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Fano Effect in T-Shaped Double Quantum Dot Structure with Decoherence Effect∗
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Abstract By introducing a floating lead to mimic the decoherence mechanism, the Fano effect in the linear conductance

spectrum of a T-shaped double quantum dot structure is studied. We find that even in the case that the self-energy

arising from the decoherence mechanism is much smaller than the coupling strength between the connected quantum

dot and the conducting lead, the Fano lineshape can be largely destroyed. In addition, the decoherence renders the

high-order electron transmission paths unimportant to contributing to the Fano lineshape.
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1 Introduction

Fano effect,[1] stemming from the quantum interfer-
ence between the resonant and nonresonant processes,

manifests itself as an asymmetric lineshape in many ob-
servable spectra of various physical fields. The recent ob-

servation of the Fano effect in the electronic transport

spectrum in QD structure confirms the quantum inter-
ference of the electron waves in the mesoscopic scale.[2−4]

Unlike the conventional one, the Fano effect in the quan-
tum dot (QD) system has its peculiarity in that its key

parameters can be readily adjusted. Therefore, there has

been much interest to investigate theoretically the Fano
effect in the QD structure.[5−10]

Although most electronic transport properties through

QD structures are dominated by quantum coherence,

the decoherence mechanism always exists and influences
the electronic transport to some extent. Therefore, it

is a practical issue to study to what extent the Fano
lineshape in the electronic transport spectrum survives

in the presence of the decoherence effect. There are

many decoherence mechanisms, e.g., the electron-phonon
interaction[11,12] and the electron-electron interaction.[13]

They destroy the coherent electron transport in different
ways. However, a general and simple approach to study

the decoherence effect is to introduce a floating lead cou-

pling directly to QD. The term “floating” indicates that
such a lead does not conduct a net current flow. In other

words, the floating lead is just a voltage probe. When an
electron enters such a lead, another electron in the lead

will certainly go into the QD to cancel the charge transfer.

But the electron phase is randomized in such a process to
give rise to the decoherence.[14]

In the present paper, our purpose is to study the in-
fluence of the decoherence on the Fano lineshape of the

electronic conductance spectrum through QD structure.
Following the simple physical picture depicted above, we
consider a T-shaped double QD structure coupled to form
a mesoscopic circuit to conduct the current flow. Thus
the different transmission paths are achieved for the Fano
interference. More importantly, to mimic the decoherence
mechanism we introduce one foating lead coupling to the
lateral QD. By adjusting the coupling strength between
the QD and the floating lead, the influence of the deco-
herence on the Fano effect can be studied in detail.

The rest of the paper is organized as follows. In Sec. 2,
the model Hamiltonian to describe electron behavior in
the double QD system is introduced first. Next, a formula
for linear conductance is derived by means of the nonequi-
librium Green function technique. Then, a Feynman path
analysis is performed for the electron transmission am-
plitude. In Sec. 3, the calculated results regarding the
conductance spectrum are shown. Then a discussion on
the numerical results, particularly those concerning the
change of the Fano lineshape of the linear conductance, is
given. Finally, the main results are summarized in Sec. 4.

2 Theoretical Model

The T-shaped double QD structure with the extra dot-
lead coupling to the dangling QD (QD-2) is schematically
illustrated in Fig. 1. The electron motion in this system
can be well described by a generalized Anderson impurity
Hamiltonian that reads

H = HC + HD + HT + He−e , (1)

where HC and HD are the Hamiltonians in the three
leads and the QDs, respectively, HT describes the elec-
tron tunneling between the leads and the QDs, and He−e

denotes the many-body terms due to the electron interac-
tion. They are given by

HC =
∑

kσα∈L,R,D

εkαc†kσαckσα , HD =

2
∑

σ,j=1

εjd
†
jσdjσ +

∑

σ

(t1d
†
2σd1σ + H.c.) ,
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HT =
∑

kσβ∈L,R

(V1βc†kσβd1σ + H.c.) +
∑

kσD

(V2Dc†kσDd2σ + H.c.) , He−e =

2
∑

j=1

Ujnj↑nj↓ . (2)

In the above equations, c†kσα and d†jσ (ckσα and djσ) are
operators to create (annihilate) an electron of the contin-
uous state k in the leads and QD-j, respectively. α = L
or R represents the lead coupled to QD-1 and α = D de-
notes the extra lead coupled to QD-2, and σ is the spin
index. εkα and εj denote the corresponding energy lev-
els. t1 is the interdot coupling coefficient between the two
QDs. VL and VR denote the tunneling matrix elements
between QD-1 and the leads, which are all simplified as
constants. njσ = d†jσdjσ with σ = ↑ or ↓ are the electron
number operator in QD-j. Uj indicates the strength of
intradot Coulomb repulsion of the electrons in QD-j. All
the interdot electron interactions are ignored since they
are usually much smaller than the intradot interactions
due to the screening effect. In addition, V2D denotes the
tunneling matrix element between QD-2 and the down
lead. Here, the down lead is considered as the floating
lead.

