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CDCC Approaches and Roles of Closed Channels in d-Nucleus Reactions
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Abstract The effect of deuteron breakup in d-nucleus reaction is treated with the continuum discretized coupled
channels (CDCC) approach, and the effects on the total reaction cross sections and elastic scattering angular distributions
are studied by comparing the calculations of CDCC and spherical optical model with our global deuteron optical potential
[Phys. Rev. C 73 (2006) 054605] below 200 MeV, for target nuclei ranging from 12C to 208Pb. The contributions from
the closed channels to the total reaction and breakup cross sections, and angular distributions of elastic scattering are
also seriously discussed.
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1 Introduction

The elastic scattering of deuteron is of particular inter-
est in nuclear reaction studies as the scattering of the sim-
plest kind of composite particle. Several studies have used
a spherical optical model framework for searching for the
phenomenological global deuteron optical potential[1−5] to
reproduce the elastic scattering angular distributions and
reaction cross sections, and all of these studies are based
on the large numbers of experimental data of the target
nuclei in some (Z,A) range. Both the latest two sets of
global deuteron optical potential parameters[1,2] can fit
the experimental data very well for almost all target nu-
clei ranging from 12C to 238U in the energy region below
200 MeV. However, the deuteron is a weakly bound nu-
cleus with a binding energy of only 2.2259 MeV and it is
well known that it easily breaks up in nuclear collisions.
The deuteron breakup is an important process with sig-
nificant effects on the elastic and inelastic channels. The
CDCC approach has been successful in describing the nu-
clear reactions with weakly bound particle as projectile
or an outgoing particle. Up to now, there are a lot of
research on deuteron breakup and the CDCC approach,
such as Refs. [6] ∼ [19].

In CDCC approach, when the p-n pair relative kinetic
energy is larger than the total energy of the n-p-A three-
body system, according to the total energy conservation
of this system, the relative kinetic energy of the center of
mass of the deuteron moving against the target nucleus
is negative, and the channel with negative relative kinetic
energy is called as closed channel. When the p-n pair rel-
ative kinetic energy is smaller than the total energy of
the n-p-A system, then the relative kinetic energy of the
c.m. of the deuteron moving against the target nucleus is
positive, and the channel with positive energy is called as
open channel. One should keep in mind that the p-n pair
relative kinetic energy is always positive in CDCC. Al-
though these negative energy states cannot be observed in
experiments, the closed channels are coupled to the open
channels and affect their properties. N. Austern pointed
out[7] that the closed channels would make large contri-
butions to the stripping reactions in low energy region.
However, most CDCC calculations did not include the
contributions of the closed channels to the reaction cross

sections σR, breakup cross sections σb and elastic scatter-
ing angular distributions. They only took open channels
into account. Thus, it is necessary to study the contri-
butions of the closed channels and those of the deuteron
breakup effects on σR, σb and elastic scattering angular
distributions. And the roles of the closed channels are
emphasized in this work.

For the Coulomb potential, some calculations neglect
it[15−18] and some consider it depending on the coordinate
of the c.m. of deuteron R instead of the coordinate of pro-
ton rp.

[9,19] Actually, in the three-body model it should de-
pend on rp rather than R, and this treatment would more
truly reflect the real physical picture. In this work, both
the open channels and closed channels are calculated with
the Coulomb potential at rp, but the Coulomb potential
is ignored in the non-diagonal elements for closed chan-
nels. As for the nuclear potentials of the nucleon-target
interaction of the three-body model, Koning–Delaroche’s
global p, n potential parameters[20] are used in this work.

The purpose of this paper is to observe the effects of
deuteron breakup on the reaction cross sections and elas-
tic scattering angular distributions by comparing the re-
sults of CDCC optical model and those of spherical optical
model with our global potential parameters. Systemati-
cal discussing and analyzing the contributions of closed
channels is the essential of this work.

This paper is arranged as follows. In Sec. 2 we be-
gin with the theoretical formalism, the CDCC approach
is briefly reviewed, and truncation of model space is de-
scribed. In Sec. 3, the validity of the calculation method
used in this work is tested firstly; and then the roles of
the closed channels are systematically discussed; at last,
numerical results and discussions are presented. Section 4
is a summary.

