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Abstract In this paper, we study a long-range percolation model on the lattice Z¢ with multi-type vertices and directed
edges. Each vertex x € Z? is independently assigned a non-negative weight W, and a type 1), where (Wz)peza are iid.
random variables, and () cza are also ii.d. Conditionally on weights and types, and given A\,a > 0, the edges are
independent and the probability that there is a directed edge from x to y is given by pyy = 1 —exp(=Ady,p, Wa Wy /|z —
y|®), where ¢;;’s are entries from a type matrix ®. We show that, when the tail of the distribution of W, is regularly
varying with exponent T — 1, the tails of the out/in-degree distributions are both regularly varying with exponent
v = a(r —1)/d. We formulate conditions under which there exist critical values A\Y°C € (0,00) and X3¢ € (0, 0)
such that an infinite weak component and an infinite strong component emerge, respectively, when \ exceeds them. A
phase transition is established for the shortest path lengths of directed and undirected edges in the infinite component
at the point v = 2, where the out/in-degrees switch from having finite to infinite variances. The random graph model
studied here features some structures of multi-type vertices and directed edges which appear naturally in many real-world

networks, such as the SNS networks and computer communication networks.
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1 Introduction

Over the last few decades, complex networks have trig-
gered a surge of research interest that has led to a gen-
eral framework within which to analyze their topologies
as well as the dynamical processes running on them.!*—3!
Of special interest are the scale-free random networks in
which the number of vertices with degree k falls off as an
inverse power of k. Scale-free graphs are common in real-
world large-scale networks and have been proposed as an
approach to model the behaviors of social, technological,
and biological networks.!1:4~?!

Complex networks usually incorporate a geometric
component to them where the vertices have positions in
space and geographic proximity plays an important role
in determining which vertices get connected. Long-range
percolation models (see e.g. Refs. [6-11]) provide one way
to describe networks with spatial content. In the most
commonly studied long-range percolation, two vertices
x,y € Z4 are connected by an edge with a probability
that decays like M|z — y| =%, for some parameters a, A > 0,
as the Euclidean distance |z — y| — oo, and the presence
or absence of an edge is independent on the presence or
absence of other edges. We refer to Az — y|™ as the
connection function. Questions such as the appearance
and uniqueness of an infinite component and the decay
of connection functions can be asked for properties of the
random graph G(\, ) obtained by long-range percolation.

Another class of network models received substantial
attention consists of inhomogeneous random graphs (see
e.g. [12-17]), where the edge probabilities are defined
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in terms of weights that associated to the vertices. In
contrast to classical Erdés-Rényi random graphs,[*8 the
edges in these models are conditionally independent, given
some vertex weights. Recently, Deijfen, van der Hofstad,
and Hooghiemstral'®! introduced a model G(\, o, W) for
spatial inhomogeneous random graphs on Z¢ with long-
range edges and random vertex weights. Specifically, for
a, X € (0,00), the probability of having an edge between
vertices x,y € Z% is defined by

— AW, W, —y|“
poy=1— o Vo=l

where the i.i.d. non-negative weights (W,),cze follow a
power law of the form
P(W, >w) =w " YL(w).

Here, L(w) is a function that varies slowly at infinityl
and the exponent 7 satisfies 7 > 1. This notable model
can be viewed as an interpolation between long-range per-
colation and inhomogeneous random graphs, and the au-
thors in [19] showed that many behaviors of G(\, a, W),
such as the degree distribution, percolation threshold, and
graph distance, share the interesting features of both these
models.

