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Abstract The nonclassical symmetries of a class of nonlinear partial differential equations obtained by the compati-
bility method is investigated. We show the nonclassical symmetries obtained in [J. Math. Anal. Appl. 289 (2004) 55,
J. Math. Anal. Appl. 311 (2005) 479] are not all the nonclassical symmetries. Based on a new assume on the form of
invariant surface condition, all the nonclassical symmetries for a class of nonlinear partial differential equations can be
obtained through the compatibility method. The nonlinear Klein–Gordon equation and the Cahn–Hilliard equations all
serve as examples showing the compatibility method leads quickly and easily to the determining equations for their all
nonclassical symmetries for two equations.
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1 Introduction

The nonclassical method of reduction was devised orig-
inally by Bluman and Cole, in 1969, to find new exact
solutions of the heat equation.[1] The nonclassical method
could be used for an arbitrary system of differential equa-
tions, for the purposes of this paper, we restrict ourselves
to one nth-order PDE of (1+1)-dimension as follows:

∆(x, t, u, ux, ut, uxx, uxt, utt, . . .) = 0 . (1)

Suppose the form of Eq. (1) is invariant under a group
action on (x, t, u) space given by its infinitesimals

x∗ = x + X(x, t, u)ǫ + O(ǫ2) ,

t∗ = t + T (x, t, u)ǫ + O(ǫ2) ,

u∗ = u + U(x, t, u)ǫ + O(ǫ2) . (2)

The invariance requirement is

Γ(n)∆|∆=0 = 0 , (3)

where Γ(n) is the n-th extension of the infinitesimal gen-
erator

Γ = T
∂

∂t
+ X

∂

∂x
+ U

∂

∂u
. (4)

Solving Eq. (3) leads to the infinitesimals X , T , and U for
the classical Lie point symmetry. The nonclassical method
seeks the invariance of the original Eq. (1) augmented with
the invariant surface condition

∆0 = Xux + Tut − U = 0 . (5)

The nonclassical symmetries[2] are determined by

Γ(n)∆|∆=0,∆0=0 = 0 , Γ(1)∆0|∆=0,∆0=0 = 0 . (6)

It is easily show that

Γ(1)∆0|∆0=0 = −(Tuut + Xuux − Uu)∆0|∆0=0 = 0 . (7)

So the nonclassical symmetries are determined by the gov-
erning equation

Γ(n)∆|∆=0,∆0=0 = 0 . (8)

Solving this governing equation leads to a set of the de-
termining equations for the infinitesimals X , T , and U .
When the determining equations are solved, that gives
rise to the nonclassical symmetries of Eq. (1).

Now we consider the two classes of nonlinear partial
differential equations:

ut = F (t, x, u, ux, uxx, . . . , ux(n−1))ux(n) + G(t, x, u, ux, uxx, . . . , ux(n−1)) , (9)

utt = F (t, x, u, ut, utx, . . . , utx(m), ux, uxx, . . . , ux(n−1))ux(n) + G(t, x, u, ut, utx, . . . , utx(m), ux, uxx, . . . , ux(n−1)) . (10)

where ux(n) = ∂n
x u, utx(m) = ∂m

x ∂tu and F , G are smooth
functions of their arguments.

We note that Arrigo et al.
[3] show that the determin-

ing equations for the nonclassical symmetries of Eq. (9)
can be obtained through compatibility with the invariant

surface condition

ut = U − Xux . (11)

In Ref. [4], Niu et al. show that the determining equa-

tions for the nonclassical symmetries of Eq. (10) can be
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obtained through compatibility with Eq. (11).
However, they all assume the infinitesimals T 6= 0 to

obtain the determining equations for the nonclassical sym-
metries. Here, we prove that the determining equations
for the nonclassical symmetries of Eq. (9) and Eq. (10) can
also be obtained through compatibility in the case T = 0.
First, we present the derivation of nonclassical symmetries
for the nonlinear Klein–Gordon equation via compatibility
with the invariant surface condition in the two cases. Sec-
ond, we prove that, in the case T = 0, the compatibility
with the invariant surface condition can also lead to the
governing equation of the nonclassical symmetries for two
classes of nonlinear PDEs with arbitrary order. Third, we
consider the nonclassical symmetries of the Cahn–Hilliard
equations illustrating this method.

