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New Exact Solutions of Two Nonlinear Physical Models
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Abstract Abundant new exact solutions of the Schamel-Korteweg-de Vries (S-KdV) equation and modified Zakharov—
Kuznetsov equation arising in plasma and dust plasma are presented by using the extended mapping method and the
availability of symbolic computation. These solutions include the Jacobi elliptic function solutions, hyperbolic function
solutions, rational solutions, and periodic wave solutions. In the limiting cases, the solitary wave solutions are obtained

and some known solutions are also recovered.
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1 Introduction

Nonlinear partial differential equations (NLPDESs) are
widely used as models to describe many important dy-
namical systems in various fields of sciences, particularly
in fluid mechanics, solid state physics, plasma physics,
and nonlinear optics. Exact solutions of NLPDEs of
mathematical physics have attracted significant interest
in the literature. The knowledge of these solutions of
NLPDESs facilitates the verification of numerical solvers
and aids in the stability analysis of the solutions. Travel-
ing waves, whether their solution expressions are in ex-
plicit or implicit forms, are very interesting from the
point of view of applications. Over the last years, much
work has been done on the construction of exact soli-
tary wave solutions and periodic wave solutions of non-
linear physical equations.
act solutions of NLPDEs may help one to find new
Many methods have been developed by

The investigation of new ex-

phenomena.
mathematicians and physicists to find special solutions
of NLPDEs, such as the inverse scattering method, !
the tanh-function method,?
method, ¥ Exp-function method,!¥ sine-cosine method,!”!

the extended tanh-function

and the homogeneous balance method.[®! Recently, some
methods were presented to construct exact solutions ex-
pressed in terms of Jacobi elliptic functions (JEFs) for
nonlinear evolution equations (NLEEs). Among them
the Jacobi elliptic function expansion method,["=8 the
F-expansion method,®~1% the generalized Jacobi elliptic
function method,™ mapping method,!*? extended map-
ping method!'3—14 and other methods.'>~18 By employ-
ing a computer package such as Maple or Mathematica,
the large amount of tedious working required to verify
candidate traveling wave solutions can be avoided. Hence,
these methods are now much more attractive and efficient

for obtaining the exact solutions of some NLEEs.

*E-mail: hassmamd@yahoo.com

Some of the nonlinear models in fluids, plasma,
and dust plasma are described by canonical models
and include the Korteweg-de Vries (KdV), the modi-
fied KdV, Zakharov—Kuznetsov (ZK), and modified ZK
equations.!'®=2%) Employing the reductive perturbation
technique on the system of equations for hydrodynam-
ics and the dynamics of plasma waves to derive the KdV
equation, the modified KdV, the ZK equation, and mod-
ified ZK equation. Schamel equation!?® containing a
square root nonlinearity is a very attractive model for the
study of ion-acoustic waves in plasmas and dusty plas-
mas and a simple solitary wave solution having a sech?
profile was obtained. Hence, seeking new exact solutions
of the Schamel-Korteweg-de Vries (S-KdV) equation and
the modified ZK equation is important.

For a given NLPDE;, say, in two independent variables

)=0. (1)

In general, the left hand side of Eq. (1) is a polynomial in

G(U, Uty Uz, Utty Ugxy - - -

u and its various derivatives. We seek the traveling wave
solution of (1) in the form w(z,t) = u(); £ = k(z — wt),
where k£ and w are constants to be determined later. Then,
Eq. (1) is transformed to the ordinary differential equation
(ODE)

H(u, v, u",...)=0, (2)

where v/ = du/d¢ and H is a polynomial of u and its var-
ious derivatives. If H is not a polynomial of u and its var-
ious derivatives, then we may use new variables v = v(§)
which makes H become a polynomial of v and its various
derivatives.

Let us give a brief description of the extended mapping
method.['3~14 We assume that the solutions of Eq. (2) can
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be expressed in the form

N
u(w,t) = u() = ap + Z (aid"(€) + bip™"(£))
N | =1
+2_Bid' O ()

-N
+ Y Gd©d ), 3)
i=—1
where N in Eq. (3) is a positive integer that can be deter-
mined by balancing the nonlinear term (s) with the highest
derivative term in (2) and ag, a;, b;, B;, and ¢; are con-
stants to be determined. The function ¢(§) satisfies the
nonlinear ODE

(¢'(€)% = qo + ©20°(&) + a¢*(€) , (4)
where qg, g2, and g4 are constants.