Fig. 1 A schematic illustration of the T-shaped double
QDs (denoted by ε1 and ε2) with the floating lead (de-
noted by D) coupling to the lateral QD. A current flow
occurs from the left lead to the right one (denoted by L

and R respectively) by tunneling through the QDs.

In order to study the electron transport properties in
the system, the linear conductance between the left and
the right leads should be calculated. The linear conduc-
tance associated with the electron transmission function
can be expressed in terms of Green functions. It takes a
form as[15,16]

G =
e2

h

∑

σ

Tσ(ω)|ω=εF
, (3)

where Tσ(ω) is the transmission function, and it is ex-
pressed as[17]

Tσ(ω) = ΓL
11Γ

R
11|G

r
11,σ(ω)|2 . (4)

We need to point out that this formula is valid only in the
situation of ID = 0, which just follows the definition of
the floating lead. ΓL describes the coupling strength be-
tween QD-1 and the left lead, which is defined as [ΓL]11 =
2πV1LV ∗

1LρL(ω). We will ignore the ω-dependence of ΓL

since the electron density of states in the left lead, ρL(ω),
can be usually viewed as a constant. Similarly, we can de-
fine [ΓR] and [ΓD]. In Eq. (4) the retarded and advanced
Green functions in Fourier space are involved. They are
defined as follows: Gr

jl,σ(t) = −iθ(t)〈{djσ(t), d†lσ}〉 and

Ga
jl,σ(t) = iθ(−t)〈{djσ(t), d†lσ}〉, where θ(x) is the step

function. The Fourier transforms of the Green functions
can be performed via G

r(a)
jl,σ (ω) =

∫ ∞

−∞
G

r(a)
jl,σ (t) e iωtdt.

These Green functions can be solved by the equation-
of-motion method. We introduce an alternative notation
〈〈A|B〉〉x with x = r or a to denote the Green functions
in Fourier space. For example, Gr

jl,σ(ω) is identical to

〈〈djσ|d
†
lσ〉〉

r. The solution of Green functions is crucial for
the calculation of the conductance. To do so we employ
the equation-of-motion method of the Green functions.
However, if we incorporate the electron interaction terms
in the Hamiltonian, it is impossible to obtain exact solu-
tions of the Green functions. In such a case, we have to
truncate the equations of motion of the Green functions
at some order to obtain the approximate solutions of the
Green functions. To begin with, we notice that the Green
functions obey the following equation,[18]

(ω ± i0+)〈〈A|B〉〉r(a) = 〈{A, B}〉 + 〈〈[A, H]|B〉〉r(a) . (5)

Starting from Eq. (5), we can first derive the equation of
motion of the retarded Green function 〈〈djσ|d

†
lσ〉〉

r, which
yields

(z − εj + iΓjj)〈〈djσ|d
†
lσ〉〉

r

= δjl + tj−1(1 − δj1)〈〈dj−1σ|d
†
lσ〉〉

r

+ t∗j (1 − δj2)〈〈dj+1σ|d
†
lσ〉〉

r

+ Uj〈〈djσnjσ̄|d
†
lσ〉〉

r . (6)

Here the notation z = ω+i0+ is used, Γ11 = (ΓL
11+ΓR

11)/2,
and Γ22 = ΓD/2. In the above equation, besides the Green
functions 〈〈djσ|d

†
lσ〉〉

r and 〈〈dj±1σ|d
†
lσ〉〉

r with which we

are concerned, a new Green function 〈〈djσnjσ̄|d
†
lσ〉〉

r is
inevitably involved. We thus need to work out its equa-
tion of motion further. However, because of the many-
body terms in the Hamiltonian, we have to truncate the
equations of motion at some order to form a closed set of
equations. We arrive at the second-order approximation,
which is to truncate the equations of motion of the Green
function 〈〈djσnjσ̄|d

†
lσ〉〉

r in the following way:

