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1 Introduction

In studying quantum mechanics and quantum field
theory people always face to tackle miscellaneous opera-
tors which have different commutative relations with other
operators. The operator ordering problem bothers peo-
ple from time to time.[!] There are some definite operator
orderings, such as normal ordering, antinormal ordering,
and Weyl ordering, among them the Weyl ordering of op-
erators is the direct result of Weyl quantization recipe!?
and is very useful to path integral theory and quantum
statistics.>=%l In Refs. [6-8] in order to establish a for-
malism of arranging bosonic operators into Weyl ordered
forms, we have introduced the Weyl ordering symbol, de-
noted as , and proposed the technique of integral within
Weyl ordered product (IWWOP) of operators, the single-
mode Wigner operator

A(p,CJ):/OO g—:eip“q+g><q—g’, (1)

— 00

which is well-known in coordinate representation, and has
a concise Weyl ordered form in terms of the coordinate
operator  and the momentum operator P, i.e.,
Alp,q) = 6(p—P)é(¢— Q).
= .0(g-Q)o(p—P)_, (2)
this is a concise and easily remembered formula. In
Ref. [8], we have derived the Weyl ordering operator for-
mula for arranging any operator p (in one-mode case) into
Weyl ordering,
: dzﬁ T * T :
p=2 T<—5|p|ﬁ)exp 2(a’a+aB* —Ba’)], (3)
where [3) = exp[—(1/2)|3> + Ba']|0) is coher-
ent state.’~1% In the derivation of Eq. (3) the P-

representation of p in coherent state basis has been used,
which means that the P-representation should exist for

operator p. To avoid this inconvenience, in this paper
we intend to derive the Weyl ordering formula by virtue
of the technique of integration within an ordered prod-
uct (IWOP) of operators and Weyl correspondence. As
one can see later, our derivation is neater and more con-
cise. The work is arranged as follows. In Sec. 2 we derive
the operator formula which can bring a given operator
function to its Weyl ordering form. As an important ap-
plication of the formula, in Sec. 3 we derive the Fresnel
operators’ Weyl ordering which together with the Weyl
transformation can immediately lead to Fresnel transfor-
mation kernel in classical optics. Some decompositions of
Fresnel operator’s Weyl-ordering are shown in Sec. 4.

2 Weyl Ordering Operator Formula Derived
by IWOP Technique

In coherent state representation Wigner operator takes

the form™1]

* d*z az*—a*z
A(p,q)—»A(a,a ): ?|OZ+Z><OZ—Z|6 s

o = (q+ip)/V2. (4)

Using the IWOP technique'2~13] and noting the vacuum
state projector |0)(0| =:exp(—a'a): we can obtain

1 *
Aa, a*) = — e 2@ —a)(a=a), (5)
™

It is easy to see that Wigner operator A(«, *) is com-
pleteness, i.e.,

2/d2ozA(o¢,oz*) =1. (6)

Thus an arbitrary operator in single-mode case can be
expanded according to the Wigner operator, i.e.,

H(a,a') = Z/dQQA(a,oz*)h(a,a*), (7)

*Supported by the National Natural Science Foundation of China under Grant No. 10475056, and the Research Foundation of the

Education Department of Jiangxi Province
fCorresponding author, E-mail: hlyun2008@126.com



No. 5 Weyl Ordering Operator Formula Derived by IWOP Technique and Its Application for Fresnel Operator 841

where h(a,a*) is the classical Weyl correspondence to We next examine the matrix element in coherent state,
H(a,a'). The Wigner operator is also an integration ker-
nel of Weyl correspondence,~1 which is a recipe of (—p|H(a,a")|8) = 2/ a{—PB|A(a, a™)|BYh(a, a™) . (8)
quantizing classical functions h(a, a*) to the correspond-
ing quantum operators H (a,a’). | Using the normal product of A(«, o*) in Eq. (5), we have

(—B|A(a,a®)|B) = <5I —2a"—ah)(ama); gy — lexp[—2|oa|2+2ﬂof‘—2c>zﬂ*]. (9)

Substituting Eq. (9) into Eq. (8), we can write Eq. (8) as
2

(—ﬁ|H(a,aT)|ﬁ> = 2/dTah(a,04*)672‘042 exp [2604* - 2046*] ) (10)

Noting that the item 28a* — 2a3* is a pure imaginary. Thus Eq. (10) indicates that (1/27)(—3|H (a,a’)|B) is the
Fourier transformation for h(a, a*)e21° | then its inverse Fourier transformation yields

2
h(a,a*) = /d B B1H(a, a"|8) exp[2(Jaf? + aB* — Ba™)] . (11)