Substituting (3) with (4) into the ODE (2) and setting
the coefficients of the different powers of ¢' to zero yields a
set of algebraic equations for ag, a;, b;, B, ¢;, k, and w.
Solving the algebraic equations by use of Maple or Math-
ematica, we have ag, a;, b;, B;, ¢;, k, and w expressed by
4o, G2, qa. Substituting the obtained coefficients into (3),
then concentration formulas of traveling wave solutions of
the NLPDE (1) can be obtained. Selecting the values of
qo, g2, g4 and the corresponding JEF's ¢(&) from Appendix
and substituting them into the concentration formulas of
solutions to obtain the explicit and exact JEF solutions of
Eq. (1). Various solutions of Eq. (4) were constructed us-
ing JEFs (see Appendix), and these results were exploited
in the design of a procedure for generating solutions of
NLPDEs.

The JEFs sné = sn(§,m), cn€ = cn(§, m), and dnf =
dn(¢,m), where m (0 < m < 1) is the modulus of the ellip-
tic function, are double periodic and posses the following
properties:

sn?é + cen¢ =1,
i(sn{“) = cné dné, i(cn§) = —sné dné,

dn?¢ + m2sn?¢ =1,

dg dg
dig(dng) = —m?sné cné.

In addition when m — 1, the functions sn¢, cn¢, and
dn¢ degenerate as tanhé, sech{, and sech, respectively,
while when m — 0, sn§, cné, and dné degenerate as
sin, cos, 1, respectively. So, we can obtain hyperbolic
function solutions and trigonometric function solutions in
the limit cases when m — 1 and m — 0. Some more
properties of JEFs can be found in [26].

The rest of this paper is organized as follows: In Sec. 2,
we apply the extended mapping method to S-KdV equa-
tion and drive the concentration formulas of solutions.

Therefore, we construct abundant new traveling wave so-
lutions of S-KdV equation expressed by various JEFs. In
Sec. 3, we find abundant exact solutions of modified ZK
equation via this method. Solutions in the limiting cases
are also obtained. A conclusion is given in Sec. 4.

2 JEF Solutions of S-KdV Equation
In this section, we consider the S-KdV equation!*9—2!
w4 (aut’? 4 Bu)ug + Stgen =0, 66#0, (5)

where «, 0, and 0 are constants. We refer to this equa-
tion as the Schamel-Korteweg-de Vries (S-KdV) equation.
This equation incorporates the KdV equation (a = 0)
and the Schamel equation (8 = 0). Due to the wide
range of applications of equation (5) and the KdV equa-
tion, many solutions to them have been obtained, in
terms of tanh¢, sechf, sn¢, and so on, by using different
methods.["19:23:27] Beside these solutions, there are several
interesting types of solutions expressed by various JEFs
and hyperbolic functions. Khater et al.l*”) have used the
F-expansion method and obtained the periodic wave so-
lutions of Eq. (5). More recently, Khater et al.[*!! have
obtained elliptic functions solutions of Schamel equation.
Here, we obtain several classes of exact solutions of S-
KdV equation expressed by various JEFs and hyperbolic
functions by using the extended mapping method and the
availability of symbolic computation.

In order to obtain the exact solutions of Eq. (5), we
use the transformations u(z,t) = v?(z,t), v(z,t) = V(€);
& = k(z — wt), to reduce Eq. (5) to the ODE

—WV V' + (V2 BVIV 45K [VV" +3V'V"] = 0. (6)

The balancing procedure implies that N = 1. Therefore,
we assume Eq. (5) has a solution in the form
by ¢'(€)

V(:E,t) - V(f) =ap + a1¢(§) + ¢(§) +c ¢(§) ) (7)
where ag, a1, b1, and ¢y are constants to be determined
and ¢(&) is a solution of Eq. (4). Substituting (7) into
(6) and setting each coefficient to zero, we get a system
of nonlinear equations for ag, a1, b1, ¢1, k, and w. Solving
this system by use of Maple, we get

