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Abstract In this paper, the synthesis and implementation of three-qubit SWAP gate is discussed. The three-qubit
SWAP gate can be decomposed into product of 2 two-qubit SWAP gates, and it can be realized by 6 CNOT gates.
Research illustrated that although the result is very simple, the current methods of matrix decomposition for multi-qubit
gate can not get that. Then the implementation of three-qubit SWAP gate in the three spin system with Ising interaction
is investigated and the sequence of control pulse and drift process to implement the gate is given. It needs 23 control
pulses and 12 drift processes. Since the interaction can not be switched on and off at will, the realization of three-qubit
SWAP gate in specific quantum system also can not simply come down to 2 two-qubit SWAP gates.
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1 Introduction

In quantum computing, the algorithms are commonly
described by the quantum circuit model.l') The building
blocks of quantum circuits are quantum gates, i.e., uni-
tary transformations acting on a set of qubits. Optimal
implementation of quantum gates is crucial for designing
a quantum computer.

Two-qubit SWAP gate is utilized to exchange the state
of the first qubit to the second qubit, and vice versa. It
is one of the most useful gate in quantum information
processing, such as storing the quantum information,?

establishing the universality of two-qubit gates,[®l pro-
(4] [5—6]

(7]

grammable gate arrays,””) quantum teleportation,
and the basic implementation of other quantum gates.
Three-qubit SWAP gatel®~9 is a generalization of two-
qubit SWAP gate which acts on three qubits and rotates
their states in a cyclic fashion.

In this paper we discuss the synthesis and imple-
mentation of three-qubit SWAP gate. The three-qubit
SWAP gate can be decomposed into product of 2 two-
qubit SWAP gates, and it can be realized by 6 CNOT
gates. Although such result is very simple, the inves-
tigation reveals that the current methods of matrix de-
composition for multi-qubit gate can not get that. It can
get by a knack. Then the implementation of three-qubit
SWAP gate in the three spin system with Ising interaction
is investigated and the sequence of control pulse and drift
process to implement the gate is given. It needs 23 con-
trol pulses and 12 drift processes. Since the interaction

can not be switched on and off at will, the realization of

three-qubit SWAP gate in specific quantum system also
can not simply come down to 2 two-qubit SWAP gates.

The paper is organized as follows. In Sec. 2, we give
a brief review of the matrix decomposition and the syn-
thesis of quantum circuit of general multi-qubit gate. In
Sec. 3, the matrix decomposition and the synthesis of the
three-qubit SWAP gate is discussed. The implementation
of three-qubit SWAP gate in the three spin system with
Ising interaction is investigated in Sec. 4. Finally, we give
a brief conclusion in Sec. 5.

2 Matrix Decomposition and Synthesis of

General Multi-Qubit Gate

The matrix decomposition has been playing an impor-
tant role to optimize quantum circuit. In 1995, Barenco et
al. made use of QR decomposition to show that any uni-
tary transformation on n-qubit can be decomposed into
a sequence of one-qubit gates and CNOT gates.!'! The
complexity can be measured in terms of the number of el-
ementary gates required. However the number of CNOT
gates required for n qubits was order n34™ in their work.
Though some improvement was made, there was no dis-
tinct change in a period. Till 2004, the situation was
changed by introducing new decomposition techniques.
These techniques are Cartan decomposition"!! based on
group theory and Cosine-Sine decomposition (CSD)!2l
based on numerical linear algebra and the quantum Shan-
non decomposition (QSD)!3 proposed by Shende, Bul-
lock and Markov. The most widely used Cartan decom-
position in quantum information science is a decomposi-
tion of SU(2"™) group for the m-qubit system introduce
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by Khaneja and Glaser (KGD).[™ Furthermore, there
are concurrence canonical decomposition (CCD),[15~16]
odd-even decomposition (OED),['”) and a kind of Car-
tan decomposition for bipartite quantum system in high
dimension. 1819

The implementation of a general two-qubit gate is
found to require 3 CNOT gates and 15 elementary one-
qubit gates.[720]
the number of CNOT gates needed for realizing an arbi-
trary n-qubit gate, (4™ — 3n — 1)/4, is given in Ref. [20].
However, no circuit construction yielding these numbers
of CNOT gate has been presented in literature. Using
the CSD, the realization of general n-qubit gate was dis-
cussed in Ref. [21], and its result is that it needs at
most 4" — 2"t1 CNOT gates and 4" one-qubit gates.
The best results is that in Ref. [13], it needs at most
(23/48)4™ — (3/2)2™ + (4/3) CNOT gates asymptotically
which is obtained by the QSD.

