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Abstract In this paper we classify spatially homogeneous rotating space-times according to their teleparallel Killing
vector fields using direct integration technique. It turns out that the dimension of the teleparallel Killing vector fields is 5
or 10. In the case of 10 teleparallel Killing vector fields the space-time becomes Minkowski and all the torsion components
are zero. Teleparallel Killing vector fields in this case are exactly the same as in general relativity. In the cases of 5
teleparallel Killing vector fields we get two more conservation laws in the teleparallel theory of gravitation. Here we also
discuss some well-known examples of spatially homogeneous rotating space-times according to their teleparallel Killing

vector fields.
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1 Introduction

Teleparallel theory of gravitation is based on Weit-
zenbock geometry.[!] In this theory the presence of torsion
in the space-time is responsible for the gravitational inter-
action. In this alternate theory of gravitation curvature
of the space-time becomes zero. Thus like general relativ-
ity where gravitation is attributed to the curvature of the
space-time having zero torsion, gravitation in teleparallel
theory is attributed to the torsion of the space-time hav-
ing zero curvature, which plays the role of a force.[!l In
the next section an overview of teleparallel theory is given
where one can find the process of obtaining torsion tensor.

In the literature of general relativity, a considerable at-
tention has been given to study symmetries of the metric
tensor. Certain symmetry restrictions are imposed on the
space-time metric to solve the Einstein’s field equations.
These symmetry restrictions are well expressed in terms
of Killing vector fields, which give rise to conservation
laws.[®] In Ref. [4] the authors introduced the teleparallel
version of the Lie derivative for Killing vector fields and
used those equations to find the teleparallel Killing vec-
tor fields in Einstein universe. To understand the physical
and geometrical properties of the space-time it is impor-
tant to understand and explore the conservation laws in
teleparallel theory of gravitation and compare these to the
results available in general relativity. Keeping this point
in mind, we started to investigate Killing vector fields in
some well-known space-times. Previously, we have ex-
plored teleparallel Killing vector fields in Bianchi types I,
II, IIT and Kantowski—-Sachs and cylindrically symmetric
static space-times.l®~8] Our results for teleparallel Killing
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vector fields in Bianchi types I, III and Kantowski—Sachs
and cylindrically symmetric static space-times are quite
consistent with the results of general relativity, while the
results of teleparallel Killing vector fields in Bianchi type
IT space-times are different from general relativity. In our
present work we focus our investigations to classify spa-
tially homogeneous rotating space-times according to their
teleparallel Killing vector fields in teleparallel theory of
gravitation. This classification of the conservation laws in
teleparallel theory will help in understanding the physical
and geometrical properties of the space-times.

2 Overview
The teleparallel covariant derivative V, of a covariant
tensor of rank 2 is defined asl?!
Vol = Ay — 1%, Aug =T, Aug (1)
where comma denotes the partial derivative and I‘f)l, are
Weitzenbéck connections defined asl?l

rl, =5.0,5%, (2)
where S, is the non-trivial tetrad field. Its inverse field
is denoted by S;” and satisfies the relations

S8 =96, S“HSb“ =8 (3)
Through out this paper a,b,c,... = 0,1,2,3 denote
the tangent space indices and u, v, p,...=0,1,2,3 denote

the space-time indices. The Remannian metric can be
generated from the tetrad field as

Guv = nabSaMSby B (4)

where 7, is the Minkowski metric given by 7., = diag( —
1,1,1,1). The Weitzenbock and Levi-Civita connections
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have the relation

e, =r%, +K°%,, (5)
where 1
6 __ 6 [ 6
KHV_i[TMV_FTVM_THV] (6)

[e]
is a tensor quantity called the contortion tensor and I'? ,,,
is the Levi-Civita connection defined as

o 1 4,
I = 59" Govn + G = Guvo)- (7)

Also the torsion of the space-time in terms of Weitzenbock
connections is defined as

0 0 0
THV:]‘—‘IJH_]‘—‘HV7 (8)
which is antisymmetric with respect to its lower indices.