2 Derivation of Nonclassical Symmetries for
a Nonlinear Klein Gordon Equation by
Compatibility Method

In this section, we obtain that the governing equation
for the nonclassical symmetries of the nonlinear Klein–
Gordon equation by compatibility method. The following
result shows the governing equation obtained by compati-
bility method, in two cases T 6= 0 and T = 0, are as same
as the governing equation using the vector fields and their
prolongations.

The nonlinear Klein–Gordon equation:

utt = c0uxx − c1 sin u , (12)

where c0 and c1 is constant.
In the case T 6= 0, without loss of generality, we may

set T = 1, we denote Eq. (9) by ∆1, and the invariant
surface condition Eq. (5) by ∆2 then

∆1 = utt + c0uxx − c1 sin u , (13)

∆2 = Xux + Tut − U . (14)

The determining equations of the nonlinear Klein–Gordon
equation are obtained by requiring the governing equation
as follows:

Γ(2)∆1|∆1=0,∆2=0 = 0 , (15)

where the infinitesimal generator Γ is given by

Γ =
∂

∂t
+ X

∂

∂x
+ U

∂

∂u
(16)

with the first and second extensions as

Γ(1) = Γ + U[t]
∂

∂ut

+ U[x]
∂

∂ux

, (17)

Γ(2) = Γ(1) + U[tt]
∂

∂utt

+ U[tx]
∂

∂utx

+ U[xx]
∂

∂uxx

. (18)

The coefficients of the operators in Eqs. (17) and (18) are
given by

U[t] = Dt(U − Xux − Tut) + Xutx + Tutt

= Dt(U − Xux) + Xutx , (19)

U[x] = Dx(U − Xux − Tut) + Xuxx + Tuxt

= Dt(U − Xux) + Xuxx , (20)

U[tt] = Dtt(U − Xux − Tut) + Xuttx + Tuttt

= Dtt(U − Xux) + Xuttx , (21)

U[tx] = Dtx(U − Xux − Tut) + Xutxx + Tutxt

= Dtx(U − Xux) + Xutxx , (22)

U[xx] = Dxx(U − Xux − Tut) + Xuxxx + Tuxxt

= Dxx(U − Xux) + Xuxxx . (23)

In the case T = 0, without loss of generality, we may
set X = 1, then the vector fields and their prolongations
are:

Γ =
∂

∂x
+ U

∂

∂u
, (24)

U[t] = Dt(U − Xux − Tut) + Xutx + Tutt = Dt(U) , (25)

U[x] = Dx(U −Xux − Tut) + Xuxx + Tuxt = Dx(U), (26)

U[tt] =Dtt(U −Xux−Tut)+Xuttx +Tuttt = Dtt(U), (27)

U[tx] =Dtx(U−Xux−Tut)+Xutxx+Tutxt = Dtx(U), (28)

U[xx]=Dxx(U−Xux−Tut)+Xuxxx+Tuxxt= Dxx(U), (29)

where the total differential operators Dt and Dx are given
by

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut

+ utx

∂

∂ux

+ · · · , (30)

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux

+ utx

∂

∂ut

+ · · · . (31)

Invariance of the nonlinear Klein–Gordon equation is
given by Eq. (15), which by Eqs. (17) and (18), gives

Γ(2)∆1|∆1=0,∆2=0 = U[tt] − c0U[xx] + c1U cosu = 0 . (32)

In the case T = 1, substituting Eqs. (19)–(23) into
Eq. (32) gives the governing equation for the infinitesimals
X , T , and U . In the case T = 0, substituting Eqs. (25)–
(29) into Eq. (32) gives the governing equation for the in-
finitesimals X , T , and U , solving this governing equation
leads to a set of the determining equations for X , T , and
U . Next we will make use of the compatibility between
the nonlinear Klein–Gordon equation and the invariant
surface condition to derive Eq. (32).

