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Coupled KdV Equations and Their Explicit Solutions Through Two-Dimensional
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Abstract Based on the second integrable case of known two-dimensional Hamiltonian system with a quartic potential,
we propose a 4 X 4 matrix spectral problem and derive a hierarchy of coupled KdV equations and their Hamiltonian
structures. It is shown that solutions of the coupled KdV equations in the hierarchy are reduced to solving two compatible
systems of ordinary differential equations. As an application, quite a few explicit solutions of the coupled KdV equations
are obtained via using separability for the second integrable case of the two-dimensional Hamiltonian system.
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1 Introduction

It is well known that finite-dimensional integrable sys-
tems arise as the reduction of integrable soliton equa-
tions. In recent years, a considerable number of new finite-
dimensional completely integrable systems have been dis-
covered through various reduction techniques from soliton
hierarchies.' 8] A natural problem is whether the corre-
sponding soliton hierarchy can be found from a known
finite-dimensional integrable system. This paper is de-
voted to a two-dimensional integrable Hamiltonian sys-
tem, from which we successfully find a spectral problem
and its associated hierarchy of coupled KdV equations.

Let us consider the two-dimensional integrable Hamil-
tonian system, 916l

Qjz = OH[Opj, pje =—0H/0q;, j=

with the Hamiltonian function

H = 5(pt +p3) +&di + € + agi +74165 + Baz
where &, (, a, v, and 8 are constant parameters. There
are four nontrivial integrable cases which are separable:

(i) B =qa,v=2q, with o, &, and ¢ arbitrary;
(i) B=a,v=06q, (=¢, with @ and £ arbitrary;
(ii1) B = 16a, v = 12a, ¢ = 4¢, with « and £ arbi-

1,2, (1)

trary;
(iv) B =8a, v=06a, ( =4, with @ and ¢ arbitrary.
Case (i) is related to the KdV equation, which can be

obtained by nonlinearization of Lax pair of the KdV
equation.l’ A connection between Cases (ii) and (iii) and
some stationary flows associated with the fourth-order Lax
operators was discussed in Ref. [17].

In this paper, based on the investigation for the inte-
grable Case (ii), we propose a 4 X 4 matrix spectral prob-
lem and derive a new hierarchy of coupled KdV equations
and their bi-Hamiltonian structures. The typical systems
of coupled equations in the hierarchy are reduced to

Ut = —Uggy + OUUy + 60V,  UVp = —Vgay + 6(uv),  (2)
and
Ut = —Vggy + 6(UV)s, U = —Ugge + Ouuy, + 6vv,, (3)

which are two generalizations of the KdV equation. It is
shown that solutions of the typical system of coupled KdV
equations are reduced to solving two compatible systems
of ordinary differential equations. Resorting to separabil-
ity for integrable Case (ii), quite a few explicit solutions of
the coupled KdV equations, including periodic solutions,
are obtained.

2 Hierarchy and Hamiltonian Structures

In order to search for evolution equations associated
with the integrable Case (ii), we first consider the canon-
ical equations of integrable Case (ii)

diz = P1, Y42z = P2,
Plz = —)\ql — 40&((]% + q%)(h - 80&6]1(]% )
P2y = —)\q2 — 40é(q% + q%)(p - 80&6]%]2 ’ (4)

with A = 2£. A possible assumption is
y:(q17q27p17p2)T7 U:_4OZ(Q%+CI§)»

v = —8aqiqs . (5)
Then we get a 4 X 4 matrix spectral problem
0 0 1 0
0 0 0 1
r — U ) U= )
Yo =5V ~A v 00
v u—A 0 0
Y1
Y2
y= : (6)
Y3
Ya
Let us first solve the stationary zero-curvature equation,
V:E - [U7 V} = 07 V = (‘/ij)4><47 (7)

Wh>e\re each entry V;; = Vi;(A, B) is a Laurent expansion
in A:
Vii=—-4;, Viz=-B,,
Vig =2B, Va=-—-B,,
Vog =2B, Vay =24,
Va1 = —Ape +2(u — M)A+ 20B,
Vas = —Bye +2(u — \)B + 20A,
Viag = Az, Vsa= By,
Var = —Bgy +2(u— A\)B + 2vA,
Vig = —Azw + 2(u — N)A + 20B,

