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Abstract Based on the Pfaffian derivative formulae, a Grammian determinant solution for a (3+1)-dimensional
soliton equation is obtained. Moreover, the Pfaffianization procedure is applied for the equation to generate a new
coupled system. At last, a Gram-type Pfaffian solution to the new coupled system is given.
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1 Introduction

The Wronskian technique has been proven to be an
efficient and direct approach to construct soliton solu-
tions of nonlinear evolution equations possessing Hirota
bilinear forms. A known fact is that the soliton solu-
tions of the famous Kadomtsev—Petviashvili (KP
tion can be represented in terms of a Wronskian deter-
minant. Besides the Wronskian determinant, Grammian
determinant provides another expression of soliton solu-
tions for the KP equation.[!] Recently, a procedure called
Pfaffianization was developed by Hirota and Ohta to pro-
duce new coupled systems of equations from known soli-
ton equations.[2~3 These Pfaffianized equations appear as
coupled systems of the original equations and have solu-
tions expressed in terms of Pfaffians. In the past decades,
remarkable progress has been made in this area. Many
continuous and discrete soliton equations were investi-
gated, such as the nonisospectral KP equation,* the dis-
crete KP equation,®! the two-dimensional Toda lattice,!®
the semi-discrete Toda equation,”l and others.

In this paper, our aim is to investigate the (3+1)-
dimensional soliton equation

2ww, )y + 2(we0; twy), =0, (1)

) equa-

3wLEZ - (2wt + Weazx —

which was derived in Ref. [8]. So far as we know, a lot of
research on Eq. (1) has been conducted. In Ref. [8], Eq. (1)
was decomposed into systems of solvable ordinary differ-
ential equations with the help of the (1+1)-dimensional
AKNS equations and algebraic-geometrical solutions for it
were explicitly given in terms of the Riemann theta func-
In Ref. [9], an N-soliton solution for Eq. (1) and
its Wronskian form were derived using the Hirota method
and Wronskian technique. Recently, Wul'" has given a
bilinear Béacklund transformation and some soliton solu-
tions for Eq. (1).
solution and the Pfaffianization of the (3+1)-dimensional

tions.

However, the Grammian determinant
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(34+1)-dimensional soliton equation, Grammian determinant solution, Pfaffianization, Gram-type

soliton equation have not been revealed in previous arti-
cles.

The present paper is organized as follows. In Sec. 2, we
derive a Grammian determinant solution for Eq. (1). In
Sec. 3, we apply the Pfaffianization procedure to Eq. (1)
to generate a new coupled system and give a Gram-type
Pfaffian solution for the coupled system. Section 4 is our
conclusions.

2 Grammian Determinant Solution

Through the dependent variable transformation

w=-=3(nf),,, (2)

the (3+1)-dimensional soliton equation (1) can be written

in the bilinear form!®
(3D,D, —2D,D; — D,D3)f - f =0. (3)

Besides the Wronskian determinant solution in Ref. [9],
we might expect Eq. (1) possesses an N-soliton solution
in terms of a Grammian determinant

.fN - det az; 1<i,j<2N;

=cij + / figjdz, ¢;; = const., (4)
with the elements f; = fi(x,y, 2,t) and g; = gj(z,y,2,t)
satisfying

.fi,y = fi,mcv 95,y = —Y9j,xx>

fi,t = fi,m;ﬂmu gjt = Gj,xzx,

fi,z = fi,mmmma 94,z —9j,xxzx

(i,j=1,2,... ,2N). (5)