In the case T = 1, total differentiation Dt of the non-
linear Klein–Gordon equation Eq. (12) gives

Dt(utt) = Dt(c0uxx − c1 sin u) . (33)

Through the compatibility substituting ut = U−Xux into
Eq. (33) gives

Dt(utt) = Dtt(ut) = Dtt(U − Xux)

= Dt(c0uxx − c1 sin u)

= c0utxx − c1ut cosu

= c0Dxx(U − Xux) − c1 cosu(U − Xux) . (34)

Adding Xuttx + c0Xuxxx − c0Xuxxx to both sides and
regrouping give

Dtt(ut) + Xuttx + c0Xuxxx − c0Xuxxx

= Dtt(ut) + Xuttx = U[tt] = c0Dxx(U − Xux) + c0Xuxxx

− c0Xuxxx + Xuttx − c1 cosu(U − Xux)

= c0U[xx] − c1U cosu + X(uttx − c0uxxx + c1ux cosu) .
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By virtue of Dx(utt) = Dx(c0uxx − c1 sinu) gives

uttx − c0uxxx + c1ux cosu = 0 .

So it gives the governing Eq. (32)

U[tt] − c0U[xx] + c1U cosu = 0 .

Following Eqs. (33) and (34) and using uttx = c0uxxx −
c1ux cosu, ∆2 = 0, we can obtain the governing equation,
then the determining equations of the nonlinear Klein–
Gordon equation are:

3c0Xu − 3XuX2 = 0 , (35)

−c0Uu + 2XtX + UuX2 + 2c0Xx + 2XuXU = 0 ,

−4X2
uX − XuuX2 + c0Xuu = 0 ,

3X2
uU + 2XuuUX + 6XuUuX − 3XuXxX + 2c0Xux

+ 2XutX + UuuX2 + 3XuXt − c0Uuu = 0 , (36)

−XuUt − 2UutX + 2XtXx + c0Xxx − Xtt

+ 3XuUxX − 4XuUuU + 2XuXxU + UuXXx

− 2UuuUX − 2U2
uX − XuuU2 − 2XutU

− 2c0Uux − 3UuXt = 0 ,

−2XuUxU + c1U cosu − UuXUx − c0Uxx + 2UutU

+UuUt+U2
uuU+UuuU2−2XtUx +Utt =0 .(37)

Through Eq. (35), we obtain

Xu = 0 . (38)

Substituting Eq. (38) into Eq. (36), we can obtain

Uuu = 0 . (39)

Substituting Eqs. (38) and (39) into the other determining
equations, we can obtain the determining equations:

Xu = 0 , Uuu = 0 ,

− c0Uu + 2XtX + UuX2 + 2c0Xx = 0 ,

− 2UutX + 2XtXx + c0Xxx − Xtt + UuXXx

− 2U2
uX − 2c0Uxu − 3UuXt = 0 ,

c1U cosu − UuXUx − c0Uxx + 2UutU

+ UuUt − 2XtUx + Utt = 0 .

In the case T = 0

Dx(utt) = Dtt(ux) = Dtt(U)

= c0uxxx − c1ux cosu

= c0Dxx(U) − c1U cosu . (40)

So it gives the governing Eq. (32)

U[tt] − c0U[xx] + c1U cosu = 0 .