Vi3 :2A,
Vv22 = _va

‘/213 = Bw; ‘/214 = Awa
A=Y"A; 07, B=Y B\,
Jj=0 =20
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The stationary zero-curvature equation is equivalent to
the Lenard’s equation
KG=\G, G=(ADB"7, (8)
that is,
KGj_1=JG;, JG_1=0, G;=(4;,B)", (9
where K and J are two skew-symmetric operators,
o (—03 + 20u + 2ud 20v + 2v0 )

200 + 200 —0% 4+ 20u + 2ud

o 0
J=4 .
< 0 0)
Since the equation JG_; = 0 has two basic solutions
g-1=(2,07, g-1=(0,2)".

We define {gJ} and {g;} by the following two systems of
recurrence equations:

ng—l = ']gj7 gj|(u,v):0 = 07 Jj= Oa (10)
Kgi1=J3j, 9ilwwy=0=0, j=>0, (11)
which are uniquely determined. For example,
U R v
90=< >, 902( (12)
v u

Therefore, if we choose the general solution, G_; =
cog—1 + ¢og—1, of equation JG_1 = 0 as a starting point,
G; determined by Eq. (9) can be expressed as

G; = cogj + €og; +c1gj—1 + C1Gj—1 + -

+c¢jr19-1 + Ep19-1,
where ¢; and é; (j > 0) are arbitrary constants.
Let y satisfy the spectral problem (6) and its auxiliary
problem

(13)

g =Vmy, v = (‘/i(jm))4><4a (14)

(750 (v 3n) = (s

where
Vi = Vig (AT (3), B (),

)
m
— i
= E 14]'—1A J )
Jj=0

- iBj_l)\m*j.
j=0

Then the compatibility condition between Egs. (6) and
(14) yields the zero-curvature equation U; — vim 4
[U, V(™)] = 0, which is equivalent to the hierarchy of non-

linear evolution equations
(ug,ve)T = Xomy, m>0 (15)
with X; = KG;_1 = JGj, j > 0. The first nontrivial
system of evolution equations in the hierarchy (15) is
U = €o(—Ugza + 6UU, + 6VV,) + Co(—Vapge + 6(uv)y)
+ 4ciug + 4610, ,
vy = co(—Vgae + 6(uv)y) 4 Eo(—Ugrs + Buug + 6vv,)
+4dciv, + 461Uy . (16)

which can be reduced to the coupled KdV equations (2)
and (3).
To establish the Hamiltonian structures of evolution
equations (15), we first calculate the following quantities:
ou ou ou
£ — _4A, t( —):4/1, t( —):43.
r(V 8)\) r(V r(V 3

ou v
Noticing the trace identity

Wi (v ) x(v5))

where ¢ is a constant to be fixed. Equating the coefficients of A=7~! on both sides we obtain

(i’ i)(_Aj) =(e—j)(A;-1,Bj-1), j=>0.

ou’ dv
To fix the constant €, we simply set j =
see that e = —1/2. Hence we deduce that

(i, i)Hj — (A, Bj1), Hy—

ou’ ov

from which we obtain the desired bi-Hamiltonian form of (1
Ut ::]( 5fﬂn/5u
vy 0H,,/dv

In this section, we shall give explicit solutions of coupled KdV equation (16).

3 Explicit Solutions

dimensional Hamiltonian system,

0Fy

95t = 5> DPjt = —F7 —
J apj J

with the Hamiltonian function

0 in the above equation and arrive at (—cq, —¢o

(17)

) = 2¢(co, ép), from which we

2
; TGl (18)
5Hm+1/5u
)= () (19)

To this end, we consider the two-

Fo =2(Aco + c1)(p? + p2 + A% + \g5 + 2047 + 12043 ¢35 + 20g5)
+4(Nép + ¢1)(P1p2 + A1 g2 + 4aqigs + dagigs) .

Equation (20) can be obtained by substituting con-
straint (5) into the time part, Eq. (14) with m = 1, of the
Lax pair of Eq. (16).

