, A and g fulfill the following
[(a1(n+1) +by)(nag + by) + b1 (2n — 1) 4+ 2a1n*Ju™ "' D system
0 Qy _ Apg"t = arg + azAg"g, + azAg™t?,
+la1(2n + 1) + 2b;)u Du—l—u(z)u—o. A — oA b A2 .
. C . . (g)mz—lg+2gga:+3.g : (5)
To solve it, four cases are distinguished, Substituting Eq. (15) into Eq. (13) we arrive at the system
(a) by # —(n+1)ag, az # —(1+bz)/n. 91 1
D = buot(=n) 0= [b2 + 012(27;* 1) ;L an]l’l; fz
Q =" = (nay + by)u’t + cu, (1420, + Z)j v
where and hereafter b and ¢ denote constants of integra- [b1 + a1(2n — D]u"""D + 2a1u" Dy,
tion and « and 3 are constants, and a = —[by + (n+1)as), Q\ 0
B = —(nag + 1+ by), I = =b[(by + nay) + (ag — 1)(by + +u<;)u -
ar(n+1))/al. b n—1 n
+a3(2n —1 D+2 D,
(b) ba # ~(n + Dz, a3 = (1 + bo) . R 6)
D=bult"+ —n—ag, wu = 0.
B " ay Solving Eq. (16) we obtain the solutions as follows.
Q = cu — (2b1 + 2nay + a1)u . (a) as #—(2n+1)/2, by # —(az + 1 +n),
(C) b2 - _(n+1)a2a a2 #—(14—()2)/7’7} b1+a1(2a+2n—1)
D=bu! " 4 utm, D=u® Q= ut" + bu,

a+n—1
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where o = —[(2n — 1)as + bs + 2n?%]/(2a2 + 2n + 1), (b) a1 =—(n+1), ag # —1.
bs = —[as(2n+2a—1)+ (n+a)(n+a—1)]. 1 (2ntanl/2 2a4 1 as)/2

(6) a2 £ ~(2n+1)/2, by = ~{az + 1+ 7). D =l Credlf?, Q= g T b,

1—
D=u", Q=bu—(a1+b)ulnu, where the constants satisfy ay = ag(n + 1/2) — 1/2,

where bs = —as. as = (1 —a2)/4.

iii) dimT = 4. In this case, A and g satisfy (¢) ay=—(n+1), ay = —1.

(Ag™)az = a1 Ag" gz + a2 Arg™ ™ + a3Ag™ ™ + aug. D=u'"", Q=bu—aulnu,

We thus arrive at the system

(a1 + 2n2)D + (2n 4 1)uDy =0, where the constants satisfy az = 0.

Subcase 1.2 A, #0, B, # 0.

(a2 +2n—1)D +2uD, =0, Similarly, let I" denote a linear space spanned by
(a3 +n% —n)D + 2nuDy + u2Dyy = 0, (Ag™) 2w, AG"gs, Azg™™t, Ag"2, Bg, and B,. To solve
0 Eq. (12) and determine @ and D, we consider the follow-
aqu™ 1D+ u(—) =0, ing cases.
U

which is easily solved with respect to the constants a;. i) dimT'=2.Tn this case, A,Tﬁ;and g satisty
(a) a1 # —(n+1). B, = a1Bg+b1Ag""",

)
D=u*, Q=bu— ———u*", Apg"tt = aaBg + by Ag"t?

aq
n—1 + n n+2
where o = —(a1 4+ 2n?)/(2n+ 1) and the constants satisfy Ag o = asBg +bs Ag™™.
as=—2n—-14+2a),a3=—(n+a)(n+a—1). | Then @ and D satisfy

[b2 4 ba((2n 4 1)bg 4 2n — 1) + nb3((n + 1)bs + 2n) + by (as + naz)ju™D
+ [(2n 4 1)bg 4 202)u" T D, + u*(Du™ )y + 01Q = 0,
[ba((n + 1)az + az) + nbz(az + (n + 1)az) + a1 (az + nas) + (2n — 1)ag + 2nasju" D

+[(2n + 1ag + 2az)u" D, +a1Q+u2(%) =0. (17)

