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Abstract In this paper, the two-mode excited squeezed vacuum state (TESVS) is studied by using the statistical
method. By calculating the normalization of the TESVS, a new form of Jacobi polynomials and some new identities
are obtained. The photon number distribution of the TESVS is given and it is a simple form of Jacobi polynomials.
Using the entangled state representation of Wigner operator, the Wigner function of the TESVS is obtainded and the
variations of the Wigner function with the parameters m, n, and r are discussed. Here from the phase space point of

view the TESVS can be well interpreted and described.
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1 Introduction

Squeezed state! ¢ has been a major topic in quan-
tum optics since 1970s because the quantum fluctuations
of the squeezed state can be reduced below the vacuum-
state limit in various forms of nonlinear optical interac-
tions. Experimentally, the squeezed states of radiation
are produced in nonlinear process, in which a “classical”
electromagnetic field drives a nonlinear medium.” Theo-
retically, a two-mode squeezed state, which involves strong
entanglement, is constructed by operating the squeezing
operator Sy(r) = exp[r(alal — ajay)] on the two-mode
vacuum state, i.e.,

S5(r)|00) = sech(r) exp(aia% tanh 7)|00) , (1)
where a]i and a; are the creation operators which obey
[a;, a;] =0;; (4,7 = 1,2). In Ref. [8], the excitation on the
two-mode squeezed vacuum state is introduced,

al"al"™ S5(r)|00) = |r,n, m), (2)
its normalization constant is given by

(r,n,m|r,n, m) = nlm!(cosh® r)" PO~ (cosh 2r), (3)

where P{" ™) (cosh 2r) is a Jacobi polynomial, its normal

= [Ir,n,m) . (5)
The TESVS is of interest because it can be generated when
an excited atom passes through a cavity field which is in
a two-mode squeezed vacuum state.

In this work, by virtue of the entangled state repre-
sentation we shall study the two-mode excited squeezed
vacuum state (TESVS) and its properties. This paper is
organized as follows. In Sec. 2 we shall show that the state
|r,m, m) provides a new approach (i.e., quantum optics
method) to obtaining a new form of Jacobi polynomials.
Then its applications are briefly discussed. In Sec. 3 the
photon number distribution of the TESVS is obtained. In
Sec. 4 the Wigner function of the TESVS is calculated
based on the entangled state representation of the Wigner
operator. Further, the physical meaning of the Wigner
function is identified according to its marginal distribu-
tions.

2 Normalization of TESVS

From Eq. (1), we obtain the normalization function for
the TESVS
m_n_tn_tm

(r,n,m|r,n,m) = sech®r(00| exp[a;az tanh r|a%'a}a]"a}

expansion isl”! x explal al tanh 1])00) . (6)
P;?’”_m) (cosh 2r) Using the following formulae,°]
2 - mln! ! / ¥z d%s |z120)(z122| =1 (7)
= m i 2 — 5 1F122){F1ze| = 1,
= (cosh”r) Z Z0m = Din =11 (tanhr)* . (4) 2
=0 and 1
By taking the normalization constant of |r,n,m) into ac- _ {__ 2 2
count, we define the normalized TESVS as (2122[00) = exp 2 (21" + 122 | (8)
nlm!(cosh? r)™ PO~ (cosh 2r)] =/ 2al™al™ S (r)|00 from Eq. (6), we have
m 1 %2
d?z,d?
(r,n,m|r,n,m) = sech’r // %\zﬂz”\zzlzm exp[—|z1|* — |22|* + (2122 + 2] 23) tanhr] . (9)

Further, using the following two well-known integral formulae,

min(m,n)

d*z 2 *\ N kM —&n/¢
7exp(g|z| +&z+n")Z" = e

2
/22*7121@ oAl2I? — 5n,k(*)k+1)‘7(k+1)k!’
i

2 N(m — )(n — )I(—¢)mtn—t+1>

=0

(11]

m!n!fm—lnn—l

(ReC <0), (10)