(z − εj − Uj)〈〈djσnjσ̄|d
†
lσ〉〉

r

= 〈njσ̄〉δjl + tj−1(1 − δj1)〈njσ̄〉〈〈dj−1σ|d
†
lσ〉〉

r

+ t∗j (1 − δj2)〈njσ̄〉〈〈dj+1σ|d
†
lσ〉〉

r

− iΓjj〈njσ̄〉〈〈djσ|d
†
lσ〉〉

r . (7)

In Eq. (7) the approximations 〈〈d1σn2σ̄|d
†
lσ〉〉

r ≈ 〈n2σ̄〉

×〈〈d1σ|d
†
lσ〉〉

r and 〈〈ckσαn2σ̄|d
†
lσ〉〉

r ≈ 〈n2σ̄〉〈〈ckσα|d
†
lσ〉〉

r
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have been used to eliminate these high-order Green func-

tions. The advantage of this approach is that it allows

for an explicit expression about the linear conductance

in terms of the equilibrium state Green functions, while

the cost of such an approach is that the influence of elec-

tron correlation on the transport properties is left out,

such as the Kondo effect.[17] However, if we focus on the

conductance spectrum in the mixed-valence region, the

Kondo effect and the other co-tunneling mechanism will

only contribute to the spectrum trivially.

From the above equations, we can obtain the solution

of the retarded Green function, which is written in a ma-

trix form as

Gr
σ(ω) =

[

gr
1σ(z)−1 −t∗1

−t1 gr
2σ(z)−1

]−1

, (8)

with

gr
jσ(z) =

{

(z − εj)
z − εj − Uj

z − εj − Uj + Uj〈njσ̄〉
+ iΓjj

}−1

(9)

being the zero-order Green function of QD-j unperturbed

by another QD. Here the average electron occupation

number in QD is determined by the relations 〈njσ〉 =

−(1/π)
∫

dω Im Gr
jj,σ.

3 Numerical Results and Discussions

With the formulation developed in the previous sec-

tion, we can perform the numerical calculation about the

linear conductance spectrum of this double QD system.

Thus the Fano effect in the presence of decoherence mech-

anism modeled by introducing a floating lead can be re-

vealed. Prior to the calculation, we need to introduce a

parameter t0 as the unit of energy. The linear conduc-

tance is only related to the equilibrium state properties

of the system, though the nonequilibrium Green function

technique has been used to derive the expression about it.

In equilibrium the system has a uniform Fermi energy and

it is taken as the zero point of energy.

First of all, we focus on the characteristics of the lin-

ear conductance spectrum in the absence of electron in-

teractions. This means Uj = 0 for all QDs. Here we

choose the parameter values t1 = t0, ε1 = ε0 + ∆, and

ε2 = ε0 −∆ to perform the numerical calculation. Surely,

ε0 can be shifted with respect to the Fermi level by ad-

justing the gate voltage. And ∆ can be fixed at differ-

ent values, accordingly we firstly assume that it equals t0.

Then, we change ΓD to study the conductance spectrum

of the T-shaped QD structure with ΓL
11 = ΓR

11 = Γ0 = t0.

The numerical results are shown in Fig. 2. From this fig-

ure we can firstly find that, in the absence of the lateral

lead (ΓD = 0), an apparent Fano effect appears indeed.

It is just the result of the quantum interference. When

the floating lead is introduced, the Fano lineshape then

changes, which shows the distinct restraint of the Fano

peak, even if a comparatively weak dot-lead coupling. And

the destruction of the Fano resonance is more obvious with

the increasing of ΓD.

Fig. 2 The linear conductance spectra of the T-shaped
double QD structure with the floating lead. Both of the
QD levels are tuned by the gate voltage (ε1 = ε0 + t0

and ε2 = ε0 − t0). The dot-lead coupling Γ0 = t0. ΓD is
modulated to 0, 0.1t0, 0.2t0, and 0.3t0.

To clarify the above numerical results, we need to

transform the coupled double QDs in the structure to its

molecular orbital representation. Accordingly, the Hamil-

tonian is given by

h = hc + hd + ht , (10)

with

hc =
∑

kα∈L,R,D

εkαc†kαckα , hd =

2
∑

j=1

ejf
†
j fj ,

ht =
∑

kL,j

(

vjLf†
j ckL +

∑

kR,j

vjRf†
j ckR

+
∑

kD,j

vjDf†
j ckD + h.c.