2 Theoretical Formalism

Neglecting the total anti-symmetrization, target exci-
tation, and the spin of p, n and the target nucleus, the
Hamiltonian of the (A+2) system can be described as[7,8]

H = K~R
+ UnA(~rnA) + UpA(~rpA)

+ UCoul(~rpA) +Hpn , (1)

Hpn = K~r + Vpn(~r ) , (2)
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where Vpn(~r ) is the interaction between p and n, which is
chosen as a Gaussian form:

Vpn(r) = −v0 exp
[

−
( r

r0

)2]

(3)

with v0 = 72.194 MeV and r0 = 1.484 fm. The vector ~r is
a coordinate of p relative to n, and ~R is the coordinate of
the center of mass of the p-n pair relative to target nucleus

A, namely, ~r = ~rpA − ~rnA, ~R = (~rpA + ~rnA)/2. Figure 1
describes all the position vectors of this (A + 2) system.
The UnA, UpA are the nucleon-target optical potentials,
and they are assumed to be the central part of the n,
p optical potential at half the deuteron incident energy,
and the spin-orbital coupling potentials are ignored. The
UCoul(~rpA) is the Coulomb potential of proton in deuteron
relative to target nucleus. The operators K~r, K~R

are the

kinetic energies associated with ~r and ~R, respectively.
The complete set of orthonormalized eigenfunctions of

p-n Hamiltonian satisfies:

(Hpn − ε0)φ0(~r ) = 0 , ε0 = −2.2259 MeV

and

(Hpn − εk)φl(k,~r ) = 0 , εk =
~

2k2

2µr

, (4)

where µr is the p-n reduced mass, φ0 is the deuteron inter-
nal function and φl(k,~r ) the continuum state wave func-

tion of p-n pair with the linear and angular momenta ~k
and l~, respectively.

Fig. 1 The position vectors graph of the (n-p-A) sys-
tem. rpA is the coordinate of proton (p) relative to target
nucleus A, rnA is the coordinate of neutron (n) relative
to A, r is the coordinate of p relative to n, and R is the
coordinate of the center of mass of the p-n pair relative
to A.

The three-body wave function ψJM(~R,~r ) can be ex-
panded in terms of the p-n relative motion wave functions
{φ0(~r ), φl(k,~r )} as

ψJM(~R,~r ) = φ0(r) Y00(Ωr) YJM (ΩR)χJ(P0, R)
1

R
+

∫ ∞

0

∞
∑

l=0

J+l
∑

L=|J−l|

[

Yl(Ωr) ⊗ YL(ΩR)
]

JM
φl(k, r)χlLJ(Pk, R)

dk

R
, (5)

where J is the total angular momentum quantum number
of the (A+ 2) system, M is the total angular momentum
projection quantum number, and L is the orbital angu-
lar momentum quantum number of the p-n c.m. mov-
ing against target nucleus. The wave function χJ(P0, R)
describes the p-n c.m. motion with the momentum ~P0

in the elastic channel, and χlLJ(Pk, R) describes the p-n
c.m. motion with the momentum ~Pk in breakup chan-
nels. These momenta are determined by the conservation
of the total energy, namely

E =
~

2P 2
0

2µR

+ ε0 =
~

2P 2
k

2µR

+ εk , (6)

where µR is the d-A reduced mass, and E is the total
energy of the d-A system in their center of mass frame.

In CDCC, the model space needs to be truncated,
the sum over l is truncated as l ≤ lmax; the k integral
as k ≤ kmax, and setting the asymptotic outgoing wave
boundary condition at R = Rmax. The average (AV)
method[7] is used to discretizing k.

The k̂i are defined as k̂2
i = (ki +ki+1)

2/4+∆2/12, and

the momenta ~k̂i and ~P̂i satisfy the total energy conser-
vation

E =
~

2P̂ 2
i

2µR

+
~

2k̂2
i

2µr

. (7)

In this work, the channel number γ = (i, J, l, L) in-
creases according to the sequence (i, J, l, L), and in the

following, P̂γ ≡ P̂i, P̂0 ≡ P0. For all γ = (i, J, l, L), in-
cluding γ0 = (i = 0, J, l = 0, L = J), and γ0 stands for
the incoming channel. For some lower incoming deuteron

energy, if P̂ 2
i < 0 because of ~

2k̂2
i /2µr > E, but P̂ 2

i−1 > 0,
this channel γd = (i, J, l, L) with J = l = L = 0 is called
the first closed channel. All channels are open channels
for γ < γd, and all channels are closed channels for γ ≥ γd.