(11)
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it is not difficult to obtain the normalization constant for |r,n,m) as follows:

tanh? 7)™t [ d2z
(rymn,mlr,n,m) = sechQrZ l)'[(( — Z)'])2 / - Lz [P0 =) oxp[—|21|? sech? 1]
P !
m

Z m' m + TL]; l) (COSh2 r)"(sinhzr)m_l ) (12)

Comparing Eq. (12) with Eq. (3) leads to

P(On—m)(co h2 ) im' (m+n_l)' (S. h2 )m—l (13)

' sh2r) = ———— 5 (sinh“r ,
" i [(m — 1))

which is in sharply contrast in form to the normal form of Jacobi polynomials in Eq. (4). We point out that this form of
Jacobi polynomials cannot be obtained by some series summation rearrangement technique from its original definition
in Eq. (4). Hence, we think that it is a new form of Jacobi polynomials. In fact, we also check the validity of the new
form of Jacobi polynomials by listing some terms and comparing them with the corresponding terms of the standard
Jacobi polynomials. For instance, from Eq. (13) we can list

m=0, P((JO’ ™) (cosh2r) =1, (14)
m=1, Pgo, n=1) (cosh2r) =1, (15)
m=2, Péo’nfz) (cosh2r) = 14 2(n + 1) sinh?r + W sinh?r (16)
m=3, Pgo,n—s) (cosh2r) = 14 3(n + 1) sinh?r + w sinh®r + (n+ D(n 23_ 2)(n+3) sinh®r,  (17)
m=4, P4(107"74) (cosh2r) = 14 4(n + 1) sinh?r + 3(n + 1)(n + 2) sinh®r + 2n + 1)(n; 2)(n+3) sinh®

L DA+ s (18)

24
Using the normalization constant of the TESVS and the new form of Jacobi polynomials, we can obtain some useful
results. For example, comparing Eq. (13) with Eq. (4), we have the following equation,

S () [(7) commzmamner (71 maypnn] <o, "

1=0
if setting = = sinh? r, we can obtain a new identity equation

(o (") -

If setting y — coth? 7, we can rewrite Eq. (12) as

m

m' (m —|— n—1)! y"
(ryn,m|r,n,m) IZ =, (21)
Comparing Eq. (12) with the following formula,®!
m(_ dN™_y"
(r,n,m|r,n,m) =nl(y — 1)y (*@) W Jscoth? r (22)
it leads to a new mathematical differential formula, i.e.,
am oy N ym (M)A (m =Dy
m ntl Z(_) 17! 12 mtn—i+1 "’ (23)
dy™ (y = 1) nllff(m =D1* (y—1)

1=0
which is difficult to be found in the ordinary mathematics handbooks.

3 Photon Number Distribution of TESVS
In order to obtain the photon number distribution of the TESVS, firstly in terms of the two-mode number state
we expand |r,n,m) as
Cup = (I, k|r,n,m) = (I, kla]™al™Sa(r)|00) . (24)

Then, we construct generating function x(\, o) of the expansion coefficient C

h
x(\, o) = (k| erai e‘m;SQ(r)|OO> = Sej']; (00|a} a} eral g7l explalal tanh ]|00)
h otk
= w7<00| ebar gnaz gra] goal explalad tanh 7][00) ¢, —o - (25)

VIlk! 0&onk
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Inserting Eq. (7) into Eq. (25), we have