We derive the solutions of Eq. (17) as follows.

b
D=u"+bl’ +cu’, Q=-— [(ag + naz)u®t" + ﬂmlum’” + %mgu”””} ,
1 1

where «, 3, v, m1, and my fulfill the following system,

Iy Iy a n  a+n+b a

a==b+n(l+by)], S=h-5, y=lh+g, h=5-5g+——F—+1-7,
1 1 1/2
b= [(1+ ) @+n+bo) (14 )@t n+bo)+ 2 b)) + (b2 = a1)* +4bi(az +nag + az)|

mlzlg—lg(a1+a+n—1), m2:l3+lg(a1+a+n—1). (18)
(b) bl :0, al 7éb2+(n+1)b3

D=u"+bl, Q= 113

a+ay+(n— l)umm = b(nas + az)u’ " + cut T
where «, (8, and m3 satisfy
a=—Mbs—14+n+0b3(14+n)], B=—[b2+n(bs+1)],
ms = Bl(n+ 1)ag + a2] — a[2a2 + (2n + 1)as] — (az + naz)(1 —n —aq).
(C) b1 = O, a; = b2 + (n+ 1)b3, b3 7é 1.
D=u®+bu’, Q=][(n+1)as+ a]u* " Inu — blag + nas)u’ ™ + cu®tm
where a = —[by — 1 +n+ (1 +n)bs], 8 = —[ba + n(1 + b3)].
(d) b1 =0,a; =ba+ (n+1)bs, bg =1.
D =y~ (nFb2) oy~ 1n g Q = —[(2n + 1)as + 2az)u” 2+ Inwu + by~ b2+
ii) dimI’ = 3. In this case, A, B, and g satisfy the following system,
B, = a1Bg+biAg""? + 1 Ag g, Apg" = a2Bg+b2Ag" P 4 c2Ag" g, (Ag™)aw = azBg+b3Ag"T 4 c349" g, -
It implies that Q and D satisfy
(a1 — 1)Q +uQy + [(2n — 1)ag + azlu™D + 2au™ ™' D, = 0,
b1Q + [(2n — )by + b3 +n(n — 1)]D + 2(n + by) Dy +u" 2Dy, = 0,
c1Q + (2c2 +2n + DU Dy + [e3 + (2n — 1)eg + 202Ju"D = 0. (19)
We obtain the solutions of Eq. (19) as follows:
(a) 1 #0. .

D=u+b/, Q= Q—Q(ZbuﬁJr" — mu®*t"),
51
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where the constants satisfy hy = m(a+a; — 14 n), hy = —

b
261
l=h2(2n+202+1)—h3,
hy = [4()?(02 +n+ %)2 — 4b101(
h3 = 4b1(CQ +n+ %)2 7401 [bg(
hy = 2c3[as(2a + 2n — 1) + as),

(b) 1 =0,c2# —(2n+1)/2.

o =

D =u",

I(B+a; —1+4+mn), and a, 8, m, and [ are given by
(hi—hs), B= —i(h1 tha), m=ha(2n+ 2+ 1)+ h,

hi =¢1(2by 4+ 2n — 1) — by (1 + 2n 4 2¢3)

(14 20+ 22)by — 5 — 1) — 42 (bs — b3 — )]/,
nte+})-1-g],

hs = 2c2[as (26 + 2n — 1) + ag)] .

Q — Aua—&-n ,

where a = [e2(1—2n) —c3 —2n?]/(2n+ 1+ 2¢2), A = —[(n+a)(n+ a — 1+ 2by) — by + b3] /by, and the constants satisfy

az = —Ma+n+a — 1)+ ax(2n + 2a — 1)].
iii) dimT = 4. In this case, A, B, and g satisfy

B, = a1Bg + a2 Ag"t? + asAg" g, + as Az g™t

bhiu"D + (a1 — 1)Q + u@, =0,

G{J,Q + (b3 +2n*)u"D 4+ (2n + Du" ™D, =0, asQ + (by +2n — 1)u"D + 2" D, = 0.
U

The solutions of Eq. (21) are as follows.

