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Abstract The nonclassical symmetries of a class of nonlinear partial differential equations obtained by the compati-
bility method is investigated. We show the nonclassical symmetries obtained in [J. Math. Anal. Appl. 289 (2004) 55,
J. Math. Anal. Appl. 311 (2005) 479] are not all the nonclassical symmetries. Based on a new assume on the form of
invariant surface condition, all the nonclassical symmetries for a class of nonlinear partial differential equations can be
obtained through the compatibility method. The nonlinear Klein—Gordon equation and the Cahn—Hilliard equations all
serve as examples showing the compatibility method leads quickly and easily to the determining equations for their all

nonclassical symmetries for two equations.
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1 Introduction

The nonclassical method of reduction was devised orig-
inally by Bluman and Cole, in 1969, to find new exact
solutions of the heat equation.[!l The nonclassical method
could be used for an arbitrary system of differential equa-
tions, for the purposes of this paper, we restrict ourselves
to one nth-order PDE of (1+1)-dimension as follows:

) =0. (1)
Suppose the form of Eq. (1) is invariant under a group
action on (z,t,u) space given by its infinitesimals

o* =24 X (2, t,u)e + O(e?),
t* =t + T(x,t,u)e + O(e?),

A((E, tauu Ugy Uty Uggy Ugt, Utty - -

u* =u+ Uz, t,u)e + O(?) . (2)
The invariance requirement is
'™ Ala— =0, (3)

where T is the n-th extension of the infinitesimal gen-
erator

0 0 0
P=Tg +Xo-+Us-. (4)

u = F(t,x, u, g, Ugy, - -

Ut = F(t,{E,’UJ, Uty Utgy - - 5 Utz (m)s Uz Uz - -

where Uy () = Opu, Upp(m) = Oy Oyu and F', G are smooth
functions of their arguments.

We note that Arrigo et al.l3! show that the determin-
ing equations for the nonclassical symmetries of Eq. (9)
can be obtained through compatibility with the invariant

. 7ux(n71))uz(n) + G(f, T, Uy Ug, Ugg, - -

3 Ug(n—1))Ua(n) + G(t, T, U, Ug, Uy, - -

Solving Eq. (3) leads to the infinitesimals X, T, and U for
the classical Lie point symmetry. The nonclassical method
seeks the invariance of the original Eq. (1) augmented with
the invariant surface condition

Ao =Xuy +Tu, —U =0. (5)

(2] are determined by

T Agla=0.20—0 =0. (6)

The nonclassical symmetries
T™ AJa—0.ay=0 = 0,
It is easily show that
F(I)A0|A0:0 = —(Tuut + Xty — Uu)A0|A0:0 =0. (7)
So the nonclassical symmetries are determined by the gov-
erning equation
™ Ala—0.a0—0 = 0. (8)
Solving this governing equation leads to a set of the de-
termining equations for the infinitesimals X, T, and U.
When the determining equations are solved, that gives

rise to the nonclassical symmetries of Eq. (1).
Now we consider the two classes of nonlinear partial

| differential equations:

. 7ux(n71)) 3 (9)
. 7um(n—l)) : (10)

< Utz (m), Uz Uz, - -

surface condition

ur=U — Xu, . (11)

In Ref. [4], Niu et al. show that the determining equa-
tions for the nonclassical symmetries of Eq. (10) can be
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obtained through compatibility with Eq. (11).

However, they all assume the infinitesimals T" # 0 to
obtain the determining equations for the nonclassical sym-
metries. Here, we prove that the determining equations
for the nonclassical symmetries of Eq. (9) and Eq. (10) can
also be obtained through compatibility in the case T'= 0.
First, we present the derivation of nonclassical symmetries
for the nonlinear Klein—Gordon equation via compatibility
with the invariant surface condition in the two cases. Sec-
ond, we prove that, in the case T' = 0, the compatibility
with the invariant surface condition can also lead to the
governing equation of the nonclassical symmetries for two
classes of nonlinear PDEs with arbitrary order. Third, we
consider the nonclassical symmetries of the Cahn—Hilliard
equations illustrating this method.