hr O'FF d?z,d?
XA, 0) = %3&1—37]’“«)0' ebar gnaz / %Vlzgﬂzlzﬂ eral gal explalal tanh 7]]00) |¢=n=0
sechr O'FF d?z,d2%z . w1 e
~ Ik OclanF / 71r2 2 exp(—|z1|* — |22f” + €21 + nz2 + A2f + 025 + 2723 tanh ) |e—y—o
sechr O'FF sechr ") l'k:‘ s
= TV A Ao . h )= — o h’L k—l)\l—’L 2
T ogiar SXPl(o + anhr) + Al e=p—0 = s TR , (26)
where we have used the following integration formulal*!]
d*z 2 2 2 1 —Cn+ &g +n*f
—exp(Clz|* + €2+ n2" + f2° 4+ g2*°) = exp[ , 27
[ explcll? +¢x4 )= e (21)
its convergence condition is
> —4fg
R +f+£ 0, R 0. 28
e(CEfEg) <0, Re(pr7i7)< (28)
Further, using the expansion of two-mode Hermite polynomial H,, ,, (A, )\*),[12]
min(m,n) 1ot
oo (A A7) = )k it Ak g sk 29
we can simplify x(\, o) as
sechr .
XA o) = s (— tanhr) Hlk<ft nhr’g) (30)
Using the following differential relations of H,, ,, (A, A*)
0
77 Hmn ;)\* = Hy— n)‘v)‘* y 31
O Hn (A A) = m 1A A) (31)
6 * *
Y Hyn (M A) =nHpy o1 (A A7), (32)
we have
gmtn sechr gmtn
= S el ()
Clk 8)\”30’”)(0\’ 7)r=o=0 k! (= tanhr) oxrdom PR\ tanhr 7 A=0=0
VEI!
= (—tanhr) "sechr——————H
(—tanh7) ™" sec T(k— M)l — )l ke m(0,0). (33)
From Eq. (5) the photon number distribution of |r,n,m) is
P(n) = [n!m!(cosh®r)" P =™ (cosh 27)] _1|Cg7k|2
h27(tanh?® r) k1!
- S(f)cn—;() = r) Hl n,k— m(O’ 0)
n!m!(sinh?r)™ Py (cosh2r)[(k — m)!(l — n)!]?
sech?r(tanh? r)! k!
= 2 (0,n—m) 12 ° (34)
n!m!(sinh® r)” Py, (cosh 2r) [(k —m)!]
which is only a simple form of Jacobi polynomials and where we have used the formulal'?
Hi_pm(0,0) = (=)F ™1 —n)!. (35)

4 Wigner Function for |r,n,m)
Now we want to derive the Wigner function for |r, n, m). The Wigner operator Ay 2(p,7) under the entangled state
) representation was obtained,!

d*n -
Aia(p,y) = / —5 I = m{p+nlexp(my” —n™), (36)
where the state |n) is defined as
1 .
In) = exp| =5 Inl* +nal —n"al +ala] |00}, 7= +in.. (37)
The state |n) obeys the eigenvector equations
(X1 = X)) = V2mln), (Pi+ Py)ln) = v2m|n). (38)

Therefore, the state |n) is the common eigenstate of two particles’ relative position (X; — X5) and the total momentum
(P; + P,) in two-mode Fock space.
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From Egs. (2) and (37), we obtain the Wigner function for |r,n, m)
r,n,miAi2(p,y)|r,n,m) = ; a‘2 a1 A12(p,7v)a 2" 2(r .
( [A12(p,7)l ) = (00185 (r)aya} Ar s(p, 7)al" a™ S5 (r)|00) (39)
It would be convenient to express
a}"a}" 52(r)[00) = S (r)b{"0}"|0) , (40)
where
bi" = S5 (r)al"Sy(r) = (al coshr 4 ag sinh )™ (41)
bi™ = S5 (r)al™ S, (r) = (al coshr + ay sinh )™ (42)
such that
(r,n,m|A1a(p,y)[r,n,m) = (0[50, (1) A2 (p, 7) Sa(r)b]"BE™(0) (43)

now the Wigner operator A »(p,) is directly sandwiched in between S5 '(r)---Sa(r). Since the squeezed operator

S5(r) can be expressed as('?]

s =1 [ 1LY,

Lin
So(r =—|=), =e",
2l =2 |o) . w

and satisfies the following relation

then )
) d - "
S5 ) Bazlp.)Sa(r) = [ Sty =)l + wlexpln” = 'p), =

Using Egs. (40) ~ (45), then equation (46) becomes

men d?n
(r,n,m|A12(p, )|, n,m) = p?(cosh? 7)™+ (00|} al/?lu(v—n)><u(v+n)leXp(np —1*p)al"al™|00) .