Case 1

S S i

¢ =0, k::l:wzig%, w——%a;. (8)
Case 2

aoz—i—g, a1 =0, bl:ii_g —q22(J07

¢ =0, kzi&ﬁ, w:_1765c§' 9)
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Case 3
2a 0. bi—0 4 200 P o 162 (10)
a:——’ a1 = N = 5 Cl1 = 5 = Y, w=-——.
T A ' TN 5v/=30 Baz 753
Case 4
an — — 2o a1 — - 200 J 720 by — :|:2_a —240
T T T\ e -6y 58\ -6y Vi
2 1 2
(=0, k-t o - L (11)
5\/66ﬁ L Oyaya) T8
2a 2 _ 20 —2qo
an = — — = _ e ——
A 0+ 60 Vi 568\ a2+ 6 a0 v
16 a?
=0, k== = . 12
' NE QQ+6\/Q_0\/Q_4) 50 12
Case 5
20
an = — — CL = =
AT (J2+6\/q_0 U 56 (J2+6\/q_0\/q_4
o= R _ 16a 7
a2 +6@o Vs 5./ 35ﬁ((J2 +6 \/_ V1)
2a 2a q4
Go=——, ag=t— — B 13
=75 T a-svmva 56\/q2—6 N (13)
2 1
c1=7F a , k=4 w= 6o” (14)
42 — 6 /G0 \/qa 5\/—35ﬁQ2—6\/q_0\/@) T8
Substituting (8)—(10) into (7), we obtain the following concentration formulas of traveling wave solutions of Eq. (5):
402 2q4 407 —2q0 1 72
u= g {1 + ¢>(€)} U= [1 £/ —sb(f)} : (15)
2 1602t
ith £ = &+ d
with & 5\/W(:v 750 ) an
402 1 ¢ o 16a2
PR [ NG } =5 (x 750 ) (16)

Moreover, substituting (11)—(14) into (7), we obtain the concentration formulas of solutions to Eq. (5) as follows:

:%:111/W6_—5M(@¢(5)+\/Q_0@)r, 5:15\/656@22_“6\”_0@)(%1765a;t>, an)
N 2%2 L+ ﬁ(\/"_‘m( ) ) - 5\/655(@24?6 NN 1765%2 & 18)
_245052 e —— ——= (V@) + I - ((g)] et ¢—35@<q221 (o 1765‘“; (). (19)
UZ;;; :HE qz—Glx/q_o\/_(\/—d)() <\b/((g %)]2 5215\/—3%((122%6\/(1_0\/(1_4)(96 1765%)'(20)

With the aid of Appendix and formulas (15), one can get the periodic wave solutions of equation (5)
_ 4o {1 b2 gr do? {1 Ty gr (21)
= o532 m2 1o 2T ope mE1 o]
4o 2 402 2 2
=2 |14,/ d} :—{1i1/7d } , 99
s 2552{ pe s UL IRl TYe mZ 11 0% (22)

(:17 4 1602
—6oB(m=+ D)\ | 750

402 2 2 402 2(1 — m?2) 2
ATy [1 =y mdnﬂ R TYP [1 VT ndg} ’ (23)

with € = & t), 35 < 0 and
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« (:v N 1602
653(2 — m?2) 750

expressions of JEF's

with € = +

B 40 m? sné 2 B 402 1 1+ dnéq2
u7_ﬁ[1i«/—2_m2(1idn§)}’ “8_2552[&\/—2_”12 sné } ’
16a?
¢ 355(m2_2)(“ 75ﬁt)’ 55 <0,

5
_ 4a? [1:|: 1-—m?2 dn¢ }2 _ 4a? {1:|: 1—77”L21:|:msn§}2
U= 9532 VIitm2 T msnel »° “1°7 25532 Vitm2 ™ dne |-

2« 1602
::l: + t7 5>O7
$=4; 35@(1+m2)($ 756) v
402 1 1 —m? 2 2 1602
ull_2562{11\/71+m2(mcn§:|:dn§)}’ §=47 355(1+m2)(x+ 755t)’ ps >0,

402

2
u12_2562{1i\/2ﬂ_1W(sn§:|:1icn§)r’ §::|:5 35;(22_2)(I+1765C2t)7 ps <0,

and the combined JEF solutions

402 1602

U3 = 2[1:|: ! (mcn{:l:dn§)]2, E=+ 2a (x—i— t), B0 >0,
B T 5 /BB r )\ 750
Uig = 245052 {1 + \/ﬂw (sn§ + icng)} S * 3552((;2 = (a: + 17650; t), 35 <0.