(a) a3 #0, a3 # [(2n + 1)ay]/2.
D=u*, Q=ku*",
where o = [a3(2n — 1 + bs) — aq(2n? + b3)]/[(2n + 1)ay —
2a3], k= —[(2n+1)by—2b3—1]/[(2n+1)as—2a3], and the
constants in Eq. (21) satisfy by = —k(n—14a1+a), by =
ask — (n+a—1)(n+ «a).
(b) az =0, a4 #0.
D=u", Q==Fku",
where o = —(2n% + b3)/(1 + 2n), k = (2b3 + 1 — by —
2nby)/(as + 2nay), and the constants satisfy by = —(n +
a+a; — 1)k, by =—[(n+a)(n+a—1)+ kas].
(C) a3:a4:0, ag;&O.
D:ua, Q:kua+n7
where a = (1 — 2n — by)/2, k = —(b2 + 4by — 1)/(4az),
and the constants satisfy by = —k(n — 1 + a1 + «),
by = —(2n% + 2na + ).
(d) as=a3 =ay4 =0, b3#(2n—|—1)a1—n—1.
D=u% Q=Fku™+bul ",
where o = —(2n%+b3)/(2n+1), k = —=by /(a+n—1+ay),
and the constants satisfy by = 1 — 2a — 2n, by = —(a +
n)(a+mn—1).
(e) ag=a3=a4=0,b3=(2n+1)a; —n — 1.
D=u", Q=-biu" “Inu+bu""",
where the constants satisfy by = —(n —a1)(n — 1 — aq),
b4 :2[11 —2n+ 1.
Case 2 hy, =0, h = 1. In this case, equation (1) has
additive separable solutions,

x
H(u) =u= / 9(y)dy +n(t)
0
and equation (11) implies
(Ag™)eD +2A,g" D, + Ag"g.(2n +1)D,,
As in Case 1, we consider the following subcases.
Subcase 2.1 A, #0, B=>b+# 0. Without loss of gener-
ality we put B = 1. In this subcase, equation (22) can be

rewritten as
(Ag™)eeD + 2A,g" D, + Ag"g.(2n +1)D,,

(22)

(Agn)xx _ blBg+b2Agn+2 +b3Ag"gx —|—b4Al-g"+1 )
Substituting Eq. (20) into Eq. (12), we obtain the system
as@ + (b2 + n?— n)u™D + 2nu™ 1D, + u" 2Dy, =0,

(20)

(21)

+ Ag"Dyy + 9Qu = 0.
Let I' be the space spanned by (4¢™)zz, Ag"ge, Azg™tt,
Ag"*2 and g. Similarly we consider three cases.
i) dimT = 2. In this case, A and g fulfill the following
system
Ag"gr = arg + agAg"t?,
and @ and D satisfy
[(nag + b2)(b1 + (n + 1)aq)]D
+[(2n + 1)ag + 2b1]D, + Qu =0,
[(n® 4 n)a3 + (2n + 1)byay + b3 D
+ [(2n + 1)ag + 2b2) Dy, + Dy, = 0.
Solving Eq. (23) we obtain the solutions as follows.
(a) by #—(n+ 1)as.

D= e/\u + be(x\+a2)u ,

Q = ke —b(na; + by)ePtalv 4 ¢
where A = —[(1 + n)as + ba], k = [az(nay + by + a1) —
Alnay + b1)]/

(b) be =—(n+1)ag, az #0

D=0+ e*",

Q = baz(ay + nay + by)u — (nay + by) e + c.
(¢) ag =0, by #£0.