Theorem 1 Let (p;(z,t),q;(z,t)), j = 1,2, be involu-
tive solutions of the Hamiltonian systems (4) and (20).

o0Fy
. j=1,2, 20
9q; (20)

| Then
u=—4a(g® 4+ ¢3), v=—8aqq (21)

satisfy the coupled KdV equation (17).

Proof A direct calculation shows that the Hamiltonian
functions H and Fp are in involution with respect to the
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standard Poisson bracket, {H, Fy} = 0. Therefore the sys-
tems (4) and (20) are consistent and their involutive so-
lution is a smooth function of (z,t).['%2%] By substituting
Eq. (21) into Eq. (16) and using the systems (4) and (20),
we see that the coupled KdV equation turns into an iden-
tity. This means that v and v determined by Eq. (21)
satisfy Eq. (16).

The two-dimensional Hamiltonian systems (4) and
(20) can be rewritten as

Qioe = —Aq1 — dag; — 12aq143

G2ze = —A@2 — dags — 12043 g2 (22)
quee = Bo(Aq1 + 4aqg® + 12041 ¢3)

+ B1(Ag2 + 4ags + 12047 ¢2) ,
Gt = Br(Aq1 + daq] + 1204143

+ Bo(Agz + 4ags + 12aq7 ¢2) - (23)

with
Bo = —16(Aco + ¢1)? — 16(N\ég + é1)?,

b1 = —32()\00 + Cl)()\éo + 61> .
Now we introduce the separating variables by Cartesian
coordinates
f=a+q@ g=a-—q.
The resulting equations from Eqs. (22) and (23) are of the
following form,

fwz = _)‘f - 4Oéf3, ftt = _bf()‘f + 4Oéf3> ) (24)
Gz = —Ag —4ag®, gy = —b3(\g+4ag®),  (25)
with
bi=—Po— P, b3=p1—fo.

Corollary 1 Let f(z,t) and g(x,t) be the solutions of
Eqgs. (24) and (25), respectively. Then (u(x,t),v(x,t))
given by
u(z,t) = =2a(f* +¢°), wv(z,t)=-2a(f* - ¢*) (26)
is a solution of the coupled KdV equation (16).
In what follows, we shall apply Corollary 1 to give ex-
plicit solution of Eq. (16). For simplicity, we assume that
a = —a?/2 < 0. Then equations (24) and (25) are written

as
f=adft = AP+,

fE=03 3 f = AP +m), (27)
92 =aig" = Ag* + 2,
9; = b3(afg" — A\g® + n2), (28)

where 77 and 7y are arbitrary constants.
(i) Let A > 0, n; < 0, ¢ = 1,2. Equation (27) can be
written in the form

fo=a1V/(f2—a1)(f2 +az),
fr = arbi/(f2 — a1)(f2 + a2),

1 /
1 /
G/Q:m( )\2—404%’[’]1—)\)

From Eq. (29), we have

o .T?—l—’y = / v
1 1 2 2
/o \/(’LU — (Ll)(’LU + (12)

\/l—al/fQ dS
VI =1 - k%)

(29)
with

1
- Val + a2 /0 (30)

where 7, is a function of t, k¥ = as/(a1 + a2), w? =

a1/(1 — s?). Equation (30) determines the Jacobi elliptic
function

M =sn(vay + az(az + 1), k1),

f=+vainc(vVar + az(a1z + 1), k1) . (31)

Equation (29) implies by f, = f;, which together with
Eq. (31) deduces that

Y1t = a1by,  y1 = ai(bit +61). (32)

Here and in the following ¢; and 5j (1 <j <6) are integral

constants. Substituting the second expression of Eq. (32)
into Eq. (31) yields a solution of Eq. (24)

that is,

f1 = \/tTlnc(alval +6L2($+b1t+51),]€1). (33)
In a similar way, we arrive at a solution of Eq. (25)
g1 = \/&1HC(O&1\/&1 +d2($+b2t+(52),k’1) (34)

with

=2
1+ aq

N 1

alzm( A2 —4a3ny + N),
1

(if) Let A > 0,0 < 7 < A2/(4a?), i = 1,2. By Eq. (27),

we have
fm = Oél\/(f2 7(13)(f2 70’4);
fr = arbi/(f2 — a3)(f2 — aa),

1 /

as = —Q(y% ()\ + A2 — 40[%771) 5
1

ag = 37 (A —\/A2 —4a2m).

