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Abstract New classes of exact solutions of the quasi-linear diffusion-reaction equations are obtained by secking for
the high-order conditional Lie-Bécklund symmetries of the considered equations. The method used here extends the

approaches of derivative-dependent functional separation of variables and the invariant subspace.

solutions such as blow-up and quenching is also described.
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1 Introduction

This paper is devoted to obtaining new classes of exact
solutions and conditional Lie-Béacklund symmetries of the
quasi-linear diffusion-reaction equation,

up = f(U, Up)Uge + g(u, uz), (1)

where u is a function of two independent variables ¢ and
x.

Equations of the form (1) with certain f(u,u,) and
g(u,u,) arise from several important physical situa-
tions such as microwave heating,[!! theory of chemi-
cal reactions,? mathematical biology,!?!
physics,[¥ ete. Tt is well-known that exact solutions play
an important role in understanding the structure and
properties of the general solutions of Eq. (1).[5] So it is
of interest to explore various methods of constructing

and solid state

exact solutions of nonlinear partial differential equation
(PDEs). Indeed, several methods have been used to seek
for symmetry reductions and construct exact solution of
Eq. (1). The most popular method for constructing ex-
act solutions of Eq. (1) is the Lie’s classical method.[6—8]
A direct generalization of the Lie’s classical method is
the nonclassical symmetry method due to Bluman and
Cole,”! which has been used to construct solutions of
Eq. (1), some of which cannot be recovered by the
classical symmetry method. A generalization of both clas-
sical and nonclassical methods is the so-called conditional
Lie-Bicklund symmetry (CLBS) method,'>13] which has
been used successfully to construct solutions of Eq. (1) in
a number of papers.[!4=28 Ty construct new solutions of
Eq. (1), various approaches related to symmetries have
been proposed.29~41 Kingl*¥ obtained the polynomial
types of solutions of some nonlinear diffusion equations.
Galaktionov[3® obtained the nonlinear separable solutions

of the from u = a(t)+0(t)¢(x) to some nonlinear diffusion
equations. In Ref. [36], Galaktionov and Posashkov de-
rived a considerable number of solutions by means of sign-
invariant approach. Invariant subspace method was also
used by several authors to derive solutions of Eq. (1).137:38]
In Ref. [17] the CLBS was developed to study func-
tional separable solutions F'(u) = a(t) + () of nonlin-
ear PDEs.

tional separation of variables was introduced by Zhang,

The approach of derivative-dependent func-

Lou, and Qu,?% which induces the solutions of the form
F(u,uz) = at) + B(x). [41]
was also used to obtain solutions of Eq. (1), which is based

The group-foliation method

on the invariants of the considered equation. All these re-
sults show that equation (1) admits rich symmetries and
exact solutions for certain f(u,u;) and g(u,uy) .

In this paper, we develop the CLBS approach to con-
struct exact solutions of Eq. (1) of the forms

F(u,uz) = aft) + B(t)e +y(t)z?, (2)
F(u,uz) = at) + B(t) cosz + y(t) sinz, (3)
F(u,uy) = at) + 6(t) coshx + ~(t) sinhx . (4)

Solutions (2) ~ (4) with F'(u,u,) = u were considered in

[15.18,37.38] Tndeed, equation (2) with

a number of papers.
F = u gives polynomial-type solutions of Eq. (1), and
equation (3) with F = u gives a spacial periodic solution
of Eq. (1). Solutions of the form (2) ~ (4) are motivated
by the approaches of derivative-dependent functional sep-
aration of variables2% and the invariant subspace.[15:37:38]
By substituting the solution into the equation, it is re-
duced to a three-dimensional dynamic system for «f(t),
B(t), and ().
actly in terms of elementary functions. But in any case,

The system cannot always be solved ex-
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the analysis of a finite-dimensional system is more sim-
pler than the considered equation since the equation is
regarded as an infinite-dimensional dynamic system.

Let V' be an evolutionary vector field with the charac-
teristic 7,

- 0
V=) Dp— ... 5
k=0
where we have used the following notations

0 > 0

Da: = a_ .
ox + Z Uk+1 Ouy,

k=0
Ditt = D,.(D}), DY=1.