2 Derivation of Nonclassical Symmetries for
a Nonlinear Klein—Gordon Equation by
Compatibility Method
In this section, we obtain that the governing equation

for the nonclassical symmetries of the nonlinear Klein—

Gordon equation by compatibility method. The following

result shows the governing equation obtained by compati-

bility method, in two cases T'# 0 and T = 0, are as same
as the governing equation using the vector fields and their
prolongations.

The nonlinear Klein—-Gordon equation:

Ut = ColUgy — C1SIDU, (12)

where ¢y and c¢; is constant.

In the case T' # 0, without loss of generality, we may
set T = 1, we denote Eq. (9) by A;, and the invariant
surface condition Eq. (5) by Az then

Ay = gy + Colige — (13)
Ay = Xuz +Tuy —U. (14)
The determining equations of the nonlinear Klein—Gordon

equation are obtained by requiring the governing equation
as follows:

cisinu,

T®A1|a—0,85-0 =0, (15)
where the infinitesimal generator I' is given by
0 0 0
I'= X—+U— 16
ot or T ou (16)
with the first and second extensions as
0 0
Y =T 4 Uy=— + Upyj=— 17
tlngy Vg, (17)
0 0 0
r®=r® 4y Ui Upa) 57— - (18
+ [tt] Oy + [Z3 0y 8 s + [zx] CI ( )
The coefficients of the operators in Egs. (17) and (18) are
given by
U[t] = Dt(U — Xux — Tut) + Xutz =+ T’(,Ltt
Ug) = Do (U — Xug — Tug) + Xtgy + Tzt
=Di(U — Xug) + Xugy, (20)

Upt) = Dt (U — Xug — Tup) + Xty + Tuge

= Dtt(U—Xuz) —I—Xuttm, (21)
U[tm] = Dtm(U - 'XU’LE - Tut) + Xut:ELIJ + T’U/t;ﬂt
= Dtm(U - XU;E) + Xutww ) (22)

wa(
= DM(U — Xug) + Xtgzy - (23)
In the case T = 0, without loss of generality, we may
set X = 1, then the vector fields and their prolongations

are:

0 0
I'= %—I—U%

Ug] = D2 (U — Xy — Tug) + Xtigy + Tz = Do
U[tt] :Dtt(U — Xux T’ut) —I—Xuttm +Tuttt = Dtt(U
U[tw] :th(U_Xuz_Tut)+Xutzz+Tutzt th(U

U[;E;E] = Dl‘l‘ (U_ Xuz_ Tut)"‘Xuxxx"' Tuxxt =

where the total differential operators D; and Dm are given
by
9] 9]

0] 9]
D + U — + Upp — +,

TR L o0, (30)
9 9 R

Invariance of the nonhnear KlelnfGordon equation is
given by Eq. (15), which by Eqs. (17) and (18), gives

F(2)A1|A1:07A2:0 = U[tt] — C()U[ww] +cUcosu=0. (32)

In the case T = 1, substituting Egs. (19)-(23) into
Eq. (32) gives the governing equation for the infinitesimals
X, T, and U. In the case T = 0, substituting Eqgs. (25)—
(29) into Eq. (32) gives the governing equation for the in-
finitesimals X, T', and U, solving this governing equation
leads to a set of the determining equations for X, T', and
U. Next we will make use of the compatibility between
the nonlinear Klein—Gordon equation and the invariant
surface condition to derive Eq. (32).

In the case T' = 1, total differentiation D, of the non-
linear Klein—-Gordon equation Eq. (12) gives

Dy (utt) = Di(cotige — 1 8inw) . (33)
Through the compatibility substituting u; = U — X u, into
Eq. (33) gives
Dt(utt) = Dtt(ut) = Dtt(U - Xuz)
= Di(couzy — c18inu)
= CQUtgpy — C1UL COSU
= oDy (U — Xug) —crcosu(U — Xug).  (34)

Adding Xuy, + co X tUgpr —
regrouping give

coX Ugzzr to both sides and

Dyt (u) + Xtgie + coXUzee — c0X Usze
= Dyt(ut) + Xttte = Upy) = c0Daa (U — Xug) + coXUgre
— o X Ugzy + Xty — c1 cosu(U — Xuy)
—c1U cosu + X (ugy

= coU[za) — COUgzz + C1Uz COSU) .
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By virtue of D, (ut) = Dy(cotgs — c1sinu) gives
Uty — CoUgze T C1Ug COSU = 0.

