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Abstract Starting from a known Lax pair, one can get some infinitely many coupled Lax pairs.
In this letter, we take the well-known KdV equation as a typical example. Using infinitely
many symmetries, the infinitely many inhomogeneous linear Lax pairs of KdV equation can
be obtained. And considering the Darboux transformations for the KdV equation leads to the
infinitely many inhomogeneous nonlinear Lax pairs.
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I. Introduction

Soliton systems, such as the Korteweg-de Vries (KdV), sine-Gordon, and nonlinear Schré-
dinger equations, have been found to enjoy many remarkable properties. For example, they
may be solvable via inverse scattering transformation, have an infinite number of conservation
laws (Symmetries), have bi-Hamiltonian structure and Lax pairs, etc. In particular, the Lax
representation has played an important role in our understanding of integrable models.(14]
The recent study shows that infinitely many nonlocal symmetries of various integrable models
are related to their Lax pairs.(5=7) It is known that for an integrable model, its Lax pairs are not
unique. Therefore, how to find all the Lax pairs for a given integrable model is an interesting
problem. On the other hand, the Darboux transformation (DT) provides a powerful tool
to construct solutions for a partial differential equation.8=1% Using the DT method we can
obtain new solutions from old solutions. Recently, the DTs have been used to find nonlocal
symmetries of integrable nonlinear models which include the KdV and Kadomtsev—Patviashvili
equations.[!1] )

The main purpose of this letter is to show how infinitely many inhomogeneous linear and
nonlinear Lax pairs can be obtained by means of the infinitely many symmetries and by using
the DT respectively. To be explicit, we would like to take the most famous soliton equation —
KdV equation as an example. The letter is arranged as follows. The next section includes two
theorems on some inhomogeneous linear Lax pairs of the KdV equation. In Sec. III, taking
into account the DT of the KdV equation we can derive some inhomogeneous nonlinear Lax
pairs. The last section is a brief summary.

II. Inhomogeneous Linear Lax Pairs
The KdV equation is
u; — 6uuy + Ugyee =0, (1)
where the subscripts represent derivatives. The integrabilities of Eq. (1), such as the Lax pairs,
Béacklund transformation, N-soliton solutions, infinite conservation laws, Painlevé property,
and so on, have been studied extensively.[l'z'”] It is well known that equation (1) possesses
the following Lax pairs

¢x=—u¢+A¢EL1¢=O, (2)
Y + Ygoz — \Su"px —3uzy = Loy = 0. (3)
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For Eqs (2) and (3), we have
Proposition 2.1. If the functions f, g are related by

Layf = Ing, (4)
then the KdV equation (1) possesses the following inhomogeneous Lax pairs
Ly = f, : (5)
Layps=g. (6)
Proof. Acting L; on Eq. (5) and L; on Eq. (6), we have
LoLyvpy = Lof . . (7)
LiLyyy = ILhg. - (8)
Combining Eqs (7) and (8) will lead to
(L1, LaJtos = (LyLa — LaLy s = Lyg — Laf = 0. ©)

The relation (4) has been used in the last step of Eq. (9) that is obviously true because the KAV
equation (1) is equivalent to [L;, L;] = 0. Thus we have completed the proof of Proposition
2.1. _ :

It is easy to see that there are infinitely many inhomogeneous Lax pairs which have the
forms (5) and (6) because one of the functions f and g may be arbitrary while the other
is given by Eq. (4). To give a detailed discussion, we now turn attention to the following
proposition. '

Proposition 2.2. If o; is a symmetry of the KAV equation (1) and the spectral function 9
satisfies the homogeneous Lax pairs (2) and (3), then

Ly = oi¢, (10)
Layy; = 603z + 309 (11)
is an inhomogeneous Lax pair of the KdV equation (1).

Proof. A symmetry of the KdV equation is defined as a solution of the linearized equation
of Eq. (1),
Ot + Opgz — 60U — Buo, =0. ) (12)

That means the KdV equation (1) is form-invariant under the transformation
u—u+teo, (13)

where ¢ is an infinitesimal parameter. Substituting f = 0;¥ and g = 60y¢; + 309 into
Eq. (4), we have

(0:%)e + 4(0i%)zzz — 6u(0:¥)x — 3uz(0:)
= (60i%s + 30is¥)zz + (A — u)(60iz + Boizy) . (14)
Using the Lax pairs (2) and (3), a straightforward calculation yields
(0it + Oigzz — 60Uz — Buoiz )y =0. (15)

Comparing Eq. (15) with the symmetry definition equation (12), we have proved the Propo-
sition 2.2,
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It must be emphasized that, by using Proposition 2.2., we will obtain a corresponding
inhomogeneous linear Lax pair for every symmetry. For the KdV equation, there are infinitely

many symmetries, 1314 so its infinitely many kinds of inhomogeneous linear Lax pairs can be
found.