Definition 1.1 The evolutionary vector field (5) is said
to be a Lie-Bécklund symmetry of Eq. (1) if and only if,

V(u — E)| =0,

where E = f(u, ug)uze + g(u,u,) and L is the set of all
differential consequences of Eq. (1) the equation, that is

u—E=0, DIDFu,—E)=0, jk=0,1,2,...

Definition 1.2 The evolutionary vector field (5) is said
to be a CLBS of Eq. (1) if and only if

V(ut — E)|lpam =0,

where M denotes the set of all differential consequences
of the equation 1 = 0 with respect to z, that is Din = 0,
j=0,1,2,...

Proposition 1.3'%'3 Equation (1) admits the CLBS.
(5) if there exists a function W (t,z,u,n) such that

on

5
where [E,n] = E'n —n'E, the prime denotes the Gateaux
derivative and W is an analytic function of ¢, x, u, uy, ...,
and n, Dyn, D2n, ...

It follows from Eq. (6) that equation (1) admits the
CLBS with the characteristic 7 if and only if the charac-
teristic satisfies

(B, 0]+ W(t,z,u,n), W(tz,u0)=0, (6)

Dtn:()

It turns out that the CLBS is a natural generaliza-
tion of the nonclassical symmetry in a similar way that
the Lie-Béacklund symmetry is a generalization of the Lie-
point symmetry. Therefore the procedure for calculating
the CLBS is essentially the same as for the nonclassical
symmetry. The first step is to act with the vector field V'
on the expression u; — F considered as a function of the
independent variables t, x, u, u;, uq, us. The next step
, and Uy, Uniqy--., DY
using the equation uy — E = 0 and i = 0 and their differ-
ential consequences DI (u; —FE) =0, Din=0,j=1,2,...
Equating the resulting expressions to zero yields a sys-
tem of a linear PDEs called the system of the determining

is to eliminate us;, j = 0,1,2,...

equations. Solving this system gives the general form of
the CLBSs.

2 Conditions for Eq. (1) Admitting Solutions

(2) ~ (4)

To obtain the solutions (2) ~ (4) of Eq. (1), we need
to distinguish two cases, (i) F1 = 0 and Fy # 0, where and
hereafter Fy and F; denote partial derivatives of F'(u,u,)
(also for f(u,u,) and g(u,u,)) with respect to u and w,

respectively. In the case of F; = 0, it suffices to show that
equation (1) admits the CLBS with the characteristic

M = Ugga + 1U Uz + uni + €Uy, (7)

where g1 = 3Fp0/Fp and gqo = Fygo/Fp are functions of u
and € = 0,1, —1 correspond to solutions (2), (3), and (4)
respectively. In the case of F} # 0, the characteristic of
the CLBS admitted by Eq. (1) is

3
N2 = Uggzx + hlurxuzmr + hZUII + h3uxzm

+ h4ui1 + hsuze + he (8)
where
3F Fip (Fo + 3ugFo1)
hi = hg =~ hg =2 170
1 Fl ) 2 Fl ) 3 Fl ’
3w, Fy Fi 3(u2F, = F
by = (uzFor1 + 01)7 hs = (uzFo11 + uy 00)4_.€7
Fy Fy
e — (Fooo + €Fp)
6 — ——.
R

Solving 17, = n2 = 0, we arrive at the following result.

Theorem 2.1 If equation (1) admits the CLBS with
the characteristic (7) or (8), then equation (1) has the
solutions (2), (3), and (4), respectively corresponding to
e=0,1,-1.

A direct computation gives

D
ﬁ = flllui:c + Hlufm + H?“’iw + 3tz + 1y, (9)

where
I = Ky + q1f1 +uzq1f11,
Iy = Ko+ ua fy + 1®1 + ueqr V1 + 3ulqefi + efi1,
I3 = K3 + 19 + 1 P2 + ueq Vs + ul fb
+ Suti(I)l + €®q,
Iy = Ky + ueq1Vs + u3ggs + 3ulqa®s + €@y,
K1 = uz(fii0 — 3q1f11) + Y11,
Ky =u, V10— 3f11q2ud — 3euy f11 — 2uzq1 ¥y,
K3 =u, (Voo — 2601 — 1 Ws) — 2u3q2Vy + U3,
Ky =uy (V30 — €¥s) —udga¥s,
Uy = @11 +ua(fro — 2q1 /1),
Uy = Do 1+ ug (P10 — q1®1 — 2¢f1) — 2u figa,
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U3 = uy (P — €®y) — ubga®y
O =u.(fo—aqif)+ 91,
Dy = uy(go — ef) — faoud,

where the prime denotes the derivative with respect to u.