So it gives the governing Eq. (32)
Uty — coUlga) + c1U cosu = 0.

Following Eqs. (33) and (34) and using us, = CoUgzr —
c1ug cosu, Ay = 0, we can obtain the governing equation,
then the determining equations of the nonlinear Klein—
Gordon equation are:

3c0 Xy — 33X, X2 =0, (35)

—coUy +2X: X + U, X% + 2c0X, +2X, XU =0,

—AX2X — Xy X2 + 0 Xyu = 0,

3X2U 42X UX 4+ 6X, Uy X — 33X, X0 X + 2c0 X
42X X 4+ Upu X2 +3X,X; —coUuu =0,  (36)

~ X Uy — 2Uu X +2X, Xy + c0Xpw — Xt
+3X, U, X —4X,U,U +2X, X, U+ U, XX,
— 22U UX —2U2X — X U? — 2X .U
—2¢0Upz — 3U, X =0,
—2X, U U+ c1Ucosu — U, XU, — coUy, + 2U,:U
+UUAUZ U+ U U? —2X,U, + Uy =0 .(37)
Through Eq. (35), we obtain

X, =0. (38)
Substituting Eq. (38) into Eq. (36), we can obtain
Uwu = 0. (39)

Substituting Egs. (38) and (39) into the other determining
equations, we can obtain the determining equations:

X, =0, Uuw=0,
—coUy +2X: X + Uy X%+ 2¢0X, =0,
— 22U X +2X: X + c0Xpw — Xee + U X X
—2U2X — 2¢oUpy — 3U, X, =0,
ciUcosu — Uy XU, — cgUypsy + 2U,:U
+ U, U —2X U, +Uy =0.
In the case T'=10
D, (Utt) = Dy (Ux) = Dtt(U)

= CQUggxr — C1Uyx COSU

= ¢9Dyz(U) — c1U cosu. (40)
So it gives the governing Eq. (32)
Uty) — coUlga) + 21U cosu = 0.
Following Eq. (40) and using uy = coUz, — c1sinu,
u, = U, we can obtain the governing equation, then

the determining equations of the nonlinear Klein—Gordon
equation are:

Upu =0, (41)
U =0, (42)
Uy — c1Uy sinu — cqUyzy — 2¢0UL U

— coUuplU? + c1U cosu = 0. (43)

Substituting Eqs. (41) and (42) into Eq. (43) we can ob-
tain the determining equations:

Ui =0, U =0,

Uy — Uy sinu — cqUyy + U cosu=0.
Then the determining equations for the nonclassical sym-

metries of the nonlinear Klein—Gordon equation are de-
rived through the compatibility.

3 Derivation of Nonclassical Symmetries for
a Class of Nonlinear PDEs by Compatibi-
lity Method in Case T'=10

If we denote Eq. (9) by Ay, Eq. (10) by Ay and the
invariant surface condition Eq. (5) with 7' = 0 by As, then

Al = Ut — Fum(n) - G, (44)
Ag = uy — Fuz(n) - Gu (45)
A3 = Uy — U. (46)

The governing equations for the nonclassical symmetries
of Egs. (9) and (10) are obtained by requiring that

T AL A, —0,85=0 = 0, (47)
I'® Ag|a,—0,a5=0 = 0, (48)
where k = max{m + 1,n}, the infinitesimal generator I" is

given in Eq. (4) and its k-th extension is given recursively
as

0

e —————— 49
2)x(2)] aut(k—i)z(i) ) ( )

k
O =1 4 30
i=0
where u(k—i)e () = Bffi(’“)fﬁu, the coefficients of the opera-
tors in Eq. (49) are given by
Ut (e—iya(a) = Dy~ D (U).

