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Ground and Excited States of Bipolarons in Two and Three Dimensions*
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Abstract The properties of large bipolarons in two and three dimensions are investigated by averaging over the
relative wavefunction of the two electrons and using the Lee-Low-Pines-Huybrechts variational method. The ground-
state (GS) and excited-state energies of the Frohlich bipolaron for the whole range of electron-phonon coupling constants
can be obtained. The energies of the first relaxed excited state (RES) and Franck—Condon (FC) excited state of the
bipolaron are also calculated. It is found that the first RES energy is lower than the FC state energy. The comparison
of our GS and RES energies with those in literature is also given.
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1 Introduction

Bipolarons have been extensively discussed both for
fundamental theoretical interest and for their importance
in semiconductor materials.l!' With recent advances in
the fabrication of nanocrystals and semiconductor nanos-
tructures, strong electron-phonon coupling is realized due
to quantum confinement effects, and the properties of
bipolarons in low-dimensional systems are of growing
[2=6] This problem is also relevant to the pro-
posal of the bipolaronic mechanism for electron pair-
ing in the CuO, plane in high-T, cuprates.""] Recently,
Schoenes and co-workers!® reported that some supercon-
ductors such as YBasCuyOg have strong electron-phonon
coupling, which also boosts the theoretical research on
bipolarons.

Extensive work has already been devoted to the cal-
culation of the bipolaron ground-state (GS) energy in

interest.

two and three dimensions (an incomplete list is given in
Refs. [9] ~ [13]). Different values of the critical electron-
phonon coupling constant «. above which the bipolaron
is stable and the critical ratio of dielectric constants 7,
below which the bipolaron is stable are obtained by dif-
ferent approximation approaches. Though the bipola-
ronic GS state has been extensively investigated in the
past decade, only a few works~17 have been devoted
to the excited states so far. Actually knowledge of the
excited states of the bipolaron is also important due to
the relevance to electron transport, photoluminescence
and photoemission.l) Smondyrev et al.'* calculated the
energy spectra of the one-dimensional bipolaron in the
strong-coupling limit. More recently, Sahool'® devel-
oped the Landau—Pekar variational method to get the
ground and first excited states of the Frohlich bipolaron

in a multidimensional ionic crystal in the strong-coupling
limit. The stability of magnetobipolarons was studied by
Kandemir.['8] The system of excited terms of a bipolaron
has been established by the method of canonical transfor-
mation of coordinate.!*7]

In this paper we extend the Huybrechts variational ap-
proach (LLP-H)[8! to the analysis of both GS and excited
states. Section 2 presents the calculation of GS state. In
Sec. 3, we calculate the energies of the first relaxed ex-
cited state and Franck—Condon excited state in both two
and three dimensions. Discussions of these two types of
excited states are given. Finally, comparison of our re-
sults with Sahoo’s ground-state and excited-state energies
is made in Sec. 4. Our conclusions are presented in Sec. 5.

2 Ground-State Energy

The Frohlich Hamiltonian for the polaron in N dimen-
sions (ND) has been derived by Peeters et al.l'®) Accord-
ingly, the Hamiltonian describing a system of two electrons
interacting with a longitudinal optical (LO) phonon field
may be written as (in units of m =h = w o = 1)

p? ik-r;
H = 1;2 [? + ;(Vkak e + h.C.)]

+ > ajak +U(jry =) (1)

k

where all vectors are N-dimensional (N = 2,3) and 7;
(p;) is the position (momentum) operator of the i-th elec-
tron (i = 1,2). a}; and ap are respectively the creation
and annihilation operators of the LO phonons with the
wave vector k. Here we should mention that the impurity-
phonon interactions have already been eliminated so that
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we assume wr = wpo. The interaction coefficient is
T[(N —1)/2]2N=3/2z(n=1)/24y1/2
‘/ka‘N_1 } ’ (2)

where Vy is the ND crystal volume, « is the dimensionless

Vk:—i{

electron-phonon coupling constant,

a= (-1, 3)

V2 \eo &0

and e (g9) is the high-frequency (static) dielectric con-
stant of the medium. U(r) = U/r is the Coulomb in-
teraction potential between the two electrons, where the
nonscreened electron Coulomb repulsion strength is given
by U = €? /e, which may be rewritten as

V2a
U= [ (4)

Since the bipolaron is a composite particle, it is conve-
nient to introduce center-of-mass and relative coordinates
and momenta, R = (r1+72)/2, P = p;+py, r =11 —73,
p = (p; — Py)/2,%% in which the Hamiltonian can be
rewritten as

€oo

60.

p? k-r .
H4+2;COS( 5 )(Vkakelk'R+h.c.)