The Riemann curvature tensor in terms of Weitzenbock
connection in teleparallel theory is given as

9 0 0 0 A 0 A
RO’MU:FUV,M_FUM,U+F)\HFUU_F)\VF(TH' (9)
Now using Eq. (5) in Eq. (9) we get
00
UO;UJ =R Guu—i_QU@uV 207
where R, v Tepresents Riemann curvature tensor in gen-
eral relativity and

A A
Ue,uu = V#K%V_VVK%[J, - K Ov c;\,u + K On c;\l/ (11)
is the tensor quantity based on Weitzenbock connection

only. The above details can also be found in Ref. [10].
The teleparallel Killing equation is defined asl®!

Lﬁguu = Guvp X" + 9o X, + 9up X,

(10)

+ X”(geyT‘Lp + ng‘j,p) =0, (12)

where L% denotes the teleparallel Lie derivative with re-
spect to the vector field X.

3 Main Results

Consider spatially homogeneous rotating space-times
in usual coordinates (¢, 7, ¢, z) (labeled by (20, 21,22 2?),

respectively) with the line element!®!

ds? = —dt* + dr* + A(r)d¢* + dz% — 2B(r)dtd¢, (13)
where A and B are no where zero functions of r only and
A+ B? # 0. The above space-times (13) admit at least
three linearly independent Killing vector fields in general
relativity, which are 8/9t, 0/0¢, and 0/0z. The tetrad
components and its inverse can be obtained by using the
relation (4) as

10 B(r) 0
o _ |01 0 0
oo o JA(r)+B2(r) 0]’
0 0 0 1
A(r) + B3(r)
gr—|0° v (14)
0 0
A(r) + B2(r)
0 0 0 1

It can be verified easily that Eqs. (3) and (4) between S¢,

and S# are satisfied. Using Eq. (2) the corresponding
non-vanishing Weitzenbock connections are obtained as
0 —BA' +2AB’ 9 A’ +2BB’

e =——7—7%5 Te=g377725"
2(A+ B?) 2(A+ B2)

where dash denotes the derivative with respect to . Thus

the non vanishing torsion components by using Eq. (8) are
BA' —2AB’ s  A'4+2BDB

204+ B2 7 T 244+ B2)°

A vector field X is said to be teleparallel Killing vector

field if it satisfies Eq. (12). One can write Eq. (12) explic-

itly and using Eqgs. (13) and (16) we get

(15)

T021 = (16)

X4+ B(r)X3 =0, (17)
Xy—- X% -B(r)X3 -B(rXx*=0, (18)
B(r) Xy — A(r) X3+ X%+ B(r)X3 =0, (19)
Xy - X% - B(r)X3=0, (20)
X}l =0, (21)
2B(r) X4 —2A(r)X3 —2X4 — A'(r)X* =0, (22)
X3 +X5=0, (23)
A(r)X% - B(r)X% =0, (24)
X% —B(r) X%+ A(r) X3 =0, (25)
X% =0. (26)

From Egs. (21) and (26) we get X! = Pl(t,¢,2) and
X3 = P%(t,r, ¢), where P(t, ¢, z) and P%(t,r, ¢) are func-
tions of integration which are to be determined. Now dif-
ferentiating Eqgs. (20) and (25) with respect to z, we get
X% + B(r)X%; =0, (27)
B(T)X%P, - A(T)X,%,g =0, (28)
Multiplying Eq. (27) by A(r) and Eq. (28) by B(r) and
then adding we get X%B = 0. Twice integration with re-
spect to z we get
X0 = ZP(t,r,0) + P61, 6) (29)
Substituting back the value of Eq. (29) in Eq. (27) we get
X %3 = 0 twice integration with respect to z we get
X? =ZP°(t,r,¢) + P°(t,r,9), (30)

where P3(t,r, ¢), P*(t,r, ¢), P?(t,r,¢), and P%(t,r, ¢) are
functions of integration which are to be determined. Thus
we have the following system of equations