Dno :
771 = Aluzx + AQUix + Asuixuxax + A4uixu$l£
—+ A5uzmuix1 + A6uzmurxz + A7Uim + Asuix
+ Aguil + AIOUJL’CEI + Allu:r:z + A12 ) (10)
where

Ay =J1 +hal + fihea +3h2 f11,
Ao = Jy +hiTo + fhoo + fhoy + 3haf
+ hsl'y + fiha1 + 2Ry f11,
A3 =Js+ fihi1 + firtht + I3 + 6ha fi1,
Aa=Js+ h1,1f+ haTs + 3fhsy
+ fihs1 + hsl's + 4 f1hy,
As = J5 +2h1f1 + hily,
Ag = Js + ghio + ghi1+ ghy + hils
+ fhao + fha1 + hals + 2haf + 2hs f1
A7 = Jr+hif+hgTa,
Ag = Jg + hil'7 + gha o + gha1 + 3hag + hal's
+ fhao +harf + 2haf + fihsa + hsfi1,
Ag = Jg + hil's + 3hago + hsl'z + ghao + ha1G + 2hag
+ fhso +hsif + fhs + fihe
Avo = Jio + h1do + Gha + hals + hs f
Ay = Ji + Ly + hal's + 2hygo + ghs o
+ ghs1 + Ghs + fheo + fhe
A12 = Jiz + h3l'g + hsgo + ghe,o + ghe 1
Ji=T11—hols,
Jo =To1 + T ousy — hal's — hol's,
Jz =4I'1 +T'31 — hil's — 2hal'y
Jy =302 + T3 puy — hal's — 2h4l'y + 151 — hiI's,
Js =205 + Ty — 20T,
Jo = I's,ouy — 2hsl'y — h3l's + T'g 1 — hil's + 2I'7,

fiin =0,

Jr=T40—2h3T4 +T5,

Jg=T920—hsl's — hyl's — hol'e +T'7 1,
Jo=T70—hel's — hsI's — hul'¢ +T's 1,

Jio =T — 2h¢l'y — hal's +I's,

Jin =Tg1 —hel's — hsl's +I's gu,,

Jiz =T90 — hel's,

I'n=2fi, T2= fuious —2f1hs — fl - fh27
Ps=5fu1 —2fih1, Ta=2f1,

Ts = —2fhs + fi — fhu +2f + 2fi0us

Ts = fous — fhs, T7=g1—2fihs — fha — fou,

Ts = o1 — 2fihe — fhs + Gous, Lo = Goo — fhe,,
f=fious + fi, §= fous+ a1,
f=fous +91, §=1us90.

From Proposition 1.2., we have the following main re-
sults.

Theorem 2.2 Equation (1) admits the CLBS with the
characteristic (7), if the functions f, g, and F satisfy the
following equations

f111:0, I; = 0, i:17233a4' (11)
Theorem 2.3 Equation (1) admits the CLBS with the
characteristic (8), if the functions f, g, and F satisfy the

following equations

Ai=0, i=1,2,...,12. (12)

It is noted that the system (12) is quite complicated
and seems very difficult to solve. However, we can solve
the system (11) explicitly for any F(u).
restrict our attention to a few illustrate examples in the

For brevity, we

following section.