Following Eq. (40) and using utt = c0uxx − c1 sin u,
ux = U , we can obtain the governing equation, then
the determining equations of the nonlinear Klein–Gordon
equation are:

Uuu = 0 , (41)

Utu = 0 , (42)

Utt − c1Uu sinu − c0Uxx − 2c0UxuU

− c0UuuU2 + c1U cosu = 0 . (43)

Substituting Eqs. (41) and (42) into Eq. (43) we can ob-
tain the determining equations:

Uuu = 0 , Utu = 0 ,

Utt − c1Uu sin u − c0Uxx + c1U cosu = 0 .

Then the determining equations for the nonclassical sym-
metries of the nonlinear Klein–Gordon equation are de-
rived through the compatibility.

3 Derivation of Nonclassical Symmetries for
a Class of Nonlinear PDEs by Compatibi-
lity Method in Case T = 0

If we denote Eq. (9) by ∆1, Eq. (10) by ∆2 and the
invariant surface condition Eq. (5) with T = 0 by ∆3, then

∆1 = ut − Fux(n) − G , (44)

∆2 = utt − Fux(n) − G , (45)

∆3 = ux − U . (46)

The governing equations for the nonclassical symmetries
of Eqs. (9) and (10) are obtained by requiring that

Γ(k)∆1|∆1=0,∆3=0 = 0 , (47)

Γ(k)∆2|∆2=0,∆3=0 = 0 , (48)

where k = max{m+1, n}, the infinitesimal generator Γ is
given in Eq. (4) and its k-th extension is given recursively
as

Γ(k) = Γ(k−1) +
k∑

i=0

U[t(k−i)x(i)]
∂

∂ut(k−i)x(i)
, (49)

where ut(k−i)x(i) = ∂k−i
t ∂i

xu, the coefficients of the opera-
tors in Eq. (49) are given by

U[t(k−i)x(i)] = Dk−i
t Di

x(U) .

Invariance of Eq. (9) is given by Eq. (47) from which we
obtain

U[t] = FU[x(n)] + Γ(k)Fux(n) + Γ(k)G . (50)

Invariance of Eq. (10) is given by Eq. (48) from which we
obtain

U[tt] = FU[x(n)] + Γ(k)Fux(n) + Γ(k)G . (51)

Solving Eq. (50) leads to a set of the determining equa-
tions of Eq. (9). Solving the Eq. (51) leads to a set of the
determining equations of Eq. (10). Next we give and prove
an important relationship between the extended infinites-
imal generator Γ(k) and the total derivative operators Dx

and Dt.
Lemma If Γ(k) is the extended infinitesimal generator,
and Dx and Dt are total derivative operators, then for any
smooth function

F (t, x, u, ut, utx, . . . , utx(m), ux, uxx, . . . , ux(n)) ,

Γ(k)F = Dx(F ), provided ux = U .
Proof From the definition of Γ(k), Dx, and Dt, it is clear
that

Γ(k)F = Fx + UFu + U[t]Fut

+

k∑

j=0

U[tx(j)]Futx(j)
+

k∑

i=0

U[x(i)]Fux(i)
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= Fx + Fuux + Fut
utx +

k∑

j=0

Futx(j)
u[tx(j+1)]

+

k∑

i=0

Fux(i)
u[x(i+1)] = Dx(F ) .

Theorem 1 If the infinitesimal T = 0, the determining
equations for the nonclassical symmetries of Eq. (9) can
be obtained through compatibility with the invariant sur-
face condition ux = U , where U = U(x, t, u) are smooth
functions.
Proof Total differentiation Dx of Eq. (9) gives

Dx(ut) = Dx(F )ux(n) + Fux(n+1) + Dx(G) . (52)

Substituting ux = U into Eq. (52), we can obtain

Dt(U) = Dx(F )ux(n) + FDn
x(U) + Dx(G) .

From the definition of U[t] and U[x(n)], it is clear that

U[t] = Dx(F )ux(n) + FU[x(n)] + Dx(G) .

Through the above Lemma this equation becomes

U[t] = Γ(k)(F )ux(n) + FU[x(n)] + Γ(k)G .