From Appendix and the formulas (17) and (18), we obtain the following combined JEF solutions of Eq. (5):

da® 2 2 40 2 2
=35 [ T e e 0] e = |l gy (medt e

U1s

162
7503

2c
¢= jE5 V/—658(1 +m?2 + 6m) (x -

t), 35 <0,

=

2—m2+6vV1—m2
2¢ 1602
(x—i—

S
5/606(2 —m2 + 6 VI —m?) 755

o2
U7—245—ﬁ2{1:|:\/ 2 (dnf—i—\/l—and{)r,

3 t), 56> 0.

t), B6 > 0. We also find some exact solutions of Eq. (5) expressed by rational

(24)

(27)

(29)

With the aid of Appendix and the formulas (17) and (18), we find the following exact solutions of Eq. (5) expressed

by rational expressions of JEFs:

o= 14 e (a0 ) <0
e = 24504622 :1 - 2(7:; +1) ((Sngsxiij:?if; 1)}2’ &= i5\/$m2+1)($+ 1765O§t)= 0f <0,
= gt S (RO o (e ). sico
Y e N =i %), a0,

(30)
(31)
(32)

(33)

By using the formulas (16), (19), and (20), we can obtain new and more general types of exact solutions of (5). With

the aid of Appendix and choosing ¢(§) = sn¢ in formulas (16), (19), and (20), we can obtain the following exact
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solutions of Eq. (5) expressed by JEFs:

“”‘gg[ ¢i%ﬁwiggr’f‘ 3wz+m%@+ﬁ£0’ (39

2
¢ 5\/—356(6273—7712— ) (H%t)’ <0
= s [1 e (g — g — (RS
2

$=E \/366(12—:)[6171 +m?) (I ! 17650; t)’ =0 )
With the aid of Appendix and choosing ¢(§) = sn&/(1 + dn¢) in formulas (19) and (20), we can obtain
25 = ;;;2 { + \/27;27_1(7”72 1-in§n§ 1222?5 - ng)r’ &= _355?27712 - (“” 17650;t)’ B3 <0,
wo= gl e (5 e~ e~ = () 0 @

Other JEFs are omitted here for simplicity. In the limiting case when m — 1, the solitary wave solutions of Eq. (5)

are obtained as follows:

ug7 = % :1 + tanh5\/iy3_(m(:v + 1765051%)}2, Ugg = 2;; {1 + coth5 \/63_56 (:v + 1765O§t)}2, p6 <0, (37)
UQQ—%:li \/Esech5ngﬂ(:c+ 1765C§t)]2, B0 >0, (38)
30 = ;5022 133 ?thgr’ 26 = ;5022 [ li;xsl(;cghgr’ —35 ( 176505 t)’ po <0, (39)
uzy = % :1 + (tanh§ + isech{)r, Uy = 245052 [ tanhé + zsechﬁ} =3 \/W( 17650; t), B < (04;))
Uss = 245; :1 + %(tanh§+coth§)r, &= 5\/_041—266(:6 + 1765O§t), 86 <0,

Use = 2?522 :1 % 1 f:ifhg 1222;}516 - CSChgr’ &= iﬁ (x + %t)’ 3 <0. (41)

The periodic wave solutions u;—ug were given in [27] and |
the solitary wave solutions ug7 and wugg were found by
many authors.['%29 Compared with the results in [27], we
further find some new solutions. As m — 0, these solu-
tions will degenerate into the corresponding trigonometric
functions solutions. We do not list these solutions here for
simplicity.

3 Solutions of Modified ZK Equation

The equation is expressed as

up + au’uy + Uppr + Ugyy = 0, (42)
where « is a constant. The ZK equation?!! and modified
ZK equation[??! are very attractive models for the study in
plasma. Exact traveling wave solutions for the ZK equa-
tion and modified ZK equation have been studied in [16,
30-32].