X" =ZP3(t,r,¢) + PX(t,r,¢), X'=P't¢,2),
X?=ZP(t,r,¢) + P°(t,r,0), X°=P3(t,r,¢). (31)

Now we have to solve the system of Eq. (31) by using the
remaining six equations. To avoid lengthy details here we
shall present only the results which are
Case 1 In this case we have A # B, A # constant,
and B # constant. The space-time is given in Eq. (13).
Solution of Eq. (17) to Eq. (26) is given by

X0=-—

1
c1tes, X' =zea+tocs,

B
VAP
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1
X? = ———=u,

VA+ B2

where c¢1, c2, c3, ¢4, and c5 € R. Here the above space-
time admits five linearly independent teleparallel killing
vector fields which are
9 1 (2_32) 9 9 9 9
ot VA BZ\d¢ ot) or 9z’ “or 0z
Killing vector fields in general relativity are 9/0t, 9/0¢,
and 0/0z. On comparison to the killing vector fields in
general relativity we see that two teleparallel killing vector
fields 0/0t and 0/0z are same in both the theories while
others are totally different. It is important to note that
in this case we get two more conservation laws.
Case 2 In this case we have A # B, A # constant,
and B = constant. In this case B = ¢4/c7, where ¢y,
c¢7 € R\{0} and the line element for spatially homoge-
neous rotating space-time becomes

ds? = —dt? + dr? + A(r)de? + dz2 — 2% deds. (33)
Cc7

X3 =—rco4cy, (32)

Solution of Eq. (17) to Eq. (26) is given by

Cs 1
X0 = = ¢ 427409, X'=zcy+es,
Tt 1 7 9 2 3
1
X2:701, X3:—r02—¢04+t07+08, 34
vVA+cg (34)
where ¢y, co, ¢3, ¢4, cs, c9g € R, ¢5 = cafc7, and

c6 = (cq/c7)?. Here the above space-time admits five lin-
early independent teleparallel killing vector fields, which
can be written as

0 1 0 0 0 0 0 0
at’ \/M([)_qﬁ _C%)’ a9z “or ox
Killing vector fields in general relativity are 9/0t, /09,
and 0/0z. In this case two teleparallel killing vector fields
0/0t, and 9/0z are same as in general relativity and oth-
ers are different. It is important to note that in this case
we get two more conservation laws.

Case 3 In this case we have A # B, A = c¢5, and B # con-
stant, where ¢ € R\{0}. Here the line element for spa-
tially homogeneous rotating space-time becomes

ds? = —dt* + dr? + csd¢? + d2® — 2B(r)dtdé. (35)
Teleparallel killing vector fields in this case are
on—icl—i—% X' =zeo 4¢3
/705 + B2 ) )
1
X2 = X3 = —rco+cq, (36)

where ¢, co, c3, ¢4, cg € R. Here the above space-time
(35) admits five linearly independent teleparallel killing
vector fields which can be written as

9 #(E_Bﬁ) 9o 92 90 9
ot \es + B2\0¢ ot)’ or 9z “or 9z
Killing vector fields in general relativity are 9/0t, 9/0¢,
and 9/0z. In this case two killing vector fields, which
are 0/0t and 0/0z, are same in both the theories. Other

killing vector fields are totally different. It is important to
note that in this case we get two more conservation laws.
Case 4 In this case A(r) = a and B(r) = b, where a,
b € R\{0}. Here the line element for spatially homoge-
neous rotating space-time becomes

ds? = —dt® + dr? + ad¢? + dz? — 2bdtde.  (37)
It is important to note that in this case all the torsion
components are zero. The teleparallel killing vector fields

are the same as in general relativity and are given below
b

X0 = mcw + mcm“ — m@t
a a
+a+b209¢+a+b2012+a+b202z+clo’
Xt =crt + e+ caz + cq
b 1 1
X2 = mcw — mcm“ — m@t
b b
+a+b2cQ¢+a+bzclz—a+b2022+c8,
X3 =1t — eur + 20+ c3, (38)

where c¢1, co, c3, c4, C5, Cg, C7, C8, C9, C190 € R. These
killing vector fields can be written as