According to the rule that classical correspondence h(co, a*) of a Weyl ordered operator zh(a,aT)z can be directly
obtained by simply replacing a — o*, a — o, and the reverse is true. But we should note that h(a,a’) must be
within the Weyl ordering | . Thus we have

haat): =2, [ T2 gl ahiB) expletata + ap - ga)] (12)

which is a way to obtain the Weyl ordering of the normal ordering product of operators because the off-diagonalized
matrix elements in coherent state, (—B|H (a,a’)|3), can be directly given if we know the normal ordering of H(a,a’).
For example, when H(a,a’) = a™a™, its corresponding Weyl ordering is

arar =20 [ C2 glatnat ) explaata + - gt
2
=2(-1)"; /%5*%’1 exp[—2|B? — 2a' B + 2aB* + 2d'a] | = (—1/\/§)n+msz7n(\/§aT,\/§a); . (13)

where Hy, (€, €) is two variables Hermite polynomial and we have used the formula
d2
(—1)" exp(BC) / D2 gom gn expl—|2[2 + Bz — C2*] = Hyn(B, C). (14)
77

For another example, H(a,a’) = a™a™, whose normal product is a"a'™ = (—i)™*": H,, ,(ia’,ia):,1% by using
Egs. (12) and (14), the corresponding Weyl ordering can be obtained

. d? :
wrat =2 [ T2 gy il ) expl2fala + o — )]
min(m,n)

Am—4n : (_1)k ! '(_)mik() d?ﬁ *Mm— n— * :
= 20" ) ST / —= "B F exp[~2/J* — 2075 + 206" + 2a%a]

_ mug ,n) mln'(l/ﬁ)?ﬂrm Hmikynfk(\/ia-r’ \/50,) . (15)

3 Application — Fresnel Operators’ Weyl Ordering

As another important application of Eq. (12), we now derive the Fresnel operators’ Weyl ordering in one-mode case.
In Ref. [17], the Fresnel operator is constructed by as follows:

U(r,s) = \/E/ %Lsz —rz*){z], (16)

where |z) = exp[—|z|2/2 + 2za']|0) is coherent state, and af is the Bose creation operator, [a,a] = 1, s and r are
complex satisfying the unimodularity condition ss* — rr* = 1. Using the IWOP technique and the normal ordering of
the vacuum projector |0)(0] =: exp(—a'a):, to perform the integration Eq. (16), we obtain

1 1 *
U(r,s) = \/?:exp [— 2; at? + (s_* - 1)aTa+ %aﬂ: . (17)
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Substituting Eq. (17) into Eq. (12), we can derive the Fresnel operators’ Weyl ordering

2 . [d? 1 r* :
2 ) 2 _ T, T2 * 2 )
_ :exp{ [(s s*)a'a —ra —I—TCL]}:7 (18)
V24 s+ s+ 24 s+ s* :
where we have used the formula
a2z ) ) ) 1 —En+ &9+ nf
—exp[C|z|®F + €z + 02" + f2° 4+ g2 = ex , 19
/7T plClz" + &z + 02" + f27 + g2™] YT p[ Z_1fg ] (19)
whose convergent condition is either
(2 —4fg
Re(C+ f+g) <0, R <0,
e(C+f+9) (crres)
or )
¢C—4fg
Re(¢ - f—g) <0, Re <0. 20
( ) (c=7=7) (20)
When making the identification
1 1
=5A+D—i(B-C), r=-5A-D+iB+0), (21)

where A, B, C, D are real numbers obeying AD — BC = 1, we can put Eq. (18) into its canonical operator (Q, P)
representation

B 2 : 2i(CQ* — BP? + (D — A)PQ)\ . _
Ulr,s) = 2+A+D:exp{ Sy } = F(A,B,C), (22)
where ; ;
_a +a _a—a
Q==/5 P="p (23)

According to the rule that classical correspondence of a Weyl ordered operator zh(P, Q) can be directly obtained by
simply replacing Q@ — ¢, P — p, we can get F(A, B,C)’s classical correspondence

2 2i(C¢* —Bp* +(D— A
f(p’q):mex { (Cq 2+pA+(D )qp)}. (24)
In Ref. [18] we have further proved that two Fresnel operators’ product is still a Fresnel operator
F(A,B,C)F(A",B',C"Y=FA",B",C"), (25)
with the mapping of the matrix multiplication
A// B// A B A/ B/
(o o)-(0 )& o) (20
From Eqgs. (12) and (25) it follows that
2 : 2i(CQ* — BP%2+ (D — A)PQ)\ . 2 : 2i(C'Q? — B'P? + (D' — A")PQ)
m=ex{ 2+ A+ D }:m:eXp{ 2+ A+ D }
- 112 1 D2 " 1
- e e e ) 1)

Equation (27) shows that two Weyl-ordered Fresnel operators product can be put into another Weyl-ordered Fresnel
operator, which is characterized by the matrix [A”, B”,C"”, D"] related to [A, B,C, D] and [A’, B',C’', D] by Eq. (26).
As an application of Fresnel operator’s Weyl ordering, we consider the matrix element, i.e.,