For a general three-qubit gate, based on the KGD,
Vatan and Williams get the result that using at most 98
one-qubit gates and 40 CNOT gates to implement the
gate.??l Based on the modified KGD, we find that the gate
can be implemented by using at most 73 one-qubit gates
to rotate about the y and z axis and 26 CNOT gates. (23]
The best result is also given in Ref. [13] and obtained by

the QSD, it needs at most 20 CNOT gates.

The current theoretical lower bound for

3 Note on Decomposition and Synthesis of

Three-Qubit SWAP Gate

Although much progress on the matrix decomposi-
tion to implement and optimize of quantum circuit is ob-
tained, the synthesis and optimal of two-qubit circuit is
well solved, there remains many open questions for that.
Even if for a simple three-qubit gate, the problem may still
occur. Now we use three-qubit SWAP gate to illustrate
that.

For three-qubit SWAP gate, its action is defined in the
tensor product basis as

Xewap = [1)1 @ [§)2 @ k)3 — [k)1 ® |i)2 @ [5)3, (1)

where 4,5,k = 0,1 and {|0),|1)}1 2,3 are orthonormal ba-
sis for the Hilbert spaces of the three subsystems. The
matrix representation of this operator is given by

10000000
00100000
00001000
000000T10

Xewar =101 0000 0 0 @)
00010000
00000100
0000000 1

The CCD of three-qubit SWAP gate has been given in
Ref. [8]. Another decomposition of the gate has been given
in Ref. [9], in which the first step of the decomposition
is the Cartan decomposition of 2 x 4 bipartite quantum
system. Moreover, the decomposition can be carried out
by use of the KGD, CSD, and QSD. Among the various
decompositions described above, the best result of the de-
composition for three-qubit SWAP gate is that based on
the QSD. Based on this result, the three-qubit SWAP gate
can be implemented by using 7 nearest-neighbor CNOT
gates and 11 one-qubit gates to rotate about the y and z
axis. Another good result is based on the CCD, it needs
10 CONT gates and 4 one-qubit gates to rotate about the
y and z axis.

In fact, the decomposition of three-qubit SWAP gate
has simpler result than that obtained above. By the defini-
tion of the gate and the knowledge of permutation group,
the three-qubit SWAP gate can be decomposed into prod-
uct of 2 two-qubit SWAP gates. Since each two-qubit
SWAP gate can be realized by 3 CNOT gates,!”) the three-
qubit SWAP gate can be realized by 6 CNOT gates. So

we have
Xswap = VV12VV23 = 01202101?0230??03 . (3)
Here we denote by Wi a 2-qubit SWAP gate between i-th

3
qubit and j-th qubit, and C{ a CNOT gate with control
on the i-th qubit and target on the j-th qubit. This re-
sult is better than all of the current methods of matrix
decomposition for multi-qubit gate.
Nevertheless, the decomposition in Eq. (3) can be ob-
tained by a knack. Taking the cosine-sine decomposition

as its first step, we have
KXswap = AXB. (4)

In order to get decomposition as simple as possible, we
take A = I, @ As. By calculation, we get

0 0 -1 0
0O 0 0 -1
AQZ ’
1 0 O 0
01 0 0
I 0 0 0
0 0 0 I
%= . (5)
0 0 L 0
0 —-I, 0 O
1 0 0 O 01 0 0
0 01 0 00 0 1
B = diag , . (6)
01 0 O 1 0 0 O
0 0 0 1 0 0 1 0

Take A, . together and re-factor the product, we have
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Imb 0 0 O 0 010
0 0 0 I 0 0 01
AY = diag { I =C3C7 . 7
00 L oY *10 0 0 2t @
0 I, 0 O 01 00
Then we factor B as
0 010 10 00 10 00
0 0 0 1 0 010 0 010
B = diag{ I di =CiW3 . 8
PEYM L 0 0 o (T™™Ylo 1 0 0f o100 e ®
01 00 0 0 01 0 0 01
Since W2 = C?C3C%? and W3 = C3C2C3, we get the | x Ry, (_E (14)
synthesis of three-qubit SWAP gate in Eq. (3). T 4 T
There is another kind of three-qubit SWAP gate which Riy,jy (0 ( 4) Jr( ) iz,j2(0) Rja (4)
is defined as that T
, . , , % Rir (7). (15)
Xiwap =001 @ [F)2@ k)3 — [ @ [k)2@]i)3.  (9)
we can get
The synthesis of this gate is given by _ _ . . . .
e () () () )
Xlyap = Wo Wi = C3C5C5C3C5CF (10) ‘ YN4)TIYNG)TRIEC )T g
T T T T
(5D ()

4 Note on Implementation of Three-Qubit
SWAP Gate in Spin System
We now discuss the implementation of the gate in a
system of coupled spins. The Hamiltonian of the system
can be written as

H= Hd—l—Zuz H;, (11)
where H, is the part of Hamlltonlan that is internal
to the system and we call it the free evolution Hamil-
tonian and ) . u,;(t)H; is the part of Hamiltonian that
can be externally changed called control Hamiltonian.
For convenience, the single parameter one-qubit oper-
ators exp(—ifo;,) acting on I-th qubit are denoted by
R;.(9), and that analogous are denoted by Ryy, Riy. Sin-
gle parameter two-qubit operators exp(—i0oinok3) (o, 3 €
(x,y,2)) acting on I-th and k-th qubits are denoted by
Ria k3(8).

