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Traveling Wave Solutions for Generalized Bretherton Equation∗
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Abstract This paper studies the Generalized Bretherton equation using trigonometric function method including the
sech-function method, the sine-cosine function method, and the tanh-function method, and He’s semi-inverse method
(He’s variational method). Various traveling wave solutions are obtained, revealing an intrinsic relationship among the
amplitude, frequency, and wave speed.
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1 Introduction

Nonlinear phenomena appear in a wide variety of sci-
entific applications such as the fluid dynamics, elastic me-
dia, optical fibers, nuclear physics, high-energy physics,
plasma physics, gravitation and in statistical and con-
densed matter physics, biology, solid state physics, chemi-
cal kinematics, chemical physics, and geochemistry, etc.
Because of the increased interest in theory of solitary
waves, a broad range of analytic and computational meth-
ods have been used in the analysis of these scientific mod-
els. Mathematical modeling of many physical systems

leads to nonlinear evolution equations (NLEEs) in vari-
ous fields of physics and engineering. Most famous model
equations are the nonlinear Schrödinger equation, the
Korteweg-de Vries equation, the Kadomtsev–Petviashvili
equation, the Boussinesq equation, the sine-Gordon equa-
tion, the Zakharov–Kuznetsov equation and so on. An
effective method is required to analyze the mathemati-
cal model, which provides solutions conforming to phys-
ical reality. Numerous analytic methods and computa-
tional techniques have been proposed for obtaining and in-
vestigating solutions of NLEEs.[1−41] Thus, seeking exact
and explicit solutions (especially the traveling waves) for
NLEEs, by using different methods, has long been a major
concern for mathematicians, physicists, and engineers; be-
cause the explicit formulas may provide physical informa-
tion and help us to understand the mechanism of related
physical models; they may also facilitate the verification
of numerical and analytic methods. The inverse scatter-
ing (IST) method was the pioneer dominant technique for
obtaining the exact solutions.[42−43] Some of other most
efficient studied techniques are Bäcklund transformation,
Painlevé method, F -expansion method, adomian decom-
position method, G′/G method, Cole–Hopf transforma-
tion, Stokes’expansions, Padé approximants, exponential
function method, Darboux transformation, Lie symmetry

method, Hirota methods, sub-ODE method, (modified)
extended tanh-function method, pseudo spectral method,
generalized hyperbolic-function method, Jacobi elliptic
function method, Whitham’s method, generalized trigono-
metric functions method, the imbricate-soliton series, and
many more.[2−4,6−15,17−18,26−29,31−41] A feature common
to some of these methods is that they reduce the equa-
tion into a more simple equation by writing the equation
in terms of specific polynomials in several elementary or
special functions; and then solve it.

This work studies the generalized Bretherton equation

utt + αuxx + βuxxxx + δu + γun = 0 , (1)

where u is a real function and the constants α, β, δ, and γ
are real; while for the exponent n we assume that n 6= 1.
This equation is a generalization of the Bretherton equa-
tion

utt + uxx + uxxxx + u − u2 = 0 . (2)

Equation (2) was first introduced by Bretherton[5] as a
model of a dispersive wave system to investigate the res-
onant nonlinear interaction between three linear modes.
When α = 0, equation (1) can be considered as a formal
fourth-order extension of the classical Klein–Gordon equa-
tion, but it also inherits a Schrödinger structure; however,
it can be noted that the equation satisfies neither finite
speed propagation nor mass conservation. We should also
note that Eq. (1) possesses the following invariants:

P (u) =

∫

R

ux(x, t)ut(x, t) dx , (3)

E(u) =
1

2

∫

R

[u2
t (x, t) − αu2

x(x, t)

+ βu2
xx(x, t) + δu2(x, t)]dx

+
γ

n + 1

∫

R

un+1(x, t) dx . (4)

The modified Bretherton equation

utt + uxx + uxxxx + u − u3 = 0 , (5)
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was proposed by Love[25] and discussed in [2, 7, 18] to ob-

tain periodic solutions in terms of Jacobi elliptic functions
and also elementary singular solutions; see also[23] for the
instability and global solutions of (5).