Invariance of Eq. (9) is given by Eq. (47) from which we
obtain

Uiy = FUlgny + TW Fuy () + TWG. (50)

Invariance of Eq. (10) is given by Eq. (48) from which we
obtain
Up) = FU gy + T® Fuy oy + TG (51)

Solving Eq. (50) leads to a set of the determining equa-
tions of Eq. (9). Solving the Eq. (51) leads to a set of the
determining equations of Eq. (10). Next we give and prove
an important relationship between the extended infinites-
imal generator I'*) and the total derivative operators D,
and D;.
Lemma If T'®) is the extended infinitesimal generator,
and D, and D; are total derivative operators, then for any
smooth function

F(t; Ty Uy Uty Uty - - - autm(m); Uz, Uggy - - - auw(n)) ’
I'® F = D,(F), provided u, = U.
Proof From the definition of I'®)| D, and Dy, it is clear

that
I'®YF =F, + UF, + Uy F,,

k k
+ Z U[tm(j)]Futz(]‘) + Z U[m(i)]Fuz(i)
7=0 =0
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k
=F, + Fyug + Fututz + Z Fum(j)u[tw(j-i-l)]
=0
k
+ Z Fum(i)u[m(i-l-l)] = l)z (F) .
1=0

Theorem 1 If the infinitesimal T' = 0, the determining
equations for the nonclassical symmetries of Eq. (9) can
be obtained through compatibility with the invariant sur-
face condition u, = U, where U = U(z,t,u) are smooth
functions.

Proof Total differentiation D, of Eq. (9) gives

Dx(ut) = DI(F)um(n) + Fum(n-i—l) + Dz(G) .
Substituting u, = U into Eq. (52), we can obtain
Dy(U) = D (F)tg(m) + FD(U) + Da(G) .
From the definition of U}y and U, (y)), it is clear that
Ui = Do(F)ugn) + FUlny + Dz(G) -
Through the above Lemma this equation becomes
Uy = F(k)(F)uw(n) + FUjpn)) + r®a.
Theorem 2 If the infinitesimal T' = 0, the determining
equations for the nonclassical symmetries of Eq. (10) can
be obtained through compatibility with the invariant sur-
face condition u, = U, where U = U(z,t,u) are smooth
functions.
Proof Suppose that the two equations are compatible,
total differentiation D, of Eq. (10) gives
Substituting u, = U into Eq. (53), we can obtain
from the definition of Uy, Upy(n)), it is clear that
Uty = FUpa(n)) + D (F)ta(n) + Da(G)
Through the above Lemma this equation becomes

U[tt] = FU[x(n)] + l"(k)Fux(n) + ra.

(52)

(53)

4 Examples

Arrigo et al. have considerd the KdV equation and
their generalizations showing that compatibility leads to
the determining equation for their nonclassical symme-
tries. Now we further generalizes to equations of a family
of Cahn-Hilliard equations!® and their generalizations.

The Cahn-Hilliard equation describing diffusion for
decomposition of a one-dimensional binary solution can
be written as

ug + (ktgee — f(W)ug)s =0,
without loss of generality, we denote k = 1.
In the case T = 1, if the Cahn—Hilliard equation and
the invariant surface condition are rewritten as
Uppze = —Ut + f(U)Ugy + f/(u)ui )
ur =U — Xuyg,

then requiring the compatibility condition, gives
Dt(uzzzz) - Dzzzz(ut) =0.

Using

Dy(—(U=Xug)+f (w)tzat ' (u)u3) = Drpza(U—X1z) =0,

expanding and using Eq. (54) to eliminate g z44, then us-

ing Eq. (55) to eliminate u; and differential consequences
gives rise to

Xuwuuttd + (U + 4X i )0t + 10X g e’
+ (3Xuf/(u) = AUz — [ () X, + 6Xzzuu)ui
+ (F (W)U — Ui — 2f (1) X + f'(w)Uy
+4AX, X 42X, f (u) + [ (W)U + 4X pppu)u?
+ 10X o Uzrrt + (24X i — 6U ) Ugrtl?
+ (=4X U 4 2f (u)Upu — f(u) Xaa + 2f" (w) U,
— AUpzau + Xt + Xozza + 44X X)uz (16X 4y
— AU Uzzatiy + (—12U500 + 18X 400
22X f () Uiy 15 X 2 0+ 10 X g U U
+ (f (W)U = 6Uppu + 22X f (1) + 4X s ) U
+ (—4Upy + 6 X o2 )Uze + (—3Uny + 12X p0)uZ,
+ (“Uszwe — Uy — 4X,U + f(u)Usy) .