Recalling the generating function formula of the two-variable Hermite polynomials Hm,n(n, 77*),[14]
> tmt/n
2 iy Honn (0,077) = exp(=tt" &ty + ")
m,n=0
where |
min(n,m) (7)ln|m' - B am+n

Hmn ) ) = mlpm=l — tt/ t t/ 1=0

which yields
H:n,n(na ’r]*) = Hn,m(nv 77*) .

The entangled state |n) given by Eq. (37) can be expanded as

B ) oo _1 k % i
) = eIz $° %Hj7k(n,n )i k)
= ViR

where |j, k) = (al7al¥ //FTE1)|00) is the two-mode number state. Therefore,

(s +n)laf"a™ 00) = (=)™ Hyw((y + )y -+ 1)) exp[ 2 (e + )]

m .n m * 1
(00[az"at|pu(y —n)) = (=) Hum (p(y —n), p(y —n)") exp [—§Iu(v - 77)I2} -
Substituting Egs. (52) and (53) into Eq. (47), then using Eqgs. (27) and (49), we have
<Ta n, m|A1,2(p,7)‘Ta n, m>

(44)

(47)

(48)

(49)

(50)

m4+n d2’l7 * * * *
= p*(cosh® r)™* / —5 o (v 4 1), 1o 4 0)7) B ((y =), 1y = ) )exp(—p[nl* — p2y1* + np* = n*p)

omn om d277 21,12 21412 * * !
O enem exp(—pZ[nl” = p "+ np” —ntp =t + tu(y +n)

3
+t'u(y +0)* —ss’ +su(y —n) + s'uly - )*)It:t':s:sf:o

2 2 \m+n m-+n m-+n *
p*(cosh”r) 9 9 (( ,) ( . P ) / ( p)
= — L _ )¢t 2 s\t =

2 atmatm dsndsm ol st I )t I s

s ||
+ (1 = 2)s = 2l - )
p p

= p?(cosh? r)mtn

t=t'=s=s'=0
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:Wii[(?) <Z>]2l!k!’u7+ ‘ u’y —;

So the Wigner function for ||r,n,m) is
W(p,7) = (r;n,m|| A2 (p, 7)l[r; n, m)

*12(n—k) p 2
eXP(—M2|’Y|2 - |u|2> : (54)

- (cosh? 7)™ U 2 . p12m=D) % 2(n—F)
- 197 1 (0 —m) 3} Z Zk}/.l/}/‘i‘ _‘ }IU/Y i
2n!m!Poy, (cosh2r) =510 H K
2> e
X exp ( w2 y? - 2 ) . (55)

Now we would like to discuss changes in the Wigner function W (p,~) of the TESVS as we vary the parameters m,
n, and r. From Figs. 1 and 2 we find that the values and the number of the peaks, the moving direction of the peaks
and the distance between two peaks are determined by the parameters m and n. For instance, in Fig. 1 for m = 2,
n =0, and r = 0.1 the single peak of the Wigner function W (p,y) moves along the direction of AB and develops two
independent peaks in the end, however the values of the two peaks are small. With increasing n, the superimposed
peaks A and B move respectively along the directions of AD and BC, at last they develop four independent peaks. But
the values of the peaks are increased and the distance between the peaks A and D, B and C is increased. Similarly,
by virtue of the numerical computation results, we also find that, with increasing m, the superimposed peaks A and
B move respectively along the directions of AB and CD, and the distance between the peaks A and B, C and D
is increased. So these results show that the TESVS exhibits very different quantum interference effect for different
parameters m and n.

W(v, p)

l\
“ l'l\‘\‘““\l
l‘\"um I,

Fig. 1 Wigner functions of the TESVS Fig. 2 Wigner functions of the TESVS Fig. 3 Wigner functions of the TESVS
form=2,n=0,and r =0.1. form =n =2 and r =0.1. for m =n =2, and r = 0.3.

Comparing Fig. 2 with Fig. 3, in the phase space we clearly see four independent and compressed peaks of the
Wigner function W (p,y) along the v direction when the squeezing parameter r is small (for example, » = 0.1 in Fig. 2).
With increasing r, the four peaks are further compressed along the v direction at the expanse of an increase along the
p-direction as can be seen in Fig. 3. Thus the phenomenon of squeezing can be well interpreted from the phase space
point of view. In conclusion, the behaviour of the Wigner function W(p,~) is in a good agreement with the quantum
features of the TESVS.