)

. (11)

The mapping of the parameters is given as follows:

e1 =
1

2

(

ε1 + ε2 −
√

(ε1 − ε2)2 + 4t20
)

,

e2 =
1

2

(

ε1 + ε2 +
√

(ε1 − ε2)2 + 4t20
)

; (12)

and

v1β =

√

t20
t20 + (e1 − ε1)2

V1β ,

v2β = −

√

t20
t20 + (e2 − ε1)2

V1β , (13)

v1D =

√

(e1 − ε1)2

t20 + (e1 − ε1)2
V2D ,

v2D =

√

(e2 − ε1)2

t20 + (e2 − ε1)2
V2D . (14)

Here we need to define [γα]jn = 2πvjαv∗nαρα(ω) and

γij = (γL

ij + γR

ij + γD

ij)/2. Considering that our purpose is
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to study the Fano effect in the electron conductance spec-
trum, it is helpful to make a Feynman path analysis about
the electron transmission process through the QDs.[19] It
will be seen that the Feynman paths give an intuitive pic-
ture about quantum interference, which is just the un-
derlying mechanism of the Fano effect. We start such
an analysis by rewriting the electron transmission func-
tion as T (ω) = Tr[γLGrγRGa] = |

∑2
j,l=1 t(j, l)|2, where

the new Green functions Gr
jl = 〈〈fj |f

†
l 〉〉

r and the electron
transmission coefficients are defined as t(j, l) = VLjG

r
jlVlR

with Vjα = V∗
αj = vjα

√

2πρα(ω) (Besides, we define

ṽjα = ṽ∗αj = vjα

√

πρα(ω) for the following discussion).
Furthermore, the transmission coefficient, e.g., t(1, 1) is
expressed as a summation of Feynman paths with differ-
ent orders, i.e.,

t(1, 1) =
∞
∑

j=0

VL1g1(−g1g2γ12γ21)
jV1R

=

∞
∑

j=0

tj(1, 1) , (15)

with gj(z) = (z − ej + iγjj)
−1 here. For example,

t0(1, 1) = VL1g1V1R and

t1(1, 1) = −VL1g
2
1g2γ12γ21V1R , (16)

which consists of nine terms representing individual Feyn-
man paths. They are denoted as

t1a(1, 1) = −VL1g1ṽ1LṽL2g2ṽ2LṽL1g1V1R ,

t1b(1, 1) = −VL1g1ṽ1LṽL2g2ṽ2RṽR1g1V1R ,

t1c(1, 1) = −VL1g1ṽ1RṽR2g2ṽ2LṽL1g1V1R ,

t1d(1, 1) = −VL1g1ṽ1RṽR2g2ṽ2RṽR1g1V1R ,

t1e(1, 1) = −VL1g1ṽ1LṽL2g2ṽ2DṽD1g1V1R ,

t1f (1, 1) = −VL1g1ṽ1RṽR2g2ṽ2DṽD1g1V1R ,

t1g(1, 1) = −VL1g1ṽ1DṽD2g2ṽ2RṽR1g1V1R ,

t1h(1, 1) = −VL1g1ṽ1DṽD2g2ṽ2LṽL1g1V1R ,

t1i(1, 1) = −VL1g1ṽ1DṽD2g2ṽ2DṽD1g1V1R . (17)

We can find that introducing the floating lead brings lat-
ter five paths. The higher-order Feynman paths have more
complicated forms. In the same way, t(1, 2) can also be
divided into a summation of Feynman paths. It is given
by

t(1, 2) =
∞
∑

j=1

iVL1(−g1g2γ12)
jγj−1

21 V2R

=
∞
∑

j=1

tj(1, 2) , (18)

and there are three different lowest-order Feynman paths
in t(1, 2), they are,

t1a(1, 2) = −iVL1g1ṽ1LṽL2g2V2R ,

t1b(1, 2) = −iVL1g1ṽ1RṽR2g2V2R ,

t1c(1, 2) = −iVL1g1ṽ1DṽD2g2V2R . (19)

t1c(1, 2) is from the introducing of floating lead. The other

two transmission coefficients t(2, 2) and t(2, 1) have the

similar expansions as t(1, 1) and t(1, 2). Obviously, the

introducing of the floating lead complicates the quantum

interference.

Fig. 3 The linear conductance spectra calculated by the
approximations up to different order Feynman paths. (a)
The zero-, first-, and second-order approximations in the
absence of the dot-floating-lead coupling. (b) The zero-
and first-order approximations for the case of ΓD = 0.3t0.

The above analysis is very helpful for us to explain the

distinctly different influences of the floating lead on the

Fano lineshape shown in Fig. 2. Surely, the Fano line-

shape should be considered as the result of interference

among electron waves passing through infinite-order Feyn-

man paths. But it can be anticipated that only the low-

order paths play the predominant roles to the conductance

spectrum. In Fig. 3, we give a comparison of the exact

linear conductance spectrum with those results calculated

with only some low order Feynman paths. By compar-

ing the spectra shown in Fig. 3, we can conclude that the

emergence of the floating lead results in the higher-order

Feynman paths unimportance. For example, when ΓD

takes moderate values the calculated results within the

first-order approximation is very close to the exact con-

ductance spectrum, which is clearly shown in Fig. 3(b).