I11. Nonlinqar Lax Pairs from the DT

Almost all the known integrable models possess linear Lax pairs. On the one hand, because
of the linearity of the Lax pairs, one can get some DTs. On the other hand, the linear Lax
pairs can also be nonlinearized by using DT[]

For the KdV equation (1), the DT theorem reads!8!

Proposition 3.1. Let U be a solution of the KAV equation (1), where 9 satisfies Eqs (2)
and (3), then U = u — 2(8%/82%)(In 7)) is a solution of Eq. (1).

Proposition 3.2. The KdV equation (1) possesses the following coupled nonlinear Lax pairs

— (u+2(In@d)zz)p + A =0, (16)
bt + 4dzzz — 6(u +2(In ¢)2z )¢z — 3(u + 2(I0 B)zz)¢ =0, (17)
—(u+2(In¢)zs)d+ A =0, < (18)
¢ + 4zzz — 6(u + 2(In $)oz )bz — 3(2 + 2(In $)zz)od = 0. (19)

Proof. Let 91 be a solution of spectral function in the linear Lax pairs (2) and (3). From
" the Proposition 3.1, we know that U = u — 2(In 4, ). is also a solution of the KdV equation
(1). Substituting u = U + 2(In 9, ), into Egs (2) and (3), we have

— (U +2(Intp)ez)¥p + A =0, (20)
11’: + 4¢:c::1: - 6(U + 2(11'1 ¢l)mz)¢z - 3(U + 2(11’1 "pl)mz):’w =0. (21)

Now taking ¥ = 9 = ¢ and replacing the notation U by u finishes the proof of Egs (16) and
(17). In the same way, the choices ¥, = @, ¥ = ¢ and replacement U — u lead to the proof
of Egs (18) and (19).

Furthermore, the inhomogeneous linear Lax pairs obtained in the last section can also be
nonlinearized by means of the DT. For instance, the coupled Lax pairs (10) and (11) and/or
(2) and (3) can be nonlinearized as

Li(u+2(In ¢)22)b; = 0i(u + 2(In $)22)8 (22)
Ly(u+2(In ¢)z5)¢: = 603 (u + 2(In @) zz )Pz + 30z (u + 2(In ),z ). (23)

Besides, the DT can also be used for any times. For the KdV equation, the N-times using
DT readsl®

Proposition 3.8. If 1,3, --,¥y are independent linearly solutions of Lax pairs (2) and
(3) and u is a solution of the KdV equation (1), then

62
with the usual Wronskian determinant W of N functions vy,2, -+, ¥x,

6:‘—1

W=W(, ¢, ,%n) =det 4, Ay = Ozi-1

1:[)] (Z>J=112a)N)1 (25)
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is also a solution of the KdV equation (1).

Proposition 8.4. The KdV equation (1) possesses the following coupled nonlinear Lax pairs

Gizz — (u+ 2(In W)z )di + A; = 0, i1=12,--+,N, (26)
Git + 4bizee — 6(u + 2(In W)z )diz — 3(u+ 2(In W)zz )i = 0, (27)
fizee — (w+2(0W)z2)di + A =0,  i=1,2,---,N, (28)
$it + ABizzz — 6(u+ 200 W)zo)biz — 3(u+ 2(In W)aa)adi =0, (29)

where W = W(¢1) ¢2) U 7¢N)'
The calculation involved here is rather tedious. Since the idea employed is similar to the
one used for the last proposition, we omit the proof here.

IV. Conclusion

We have shown that for an integrable model, if there is one homogeneous linear Lax pair,
then starting from this Lax pair we get infinitely many inhomogeneous Lax pairs, both linear
and nonlinear, by using symmetries and DT respectively. Some kinds of concrete infinitely
many linear and nonlinear Lax pairs of the KdV equation are also given.

It is well known that the study of integrabilities of a nonlinear model is an important
subject in soliton theory. In fact, infinitely many inhomogeneous Lax pairs also reveal some
aspects of the integrability properties of the model.” We would like to indicate that some types
of the infinitely many nonlocal symmetries can be obtained by using the infinitely many Lax
pairs (See Ref. [11]) and that similar results for other interesting models will be left to the
sequel.
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