In order to prove the Grammian determinant fy sat-
isfies the bilinear equation (3), we rewrite fx as a Pfaffian

fN:(172 7N7N*772*71*)7 (6)
(4,77) = cij +/ figjdx,  (i,5) = (i",57) = 0. (7)
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Next, let us introduce Pfaffian entries (m,n =0,1,2,...) 8_yaij = —(dy,d5,i,57) + (do, d3, i, §7) | (10)
671

d’rhj* :—9‘7 dm;d:; :0; w . ek w . ek %+ ek

( ) aan‘rn ! ( ) gaij:(d27d077’7] )_(dladlalaj )+(d07d277’7] )7 (11)

d:ui :—fiv d:ﬂul* = dnvi =0. 8 0 P * ek * ok

( ) oz ( ) ( ) ( ) &aij:(d07d377’7] )_(d37d077’7] )+(d27d1717] )
Int f these, derivati f the el ts a;; of .
1{1 erms of these, derivatives of the elements a;; of fx are —(dy, 50, 5. (12)
given by

Therefore, from the above results (9)—(12), we have the

%sz = (do, dp,1,5%), 9) | following differential formulae for fy

fna = (do,dj,®), fny=—(d1,dj,®)+ (do,dy,e), [ni=(d2,dy,®)—(di,d, )+ (do,d3,e),

Inz = (do,d5, 8) — (ds, dy, @) + (d2,dj, 8) = (d1,d3,0),  fNax=(d1,d5,®) + (do,d],e),

fNwy = (do,d3, 8) = (d2,d5, @), [N zes = (d2,dg, @) +2(d1, di, 8) + (do, d3, @),

INway = (do, d3, @) — (d3,dg, ®) + (d1,d3, @) — (d2,d], e),

N2z = (do,d}, @) — (dy,djy, ®) + (da, d}, do, dfy, @) — (d1,d5, do, d5, @),

Nyt = (do,d}, ) — (da,djy, ®) + (ds,d], @) — (d,d3, ) + (do, djy, do, d7, ®) — (do,d5,d1,dj, @),

IN waay = (do, d, @) — (da, djy, @) — 2(d3, d}, @) + 2(d1, dj, @) — (do, d5, dy, djy, @) + (do, dfy, do, df, @), (13)
where we have used the abbreviated notation fy = (1,2,... ,N,N* ... 2% 1*) = (e).

Substituting the above derivatives of fx into the LHS of Eq. (3), we arrive at
(3D:D; — 2Dy Dy — DyD3) fx - fx = [(do, d5, d2, di, ) () — (do, dg, #)(dz, di, ) — (do, d7, ®)(d5, d2, ®)]

— [(do, dg, d1, d3, ®)(8) — (do, dj, ®)(d1, d3, ®) — (do, d3, ®)(dgy, d1,®)] =0,
utilizing the known Jacobi identities. Thus we have proved the function fy given by (4) is a Grammian determinant
solution for the bilinear equation (3).

3 Pfaffianization
In what follows, we shall apply the Pfaffianization procedure to the bilinear equation (3) to generate a new coupled
system. In a way similar to Ref. [1], we take a Wronski-type Pfaffian f = (1,2,... ,2N) with its elements satisfy
Oo(t,5) = (i+1,5) + (1,5 + 1), 9y(i,5) = (i +2,) + (i, + 2),
(i, ) =0+3,5)+(,5+3), 0.(4,5)=((+4,5)+ (i,5+4), (G,5j=1,2,...,2N).
Taking the above assumption into account, we tediously calculate the differentials of f, that is
fo=(01,2,...,2N —1,2N + 1),
fy=01,2,...,2N -1,2N +2) — (1,2,...,2N — 2,2N,2N + 1),
fi=(1,2,...,2N —-3,2N —1,2N,2N +1) — (1,2,... ,2N —2,2N,2N + 2) + (1,2,... ,2N — 1,2N 4+ 3),
fo=—-(1,2,... ,2N —4,2N —2,2N — 1,2N, 2N + 1)+ (1,2,... ,2N — 3,2N — 1,2N,2N + 2)
—(1,2,...,2N —2,2N,2N + 3) + (1,2,... ,2N — 1,2N + 4),
=(1,2,...,2N—-1,2N +2)+(1,2,... ,2N —2,2N,2N + 1),
foy=(1,2,...,2N —=1,2N +3) - (1,2,... ,2N — 3,2N — 1,2N,2N + 1),
1,2,...,2N —5,2N —3,2N — 2,2N — 1,2N,2N + 1)+ (1,2,... ,2N —3,2N —1,,2N + 1,2N + 2)
- (1,2,...,2N —-2,2N +1,2N +3) 4+ (1,2,... ,2N — 1,2N 4+ 5),
fowe = (1,2,...,2N —1,2N +3) +2(1,2,...,2N —2,2N,2N +2) + (1,2,...,2N —3,2N — 1,2N,2N + 1), (14)