Theorem 2 If the infinitesimal T = 0, the determining
equations for the nonclassical symmetries of Eq. (10) can
be obtained through compatibility with the invariant sur-
face condition ux = U , where U = U(x, t, u) are smooth
functions.
Proof Suppose that the two equations are compatible,
total differentiation Dx of Eq. (10) gives

Dtt(ux) = Fux(n+1) + Dx(F )ux(n) + Dx(G) . (53)

Substituting ux = U into Eq. (53), we can obtain

Dtt(U) = FDn
x(U) + Dx(F )ux(n) + Dx(G) ,

from the definition of U[tt], U[x(n)], it is clear that

U[tt] = FU[x(n)] + Dx(F )ux(n) + Dx(G) .

Through the above Lemma this equation becomes

U[tt] = FU[x(n)] + Γ(k)Fux(n) + Γ(k)G .

4 Examples

Arrigo et al. have considerd the KdV equation and
their generalizations showing that compatibility leads to
the determining equation for their nonclassical symme-
tries. Now we further generalizes to equations of a family
of Cahn–Hilliard equations[5] and their generalizations.

The Cahn–Hilliard equation describing diffusion for
decomposition of a one-dimensional binary solution can
be written as

ut + (kuxxx − f(u)ux)x = 0 ,

without loss of generality, we denote k = 1.
In the case T = 1, if the Cahn–Hilliard equation and

the invariant surface condition are rewritten as

uxxxx = −ut + f(u)uxx + f ′(u)u2
x , (54)

ut = U − Xux , (55)

then requiring the compatibility condition, gives

Dt(uxxxx) − Dxxxx(ut) = 0 .

Using

Dt(−(U−Xux)+f(u)uxx+f ′(u)u2
x)−Dxxxx(U−Xux)=0 ,

expanding and using Eq. (54) to eliminate uxxxx, then us-
ing Eq. (55) to eliminate ut and differential consequences
gives rise to

Xuuuuu5
x + (−Uuuuu + 4Xxuuu)u4

x + 10Xuuuuxxu3
x

+ (3Xuf ′(u) − 4Uxuuu − f(u)Xuu + 6Xxxuu)u3
x

+ (f(u)Uuu − 6Uxxuu − 2f(u)Xxu + f ′(u)Uu

+ 4XuX + 2Xxf ′(u) + f ′′(u)U + 4Xxxxu)u2
x

+ 10Xuuuxxxu2
x + (24Xxuu − 6Uuuu)uxxu2

x

+ (−4XuU + 2f(u)Uxu − f(u)Xxx + 2f ′(u)Ux

− 4Uxxxu + Xt + Xxxxx + 4XxX)ux(16Xxu

− 4Uuu)uxxxux + (−12Uxuu + 18Xxxu

+2Xuf(u))uxxux+15Xuuu2
xxux+10Xuuxxuxxx

+ (f ′(u)U − 6Uxxu + 2Xxf(u) + 4Xxxx)uxx

+ (−4Uxu + 6Xxx)uxxx + (−3Uuu + 12Xxu)u2
xx

+ (−Uxxxx − Ut − 4XxU + f(u)Uxx) .

Then we can obtain the determining equations

Xuuuu = 0 , −Uuuuu + 4Xxuuu = 0 , Xuuu = 0 ,

3Xuf ′(u) − 4Uxuuu − f(u)Xuu + 6Xxxuu = 0 ,

f(u)Uuu − 6Uxxuu − 2f(u)Xxu + f ′(u)Uu + 4XuX

+ 2Xxf ′(u) + f ′′(u)U + 4Xxxxu = 0 ,

Xuu = 0 , 4Xxuu − Uuuu = 0 ,

− 4XuU + 2f(u)Uxu − f(u)Xxx + 2f ′(u)Ux

− 4Uxxxu + Xt + Xxxxx + 4XxX = 0 ,

4Xxu − Uuu = 0 , −12Uxuu + 18Xxxu + 2Xuf(u) = 0 ,

Xu = 0 , (56)

f ′(u)U − 6Uxxu + 2Xxf(u) + 4Xxxx = 0 ,

− 2Uxu + 3Xxx = 0 , −Uuu + 4Xxu = 0 ,

− Uxxxx − Ut − 4XxU + f(u)Uxx = 0 . (57)

Through Eqs. (56) and (57) we can obtain

Xu = 0 , Uuu = 0 .