The wave function χ̂γ(P̂γ , R) is determined by a set of
coupled channel equations:

[ d2

dR2
+ P̂ 2

γ −
L(L+ 1)

R2
+

2µR

~2
Vγγ(R)

]

χ̂γ(P̂γ , R)

=
∑

γ′ 6=γ

2µR

~2
Vγγ′(R)χ̂γ′(P̂γ′ , R) . (8)

The matrix elements of coupling potentials Vγγ′(R) are
obtained from UnA(~rnA) and UpA(~rpA).

When the incident energy is large enough and the
closed channels does not appear, the coupled channel
equations (8) are solved from R = 0 to Rmax with step
∆R, the wave functions and their first derivatives in in-
ner and outer region should be continuous at R = Rmax.
However, if the closed channels is contained in coupled
equations, the afore-mentioned calculation method is not
suitable for solving equations (8) from R = 0 → Rmax,
because some exponential rising wave functions will be
included. We can divide R into two space intervals:
R = 0 → Ra → Rmax. Ra is about the nuclear radius
and is taken as 12.0 fm in this work. The inner wave
function is evaluated from R = 0 to Ra, and the nuclear
potential is still present in R = Ra → Rmax, and the outer
wave function must be calculated from Rmax to Ra . And
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finally the inner and outer wave functions and their deriva-
tives are joined at R = Ra, then the S-matrix elements

are obtained for deriving the following physical quantities.
The differential elastic cross section is expressed as

dσ

dΩ
=

∣

∣

∣

∣

fc(θ) +
1

2iP̂0

∑

J

(2J + 1) e2iσJ (S(J)
γ0,γ0

− 1) PJ (cos(θ))

∣

∣

∣

∣

2

. (9)

The reaction cross section can be written as

σR =
π

P̂ 2
0

∑

J

(2 J + 1)
(

1 − |S(J)
γ0,γ0

|2
)

. (10)

And the k-integrated partial breakup cross section is cal-
culated with

σ(J)

b,l =
π(2J + 1)

P̂ 2
0

J+l
∑

L=|J−l|

iopen
∑

i=1

∣

∣S(J)
γ,γ0

(ki)
∣

∣

2
, (11)

where iopen denotes the number of open channels. The
partial-wave breakup cross section is defined by

σb,l =
∑

J

σ(J)

b,l . (12)

Fig. 2 Test of the validity of rmax truncation. For
d + 58Ni at 80 MeV, with r ranging from 18 fm to 30 fm,
the partial cross sections σ(J)

b,s and σ(J)

b,d with respect to J
are plotted in (a) (b), respectively. The s-wave breakup
cross section σb,s, the d-wave breakup cross section σb,d,
and the total breakup cross section σb are plotted in (c).
The elastic scattering angular distributions dσ/dΩ are
plotted in (d) and the open dots in (d) are experimental
data coming from Ref. [21]. In (a), (b), (d), the dashed
lines represent r = 18 fm, dotted lines for r = 19 fm,
dash-dotted lines for r = 20 fm, dash-dot-dotted lines for
r = 23 fm, shot lines for r = 26 fm and the solid lines for
r = 30 fm. All curves for r ≥ 26 fm are overlapped each
other.