9 9 9
ot o’ 04
0 0 r 0 0
92 §+m(%+”a—¢)v
0 r 0 0
5 o (5~ 95)
1 0 0
—a+b2{(a¢—bt>§+<b¢—t>a—¢},
0 0 0 z 0 0
“or "o 'os m(%”a@)v
0 z 0 0
5t o (e~ 95)
4 Examples

In this section we will discuss teleparallel killing vector
fields of some spatially homogeneous rotating space-times.
Here we will only present the results and calculation will
be omitted. One can easily reproduce the following re-
sults by using the general method, which is given in Sec. 3.
These examples are as follows:

(i) Reboucas Space-Time

If we choose A(r) = —(1 + 3cosh?2r) and B(r) =
2 cosh 2r, the above space-time (13) becomes Reboucas
space-time and takes the form!”!

ds? = — dt* 4+ dr? — (1 4 3cosh? 2r)d¢?
+ dz% — 4cosh2rdtde. (39)

For the above space-time (39) the teleparallel killing vec-
tor fields are given as

X% = (=2coth2r)c; +¢5, X'=zco+ec3,
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X2 =(csch2r)e;, X®=—rea+cy, (40)

where ¢y, co, c3, ¢4, c5 € R. The above teleparallel killing
vector fields can be written as:

— 2coth 27’(;9 + csch 2r (,;1

Lo _,9 9 90 9
or 8z ot° or 9z
Killing vector fields in general relativity are:

0 0
— csch 2rsin 2¢(2— + cosh 2T—) + cos 2¢E ,

¢
csch 27 cos 2(;5(2— + cosh 2T—) + sin 2(;52 ,
oo} or
0 0 0
ot o 9z

Here one can see that two killing vector fields 9/9¢ and
0/0z are same in both the theories and others are differ-
ent.

(ii) Som—Raychaudhuri Space-Time

If we choose A(r) = r?(1 —r?) and B(r) = r?, the
above space-time (13) becomes Som—Raychaudhuri space-
time and takes the form!*]

ds? = —dt?+dr2 +r2(1—r?)d¢? + d2z2 —2r2dtde. (41)
For the above space-time (41) the teleparallel killing vec-
tor fields are given as

X0=—rei4e5, X'=zeo+es,

1

X% =Z¢, X3 = —reg + ey, (42)
T

where ¢, ¢, c3, c4, ¢5 € R. One can write the above
teleparallel killing vector fields as:
o 10 0 0 0 0 0

Killing vector fields in general relativity are:

rsm(ba +cos¢— — lsm¢a¢

1
—rcos¢ —i—squ —|— cosqS

09’
0 0 0

Here again one can see that two killing vector fields 9/0t
and 0/0z are same in both the theories and others are
different.

(iii) Hoenselaers—Vishveshwara Space-Time

If we choose A(r) = —(1/2) (coshr —1)(coshr —3) and
B(r) = (coshr — 1), the above space-time (13) becomes
Hoenselaers—Vishveshwara space-time and takes the form

1
ds? = — d#? + dr? - i(coshr —1)(coshr — 3)d¢?