The implementation of the CONT gate is given in
Ref. [24],

= () ) (e ()

x Rjy(—g) . (12)
For two-qubit SWAP gate, we have
WJ = exp{ 1 —(0i20jz + OiyOjy + 0505, — I)}
()
X Rizo (=) - (13)

Using the transformation relation of two-qubit operators

Riv jo(0) = By (5 ) Ry (5 ) izt O R5 (<)

7T T T
Riw (_)R;E (_)Riz jz (__) . 16
X 4 J 4 3] 4 ( )
In the two spin system with Ising interaction, we have
Hd:Ja'legz/ll, Hi:O'lam 16(1,2),
€ (z,y,2).

The Ry, 2. is a drift process of free evolution, and sin-

(17)

gle parameter one-qubit operators usually correspond to
control pulses. So in the two spin system, implementing
a CNOT gate needs 1 drift process and 4 control pulses,
and a two-qubit SWAP gate needs 3 drifts and 8 control
pulses. The number of the control pulses to implement
a two-qubit SWAP gate is less than that to implement 3
CNOT gates.

Although the three-qubit SWAP gate can be decom-
posed into product of 2 two-qubit SWAP gates, we can not
simply use the result in Eq. (16) for its implementation.
The reason is that the interaction can not be switched on
and off at will. In the three spin system, we have

Hd = J(UleQZ + 0'2z0'3z)/4; Hz = 0Ola

1€(1,2,3), a € (z,y,2). (18)
Now the drift process of the system is given by
M(0) = exp(—ibo1,02,) exp(—ifo2,03;) . (19)

But we find that

s = M (45 (e ()
“ra (s (E). e

0= 31§ (452 (D) ()
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(G m (). e

where « € (z,y). By substituting Eq. (20) to Eq. (12), we
get the sequence of pulse and drift process to implement
the CNOT gate in the three spin system. It needs 2 drifts
and 6 control pulses. Substituting Eq. (20) and Eq. (21)
into Eq. (16) and utilizing commute technique, we get

g et () (5 E) (G)0(- D)
A5 (5 ()
(D3 D) (5 ()

(- D5 (- D (5).

(P (=5)m=(3)
sy(Z)M(Z)Rw)(Z

(22)

Finally we get
Xswap = WEWS

4 4 ( 8 )
M (=5 e () o ()M (-5 ) e (-3)
M (=8 () o () (5) 7 (3)

(D)D)

To implement a two-qubit SWAP gate in three spin sys-
tem needs 6 drifts and 12 control pulses, and a 3-qubit
SWAP gate needs 12 drifts and 23 control pulses. The
number of pulse is reduced by one in the combination of
the 2 two-qubit SWAP gates. The result for another kind
of three-qubit SWAP gate in Eq. (10) can be gotten in a
similar way.

5 Conclusions

In this work, we discuss the synthesis and implementa-
tion of three-qubit SWAP gate. Although the three-qubit
SWAP gate can be decomposed to product of 2 two-qubit
SWAP gates, and it can be realized by 6 CNOT gates,
although the methods of matrix decomposition for multi-
qubit gate have made much progress, none of them can
get this simple result. There is much work to do for the
optimal implementation of quantum gates, even if for the
rather simple three-qubit gates. Otherwise to investigate
the “small circuit” structurel?® of three-qubit gates is an
important topic for us at present.

Moreover, to implement a CNOT gate in a two spin
system needs 1 drift process and 4 control pulses, a two-
qubit SWAP gate in a two spin system needs 3 drifts and 8
control pulses, and that to implement a three-qubit SWAP
gate in a three spin system needs 12 drifts and 23 control
pulses. So the realization of three-qubit SWAP gate in
specific quantum system also can not simply come down
to 2 two-qubit SWAP gates. The reason for that is the
interaction can not be switched on and off at will. Equa-
tions (20) and (21) provide the methods to “switch off”
part of interaction, but its complexity is also increased.
It is also very significative to investigate the direct imple-
mentation of specific multi-qubit gates without resorting
to the synthesis of single- and two-qubit gates.
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