U
+Za£ak+p2+7. (5)

K
To obtain variational estimate of the bipolaron energy,
we set the oscillator-type trial wavefunction as
2

80 () = Crexp(~). (©)

where b is a variational parameter. This trial wave func-
tion has been shown to be the best one in the estimate of

1 2 « .
Heg = 1 (P—a Xk: ka;fcak> + Xk:{Bka;rc exp[—i(1 —a)k- R] +h.c.} + Xk: aTkak + E,.

GS in 2D and 3D bipolarons.l'") The next step is to aver-
age the Hamiltonian (5) over the wavefunction (6) and ob-
tain the effective Hamiltonian for the center-of-mass mo-
tion,
Hgg = P—2+Z(Bkakeik'R+h.c.)+ZaTak+E (7)
€ 4 - - k T

Here B = 2Vi(cos(k-7/2)) and E, = (p* + U/r) with
(---) denoting an averaging over the wavefunction ¢(°)(r).
B, and E,. can be calculated as

BND k2
k=1 ®)
2Vi 4Nb
w4 /b b 2bm
3D _ 'Y Y 2D _ 7
E? —12+3\/27TU, E; 2+ 1 U. (9)

Note that the effective Hamiltonian (7) corresponding
to the center-of-mass motion is in essence equivalent to a
single-polaron Hamiltonian. The differences between the
Hamiltonian (7) and the usual Hamiltonian of a single po-
laron are the following: (i) The energy is shifted by the
average of the energy of the relative motion E,., and (ii)
the electron-phonon interaction coefficient By, is renormal-
ized.

We will follow the LLP-H variational method proposed
by Huybrechts!'® for the single polaron problem. First,
we perform the following LLP-H transformation,

U= exp(—iaZk . Ra};ak) ) (10)
k

where a is a variational parameter. In the limit a — 0,

the present calculation is identical to the strong-coupling

regime, whereas the case a — 1 corresponds to weak

electron-phonon interaction. The Hamiltonian (7) can be

transformed into

For convenience we write the Hamiltonian (11) in the following more detailed form:

ak?

1 2 a t
Hot = 7P —§ZP~kakak+Z(1+ .
k k
CL2 ! T
+E,. + T Z ki - kaay, ap ag,ak, -
k1,k2

The trial wave function in the new representation is as-
sumed to take the following form,

|-} = ¢(R)[A),

where the wave function of the electron part is chosen as

(13)

the following Gaussian type,

éo(R) = cexp(—)\z RJZ), (14)

with A being a variational parameter to be determined.

(11)
)a};ak + Z{B,’;a}; exp[—i(1 —a)k- R] + h.c.}
K
(12)
| |A) is the phonon coherent state,
14) = exp > (fual, — fia)]10), (15)

k

here fi, and f;; are assumed to be a function of k only and
to be determined variationally, |0) is the unperturbed zero
phonon state satisfying ay|0) = 0 for all k.

In the next step, we average the Hamiltonian (12) over

the wave function (13) and directly present the bipolaron
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ground-state energy EO’ND as with

0.ND ) — i + M (22)

o _—)\—fZP kfkfk+2( Y ITnt
(1 122 Thus the ground-state energy of this system can be ob-
+ Z{BZ]’; exp [_8+} + h.c.} tained by minimizing Eqgs. (20) and (21) with respect to
k a, b, and A. Although one can further integrate the k
a . o variable analytically on the right-hand side of Egs. (20)
+ B+ 4 kz’; k1 k2 fr, fi, s Jiea - (16) and (21) and get a very complicated form including the

1,/R2

) complementary error function erf¢(x), which is of no use
It can be noticed that the P -k term and the last term

in Eg’g D vanish exactly if we perform the angular inte-
gration first. Therefore the neglect of these terms in the 3 Internal Excited-State Energy
Hamiltonian (16) does not violate the variational princi-
ple. Minimizing Eg’gD with respect to f and f; yields

for practical calculations.