3 Quasi-linear Differential Equations Admit-
ting the CLBSs with Charateristic (7)

In this section we consider Eq. (1) with admitting the
CLBSs (8). It follows from Theorems 2.1 and 2.2 that
equation (1) possesses the solution of the form

u= [a(t) + Bt)x +~(8)2*]"/*,

where and hereafter s is a real constant, if and only if the
coefficient functions in Eq. (1) satisfy the system,

(13)

9(1 = s)f1 +u(3for + g111) + 15(1 — s)uy f11 + 3uug fo11 =0,
3goru® — Tsug for + 2su”ua[2(s — 1) f — gu1] + uPug [5(1 — ) fo + foo + 2911]

+ utuggo113utul[(9s — 2)(s — 1) f1 — 12f11] + 21uu2 for + 3uu fo11 — 65(s — 3)uud f11 =0,
3(1 — s)uuzg + 3(s — Duluzgo + 3utuzgoo + 3(s — Duulgy
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—20u?u? fo — 3(s — Dudulgor + 3uu?goor + 6s(s — 1)(s — 4)un f

—w?u3[s(s +21) fo + 3(s — 1)(s — 2)g11 + 65 foo]

+ 6u3u? foo + utu fooo + (s — 1) (s — 2)(21s — 13)uul fy — 9(s — 1) (s — 2)uul for = 0,
—2(s = 1)(s = 2uudg + 2(s — 1)(s — 2)uud go + 3(s — D)udugo

+utud gooo + 2(s — 1)(s = 2)uuggr — 3(s — 1)(s — 2)u’uzgo

—65(s —1)(s —2)ud f +3(s — 1)(s — 2)(s + Duu’ fo

—3(s = 1)(s — 2)u”ul foo + 3(s — 1)*(s — 2)*ul fy = 0. (14)
Solving Eq. (14), we arrive at
C1 952 2¢o 3s—2> 2 ( €3  s—1 2¢y 25—1> 2c5 o Ce s
z) =\ o 4 - 4 x 5 1
Fu, uz) (sflu +sf2u U+ sflu +572u v +572u —|—571—|—07u (15)

g(u,ug) = (cru* 7% + u® ") ug + (csu® % + cqu7?)ud

2s—1

—1 —1y,2 -
+(c5u + cgu” " + cgu’ )uz+cllur+09u+clou s

where ¢;, i = 1,2,..., are constants.
Substituting Eq. (13) into Eq. (1), and we get the three-dimensional dynamical system for «, 3, and ~:

2¢y C2 C4 % 2¢3
/t = —-——T 2 |:7 2 :| 4 -
e RS T R T
2 1-
+s = 7+c7( 862+2m)+C§862+5090<+8010+0115’
4co 2cy Cs des
(4) = —— 4 - B ’
3 (t) 32( )ﬁ +[357+5(572)7+5f2ﬁ}(‘” ﬁ)+s(571)7
2[(s +2)cr + 2
[(s )507 c] By + scof3 + 2¢117,
3 4 2[(s +2)cr + 2
V) = g+ (o ) ey = B+ et 2 .
$2(s—1) s 2 5

It is impossible to derive the general solution of this system. Here we only consider the case ¢; = 0, i # 1, 2, the system

can be solved )

a -

a:Zlfy+a27 ﬁ:al% 7:i2b1(t0_t)
where by = 8¢1/(s(s — 1)) + 16¢2a2/s. Namely, we have shown that the equation

2
up = (761 w2 g 22 ugs_?)ﬂium + (w7 4 eu Py,

s—1 5—2

has the solution (13). Notice that when s > 0, the solution (13) blows up at t = to.
From Theorems (2.1) and (2.2), we known that equation (1) possesses the spacial periodic solution

u = [a(t) + B(t) cos + y(t) sinz]*/* (16)

1/2
)

if f and g satisfy the following system

Jfin =0,

9(1 — 8)f1 +u(3for + g111) + 15(1 — 8)uy f11 + 3uu, for1 =0,

—3u(f1 — go1) + 125(s — DuPuy f — 3(s — Dudug (5f5 + 2911)
+ 3utug (foo — 2f11 + go11) + 3(s — 1)(9s — 2)u?u f1 — 21(s — 1)
x uwdu? for + 3utu? foo1 — 6(s — 1)(s — 2)uud f1, = 0,