Assume that k% = asa;’, f = Jagw™'. Then the first
expression of Eq. (35) turns into

Wy = —y \/a4(1 —w?)(1 — k2w?),
which implies

(35)
where

v ds
= —Qq1y/a4T + Y2 .
J Vo R
The above expression is equivalent to w = sn(—ay/asx +
725 k?)a that iS,
[ = Vams(—ai/asx + 2, k) .
Substituting Eq. (36) into Eq. (35), we have
Yot = —aibiy/ag, 7= —a1y/as(bit +02).
Then we obtain a solution of Eq. (24)

f2 = \/ans(—al\/a(x + bat + b2, kg) .
Similarly we have a solution of Eq. (25)

go =/ d4DS(—0¢1 iV d4($ + bot + 32, ]232)) s

(36)

(37)

(38)
where

2
ks = asay

. 1
GSTJ(AJ“ V)‘240‘%772> ;

1

. 1 /
a4zm<)\— A2—4O[%7’]2>.

(iii) Let A > 0, n; = \2/(4a?), i = 1,2. Noticing that
as 1; — A2/(4a?) (so that ko, ko — 1) in case (ii),
lim ns(u, k2) = limns(u, ko) = cothu,
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lima; = lim a; = 2% i=3,4, This implies
2
g}flengsore we ;)r}laéaln from Eqs. (37) and (38) two solutions %foQ = sn(a1v/ag(x +73), ka)
B=1-2
—— coth (x+ b1t +d3), (39) 4= a’
2oz1 . 6
that is
voe 2 com \/7(x + bot + 03) (40) f = Vs selarv/ao(x +13), k) 49
. Vhl V2 . Substituting Eq. (44) into by f» = f; yields
(iv) Let A > 0, m; = 0, ¢ = 1,2. Equations (27) and ~p — bt 46
(28) are reduced to Y =01, 3 =01 o
Therefore we arrive at a solution of Eq. (24)
fo=aif(]f2— )‘ fi = anby f _ i f5 = Vas sc(ar/ag(z + bit + 5), ka) - (45)
o’ Applying the same procedure to Eq. (28), we get a solu-
ti f Eq. (25
)\ ion of Eq. (25) A i o
gz = 019 g - a%’ gt —alblg g - 2 ) gs = \/ Qs SC(OQ\/ 016(33+b2t+55),k'4), (46)
with

whose solutions are

Ja= _a1 sin \f(x+b1t+54) (1)
- VA
9= (6] sin \/X(I' + bgt + 84) . (42)

(v) Let A< 0,0 <
tion (27) implies

fo = a1/ (2 +as)(f2 + ao)

< A?/(4a2),i = 1,2. Then equa-

fe = arbi/(f2 +as)(f2 + ag), (43)
where 1
as = E(W —\/ A2 —4a2n),
1
ag = 2—2(|)\\ +14/ A2 —4a3m).
a7
Noticing Eq. (43) and the transformation w = ,/ass
/V1— s2, we have
ar(z +73) /f v
1 3) =
0 V(W +a5)(w? + ag)
) ds
- Vas Jo VI =521 - k2s?)

~ as N 1

219 e — L (A= /A2 — 4a?
P12 = -y - st
R 1

GGZTQ%(‘)\|+\/A2*4Q%T}2).

(vi) Let A <0, 7; = 0,7 =1,2. In a way similar to case

(iv), we can obtain solutions of Egs. (24) and (25):
VIAl
=— ) 47
fe aq sinh /| A|(z 4 b1t + d6) (47)
VIA
=— —. 48
9 aq sinh /| A|(z + bat + d6) (48)

(vii) Let A = 0,1; = 0,4 = 1,2. Then solutions of
equations (24) and (25) are

1 1
fo=-

———— = —-— 49
ay(x + bt + 67) 97 ay(z + bat + 67) (49)

Using Corollary 1 of Theorem 1, we obtain 49 explicit
solutions (u;;(z,t),vi;(x,t)), given by

wij(z,t) = a1 (f7 +g3),

vij(z,t) = a1 (f7 = g3),
of the coupled KdV equation (16).

1<i,j<7, (50)
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