+ dz? — 2(coshr — 1)dtde. (43)

For the above space-time (43) the teleparallel killing vec-
tor fields are given as

—V2e1 45, X'=zeates,

X2=\/§cschrcl, X3=—7°02+C4= (44)

where ¢1, co, c3, ¢4, c5 € R. The above teleparallel killing
vector fields can be written as:

— \/iﬁ +2 cschrﬂ

ot 0¢’
0 0 0 0 0
Z_ - T‘_ b . b a_ b) a_
or 0z ot or 0z

6t+ ¢’ “or Taz ot ar o2 | Killing vector fields in general relativity are:
¢ 0 ¢
hr — csch —_—— — — — V/2coth —
V2(cothr — csc r)sm\/_at—l- 30r cot rsm\/_a¢
—\/_(cothr—cschr)cos%%+s1n\;¢_§ +\/§cothrcos78—¢ %, (%5, %

Here two killing vector fields 9/0t and 0/9z are same in both the theories and others are different.

(iv) Gédel-Friedmann Space-Time
Choosing A(r) = sinh® r(1 — sinh®7") and B(r) =
space-time and takes the form

V/2sinh? r, the above space-time (13) becomes Gédel-Friedmann

ds? = —dt? 4 dr? + sinh? r(1 — sinh? 7)d¢? + dz% — 2v/2sinh? rdtde. (45)
For the above space-time (45) the teleparallel killing vector fields are given as
h
= —V2tanhre; + 5, X'=zeo4e3, X2= E(S)Z—hrcl . X3 = —res+ ey, (46)
r

where c¢1, c2, c3, ¢4, c5 € R. The above teleparallel killing vector fields can be written as:

csch r 0

~V2tanh T cosh rdg’

Killing vector fields in general relatlwty are:

V2(sinh 2r — tanh 7 cosh 2r) sin gb + cos (;5—

— V/2(sinh 27 — tanh r cosh 2r) cos (b& + sin gba— + 2 coth 27 cos gb— —
r

o _ 9 9 9 9
“or "oz o

o’ 9z

2 coth 27 sin (;5 95"

o’ Oot’
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Killing vector fields which are same in both the theories
are 0/0t and 0/0z. Others are different.

(iv) Stationary Godel Space-Time

Choosing A(r) = —(1/2)e?*" and B(r) = e, where
a € R\{0}. The above space-time (13) becomes station-
ary Godel space-time and takes the form

ds? = —dt®* + dr? — %ewdgb? +dz?—2e%dtde. (47)
For the above space-time (47) the teleparallel killing vec-
tor fields are given as

X0 = —\/501 + cs5, X! = zcy +c3,
X% = e "2, (48)

where ¢y, ca, c3, ¢4, c5 € R. The above teleparallel killing
vector fields can be written as:

0 0 0 0 0 0 0
—V2— 279 — — =T =, =, .
V2g V2T on, g ota w0 B

Killing vector fields in general relativity are:

X3:—r02+04,

2 _,.0 0 a5, 2 4. 9
S o (38 e SlnhaT)@«ﬁ’
0 0 0 0 0
(5‘%—@5)’ a9 o

In both the theories the two killing vector fields 0/0¢ and
0/0z are same. Others are different.

5 Conclusion

In this paper we classified spatially homogeneous ro-
tating space-times according to their teleparallel killing
vector fields. It is shown that the above space-times ad-
mit 5 or 10 teleparallel killing vector fields. In the case of
10 killing vector fields the space-time becomes Minkowski
and all the torsion components become zero. Hence all the
10 killing vector fields are same in both the theories. In the
cases of 5 teleparallel killing vector fields we get two more
conservation laws in the teleparallel theory of gravitation.
From the above discussion it is clear that the presence of
torsion in the spatially homogeneous rotating space-time
increase the number of conservation laws. If the space-
time does not possess torsion like Minkowski space-time
the conservation laws remain the same in both the the-
ories of gravitation. Here, we have also discussed some
well known examples of spatially homogeneous rotating
space-times according to their teleparallel killing vector
fields and it turns out that for these space-times the con-
servation laws are same in number. A brief comparison of
killing vector fields in both the theories is also given. In
these examples only two killing vector fields in both the
theories are same and other three are totally different.
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