So we can obtain the determining equations of the Cahn–
Hilliard equation, and it reads as follows:

Xu = 0 , Uuu = 0 , −2Uxu + 3Xxx = 0 ,

f ′(u)U − 6Uxxu + 2Xxf(u) + 4Xxxx = 0 ,

f ′(u)Uu + 2Xxf ′(u) + f ′′(u)U = 0 ,

− Uxxxx − Ut − 4XxU + f(u)Uxx = 0 ,

2f(u)Uxu − f(u)Xxx + 2f ′(u)Ux

− 4Uxxxu + Xt + Xxxxx + 4XxX = 0 .

In the case T = 0, requiring the compatibility condi-
tion

Dx(ut) = Dt(ux) , Dx(uxxx − f(u)ux)x) − Dt(ux) = 0 .

Using
ux = U , ut = (uxxx − f(u)ux)x ,
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it gives rise to

Uxxxx + 4UUxxUuu + 4UxuUxx − f(u)Uxx + 3Uuu(Ux)2

+ 6U2UuuuUx + 12UUuuxUx + 10UUuUuuUx

+ 6UuxxUx + 4UuUuxUx − 3f ′(u)UUx + U4Uuuuu

+ 4U3Uuuux + 6U3UuUuuu + 6U2Uuuxx

+ 12U2UuUuux + 4U3(Uuu)2 + 12U2UuxUuu

+ 7U2(Uu)2Uuu − f(u)U2Uuu + 4UUuxxx

+ 6UUuUuxx + 8U(Uux)2 + 4U(Uu)2Uux

− 2f(u)UUux − 2f ′(u)U2Uu + Ut − f ′′(u)U3 = 0 .

That is same to the governing equation by Gandarias[6]

using the vector fields and their prolongations.
This further generalizes to equations of the form

ut = uxxxx + R(u, ux, uxx, uxxx) . (58)

In the case T = 1, Eq. (58) and the invariant surface con-
dition are rewritten as

uxxxx = U − Xux − R(u, ux, uxx, uxxx) , (59)

ut = U − Xux . (60)

Then requiring compatibility,

Dt(uxxxx) − Dxxxx(ut) = 0 ,

leads, by virtue of Eqs. (59) and (60), to

Dt(U−Xux−R(u, ux, uxx, uxxx))−Dxxxx(U−Xux) = 0 .

Expanding and using Eqs. (59) and (60), to eliminate ut,
uxxxx gives rise to the determining equations.

In the case T = 0, the invariant surface condition are
rewritten as

ux = U , (61)

then requiring compatibility,

Dt(ux) − Dx(ut) = 0 ,

leads, by virtue of Eqs. (58) and (61), to

Dt(U) − Dx(Uxxx + R(u, U, Ux, Uxx)) = 0 .

Expanding and using Eq. (61) to eliminate ux gives rise
to the determining equations.

5 Conclusion

In this paper, we have considered a method of deriving
the determining equations for the nonclassical symmetries
of two classes of nonlinear partial differential equations.
As a note on Arrigo,[3] Niu et al.,[4] we have proved that
the determining equations for the nonclassical symmetries
of Eqs. (9 )and (10) can also be obtained through compat-
ibility in the case T = 0. Can the determing equations for
the potential symmetries of partial differential equations
be derived by imposing a condition of compatibility? This
is a topic of future work.
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