Model Space Truncation As mentioned above, the
model space truncation is generally composed of three
types, namely, truncation of l, k, R. Some studies in
Refs. [7] ∼ [9], [12], and [13] indicated that kmax =
1.0 fm−1, lmax = 2 fm and Rmax = 30 fm are suffi-
cient truncations, and these three truncations are tested
in this work. According to the work done with the test of
the truncation of the p-n relative motion distance r, and
rmax = 20 fm is widely used in CDCC calculations. But

in this work we find that rmax = 20 fm is not enough,
the maximum value of r should be increased to 27 fm,
and this can be clearly seen from Fig. 2. For d + 58Ni
reaction at incoming energy 80 MeV, variations of σ(J)

b,s

and σ(J)

b,d with J are plotted in Figs. (2a) and 2(b), the s-
wave breakup cross section σb,s, the d-wave breakup cross
section σb,d, and the total breakup cross section σb are
plotted in Fig. 2(c), the elastic scattering angular distri-
butions dσ/dΩ are plotted in Fig. 2(d). We can clearly
see that with the increase of r, the σ(J)

b,s converges more
quickly and remains steady at r = 26 fm, and the σb,s,
σb,d, σb reach steady at around r = 26 fm. However, for
σ(J)

b,d and dσ/dΩ, this tendency is not obvious. Thus, in
practical CDCC calculations we choose rmax = 27 fm.

3 Calculate Results and Discussions

3.1 Test of the Present Calculation Method

Based on the CDCC approach and P3C5 algorithm,[22]

we make a new code to consider the effect of deuteron
breakup in nuclear reactions and the contribution of the
closed channels. It is necessary to show the validity of our
method. Besides testing the convergence of open channels,
we also do with closed channels. We would like to make
this convergence clear with two aspects. The first is the
convergency of the k-integrated partial breakup cross sec-
tion, and the second is the test of the convergency of the
elastic scattering S-matrix element with respect to J . For
d+58Ni at 80 MeV and d+16O at 10 MeV, figure 3 shows
the convergence of σ(J)

b,s , σ(J)

b,d, imaginary part of the elastic

S-matrix elements Im(SJ ), and the real part Re(SJ ). We
can clearly find the perfect convergence for open channels
(Ed = 80 MeV) and closed channels (Ed = 10 MeV) in
Fig. 3, namely, both the σ(J)

b,s and σ(J)

b,d are convergent to

zero in Fig. 3(a), the Im(SJ) to zero in Fig. 3(b) and the
Re(SJ) to one in Fig. 3(c). These perfect convergencies
mean that the present calculation method is valid.

3.2 Contribution of Closed Channels

In CDCC approach, when the p-n pair relative kinetic
energy is greater than the total energy of the n-p-A three-
body system, owing to the three-body system energy con-
servation, the closed channel with negative P̂ 2

i is appeared.
N. Austern pointed out that these closed channels cou-
ple strongly to the open channels, which contain outgoing
flux; this kind of coupling affects the properties of open
channels, and can make large contributions to the strip-
ping cross section. The stripping is more sensitive than
deuteron breakup to details of the three-body wave func-
tion; the stripping cross sections and the contribution of
closed channels to it will be considered in the future. In
this section, we would like firstly to observe the effects
of the closed channels to the reaction cross sections σR,
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breakup cross sections σb and elastic scattering angular
distributions.

Fig. 3 Test of the convergence of our calculation
method. The left side is for d + 58Ni at 80 MeV, and
the right side is for d + 16O at 10 MeV, varying with
the total angular momentum quantum number J , the k-
integrated partial cross section σ(J)

b,s and σ(J)

b,d are plotted
(a) with solid and dashed lines, respectively; The imagi-
nary part of the elastic S-matrix elements are plotted in
(b), and the real part in (c).

If we take kmax = 1.0 fm−1 and ∆ = 0.1 fixed, the
lower the incident energy is, the more closed channels ap-
pear. For example, according to the total energy conser-
vation (7), if Ed = 80 MeV, we can get ten positive P̂ 2

i

(i = 1 ∼ 10), this means that there are only ten open
channels appearing and no closed channel appearing at
80 MeV; in the same way, nine open channels (i = 1 ∼ 9)
and one closed channel (i = 10) appears at 36 MeV, seven
open channels (i = 1 ∼ 7) and three closed channels
(i = 8 ∼ 10) appeared at 22 MeV, four open channels
(i = 1 ∼ 4) and six closed channels (i = 5 ∼ 10) are
appeared at 10 MeV, etc.