fyr=1(1,2,...,2N —4,2N —2,2N — 1,2N,2N +2) — (1,2,... ,2N — 3,2N — 1,2N + 1,2N +2)
+(1,2,...,2N —1,2N +5) + (1,2,... ,2N —2,2N + 1,2N + 3)
—(1,2,...,2N —2,2N,2N +4) — (1,2,... ,2N —5,2N —3,... ,2N + 1),

Joay = (1,2,...,2N —2,2N,2N + 3) + (1,2,...,2N — 1,2N + 4)
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—(1,2,...,2N —4,2N —2,2N —1,2N,2N +1) — (1,2,...,2N — 3,2N — 1,2N,2N + 2),
fozzy = (1,2,...,2N —=52N —3,...,2N + 1) + (1,2,...,2N — 2,2N + 1,2N + 3)
+(1,2,...,2N —1,2N +5) — (1,2,...,2N —3,2N — 1,2N +1,2N + 2)
-2(1,2,...,2N —4,2N —2,2N —1,2N,2N +2). (15)

Then substituting the above derivatives (14) and (15) into the LHS of the bilinear equation (3), we obtain by some
calculation that

(3D,D. —2D,D; — D,D3)f - f =12[(1,2,...,2N — 3,2N — 1,2N + 1,2N + 2)(1,2,...,2N)
—(1,2,...,2N —3,2N — 1,2N,2N +2)(1,2,... ,2N — 1,2N + 1)
+(1,2,...,2N —3,2N — 1,2N,2N + 1)(1,2,... ,2N — 1,2N + 2)]
—12[(1,2,...,2N —2,2N + 1,2N + 3)(1,2,... ,2N)
—(1,2,...,2N —2,2N,2N 4+ 3)(1,2,... ,2N — 1,2N + 1)

(1,2
(1,2

+(1,2,...,2N —1,2N +3)(1,2,... ,2N — 2,2N, 2N +1)]. (16)
Following the Hirota—Ohta Pfaffianization procedure, we | In what follows, we shall give a solution for the coupled
now introduce four new variables g, h, §, h defined by system (18)—(19) expressed as Gram-type Pfaffians
g=(1,2,...,2N - 2), f=(1,2,...,2N), g=(c1,c0,1,2,...,2N),
h=(1,2,...,2N +1,2N +3), h = (dy,d2,1,2,... ,2N), §=(c2,c0,1,2,...,2N),
§=1(1,2,...,2N —3,2N — 1), h=(do,dy,1,2,... ,2N), (22)
h=(1,2,...,2N +2). (17)  where the different types of Pfaffian entries are defined by
T.h.en employl.ng the Pfaffian identities, we obtain three (i,5) = cij + / (fig; — figi)dz,  cij = —cji,
bilinear equations from Egs. (16) and (17)
. ) o ) am
(3D, D, —2D,D; — D,D3)f - f —12(gh — gh) =0, (18) (dn,1) = pyeil (cn,1) = a9
(D2 +3D,D,+2Dy)g-f =0, (dm,dn) = (€m,cn) = (em,dn) =0, (23)
3 Poor_
(D; = 3Dy Dy +2D¢)h - f = 0. (19)  and fiyg; (1,5 =1,2,...,2N) satisfy the differential equa-
The procedures for deducing the two expressions of (19)  tions
are similar to that of (18), which are omitted here. We fiy = fizer Gjy = —Gjoms