—3(s — DuPuzg + 3(s — Dudug (2f 4 go) — 3utus (2 — goo + 911)
+3(s — Duugy + 3(s — Dudu(7fi — go1) — 3u*u?(3fo1 — goo1)
— (s — DuPud[(s — 20) fo + 3(s — 2)g11] — 6(s — D)udu? foo + utu fooo
+ (5= 1)(s = 2)(2Ls — 3)uug fi — 9(s — 1)(s — 2)u’ug for =0,
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Sutu(f1 — gor) — 2(s — 1) (s — uug — 6(s — Duud f +2(s — 1)(s — 2)
x u?ul go + 3(s — )u’us (fo + goo) — u'ui (3 foo — gooo) + 2(s — 1)(s — 2)
x uutgr +3(s —1)(s — 2)u?ul(2f1 — go1) — 6s(s — 1)(s — 2)ud f +3(s — 1)
X (s —2)(s + Dund fo — 3(s — 1)(s — 2)u?ud foo + 3(s — 1)*(s — 2)%ul f1 = 0. (17)
Solving the system, we obtain the general solution of Eq. (17) given by

2¢c c
flu,ug) = (71,“354 + 72u25*2)ui i (03u25*1 etV ug

s§—2 s—1

2cq 39 1 [ 3co 95 ; Ce
RS S < BN [ |
+52(s—2)u +s—2 s(s—l)+ erjut s +s—1

glu,u,) = (cluBS*‘3 + 02u257‘3)ui + [(5 — 1)03u2572 +(s— l)cuf*z} rud
2(s—1
{ (s —1)cx w31

: + C7u25*1 + cgu5*1 + C—G}ui + (ﬁu25 + c—4us + Cg)uz
s%(s —2) u s

2s

C1

1 ca(s+1) e +c c B
1 Bs+1 G2 } 2541, 651G 411, Cl0 s
+53(5_2)u +8(S—2){ s2(s—1) Terju + 52 U + U+ C11uU .
The substitution of Eq. (16) into Eq. (1) implies that «, 3, and ~ satisfy the system
! ‘1 2 2 2\ 2 2 2 C2 2 2 9 2¢s 3
H=—1 _(a2-p— o 25 13
o) = Fr gy (@7 =B =)0+ 07 +97) — g 5ale® + 365 + 397 + e
3ea 2, .2 (042 +82+9 2) cr 252 2
+25(8_2)a(ﬂ +77) tes . B —9%) + —sale® = 52 =)
c
+;8(a2+/82+72)+010a+80117
261 Co Cs
") = ——— 2_ g2 _.2y_ 2 2, 52, 2 o g2 2
B(t) 32(3—2)0‘6(0‘ B =) = 52 PBa” + 5%+ )+5(S_1)ﬂ(3a 52— ~2)
3ca 2, 92, .2 (03 cr ) 2 a2 9y, C4
+28(872)ﬁ(a B2+ )+ (vt T58) (@ =8 =)+ —ay
2 2¢ c
—|—{(*—l)cs—i—i}aﬂ—}—cgy—k(010_76)57
§ s s—1
201 Co s
") = ———— 2_pg2_ .2y ©2 2, 424 .2 2 a2 2
7'(t) 82(8_2)617(04 B%—=77) 2827(304 +6°+y )+S(S_1)7(3a B2 —~*)
3C2 2 2 2 (C3 cr ) 9 9 9 Ca
+25(872)v(a + 02497 = (58— —57)(@ = 7= = —ap
2 2¢ c
+{(771)054»78}0[776964»(010*76)’)/.
§ s s—1

Hence we have shown that for ¢; = 0, (i # 7), the equation

2c7 : c7
UQéua::L’ + u2s+1 ’
s—2 s(s—2)

has the solution (16) with «, 3, and 7 given by

Uy =

a = a7, ﬁ = a27, Y= + 2a0(t0 - t) 9

where ag = c7(a? — a3 — 1)/(s — 2). The solution (16) when s > 0 extinguish at finite time #y.
Equation (1) possesses the solution