Figure 4 presents the contributions of the closed chan-
nels to reaction cross sections σR and breakup cross sec-
tions σb. For d+ 58Ni at 10 MeV, with respect to the inci-
dent energy Ed increasing, the reaction cross sections and
breakup cross sections without closed channels included
in calculation σnon-closed

R
and σnon-closed

b and those with
closed channels included in calculation σclosed

R
and σclosed

b

are plotted, from which we can see that when the inci-
dent energy is larger than about 12 MeV, the σnon-closed

R

and σclosed
R

can hardly be distinguished from each other,
and so σnon-closed

b and σclosed
b are. For the energy range

lower than about 12 MeV, the σnon-closed
R

and σnon-closed
b

are larger than σclosed
R

and σclosed
b , respectively. These

mean that the contribution of closed channels to σR and σb

can be ignored when incident energy is larger than about
12 MeV, and the closed channels reduce the σR and σb

when incoming energy is lower than about 12 MeV. It
should be noted that both the σnon-closed

b and σclosed
b have

a peak value around 12 MeV, and this means that the
peak value does not depend on exclusion or inclusion of
the contribution of the closed channels. However, such a
peak value structure does not appear in σR in this case
(d+ 58Ni).

Fig. 4 The contribution of closed channels to the re-
action cross sections and breakup cross sections. For
d + 58Ni, with respect to the incident energy Ed increas-
ing, the breakup cross sections without closed channels
σnon-closed

b and with closed channels σclosed
b are plotted

with solid and dashed lines, respectively; and the reac-
tion cross sections without closed channels σnon-closed

R and
with closed channels σclosed

R are plotted with dotted and
dash-dotted lines.

With incident deuteron energy varying from 4 MeV
to 36 MeV, the elastic scattering angular distributions of
58Ni from this work with and without the contribution of
closed channels are plotted in Fig. 5. For Ed = 4 MeV
and Ed = 36 MeV, seven and one closed channels occur,
respectively. From Fig. 5 we can see that, for lower inci-
dent deuteron energy (4 ∼ 7 MeV), the elastic scattering
angular distributions with the contribution of closed chan-
nels are with less fluctuations than those without the con-
tribution of closed channels, and the former seems more
rational than the later in physics. We can also clearly find
that, with the Ed increase and larger than 12 MeV, the
angular distributions of the cases with and without closed
channels are close to each other, and can hardly be distin-
guished about 30 MeV. Generally speaking, for incident
energies larger than about 12 MeV, it is a good idea to
calculate the σR, σb and elastic scattering angular distri-
butions by neglecting the very small effects of the closed
channels. This will reduce the computational burden.

3.3 Comparison of Elastic Scattering Angular

Distribution

Because the global potential parameters[1] can repro-
duce the experimental data well in a wide (Z,A) and en-
ergy range, it is feasible to compare the results of the
CDCC with those from the global potential parameters.
In this way, the effects of the deuteron breakup process on
elastic scattering angular distributions and reaction cross
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sections are more systematically studied for many target
nuclei in a wide region of energies.

Fig. 5 Comparison of the elastic scattering angular dis-
tributions of this work without and with the contribution
of closed channels. The solid line and dashed line describe
this work without and with closed channels, respectively.

According to the above analyses, the effects of the
closed channels are not considered in this part in the en-
ergy range larger than about 12 MeV. The calculated elas-
tic scattering angular distributions from global potential,
this work and Ref. [6] are plotted in Fig. 6.

There are mainly three differences between this work
and Ref. [6] firstly, the Coulomb potential in Eq. (1), we
perform calculations by evaluating Coulomb interaction
at rp and that of Ref. [6] at R; secondly, for the Vpn(~r ), in
Ref. [6], the values of r0 and v0 are taken as 1.484 fm and
72.15 MeV, respectively; In order to make the calculat-
ing deuteron binding energy in better accordance with its
experimental value, we change v0 to 72.194 MeV; thirdly,
for solving the coupled channel equations (8), the P3C5
algorithm is used in this work, the error of this algorithm
is of O(h6), and that of the B-splines method adopted in
Ref. [6] is O(h3), this means that the present work has a
higher calculation precision than that of Ref. [6].