Following the definition given by Devreese,?!] we com-

pute the relaxed excited state (RES) and Franck-Condon
f = —Bj exp[—(1 — a)?k?/(8))] 7 (17)  excited state (FC) energies of the bipolaron. The RES is
1+ a2k?/4
£+ _ ~Brewl=(1= )’/ (3))]
k 1+ a?k?/4 '
Using Egs. (17) and (18), in Eq. (16) we obtain the while the lattice polarization in the final state is adapted
ground-state energy of the bipolaron in N dimensions with ~ to the 2p-state of the electron. If, on the contrary, the

created if the electron in the polaron is excited while the
lattice readapts to the new electronic configuration. One
can imagine that the electron goes from a 1s- to a 2p-state,

(18)

an arbitrary electron-phonon coupling constant: lattice corresponds to the electron ground state, while the
(1 —a)?k?/(4) electron is excited, one speaks of an FC state.
EOND _ 7)\ ZBz exp[— a)’k?/(4X)] +E,. (19) P e
1+ a2k2/4 Here we use a method of Huybrechts,'*®) who com-

puted the FC state energy[?? of a single polaron. In this

Finally we calculate the ground-state energies of the bipo- i )
section, we will extend Huybrechts method to calculate

laron in 3D and 2D materials as follows:

3\ 4\/504 00 12 X! the RES energy of the bipolaron by adjusting a, b, A, and
EO 30 = dk( + ) fr to the relaxed excited state.
R A 6b | 144b2 k
2 b 4 D The wavefunction of the electron part for the first ex-
% — 4+ = 3 \/ — 5 U, (20)  cited state is N-fold degenerate,
k2 k4 ¢1(R) = cR; exp(f)\ R2> . (23)
o 7—2\/>04/ dk( 7+7> 7 Z Z
4b 642 J
exp(—gk?) b 2br By Egs. (23) and (15) the Hamiltonian (12) can be calcu-
u (1) lated as

1+a2k2/4 " 2 4

|
21.2
B = 2 TN OS Pk 3 (1 ) P
k k

4
+ Z{B,; frew[- L ool ne)
k

+E+ L Z Ky - Ko fi, fio, frr fes - (24)
k1 ,ko
The P - k term and the last term in Eé’g D also vanish exactly if performing the angular integration. For the FC state,
fr and f in EE’QD is the same as that in Egs. (17) and (18). For the RES, fi and f; can be obtained by minimizing
the excited-state energy according to
oEy® _ om”

=0 g =0 (25)

Then we get the excited-state energy Ellg’llj D for the bipolaron in N dimensions,

“4’“2)|fk|2 +y {B;;f,: [1 - (1_4“)2’%2} exp[—w} +h.c.} YE.,  (26)
k

A NA
BRP=2+=+3 (1
k

2 4 A 8A
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with « 27.2
jro = el 2}5/)4]6 /(8] (27)
for the FC state and e (1 — a)?k2/(8)) (1— a)2k?
fRBS _ kexpl[Jr(a%za/)Zl /BN, = J} (28)

for the RES.
The energy of the relative motion can be obtained by Egs. (8) and (9) and insert ff¢ and fRES into Eq. (26).
Finally we obtain the FC state and RES energies of the bipolaron in 3D and 2D, respectively,

= e B [ e ) el ) >
Egg,QD — g + \/ibiﬂU —2V2a /000 dk(l - Z—z + GZ;) fxf_)(a;zf;i [1 _a —8(;)2]#} ) (30)
B = e o g = 2 [T v ) R D - S ] @
B =3 g+ S0 —avBa [ ak(1- ) SRCER [ - U S

For the FC state, the values of the parameters a, b, and A are taken from the calculation of the ground state energy
Eg’gD. For the RES, the values of the parameters A, a, and b are obtained by minimizing the excited-state energy
EEES’ND of Egs. (31) and (32) through numerical calculation.