call Egs. (18)—(19) the coupled bilinear (3+1)-dimensional . o
nonlinear soliton equation. fit = fiaaz,  9it = Gjwow:
It is quite interesting that when setting fiz = fizave,  Gjz = —Gjavra- (24)
3 g h Next we have to prove Eq. (22) defined by Eqgs. (23)—(24)
ES ?7 v= ?, 0= ? , (20)  isindeed a Gram-type Pfaffian solution of the new coupled
system (18)—(19). Noting the formulae

0

w==3(n f) u=

xx’

|

the coupled bilinear system (18) and (19) is changed into

a coupled (3+1)-dimensional nonlinear evolution equation a—(z, 7) = (co,do,1,7), (25)
x
BWer — (2wt + Wape — 2WW,e)y + 2(we05 twy ), 0, . . .
(2 ot 20 ) 2 0,9) = (cor i) — (ex, o), (26)
+18(utt — vD) e = 0, Yy
0
2Ut_2wvw+vmww+3vmy_2vaw_lwy =0, E(Za]) = (Coad27i7j)_(cladlvivj)+(625d07i7j)7 (27)
201y — 2Wily + Uggy — gy + 200, 'wy = 0. (21) o o o o
6_(1,']) = (COad3aZa]) - (C3ad0ala.]) + (CQadlaZaj)
It is easy to see that the coupled system (21) can be re- z o
duced to the (3+1)-dimensional soliton equation (1) when — (1, d2,%,5), (28)
u=u=v=0=0. we obtain expression for the derivatives of f

|
fm:(007d07.)7 fy:_(cl7d07.)+(007d17.)7 ft:(C2ud07.)_(017d17.)+(007d27.)7
fz = (007d37 .) - (C3ud07.) + (C2ad17 .) - (Clud27.)7 fLIJLE = (Clud07.) + (007d17 .)7
fIiI = (027d07.) + 2(Clad17.) + (607d25 .)7 focy = (007d25 .) - (625d07.)5
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fuz = (co,dy,®) — (cq,dp, ®) + (c2,d1,co,do, ®) — (c1,da, co,do, @),

Jeay = (co,d3, ) — (c3,do, ®) + (c1,d2, ) — (ca,d1, @),

fyt = (co,da,®) — (ca,do, ®) + (c3,d1,®) — (c1,d3,®) + (c2,do, co,d1®) — (co, d2, c1,do, ),

Jezzy = (Co,da, ®) — (ca,do, ®) — 2(c3,d1, ) +2(c1,d3, ) — (o, dz, c1,do, ®) + (c2,do, co, d1, @), (29)
where we have denoted f = (1,2,...,2N) = (e). Substituting the above derivatives (29) into the LHS of (18) by
employing Eq. (22), we obtain by some calculation that

(3DoD= — 2D, Dy — DyD})f - f = 12(5h — gh)
= [(co, do, c2,d1,®)(®) — (co,dp, ®)(ca,d1,®) + (co,c2,9)(do,d1,e) — (co,dy, ®)(do, c2,0)]
— [(co,do, c1,da, ®)(®) — (co,do, ®)(c1,da, ®) + (co, c1,®)(do, d2, ®) — (co,d2,®)(do, c1,e)]. (30)
Equation (30) is equal to zero for it is nothing but the difference between two Pfaffian identities. Similarly, the two

bilinear equations of (19) can also be reduced to Pfaffian identities. This means that f, g, h, g, h defined by (22) is a
Gram-type Pfaffian solution of the coupled system (18) and (19).

4 Conclusions

In summary, we have presented a Grammian determinant solution for the (3+1)-dimensional soliton equation (1).
In addition, we have applied the Pfaffianization procedure to derive a new coupled system. Further, a Gram-type
Pfaffian solution to the new coupled system is given by employing the Pfaffian identities.
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