In the following section we shall obtain the marginal distribution of the Wigner function for ||r,n, m) based on

Eq. (55). From Eq. (36) carrying out the integral over d2p for A; 5(p,7) yields!'?]
1
[ @paa(o) = Linal (56)
owing to
dQZ dQZ 1 n_im
() = (0] [ SE52 exp =l + 0 an = maz + aan] [122) (12l 0l S5 (1) 00)

:/d221d222 - m
2

2 2
A 4 exp{—|zl| — |z|* — + 021 —nze + 2120 + 2125 tanhr}

n
n 42 ,
= Z ( I ) n*"—l/ 22 zézsm exp[(tanhr — 1)|22|2 — nes 402 tanhr — %]
T

m *n—1
n Ui 3 —tanhr
() (g ) e ) :
Z < ) 1 —tanhr)it! N1 " tanh ) P 2(tanhr )‘ U (57)
where we have employed the formula in Eq. (10). So we obtain a marginal distribution of the Wigner function for
||r, n, m) in the « variable
1 1
d*pW(p,v) = —|(llr,n,m)[—, =
/ ™ = wn!m!PﬁS’nim)(coshQT)
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~(n (=)myrnt y 3 —tanhr 2\ |2
x o ) (g = 1)| 5
‘ ; < l > (1 — tanhr)i+! mI\T —tanhr | )P 2(tanhr — 1) il (58)
Similarly, in the entangled state |€) representation the two-mode Wigner operator A o(p, ) is!*®
d*¢ . .
Al,z(/w)=/7|p—£><p+€\exp(£ ¥ =&, (59)

where |£) is the common eigenstate of two particles’ center-of-mass coordinate (X; + X2) and the relative momentum
(P; — P,) in two-mode Fock space. The state |£) is given by

€) = exp [_%mg +€af + €%l — alal|l00), € =& +ig,

which is capable of making up the entangled state representation. The state |£) yields the following eigenvector
equations

(60)

(X1 + X0)[€) =vV2&16), (P - P)IE) = V26[¢). (61)
Performing the integration of Aj 2(p,7) in Eq. (59) over d?v leads to a projection operator, i.e.,
1
[ @81a00) = 21 €lews. (62)
then using the expansion of the entangled state |€) in the Fock space
R o0
€)= eI H k(€ € b) - (63)
11 ’
=0 Vilk!
Thus we obtain
[ @) = Litelinnm-, - :
7 ™ SR T im) pom—m (cosh 2r)
" /n pnt P 1 —tanhr 2
H,, * S M P } 64
X‘;(Z) (1+ tanhr)it+1 ’l(1+tanhr’p)eXp(2(1+tanhr)‘p‘ ) ’ (64)

which is another marginal distribution of the Wigner function for the state ||r, n, m) in the p variable. Equation (58) (or
Eq. (64)) are proportional to the probability for finding the two particles, which have total momentum /27, (or relative
momentum \/Epg) and simultaneously relative position v/27; (or centre-of-mass position \/Epl), under the TESVS.
Therefore, for an entangled particle system in the TESVS, the physical meaning of the Wigner function W (p,~) should
lie in that its marginal distributions give the probability of finding the particles in an entangled way in the p-y phase
space.

In summary, in this article we have investigated the TESVS in the view of the phase space. By the normalization
of the TESVS, we have obtained a new form of Jacobi polynomials, which is in sharply contrast in form to the normal
form of Jacobi polynomials. With the aid of the normalization constant of the TESVS, we have derived some useful
identities. The photon number distribution of the TESVS is given and it is a simple form of Jacobi polynomials.
Using the entangled state representation of Wigner operator we have obtained the Wigner function of the TESVS and
discussed the variations of the Wigner function with the parameters m,n and r. Here from the phase space point of
view the TESVS can be well interpreted and described. Then the physical meaning of the Wigner function is given by
its marginal distributions. These results may be useful for experiments as reference.
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