From Fig. 6 we can find that, generally speaking, the
CDCC results cannot reproduce the experimental data
well as those from our global potentials, and our CDCC
results are a little better than those of Ref. [6]. Some fluc-
tuations appear in CDCC results relative to those of the
global potentials, and we believe this phenomenon comes
from the effects of break-up channels on elastic channel
and no spin-orbit potentials in consideration. Besides,
there are no free parameters included in the CDCC cal-
culations, therefore, the results of CDCC are physically

acceptable and reasonable in comparison with the exper-
imental data.

Fig. 6 Comparison of elastic scattering angular distri-
butions among global potential, this work and P. Chau
Huu-Tai[6] results. The results using global potential,
this work and Ref. [6] are plotted as solid, dashed and
dotted lines. The experimental data are from Refs. [5],
[23], and [24].

3.4 Reaction Cross Section and Breakup Cross
Section

The reaction cross sections σR and breakup cross sec-
tions σb of 16O, 40Ca, 58Ni, 90Zr, 120Sn, and 208Pb are
drawn in Fig. 7. From this figure we can find that, be-
sides 208Pb, the σR of this work is in better agreement
with the experimental data than those of P. Chau Huu-
Tai[6] for low incident energy, and with the increase of the
energy the two curves are very close to each other. This
figure reveals that the deuteron breakup process causes
effect in reaction cross sections. It increases σR in the
energy region below 80 MeV for the light nuclei and be-
low 100 MeV for medium nuclei, then it decreases σR for
higher energies. However it decreases σR for heavy nuclei
in nearly the whole energy range.

In Subsec. 3.2, we have already pointed out that for
58Ni, there is a peak structure in σb around 12 MeV, but
such a peak structure does not appear in σR (Fig. 4). From
Fig. 7 we can clearly see that similar phenomena exist for
all the target nuclei ranging from 16O to 208Pb, and the
peak in σb is the highest for 40Ca and 58Ni, while it grad-
ually decrease as the target becomes lighter or heavier.
This means that the peak structure in σb around 12 MeV
not only exists for a special nucleus but also appears in a
wide range of nuclei. This structure indeed exists, but at
this moment we do not yet understand what the reason is
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for this peak structure in σb.

Fig. 7 The reaction cross sections varying with inci-
dent energy Ed are plotted in the left side, and the re-
sults from global potential, this work and Ref. [6] are
plotted as solid, dashed and dotted lines, respectively,
the experimental data of reaction cross sections are from
Refs. [25] ∼ [28]. Varying with Ed, the breakup cross
sections are plotted in the right side with dashed line.

4 Summary
Based on the CDCC approach and the P3C5 algo-

rithm, a new code is developed to observe the effects of

deuteron breakup on the reaction cross sections and elastic
scattering angular distributions below 200 MeV, with tar-
get nuclei ranging from 12C to 208Pb. The contributions
of the closed channels to breakup cross sections, reaction
cross sections and elastic scattering angular distributions
are also considered. The convergence of the calculations
with our new code are checked for both situations of only
with open channels and also included closed channels.

The effects of deuteron breakup on the reaction cross
sections vary with the incident energy and target mass.
Comparing the experimental data and the results from
our global potential, the elastic scattering angular dis-
tributions in CDCC show some fluctuation for low inci-
dent energies, and this phenomenon gradually disappears
with the energy increasing and a good agreement with
experimental data is achieved. For the target nuclei rang-
ing from 12C to 208Pb, there is a peak value structure in
breakup cross sections around 12 MeV.

The calculations including closed channels reduce the
reaction cross sections σR and breakup cross sections σb

when incoming energy is lower than about 12 MeV, and its
effects on σR and σb are indistinctive and can be neglected
when incident energy is larger than about 12 MeV. With
incident energy increasing, the effects of closed channels
gradually become weakly on the elastic scattering angu-
lar distributions, and the effects nearly disappear about
30 MeV.

With the incident deuteron energy increasing, the ef-
fects of closed channels on σR, σb, and the elastic scatter-
ing angular distributions decrease, and these phenomena
are physically reasonable. As the incident deuteron en-
ergy increases, the relative kinetic energy between p and
n gradually decreases its importance in comparison with
the total energy of the three-body system, so the effects
of deuteron breakup channels gradually become weaker in
comparison with the dynamics of the deuteron as a whole
moving against the target.
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