Equation (1) was studied by Levandosky;[20−21] who
investigated stability and instability of the solitary waves
of this equation by using the following Hamiltonian form
of (1):

ut = Bu +

(

0

−γun

)

=

(

0 1

−1 0

)

E′(u) , (6)

where v = ut,

u =

(

u

v

)

, (7)

B = −
(

0 −I

α∂2
x + β∂4

x + δI 0

)

. (8)

Levandosky and Strauss[22] also established time decay of
the solutions of equation (1). We also refer to[1,16,19,24,30]

for closely related references. Recently Romeiras[33] ob-
tained periodic and solitary traveling wave solutions by a

truncated Painlevé analysis.
Our interest in the present paper is to search for the

traveling wave solutions of equation (1). The first tech-
nique that will be used in Sections 2, 3, and 4 is the
trigonometric function method, which is one of the most
effective direct methods to construct traveling wave so-

lutions of nonlinear evolution equations. Actually in the
trigonometric function method we will use a special trans-
formation in terms of some special functions (sech func-
tion, sine–cosine function, and tanh function) to reduce
our equation into a more simple ODE. Next by equat-

ing suitably the exponents of the functions and their re-
spective coefficients, the single soliton solutions will be
derived. The trigonometric function method, in terms
of sech-function, will be applied in Sec. 2 to obtain the

KdV-type solitons of (1) (see for example[3−4,34] and ref-
erences therein); while Sections 4 and 5 are devoted to
using the sine-cosine ansätze and the tanh methods to
emphasize the applicability of these methods in solving
nonlinear problems.[27−29,36−37]

In Sec. 5, the He’s semi-inverse method (He’s
variational method) is used to carry out the

integration.[9−12,31−32,35,39−41] This method is one of the
most newly developed techniques that is being used to
solve various NLEEs. Generally, this method reduces the
original equation to a stationary integral; more precisely,

a specific functional similar to the lagrangian structure
of the equation. Based on the obtained stationary condi-
tions, solitary solutions in the sech-function and exponen-
tial function forms are obtained.[9−12,31−32,35,39−41]

It is worth noticing that the present solution proce-
dures can only lead to one-soliton solution; while by a sim-
ple analysis, the used methods can be extended to search

for 2-wave solution, 3-wave solution or multiple-wave so-
lution similar to double Exp-function method, three-wave

method, and Wazwaz’s multiple soliton method (see for
example[6,8,38]).

2 sech-Ansätze Method

As we mentioned before, the solitary wave solutions we
consider for (1) are obtained using sech-ansätze method;
actually our hypothesis is[3−4,34]

u(x, t) = A sech p(ax − ct) =
A

coshp(ax − ct)
, (9)

where A is the amplitude and a is the inverse width of the
solitary wave. Also c represents the velocity of the soliton
and the exponent p will be determined later. Let

ζ = ax − ct.

Now from (9), one can obtain

utt =
c2Ap2

coshp ζ
− c2Ap(p + 1)

coshp+2 ζ
, (10)

uxx =
a2Ap2

coshp ζ
− a2Ap(p + 1)

coshp+2 ζ
, (11)

uxxxx =
a4Ap4

coshp ζ
− 2a4Ap(p + 1)(p2 + 2p + 2)

coshp+2 ζ

+
a4Ap(p + 1)(p + 2)(p + 3)

coshp+4 ζ
. (12)

Plugging (10)–(12) into (1), there obtains

c2Ap2

coshp ζ
− c2Ap(p + 1)

coshp+2 ζ
+

a2αAp2

coshp ζ
− a2αAp(p + 1)

coshp+2 ζ

+
a4βAp4

coshp ζ
− 2a4βAp(p + 1)(p2 + 2p + 2)

coshp+2 ζ

+
a4βAp(p + 1)(p + 2)(p + 3)

coshp+4 ζ

+
δA

coshp ζ
+

γA

coshpn ζ
= 0 . (13)

By equating the exponents p + 4 and pn, we have

p =
4

n − 1
. (14)