Among all the Feynman paths, t0(1, 1) and t0(2, 2), the

two lowest-order paths are certainly the most important

contributions to the Fano lineshape. In Fig. 4(a) we plot

the contributions of these two paths. We can find that by

altering ΓD, t0(2, 2) presents notable variation which pre-

dominantly contributes to the Fano resonance region. On

the other hand, t0(1, 1) does not change in principle with



No. 3 Fano Effect in T-Shaped Double Quantum Dot Structure with Decoherence Effect 775

the increase of ΓD. Furthermore, we can check the contri-
butions of other low-order paths. In Fig. 4(b) |t1(1, 1)|2

is shown with the different ΓD. Besides, in Figs. 4(c) and
4(d), |t1(1, 2)|2 and |t1(2, 2)|2 are shown, respectively. We
can realize that they depend on ΓD sensitively. Up to

now the variation of the Fano lineshape relative to the

increase of the coupling of QD to the floating lead, as

shown in Fig. 2, has been well explained by analyzing the

contributions of the predominant Feynman paths.

Fig. 4 The contributions of the leading Feynman paths to the electron transmission function. (a) The contributions of
the zero-order Feynman paths corresponding to the increase of ΓD. (b) The contributions of t1(1, 1) with the adjusting
of ΓD. (c) and (d) The contributions of t1(1, 2) and t1(2, 2) in the case of adjusting ΓD, respectively.

Fig. 5 The linear conductance spectra of the T-shaped double
QD structure. The structure parameters take the following
values: ε1 = ε0 + ∆ and ε2 = ε0 − ∆; The dot-lead coupling
Γ0 = t0 and ΓD = 0.2t0. ∆ = 0.5t0, t0, and 2.0t0, respectively.

Fig. 6 The linear conductance spectra of the T-shaped double
QD structure. The many-body effect is incorporated to the
second order approximation. The parameter values are Uj =
U = 1.0t0, ε1 = ε0 + t0, ε2 = ε0 − t0, and Γ0 = t0.

On the other hand, by fixing ΓD = 0.2t0 and letting ∆ correspond to different values, we obtain the conductance
spectra in Fig. 5. Here we can find that the Fano lineshape can be changed remarkably with increasing ∆. This
phenomenon can be understood as follows. The increment of ∆ causes Fano lineshape more apparent than the case of
small ∆, then the contributions of different order Feynman paths in the Fano region would become little for the same
coupling strength between the dangling QD and the floating lead.
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Now we incorporate the electron interaction terms into the calculation of the linear conductance spectrum. We
assume Uj = U = t0 and truncate the equations of motion of Green functions to the second-order approximation
following the description in the previous section. Figure 6 shows the linear conductance spectra. From the figure we
can find that two Fano peaks appear in the conductance spectrum, due to the Coulomb repulsion. In such a case, the
energy level of QD-2 splits into two: ε2 and ε2 +U , the zero values of which still corresponds to the antiresonant points.
In addition, another antiresonance occurs at ε0 ≈ −1.5t0, which just corresponds to the electron-hole symmetry case
for QD-1 with ε1 = −U/2.[15] However, the main features found in the noninteracting case remain, i.e., the Fano region
is drastically influenced by the floating lead. Therefore, we can conclude that the intra-dot Coulomb repulsion cannot
change the decoherence effect in principle. Of course, we only consider the many-body effect to the mixed-valence.
Then, one can pay attention to the influence of Kondo resonance on this structure. Such an interesting topic is beyond
the scope of the present work, and will be left for future study.

4 Summary

By means of a generalized Anderson impurity Hamiltonian, we have investigated the electronic transport through
a T-shaped double quantum dot system. The Fano lineshape appears in the linear conductance spectrum of this
structure. While introducing the floating lead coupled to the lateral QD, the influence of the decoherence mechanism
on the Fano lineshape is studied. We would like to emphasize two points concerning our results. First, we find that the
floating lead coupled to the lateral QD plays a crucial role in destroying the Fano lineshape. Secondly, the decoherence
mechanism inhibits the contributions of the high order Feynman paths to the conductance spectrum. This result
implies that an approximate approach with only the low-order paths included can give a quantitative description of
the conduction spectrum.
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