To go further, in this paper we consider a sort of per-
colation on Z?, which involves not only spatial structures
but also relational (i.e., non-spatial) structures. In our
model, each vertex in the cubic lattice Z¢ is associated
with an attribute or type, which may affect the probabil-
ity of edges coming in/out of the vertex. By doing so, we
arrive at a multi-type percolation, extending the mono-
type percolation studied in [19]. Another key feature of

20]
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our model is that it accommodates directed edges, which
are remarkable and pervasive in various real-life complex
networks.[221=23] Specifically, we suppose that the edges
between the same types of vertices (which means they
have close relationship regardless of spatial distance) are
bidirectional; while edges between different types of ver-
tices are directed. There are quite a few such situations
in real networks. For instance, in the new and fast grow-
ing SNS networks,[24=29] like Facebook, MySpace, Blog-
ger and RenRen, people sharing common interests become
“friends”. A group of friends can be viewed as of the same
type, and they learn each other’s status via bidirectional
links simultaneously. On the other hand, people from dif-
ferent groups of friends are also likely to pay attention
to each other by an action of “subscribing”. This opera-
tion, however, is unidirectional and does not occur simul-
taneously. Another example is the information security
of computer communication.?S! In multi-layer networks,
such as military communication networks, for the sake
of high security and privacy, unidirectional security gate-
way is applied when data transport from high side to low
side, and vice versa. On the other hand, communications
within the same side usually go alone bidirectional routers
in order to contain costs and promote efficiency. We will
show that allowing multi-type vertices and directed edges
modifies the picture previously drawn!'® in a nontrivial
way, opening new scenarios for percolation phenomena.

1.1 Model Definition

We define our model over the nearest-neighbor cubic
lattice Z? in an integer d > 1 of dimensions. Let each
vertex € Z? be equipped with a non-negative weight
W, where (W,),cze are independent and identically dis-
tributed. Throughout the paper, we assume that the dis-
tribution F' of the weights (W,),cz¢ has a regularly vary-
ing tail with exponent 7 — 1 for some 7 > 1. In other
words, if we denote by W a random variable with the
same distribution as Wy, we have

1—F(w)=PW >w)=w ""YL(w), (1)
where L(w) is slowly varying at infinity,['] i.e., for every
¢ >0, limy o0 L(cw)/L(w) = 1.

Let ® = (¢;;) be a 2 x 2 matrix with non-negative
constants as entries. Furthermore, we assume that the
matrix @ contains no row or column of all zero. For
each € Z¢, let 1, € {1,2} denote the type of the ver-
tex . For g € (0,1), vertex = belongs to type 1 with
probability P(i, = 1) =  and type 2 with probability
P(¢, =2) =1- 4, independent to types of other vertices
and all weights (W3),cz¢. Here, ® is dubbed as the type
matrix and S the type probability. We write (z,y) for a
directed edge from x to y. As mentioned before, we equate
(x,y) with (y,x) (i.e., bidirectional edge) when ¢, = 1,;
while (x,y) and (y,z) are different directed edges when
¥y # 1y. Conditionally on the weights (W;),cz¢ and
types (Vz)pezd, the (directed) edges in the graph are in-
dependent and the probability that there is an edge (x,y)

is defined by
Doy =1 — e_)“z’wzwszWy/\m_y‘a, @)

for a, A € (0,00), where | — y| denotes the Euclidean
distance between x and y throughout the paper. If two
vertices x and y are of the same type, the probability of
presenting a non-directed edge (z,y) iS pry = pyz. We say
that the edge (x,y) is occupied with probability ps, and
unoccupied otherwise.

We refer to the resulting random graph model as
G\ a,W,3,®). Tt is easy to see if ¢ is a matrix with
all entries equal to 1, we reproduce the model G(\, a, W)
with connection function AW, W, /|z — y|* proposed in
[19]. There are three important parameters in our model:
A > 0 can be though of as a percolation parameter; a > 0
describes the long-rang nature and spatial structure; and
B € (0,1) captures the individual attribute and relational
structure. The random type-weight pairs (., Wy)eza
create a random environment in which we study the per-
colative properties of our model.

Although our definitions and all the results below are
stated for two different types, the techniques generalize to
the case of an arbitrarily large but bounded number £ of
types. We omit the details to simplify the exposition.