D=eb%ppue %, Q=mue " 4 ke 2" 4 ¢,
where m = —(nay+b1), k = b(by +a1 +nay)/ba—na; —by.
(d) ag =by =0.
D=u, Q=-—(2b;+ a1 +2na)u+b.

ii) dimI = 3. In this case, A and g satisfy

Apg"™t = a1g + a2 Ag" g, + azAg"t?,

(Ag™)aw = brg + by Ag" g + b3 Ag" 2,
and @ and D fulfill the system

bsD + 2a3Dy + Dy, =0, b1D +2a:D, +Q, =0,
boD + (2a2 +2n+1)D, = 0. (24)

A:L’gn+1 = blg + bQAgnJer

(23)
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Solving Eq. (24) we obtain the solutions as follows. where 7 = (b3 — a2)'/?, and the constants satisfy by =
(a) a3 — bz > 0, b3 # 0. We have the solutions given  az(2az + 1+ 2n).
by iii) dimI' = 4. In this case, A and g satisfy
D = e)‘lu —+ be)‘Zu, (Agn):m: = alAgng:L’ + a2Aa:gn+1 + a3A9n+2 + a49 ,
2a1ba — b1 A 2a1ba — by \ and @ and D fulfill the system
Q=008 7O gy 20108 70202 aou
bs bs asD + Dy, =0, asD+2D, =0,
where \; = —as + (a3 — b3)'/2, Ao = —a3 — (a3 — b3)'/?, asD+Q, =0, a1D+(2n+1)D,=0. (25)
and the cgefﬁcients fulfill b, = 0, ag = —(n +1/2). Solving Eq. (25) we obtain the solutions as follows.
by (b) a3 —b3 =0, as # 0. We have the solutions given D= a2, Qﬂe—azu/Q s
as
D =be *" +ue ", and the constants satisfy a3 = —a3/4, a1 = (n + 1/2)as.
Q = ky e % 4+ hyue %Y 4 ¢, Subcase 2.2 A, # 0, B, # 0. Similarly, let I denote a

linear space spanned by (A¢™)zz, Ag"gs, Azg™tt, Agnt2,
where ky = by /a3 + bgbl — 2aya3)/ag, ky = bi/az - 2a, Bg, and B,. To solve Eq. (22) and determine Q and D,
and the constants satisfy by = as(2a2 + 1 + 2n), ay = we consider the following cases.

—(2n+ 1%/2' ] ) i) dimT = 2. In this case, A, B, and g satisfy
(¢) a3 —bs <0, ag # 0. We have the solutions given By = ayBg+ b Ag+?,

by
D = [cos(Tu) + bsin(Tu)] e ** | Apg" = aaBg + by Ag"t?
b1 — 2a1as3 ) Cwew Ag"g, = azBg + b3 Ag" 2.
Q= T[COS(T’IL) + bsin(ru)]e”®" 4+ ¢, | Then Q and D satisfy
(b3 + (2n + 1)b3bs + nb3(n + 1) + b1 (as + nas)|D + [(2n + 1)bg + 2b3] Dy + Dy + 51Q = 0,
[((n + 1)as + a2)(ba + nbs) + a1 (a2 + naz)|D + [(2n + 1)as + 2a3] D, + a1Q + Q,, = 0. (26)

We derive the solutions of Eq. (26) as follows.
(a) b1 7é 0.

b
D= eM¥ + hel2 + ce)\g,u7 Q=-— |:(7”LCL3 + a2) MU + omy et + Cn_le)\?,u ,
2by 2by

where A1, Ao, A3, m1, and n; fulfill the following system,
l l
A1 = —(bg +nbs3), )\2:ll+§2a )\3111*52,
bo+ (n+1)bs+a
lh=- 2+ ( 5 )bs 1, my =l3+1l(ar+ A1), ni=Il3—1Ila(ar + 1),
log = [bg(n + 1)2 + (bg — a1)(b2 —ay + 2b3(n+ 1)) +4b1((7’L—|— 1)&3 + a2)]1/2 . (27)
(b) b1 =0, b2 #a; — (’I’L+ 1)b3.

D= eM"tbet Q=ce ™" —

ms3

)\1 + aq
where A\; = —[ba + (1 4+ n)bs], Ao = —(by + nb3), m3 = Az[as + (n + 1)az] — M\ [(2n + 1)az + 2az] — a1 (az + nas).

(C) bl = 0, b2 = a; — (n—l— 1)[)3, b3 75 0.

D =uM" b2 Q = bbs[(n+ 1)az + agJue™ — (ag + naz) e 4 ceM™,

where A\ = —[bg + (n+ 1)b3], A2 = —(by + nbs).