In order to obtain the exact solutions of modified ZK
equation using the extended mapping method and the

availability of symbolic computation, we use the trans-
formation u(zx, y,t) = u(€), & = k(z + ly — wt), with
constants k, [, and w to be determined. Then, Eq. (42) is
transformed to the following ODE:

—wu' Fauud + A+ P =0. (43)

In Eq. (43), we assume u(&) to be in the form

wl(€) = ao + ad(€) + 2 4 ¢, TE)

GRAGE

Substituting this form into (43) and setting each coeffi-

cient to zero, we obtain a system of nonlinear equations
for ag, a1, b1, c1, k, and w. Solving this system with the
aid of Maple, we get the following results:

Case 1
—6
a=bi=c1=0, a=+,/ %
aqz

w

(1+12) g

(44)
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Case 2

ao—al—cl—O
Case 3

ao—alzbl—O
Case 4

—6waqy
ap=c1 =0, ag== )

a(q2 —6,/q0/qa

1—:|:\/ (
1—:F\/ (

) b
) b

/—6wq0
aqz

/3wq4
agy’

\/ 1+l2 (45)
\/ 1+l2 (46)

—6wqo

a (g2 —64/q0 /@)’

k‘iV<1+z2><q2—6¢qwq—4>’(4”

—6waqq —6wqo w
w=a=0a i\/a(qz+6\/q—o\/q—4’ al(g+6Vova) i\/(1+12)((J2+6\/q—0\/q—4) (48)
Case 5
3waqy 3wqo
- - by —
W=k jE\/oz(qrz—f)'\/q—qu)’ 1 $\/a(qz—@w—o\/q—m’
3w —2w
=4 k=% 49
“ \/OZ(Q2—6\/Q_0\/(J_4)’ \/(1‘*‘12)((12—6\/(1_0\/(1_4)7 (49)
4 =0, =+ 3waqy 7 _ 4 3wqo ’
a (g2 + 6 \/90 \/G) a (g2 +6 /90 \/31)
3w —2w
= k= .
“ i\/a<q2+6¢q—o¢q—4>’ i\/<1+12><q2+6¢q—0¢q—4> 0
If go =1, go = —(1+m?), ¢ = m?, ¢(&) = sn&, this yields the exact solutions of Eq. (42) as follows:
1@ y,t) = ot me) 1+ \/1+z2 G At
2T 0:1) =+ /3 1+m2 \/1+z2 Ty @l — e,
B —3w cnédné B w _
—w
xy’ i\/ 1+6m+ )(msn§+nS§), 52\/(1+12)(1+6m+m2)($+1y—wt)7 (52)
_ cnédné _ 2w _
5@, 1) _i\/ 1+6m+ )(msmg_nSng sné ) 5_\/(1+12)(1+6m+m?)(gc+ly wt),
cnédné B 2w
6(2,9,1) jE\/ 1—6m+ )(msngﬂlsng sné ) f_\/(1+z2)(1—6m+m2)($Jrly_“”t)' (53)

Fg=m?-1, gg=2-—m?2, q = —1,

= dn¢, this yields the exact solutions of Eq. (4

2) as follows:

(¢
“\a 2—m2 \/1+z2 ) 1),

ly —wt
T )

(z,y,t
_ 6w(1l — m2)
B a(2 —m?)
’U/Q(xvyat) =+ 04(2 _ mg) (

m2snécen € B —y
dn¢ )’ &= \/2(1+12)(2_m2)(1‘+1y—wt), (54)
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wio(a,y,t) = i\/a(Q — i“ém) (dng + mndg) ,
5_\/(1+l2)(2—n;+6\/m) (@ +ly —wi), (55)
wn (@, y,t) = j:\/a(z - me;’m) (dn§ V1= mEnde + L Sngcnf) 7
- V(l )02 s ST s
ura(z,y,t) = j:\/a@ — mz__?’;’m) (dn§ V1= mZnde + 1 dSnggcné) 7
= \/(1+z2)(2—;122w_ VT ) Tl o0