Then we can obtain the determining equations

Xouuuu = 0; —Unuun + 4 X poun = 0, Xoyuu = 07

+2X, f () + f"(w)U + 4X p300. = 0,
Xuww=0, 4X,uu—Uuuu=0,
CAXU 20 () — F()Xes 4 2f (),

— AUsszu + Xt + Xpgze +4X: X =0,

AX a0 = Upu =0,  —12Usuu + 18X ppu + 2X 0 f (1) = 0,
X, =0, (56)
F W)U = 6Uppy, + 2X o f (1) + 4X 0y = 0,

— Wou+3Xes =0, —Uwu+4X4u =0,

— Usgw = Us — 4X,U + f(u) Uy = 0. (57)

Through Egs. (56) and (57) we can obtain
X, =0, Us=0.

So we can obtain the determining equations of the Cahn—
Hilliard equation, and it reads as follows:

Xu=0, Uy=0, —2U,,+3Xy:=0,

F U = 6Uppy + 22X, f(u) + 4X0r =0,

f(u)Uu +2Xo f'(w) + f'(w)U =0,

— Uszza — Up — 4X,U + f(u)Uszz =0,

2f(u)Uzu — f(u) Xaw + 21 (0)Us

— AU pan + Xt + Xppaa +4X, X =0.
In the case T' = 0, requiring the compatibility condi-

tion
Dy (ut) = Di(uz),
Using

ux:Ua

Ut = (uzzz - f(u)uz>1‘ 5
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it gives rise to
Uszaz + AU UraUu + AUz Uz — f(0)Usz + 3Unu(Us)?
+ 6UUpuu Uy + 120U 40U, + 10UU U Uy
+ 66Uz Uy + AU Upe Uy — 3f (w)UU, + UUvuun
+ 4U3U e + 6U U Ui + 6U U
+ 120U, Uz + AU (Uyy)? + 1202U 10 Uns,
+ TUA(UL) Uy — F(W)U? Uy + 4UU s
+ 6UUUpae + 8U (Uye)? 4+ 4U (Uy) *Uv
—2f(W)UUys — 2f' (w)U?U, + Uy — " (w)U? = 0.
That is same to the governing equation by Gandarias!®

using the vector fields and their prolongations.
This further generalizes to equations of the form

(58)
In the case T =1, Eq. (58) and the invariant surface con-
dition are rewritten as

Ut = Ugper T R(u, Uy, Uz, uzzz) .

Upzze = U — Xug — R(U, Ug, Upz, Ugaa) , (59)
up=U — Xu, . (60)
Then requiring compatibility,
Dy(ugzze) — Dazaa(ue) =0,

leads, by virtue of Egs. (59) and (60), to
Dt(U—X’U@—R(Ua Ugy Uz, ummm)) _Dzwmm(U_Xuﬂc) =0.

Expanding and using Egs. (59) and (60), to eliminate u,
Ugrre ives rise to the determining equations.

In the case T' = 0, the invariant surface condition are
rewritten as

u, =U, (61)

then requiring compatibility,
Dy(ug) — Dy(ur) =0,
leads, by virtue of Eqs. (58) and (61), to
Dy(U) = Da(Usaw + R(u, U, Uy, Uga)) = 0.

Expanding and using Eq. (61) to eliminate u, gives rise
to the determining equations.

5 Conclusion

In this paper, we have considered a method of deriving
the determining equations for the nonclassical symmetries
of two classes of nonlinear partial differential equations.
As a note on Arrigo,l3! Niu et al.,[* we have proved that
the determining equations for the nonclassical symmetries
of Egs. (9 )and (10) can also be obtained through compat-
ibility in the case T'= 0. Can the determing equations for
the potential symmetries of partial differential equations
be derived by imposing a condition of compatibility? This
is a topic of future work.

References

[1] G.W. Bluman and J.D. Cole, J. Math. Mech. 18 (1969)
1025.

[2] P.A. Clarkson, Chaos, Solitons and Fractals 5 (1995)
2261.

[3] D.J. Arrigo and J.R. Beckham, J. Math. Anal. Appl. 289
(2004) 55.

[4] Xiao-Hua Niu and Zu-Liang Pan, J. Math. Anal. Appl.
311 (2005) 479.

[5] A. Eden and V.K. Kalantarov, Appl. Math. Lett. 20
(2007) 455.

[6] M.L. Gandarias and M.S. Bruzén, Phys. Lett. A 263
(1999) 331.