1.2 Organization and Results

The paper is organized as follows. In Sec. 2, we charac-
terize the tail behavior of the degree distribution. Taking
the weight distribution to be regularly varying with ex-
ponent 7 — 1 as in (1), we show that the corresponding
out-degree and in-degree distributions are both regularly
varying with exponent ~, where v = «(r — 1)/d, pro-
vided that @ > d and v > 1. Conditional on weights and
types, the expected out-degree and in-degree are concen-
trated within different bounded intervals when a > d and
~ > 1. Numerical simulations support this result, further
predicting a bell-shaped distribution of the expected de-
grees. Note that, when v > 2, the out/in-degrees have
finite variance, while when v € (1,2], the out/in-degrees
have finite mean, but infinite variance, without reference
to the type matrix ® and type probability 5. Whether the
out/in-degrees have infinite variance for ¥ = 2 depends on
the precise shape of the slowly varying function involved.
In the case of @ > d or v < 1, the out/in-degrees of all
vertices regardless of their types are almost surely infinite.
Here we stress that for & > d and v > 1 the asymptotic
expected out-degree and in-degree are focused on different
values depending on the type matrix ® as well as the type
probability §. The inhomogeneous type matrix plays an
essential role in this context which is in contrast with the
mono-type percolation [19, Proposition 2.3].

Section 3 is devoted to the percolation properties of
the model, where A > 0 is our percolation parameter. The
critical probability values for the infinite weakly connected
component (WCC) of 0 and the infinite strongly connected
component (SCC) of 0 are denoted AV and A3CC| re-
spectively. When o < d or v < 1, a sufficient condition
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for A3€C = 0 is that trace(®) > 0, which has no counter-
part in the mono-type percolation,'” where all connected
components are in the sense of WCC. In Subsec. 3.1, con-
ditions which guarantee that AY©C \5CC < oo are formu-
lated on the weights and types. If either 8 or 1 — 3 is
large enough, we may obtain finite A3°C. This condition
is tantamount to say that one type of vertices outnumbers
the other. In Subsec. 3.2, it is shown, under some mild
conditions on type matrix ® and type probability 3, that
AVEC A\SCC > 0 if and only if the out/in-degrees have fi-
nite variance. In particular, if AW > 0, then at least
one of the entries in matrix ® is equal to zero.

In Sec. 4, we study the graph distance (“chemical dis-
tance”) between vertices. Let d(z,y) denote the undi-
rected graph distance between z and y, that is, the min-
imal number of occupied edges that form an undirected
path between x and y. Similarly, denote by d(z,y) the
length of shortest directed path, consisting of occupied
edges, from x to y. We show, under the assumption that
® is a positive matrix, that d(0,z), d(z,0) and d(0,z)
are exactly of the same order Inln|z| when v < 2, that
is, when the out/in-degrees have infinite variance, and at
least of the order In|z| when v > 2, that is, when the
out/in-degrees have finite variance. This result establishes
a phase transition at the point where v = 2. Here, the
condition of positivity of the type matrix ® is naturally
satisfied in the mono-type percolation where all elements
of ® are set to 1. Our results reveal that the weak limit
law of graph distance can be established under the same
normalization as in [19] provided every type of vertices has
positive connection probability. When v > 2 and a > 2d,
the aforementioned lower bound of the three distances can
be raised to |z|® for some ¢ > 0, slightly improving Theo-
rem 5.5 in [19]. Finally, we conclude the paper with some
open problems in Sec. 5.

The line of the proofs mainly follows the recent beauti-
ful paper.[*9 Tt is often that some arguments are adapted
from results for long-range percolation models in [6, 9, 11,
19, 28-29] and so the validity of these technical results
under general assumptions needs to be carefully checked.
We include the complete proofs of them, not only for the
convenience of the reader but also to convince the reader
that they do hold in our setting.

2 Vertex Degrees

In this section, we relate the tail behavior of the
out/in-degree distributions in our model to that of the
weight distribution. Recall that we assume the distribu-
tion function F' of the weights (W) cze has a regularly
varying tail satisfying (1) and the edge occupation proba-
bilities (pay ), yeze are as in (2). Write D, and D, for the
out-degree and in-degree, respectively, of vertex x € Z9.
By translation invariance, D, has the same distribution as
Dy; and D!, has the same distribution as Dj. Denote by
aVb (and aAb, respectively) the maximum (and minimum,
respectively) of two real numbers a and b.