(d) bl = 07 bg = a1 — (’I’L+ 1)b3, b3 =0.

D=e"2"ppye b2t Q= e 2" —p[(2n + 1)as + 2as]ue 2",

ii) dimI’ = 3. In this case, A, B and g satisfy the following system,
By = aiBg+01Ag"? + c1Ag"gy,  Arg™t = aaBg+baAg" T+ 2Ag" g0, (AgM)ae = a3Bg+b3Ag" " + c3Ag" g, -
It implies that @ and D satisfy

a1Q + Qu + 2a2D, +asD =0, b1Q+0b3D+2b2Dy + Dyyy =0, 1Q+c3D+ (2¢c2+2n+1)D, =0. (28)

We obtain the solutions of Eq. (28) as follows.

(a) 1 £0.

eM% — b(nas + ag) e 2",

1
D= eMufpett, Q= —Q(lbe)‘w —meY),
2ct
where the coefficients satisfy 2¢?(2\1az +az) — m(a; + A1) = 0, 2¢3(2X2a2 + a3) — (a1 + A2) = 0, and Ay, Ao, m, and [
are given by
1
- 201

_ L

A
! 201

(h1+h2), )\2 (hlfhg), m:h2(2n+202+1)+h3,
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l:h2(2n+262+1)—h3,

hy = b1(2n + 2¢9 + 1) — 2bycy

ho = [b%((?ﬂ + 1)2 + 402(271 + 1+ Cg)) — 4616201(271 + 14+ 202) + 4C%(b% — bg) + 46103[)1}1/2 R
hs = (2n 4 2c2 +1)2 — 2¢1[b2(2¢o + 1 + 2n) — 3] .

(b) c1 =0, by 75 0, co 75 —(2’17,—|- 1)/2.
D=¢eM, Q=ae,

where A = —c3/(2n+ 14 2¢3), a = ¢3[2b2(2¢2 + 14 2n) —
c3]/[b1(2¢c2 + 2n + 1)?] — b3 /by, and the constants satisfy
a3z = —[2Xaz + a(a; + N)].

(C) c1=0,b=0,c0 = —(2n—|— 1)/27

D:e)\u’ Q:aex\u_’_befalu7

where A = —c3/(2n+1+2¢3), a = —A(ag+2a2)/(A+a1),
and the constants satisfy bg = —A(\ + 2b2).

iii) dimI'=4. In this case, A, B, and g satisfy
By = a1Bg + azAg"? + azAg"go + a1 Asg""
Substituting Eq. (29) into Eq. (22), we obtain the system
biD+a1Q+Q, =0, a@Q+bD+ Dy, =0,
a3Q +b3D + (2n + 1)Dy = 0, a4Q + byD + 2D, = 0.(30)
The solutions of Eq. (30) are as follows.

(a) as #0, a3 # [(2n + 1)aq]/2.
D=¢e, Q=ae,
where A = (azby — agbs)/[(2n + 1)ag — 2a3], a = —(2A +
by)/ayg, and the constants satisfy

airby — biag + /\(b4 + 2\ + 2&1) =0,

asby — boay — )\(a4)\ + 2a2) =0.
(b) a3:a4:0, a27é0,
Q =

where the constants satisfy b3
albg) + b4(b421 - 2(11()4 + 4b2) =0.
(¢) ag =as=a4 =0,

Q=be M —

71)421 + 4b, o—bau/2 ’
4&2
(n + 1/2)b4, 8([)1@2 —

_—bau/2
D=ce 4/,

2b
2(11 — b4
where the constants satisfy by = —b3/4, bs = by(n + 1/2).

D= e—b4u/2, e—b4u/2’

4 Concluding Remarks

In this paper, we have developed the group foliation
method to study the functional separation of variables of
the nonlinear heat equations arising from non-Newtonian
fluids. It was shown that for certain diffusion and source
terms of Eq. (1), it admits functional separation of vari-
ables. In general, the functional separable solutions can
not be obtained within the framework of the Lie’s classical
method. A question is that whether equation (1) admits
other non-Lie point symmetries such as the conditional Lie
Backlund symmetries with second-order characteristic.
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