Note that sech p ζ, sech p+2 ζ, and sech p+4 ζ are lin-
early independent functions; so that by setting their re-
spective coefficients in (13) to zero, we obtain

c2 = −αa2 − 16βa4

(n − 1)2
− δ(n − 1)2

16
, (15)

A =
[

− 8βa4(n + 1)(n + 3)(3n + 1)

γ(n − 1)4

]1/(n−1)

, (16)

|a| =
(n − 1)2

8(n + 1)

√

δ

β
. (17)

It should be noted that setting the coefficients of
sech p+2 ζ and sech p+4 ζ to zero yields the consistency con-
dition (17) between the width a of the solitary wave and
the coefficients of equation (1). Thus, the solitary wave so-
lution of the generalized Bretherton equation (1) is given
by

u(x, t) = A sech 4/(n−1)(ax − ct) , (18)
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where the inverse width a is given by (17), the velocity c

of the solitary wave is given by (15) and the amplitude of

the wave is given by (16). Finally, it is necessary to have

δβ > 0,

as seen from (17); and also the coefficients α, β, and δ
cannot be negative simultaneously, due to (15).

The following Fig. 1 shows the soliton profiles of (18)
with n = 3, β = a = A = 1, δ = −64, γ = −120, α = −24,

and c = 2 in x − t plane.

Fig. 1 The wave profile for solution (18) with n = 3,
β = a = A = 1, δ = −64, γ = −120, α = −24, and c = 2
in x − t plane.

Let us now address the question of the stability of the
solitary wave solution of (1) with respect to small per-

turbations, when a = 1. This is essentially based on the
behavior of the function

d(c) = E(u) − cP (u) . (19)

Indeed it is expected that the solitary wave (18) is stable

if d′′(c) > 0 and unstable if d′′(c) < 0, see [20–22]. It can

be easily seen that

d′(c) = −P (u) = −c

∫

R

|ux|2 dx. (20)

3 sine-cosine-Ansätze Method

As we mentioned before, in this section sine-cosine-
ansätze method will be applied to obtain new solutions of
Eq. (1). The solution we looking for can be expressed in
one of the following forms[27−29,36−37]

u(x, t) = u(ax − ct) = u(ξ)

= λ cosθ(µξ) χ|ξ|≤ π
2µ

(ξ) , (21)

u(x, t) = u(ax − ct) = u(ξ)

= λ sinθ(µξ) χ|ξ|≤ π
2µ

(ξ) , (22)

where λ, µ, and θ are parameters that will be determined
later. So that u satisfies

(αa2 + c2)u′′ + βu′′′′ + δu + γun = 0 . (23)

First, substituting the ansätze (21) into (23), we obtain

λ[βµ4θ4 + αa2µ2θ2 + c2µ2θ2 + δ] cosθ(µξ) − λθ(θ − 1)

×[2βµ4(θ2 − 2θ + 2) + αa2µ2 + c2µ2] cosθ−2(µξ)

+γλn cosnθ(µξ) + βµ4λ cosθ−4(µξ)

3
∏

i=0

(θ − i) = 0. (24)

Using the balance method,[27−29,36−37] by equating the ex-
ponents and the coefficients of cos(·)−functions and solv-
ing the resulting system, we get

θ =
4

1 − n
, (25)

µ =
n − 1

2

√

αa2 + c2

β(n2 + 2n + 5)
, (26)

λ =
[ (c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)
2

]1/(n−1)

, (27)

δ =
4(n + 1)2(αa2 + c2)2

β(n2 + 2n + 5)2
. (28)

It is necessary to have

αa2 + c2

β
> 0 , (29)

as seen from (26). One can similarly see that the same
results will be obtained if one applies the sine-ansätze
(22). Therefore, we obtain the following periodic solu-
tions, when (29) holds:

u(x, t) =
[ (c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)2

]1/(n−1)

sec4/(n−1)
(n − 1

2

√

αa2 + c2

β(n2 + 2n + 5)
(ax − ct)

)

, (30)

u(x, t) =
[ (c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)
2

]1/(n−1)

csc4/(n−1)
(n − 1

2

√

αa2 + c2

β(n2 + 2n + 5)
(ax − ct)

)

. (31)

The following figures 2(a), 2(b), and 2(c) show the evolution of solution (30), and Figs. 3(a), 3(b), and 3(c) present

the evolution of solution (31), with n = 3, β = 1/4, a = α = 1, δ = 16, γ = −2/ 1/3
√

30, c = 2, and |x| ≤ π/2 at t = 0, 1

and t = 1 and t = 2 respectively.