In Figs. 1(a) and 1(b), the ground-state energy (E%’FI,\ID), first RES energy (E};‘ES’ND), and FC state energy (EES’ND)
of the bipolaron are displayed as functions of the electron-phonon coupling constants for 3D and 2D materials. Com-
paring the energy of two single polarons by LLP-H method, we find the bipolaron is stable when o > 6.3 (2.9) in three
and two dimensions. We start from o = 6.3 (2.9) in Figs. 1(a) and 1(b) for 3D and 2D bipolarons. We find that in
the whole range of electron-phonon coupling constants, the FC state and RES energies are negative. The difference in
energy, AENP = E]13’11)\I b_ Eg’g D, yields the excitation energy, which is related to optical absorption of bipolarons in

semiconductor materials.[*23]

0 F 3D 0k 2D
iy FC,2D
—20 ;— E ERES,ZD
E E E 00 F B
E - 0,2D
F L E>
40 F - B"
200 F (b)
—60 | 2 | |
1 1 1 1
5 10 15 5 10 15
(6] «

Fig. 1 (a) Ground-state energy (EY3"), first RES energy (Epp > ®P), and FC state energy (Egs") of the bipolaron
are displayed as functions of the electron-phonon coupling constants for 3D materials. The bipolaron is stable for
a>adP =6.3 at n = 0.0. (b) Ground-state energy (E9z2"), first RES energy (EhE~°"), and FC state energy (Eho>")
of the bipolaron are displayed as functions of the electron-phonon coupling constants for 2D materials. The bipolaron is
stable for o > o?P = 2.9 at n = 0.0.

As shown in Figs. 1(a) and 1(b), we find that the RES energy is always lower than the FC state energy. This is
well known from absorption spectrum calculations.[2124:25] The absorption peak due to a transition from the ground
state to the first relaxed excited state corresponds to the zero-phonon peak. In contrast, an absorption transition from
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the GS to the FC state is accompanied with phonon emission. If the bipolaron system is excited to the FC state, the
lattice will relax towards the RES by emission of phonons.

4 Comparison with Strong-Coupling Calculations

In order to assess the heuristic value of our approach, we compare the present GS and RES energies with those
obtained by Sahoo,!'®! who adopted the wavefunction (b(()o)(r) (Cexp(—br?/4)) for relative coordinates and developed
a Landau—Pekar variational method to get the ground-state and RES energies of the Frohlich bipolaron in the strong-
coupling limit. To perform a comparison with our results, we define the relative deviation ¢ = (E9-ND —Eg’gD) J|IEONDP |
with EOND referring to the GS energies obtained by Sahool'®! and Eg’g D given by Egs. (20) and (21). Also, we define
§ = (ERESND _ pRESND) /| pRESND| - pRESND poferring to the RES energies obtained by Sahool'” and Efp> NP
denoting our results (31) and (32).

In Fig. 2, we plot £ and ¢ as functions of « for 3D and 2D materials at n = 0. £ and § are positive in the whole
coupling regime, demonstrating that our GS and RES energies are smaller than those by Sahoo. It is well known that
the Landau—Pekar method works well only in the strong-coupling regime, indeed ¢ and ¢ decrease monotonously with
the increase of a. E%NP and EBRES’ND are very close to our results at large «, which demonstrates the reliability of
our approach. It is shown that the present approach can give better results for GS and RES energies, comparing with

previous strong-coupling models.['?]

=~
T T

"6 for 3D

6 for 2D
"€ for 3D

(5]
7

@

Fig. 2 Relative deviation of our ground-state energy and Sahoo’s result (¢ = (EONP — EXIP)/|EONP) as a function
of a for 3D and 2D materials at 7 = 0.0. Relative deviation of our RES energy and Sahoo’s result (§ = (E?ES’ND —
ERESNDY /| ERESND |y a5 a function of « for 3D and 2D materials at 1 = 0.0.

5 Conclusions

We have extended the Huybrechts variational approach (LLP-H) to the analysis of the properties of bipolarons. By
averaging over the wavefunction of the relative motion of the two electrons, the ground and first excited-state energies
of the bipolaron in two and three dimensions are obtained. Numerical results show that the RES energy is lower than
the FC state energy.

Our ground-state and RES energies are lower than the previously reported results from Landau-Pekar method, ']
which is due to the use of a more appropriate relative wave function and the additional parameter a in LLP-H method.
Our results may be of relevance for high-7,. superconductors where bipolarons are expected to play an important role.[”]
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