u = [a(t) + B(t) coshz + ~(t) sinh z]'/* , (18)
if f and g satisfy
fi11 =0,
9(1 — ) f1 + u(3fo1 + g111) + 15(1 — 8)uy f11 + 3uug for1 =0,
3ut(f1 + go1) + 12s(s — DuPuy f — 3(s — Dudug (5f0 + 2911)
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+ 3utug (foo + 2f11 + go1r) + 3(s — 1)(9s — 2)u?ul f1 — 21(s — 1)
x udu? for + 3utu foor — 6(s — 1)(s — 2)u?us f1; =0,
= 3(s = Duuzg — 3(s — Duug (2f — go) + 3utuz (2fo + goo + g11)
+3(s — DuPuZgr — 3(s — Duu2 (71 + gor) + 3u*u2(3fo1 + goor)
— (s — DuPud[(s — 20) fo + 3(s — 2)g11] — 6(s — V)udu? foo + utu fooo
+ (5= 1)(s = 2)(21s — 13)uug fr — 9(s — 1)(s — 2)u’ug for = 0,
Sutu?(fi 4 go1) — 2(s — 1)(s — 2)uudg + 6(s — D ud f +2(s — 1)(s — 2)
x w?ulgo — 3(s — D)uul(fo — goo) + w*ud (3 foo + gooo) + 2(s — 1)(s — 2)
x uutgr —3(s — 1)(s — 2)uul (2f1 + go1) — 6s(s — 1)(s — 2)us f +3(s — 1)
x (s —2)(s + Dund fo — 3(s — 1)(s — 2)u?ud foo + 3(s — 1)%(s — 2)*ub f1 = 0.
Solving system (19), we obtain

_ (2 ,
flu,ug) = < 012u3s_2 + %u25_2)ui + (C3u23_1 + C4us_1)uw
S - s —

2¢15 3 1 [ 3co 2
[ S P I R 2 } S S
G-D—2)" "5 zlse_q v ot

g(u,ug) = (au® 72 + cu® " )uy + K% - 1)03u2s_2 + (s — 1)04us_2} ul

Cs
s—1"

{201(1 _5)u35—1 25—1

$2(s—2)

C3 Cq C1
_ (_u2s + Z2us — CS)UI + 37u3s+1
2s s s3(s —2)

-1 s—1],2
+csu T+ cgu + cou ]ux

ca(s+1) Cs } 2541 CTtCo o411 Cl0 1-s
{53(3—1)(5—2)—'_5(5—2) 2 v + g pTent

Substituting Egs. (18) and (20) into Eq. (1) implies that «, 3, and ~ satisfy the system

Fry c1 4 2 22 cofa . o 2 2 207 3a(8® — 7 —a?)
a(t)—m[a — (B —7)]+g[g(37 —I ) Tt oy }
2_ 2 2
+ Scﬁ_O;(ﬁQ -~ —a?) +C7(u + 32 —72) + %9(72 — 3% —a?) + cpa + scqy
s 2c1ap 2 2 2 C_2ﬁ 2 92 9.2
B0 = ooy (@ = 5497+ [ (7 = 57 = 3a?)
2 _ 2 .2
+ 5€1(72—52—3a2)+ 3ﬁ(ﬁ2(572) - )} +%v(ﬁ2—72—042)
+SC_515+SC_625(52_72—042)—[%44—(%—1)@—%09}0&4-0874-61057
ra L 2ciay 2 2 2 CY 2 2 o 2 T 2 2 g2
(0= 5 Ty = P )+ T 07— =307 + (7 - 5 - 3a?)
3y c3 2 2 2 Cs
+2(572)(ﬂ27727a2)]+%ﬁ(ﬁ 7 —a)+8717

Cé
s—2
Considering the case ¢; =0, (i # 1), equation (1) becomes

c 2 2
+ (B =~ —a?) - [fJF (; *1)07* ECQ}O&’YﬂLCsﬂﬂLClO’Y-

2c1(1—s)

353, 4
+ 2(s—2) u, .

u‘ﬂ Uz + C1U”° U

_ 2c1 55_9 o 2c18
t‘[s—zu Yo T o) (s - 2)

It has the solution (18) with «, 3, and  given implicitly by

= :l:\/(a’% - 1)72 + a2, ﬂ = a7,

(19)
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[(af = 1)y + a9](2(af — 1)y — ag]
Ba%clfy\/(a% —1)v2 + a2y

t— +a3=0.

4 Conclusion and Remarks
In this paper, we have developed the CLBS method to obtain new classes of exact solutions of the form (2) ~ (4) of
nonlinear parabolic equations. Those solutions are reduced to solve the finite dimensional dynamic systems, and most
of them cannot be obtained in the framework within the Lie’s classical method and the conditional symmetry method.
It is of interest to construct solutions of Eq. (1) in general form

where a;(t) and ¢;(z) are some smooth functions of ¢ and x respectively. This problem will be studied in our future
work.
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