With the aid of Appendix and choosing ¢(€) = sn¢/(1 + dné) in formulas (44)—(50), we can obtain

ua(z,y,t) = & a(;’_‘”mQ) (1"521;2 ). &= \/MZQ)?—;’_M (+ 1y —wt),

wia,y,1) = + a(;’_‘”mQ) (* ;ing ), €= \/MZQ)?—;’_M (z+ Iy — wi),

uis(2,y,t) = + a(%(:nz)csf, gz\/m (@ + Iy — wt), (57)
wig(z,y,t) = + a(%‘;fnz)(m; : -injng - 1;;2?’5 fest), €= \/(1+12§(—u1}+m2) (@ +ly — wi),

Other JEFs are omitted here for simplicity. When m — 1, the solitary wave solutions of Eq. (42) are obtained as

follows:

uis(z, y, t) \/ tanh,/ 1+12 (z + ly — wt)

1 /3w —w
U19($,y7t)215\/—(tanhf+00thf)a = W(I+Z?J—WU7

uz0(x,y, 1) \/—sechﬂ x—i—ly wt)

ug1(w,y,t) = £4/ i (sech¢ +itanhf), &= %(m—i—l(y—wt},

3w/ tanh¢ —2w
uzz(iﬁayaf)—i\/z(m)a §= m(iﬁ'f‘ly—uﬁ%

_ 3w /14 sech§ _ —2w
ws(ep,t) =2\ (S ) €= [ -,

—3w /1 tanh¢ 1 + seché w
uzalw,yt) = £y 57 (3 [+ soche  2tanhe | OF ). ¢ Ao @l

(59)

(60)

(61)

(62)

Remark 1 Compared with the work in [27], where exact solutions for the S-KdV equation are studied, we find more
exact solutions in this paper. The solutions ui(x,y,t), ue(x,y,t), ur(z,y,t), us(z,y,t), uis(x, y,t), uso(z,y,t), and

uz1(x,y,t) coincide with the solutions given in [16] and other solutions of Eq. (42) are new.

Remark 2 All the solutions obtained in this paper for Eq. (5) and Eq. (42) have been checked by Maple software.
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4 Conclusion

Applying the extended mapping method to the Schamel-Korteweg-de Vries ( S-KdV) equation and modified ZK
equation, we obtain a rich variety of new exact traveling wave solutions expressed by JEFs. These solutions include
solitary wave solutions, combined solitary wave solutions, JEF solutions, combined JEF solutions, and rational function
solutions. The solutions (21)—(23), (37) and (38) are the same as the results obtained in [27] and other solutions, to
the best of our knowledge, are new. Our new results ensure that the extended mapping method not only recovers all
of the solutions reported in [27] but also discovers many new ones. When the modulus m — 1, new solitary wave
solutions are also given. The present exact solutions may describe various new features of waves and may help one to
find applications in plasma and dust plasma physics.

Appendix: The ODE and Jacobi Elliptic Functions

Table Relation between values of (qo, g2, q4) and corresponding ¢(¢) in ODE (¢')2 = qo + q2¢2 + qa¢*.

90 q2 94 ¢
1 —1—-m? m? sné, cdé = ;an
1 —m?2 o2m? —1 —m? cné
m2 —1 2 —m? -1 dn¢
m? —1—-m? 1 ns{:i,dcﬁzg
sné cné
—m? 2m? — 1 1—m?2 ncé = L
cné
-1 2 —m? m2 —1 ndgzi
dn¢
1 2 —m?2 1 —m?2 sc€ = %
cné
1 2m? — 1 —m2(1 — m?) sdé = Zlnz
1 —m?2 2 —m?2 1 cs€ = %
sn&
—m?2(1 —m?) 2m? — 1 1 ds¢ = dné
sn&
l m? —2 m74 sné cné
4 2 4 14dng’ /1T —m? 4+ dng
m_2 m? — 2 m_2 sné & icné dn¢ msné
4 2 4 " iv/1T —m2sn€ + cng’ 1£dné
1 1 —2m? 1 cné sn&
- = i d
1 5 1 msn§ + 4 dng, T—%sné + dné’ 1 & oné
m2 —1 m? +1 m? —1 dn¢
4 2 4 1 4+ msn&
1—m? m? +1 1—m? cné
4 2 4 1+ sné
(1 — m2)2 2 B
(1= m%) m_t1 —1 mcné £ dné
4 2 4
1 m? 4+ 1 (1 —m?)? sn&
4 2 4 cné £ dné
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