2 : 2i(CQ? — BP? + (D — A)PQ) .
'\F(A,B,C)|q) = ———(¢/|’ lg) - 28
(d|F(A, B O)la) = == {d/| exp] iy b ila) (28)
Noting the Weyl transformation rule defined by!'4
dp - 9+
’ _ ip(q'—q)
WIHEQl) = [ §Eerd-on(p 1LY, (29)

where h(p,q) is the Weyl classical correpondence of H (P, Q), we can put Eq. (28) into integral form and obtain

{ —2iBp® +i(D — A)(q+ ¢ )p + 2iC((q + ¢')/2)? }
xp 2+A+D

dp _
F(A,B,C eirld'—a)
(1r( Jla) = \/2+A+D/
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= \/;ﬁ ex {2B(Aq +Dq’2—2qq)} (30)

which is just the integral kernel of the generalized Fresnel transformation kernel in classical optics.['*]

4 Decompositions of Fresnel Operator’s Weyl-Ordering

On the other hand, Ref. [20] has proved that F(A, B,C) in its canonical operator (@, P) representation can be
expressed as

F(A,B,C) = exp(%@z) exp(—%(QP + PQ) lnA) exp(—%Pz), A#0. (31)

When decomposing the matrix as(?!]

(é i)‘(c}A (1)) (? A01><(1) B{A>’ (32)

we have
F(A,B,C) = F(1,0,C/A)F(A,0,0)F(1, B/A,0), (33)
where
B iC o iC oY : B B o) _ iB 5\ -
F(1,0,C/A) = exp{2AQ } = exp{2AQ }:, F(1,B/A,0) = exp(—2AP ) _ exp(—2AP ) s
F(A,0,0) = exp [—%(QP +PQ)ln A] . (34)
Noting the corresponding relation
A 0 A B (35)
0 A! C D)’
then substituting Eq. (35) into Eq. (12), we have
i 2VA . A-1 :
exp[—E(QP—i— PQ)lnA] = ek exp{—2zA—+1QP}: , (36)
which leads to an identity
exp[—iAN(QP + PQ)] = sech A’ exp{—2iQPtanh A} . (37)

From Eqgs. (12) and (33) it follows that (according to the group multiplication rule)
16 . 2VA iB
exp{ ! Q) L : exp{ QP} exp{—ﬂPQ}

2A A+ A +1
2 g {22'(0622 BP?+ (D — A)PQ) } (38)
= X 5
VZiA+D P 2+ A+D -
In addition, when A = 0, the decomposition Eq. (31) is not available, instead, from
B
39
(¢ ) (Lo 4) 39)
we have -
i 1B
“1(A,B,C) = exp(——QQ) exp(—— QP + PQ) lnD) exp(2DP2) , (40)
it then follows i
F(A,B,C) = exp(——PQ) exp(% QP + PQ) lnD) exp(2DQ2), D+40. (41)
Using the formula in Eq. (37) we have
2|D . D—1 :
exp( (QP+PQ)1nD) \/_||14|—D|' p{2zD+1QP};. (42)
Thus we can also derive another formula
2VD . iB _, iC o\ :
|1+D|:eXp(_EP ) eXp{ } eXp(2DQ)
2 : 2i(CQ?* — BP2 +(D-A)PQ) .
= , D#£0. 43
vors e T 5+ A+ D b D (43)
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Besides, when we notice
A BY (1 0\(B 0 0 1\/ 1 0 "
(O D>_(D/B 1)(0 1/3) (—1 o) (A/B 1)’ (44)
and A B\ (1 AJC\[-1/C 0\[0 1\/1 D/C "
<C D)_<O 1)(0 —c)(—1 0)(0 1)’ (45)
we have other Weyl-ordering decompositions for F'(A, B,C),
) ) s 1A
F(A,B,C) = exp(%@z) exp(—E(QP + PQ) lnB) exp {—iZ(QQ + Pz)} exp(2B Qz), B#0, (46)
and
1A ; 1 1D
F(A,B,C) = exp(—%PQ) exp [—%(QP + PQ) ln(—a)] exp{ (Q2 + PQ)} exp(—%Pz) C#0. (47)
According to Eq. (12), we have
exp[~i% (@7 + P)| = V2 expl i@ + P)], exp|-5(QP + PQ)InB| = | f;ﬁ {20 —QP} !,
) 1 2 1 C
oo [-5@p +PQIn(-2)] = B e {-ai1 T C0r) (18)
then
2v2B D 1A
FaB.0) = V2 o (1202): exp{ -2 QP expl-i@? + P en(1502), B0, (40
and
2v/—-2C 1A .. 1D
F(A,B,C) = mex ( QC'PQ) xp{—22 }: Cexp[—i(Q* + P?)] exp(—%lw) C#0. (50)

In summary, we have derived the Weyl ordering operator formula by the new method, and have derive the Fresnel
operators’ Weyl ordering, which together with the Weyl transformation can immediately lead to Fresnel transformation
kernel in classical optics.
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