Note that when (29) does not hold, we will obtain the following solitary wave:

u(x, t) =
[ (c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)
2

]1/(n−1)

sech 4/(n−1)
(n − 1

2

√

−c2 − αa2

β(n2 + 2n + 5)
(ax − ct)

)

, (32)
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and the following traveling wave

u(x, t) =
[ (c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)
2

]1/(n−1)

csch4/(n−1)
(n − 1

2

√

−c2 − αa2

β(n2 + 2n + 5)
(ax − ct)

)

. (33)

The wave profile for solution (32) can be imagined similar to profile of (18) (see Fig. 1); while Fig. 4 illustrates the
evolution of solution (33). As seen in Fig. 4, traveling wave (33) has a singularity in x = ct/a.

Fig. 2 The evolution of solution (30) with n = 3, β = 1/4, a = α = 1, δ = 16, γ = −2/ 1/3
√

30, c = 2, and
|x| ≤ π/2 at (a) t = 0, (b) t = 1 and (c) t = 2.

Fig. 3 The evolution of solution (31) with n = 3, β = 1/4, a = α = 1, δ = 16, γ = −2/ 1/3
√

30, c = 2, and
|x| ≤ π/2 at (a) t = 0, (b) t = 1, and (c) t = 2.

Fig. 4 The wave profile for solution (33) with n = 3,

β = 1/4, a = α = 1, δ = 16, γ = −2/ 1/3
√

30 and c = 2.

4 tanh-Ansätze Method

In this section, we will use the tanh method to handle

the generalized Bretherton equation. Indeed by introduc-

ing a new independent variable[27−29,36−37]

ω = tanh(µξ) , (34)

there obtains

d2

dξ2
=µ2(1 − ω2)2

d2

dω2
− 2µ2ω(1 − ω2)

d

dω
, (35)

d4

dξ4
=12µ4ω(1 − ω2)

d

dω
− µ4(1 − ω2)2(8 − 34ω2)

d2

dω2

− 12µ4ω(1 − ω2)3
d3

dω3
+ µ4(1 − ω2)

d4

dω4
. (36)

By a balancing method in (24), we should use the following
transformation (in order to obtain an analytic solution):

u = ϑ2/(n−1) , (37)

so that (23) becomes

βkϑϑ′′′′ + 4βkϑ2ϑ′ϑ′′′ + 3βk(k − 1)ϑ2(ϑ′′)2

+ 6βk(k − 1)(k − 2)ϑ(ϑ′)2ϑ′′ + δϑ4

+ βk(k − 1)(k − 2)(k − 3)(ϑ′)4
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+ (αa2 + c2)k(k − 1)ϑ2(ϑ′)2

+ (αa2 + c2)kϑ3ϑ′′ + γϑ6 = 0 , (38)

where k = 2/(n−1). Using again the balance method, we

need to use the following expansion

u = b0 + b1ω + b2ω
2 . (39)

Substituting (39) into (23), collecting the coefficients of ω,

and solving the resulting system we find

b0 = −
√

(c2 + αa2)
2
(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)
2 , (40)

b1 = 0 and

b2 =

√

(c2 + αa2)2(n + 1)(n + 3)(3n + 1)

−βγ(n2 + 2n + 5)2
, (41)

while

µ =
n − 1

2

√

−c2 − αa2

β(n2 + 2n + 5)
, (42)

δ =
4(n + 1)2(αa2 + c2)2

β(n2 + 2n + 5)
2 . (43)

Finally it is necessary to have

c2 + αa2

β
< 0 , (44)

as seen from (42). Using equations (40)–(43) will give the

solutions (30)–(33) obtained above in Sec. 3.

5 He’s Variational Method

In this section we will apply a preliminary but effec-

tive variational approach that is so-called He’s Variational

Method to obtain the solitary wave solutions of (1).

The starting point is the solitary wave ansätze that is

given by[40]

u(x, t) = v(ξ), ξ = ax − ct . (45)

Here, c is the velocity of the solitary wave. Substitut-

ing this ansätze into Eq. (1) reduces it to the following

equation

(αa2 + c2)v′′ + βv′′′′ + δv + γvn = 0 (46)

that integrates to

(αa2 + c2)(v′)2 − β(v′′)2 + 2βv′v′′′

+ δv2 +
2γ

n + 1
vn+1 = K , (47)

where K is a constant. The stationary integral J is then

defined as

J =

∫

R

[

(αa2 + c2)(v′)
2 − 3β(v′′)

2

+ δv2 +
2γ

n + 1
vn+1

]

dξ . (48)

We search for a solitary wave solution in the form of (9),

viz.

v(ξ) = A sech p(ξ) , (49)

where A is an unknown amplitude to be further deter-
mined. Substituting (9) into (48), we have

J =
(αa2 + c2)p2A2κ

2p + 1
+ 2δκA2

+
2γκ′An+1

n + 1
− 3βκA2κ′′ , (50)

where

κ =

√
π Γ(p)

Γ(p + 1/2)
, κ′ =

√
π Γ((np + p)/2)

Γ((np + p + 1)/2)
,

κ′′ = p4 +
4p3(p + 1)3

(2p + 1)(2p + 3)
− 4p4(p + 1)

2p + 1
,

where Γ(·) is the gamma function. Making J stationary
with A results in

∂J

∂A
= 0 , (51)

we get[40]

A =
[3βκκ′′ − δκ − p2κ(c2 + αa2)/(2p + 1)

γκ′(n + 1)
−1

]1/(n−1)

. (52)

The solitary solution is, therefore, obtained as follows:

v(ξ) =
[3βκκ′′ − δκ − p2κ(c2 + αa2)/(2p + 1)

γκ′(n + 1)
−1

]1/(n−1)

× sech p(ξ) . (53)

6 Summary and Conclusions

This paper obtains the solitary wave solutions of the
generalized Bretherton equation. The trigonometric (the
sech-function, the tanh-function, the sine-cosine-function
methods) and He’s semi-inverse methods were successfully
used to derive these solutions. Physical significance of
the solutions have been presented graphically to see the
propagation and asymptotic characteristics of the solitary
waves (see Fig. 1). Physically the obtained solitons prop-
agate without change of their identities and we expect to
be stable against mutual collisions. Thus, these solutions
will be useful in studying the soliton perturbation the-
ory and stability studies; more precisely, because of the
form of the propagation of the solitary waves, we are ea-
ger to send the information and receive them without any
change; so that the soliton perturbation theory and sta-
bility analysis will be able to respond us. Various periodic
traveling wave solutions have been also obtained, by the
trigonometric method (see (30) and (31)). In fact, on one
hand, these periodic solutions do not have compact sup-
port (compacton); and are neither solitary wave nor kink;
on the other hand, they have singularity (see Figs. 2 and
3). Equation (1) also has nonperiodic traveling wave (33)
with only one singularity (see Fig. 4).

We should notice that the obtained solutions in this
paper may play a crucial role in applying the finite dif-
ference methods for the initial value problem associated
to the generalized Bretherton equation and in numerical
simulation and the understanding of solitons dynamics of
the variants of (1) where they facilitate the verification of
numerical solvers.
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The applied methods in this paper will be used in fur-
ther works to establish more entirely new solutions for
other kinds of nonlinear evolution equations. In partic-
ular we will also obtain new topological solitons of the
generalized Bretherton equation.

Also, some variants of the generalized Bretherton will
be analyzed in viewpoint of the stochastic perturbation
theory and their results will be appeared somewhere in
our future studies. Moreover, existence and nonexis-

tence of multiple soliton solutions, one-cnoidal-type and

one-dnoidal-type solutions of equation (1) and solitary

wave solutions of the generalized Bretherton with variable-

coefficients are some of the interesting issues, which will

be considered in future.
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