Our first result shows that, when o < d or when both
a > dand v = a(r —1)/d < 1, the model is degenerate

in the sense that all vertices have infinite out/in-degrees
almost surely regardless of their types.
Theorem 1
Suppose that
(a) a < d; or
(b) a > d and the weight distribution satisfies
1—Fw)>cw "D, w>0, (3)
for some ¢ > 0 and 7 > 1 such that v = a(r — 1)/d < 1.
Then, we have P(Dy = oo|Wy > 0) = 1 and P(D] =
OO|W0 > 0) = 1.
Proof We first prove the statement for out-degree Dy.
Let 14 be the indicator function of event A. By using the
inequality 1 — e~* > (z A 1)/2, we obtain

> P((0,) occupied|Wy = w, v = k)

(Infinite out/in-degrees for a < d or v < 1)

y#0
TR —".

y#0

1 Are, W,
> ZE(M A 1)

2 lyl

y#0
Ery, - E(W,1 o/ O
z%"z Srp, - E(W, |{V|vay3|y| [OwleD))
y#0 Y

where ||®]] : = max;,; ¢s5. Since E(Wy 1w, <jy|=/(w|])})
— EW as |y| — oo, and by the assumptions on the type
matrix ®, Edry, = ¢r18 + dr2(1 — 3) > 0, we have

ZP((O,y) occupied|Wy = w, vy = k) > sz % ,

y#0 o 1
for some constant C' > 0. If condition (a) holds, then
the above summation diverges. Since the edges coming
out of the origin are independent conditionally on W
and g, it follows from the Borel-Cantelli lemma that
P(Dy = oo|Wy = w,tpg = k) = 1 for any w > 0 and
k € {1,2}. Hence, P(Dg = oo|Wy > 0) = 1.

If condition (b) holds, then we have 7 € (1,2). By
(3) and the Fubini theorem we obtain that EW, = oo
and E(Wy1w,<s) > C's*77 for some constant C’ > 0.
Combining this with the bound (4), we have

> " P((0,y) occupiedWy = w, v = k)
y#0
1", T—1 1
> CMw Z e
y#0

for some constant C” > 0. Using a similar argument
as before, we derive P(Dy = oo|Wy > 0) = 1 when
y=a(r—1)/d < 1.

The statement for in-degree Dy, can be proved similarly
by considering the probability P((y,0) occupied |Wy =
w, Yo = k) instead. O

Let 8, denote the volume of the unit ball in R? and
I'(-) the gamma function. The following result is a char-
acterization of the conditional expected out/in-degrees.

Theorem 2 (Expected out/in-degrees) Suppose that
the weight distribution satisfies (1) with a > d and v > 1.
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Denote by 9 a random variable with the same distribution

as ¥o. Then
|E(Do|Wo = w, o = k) — Ew™*| < b,

where ¢ = 00T (1 — d/a)E(¢}," ) E(W®Y*); and simi-

larly,

|E(Dgy|Wo = w,tho = k) — €0 | < 4,

where € = 0,AY°T (1 — d/a) E(6"VE(WY/®).

Proof First, note that v > 1 implies 7 — 1 > d/«, and
then E(W%/*) = [ w/*dF(w) < co. We have

E(Do|Wo = w, o = k) = Z(l — E(e—/\mwywwy/\y\a)) — Z/ 1— Be Awwu/lyl™ _ (1- 5)e—/\¢ksz/\y\“dF(U),
0

y#0

y#0

Interchanging the order of integration and summation, we first compute the sum over y # 0 as follows

Z 1— geMuwn/Wl® _ (1 — g) e orawu/ Wl = /

y#£0 ly|>1

(1 — Be Amwu/lyl" _ (1—

6) ef)\qbkzwu/\y‘a) dy “+ El (U)

= ()\uw)d/o‘/ (1—pe ?a/" (1 — gye /11" dt + Fy (u)
[t]>(Auw) =1/«

= ()\uw)d/o‘/ (1= Be /I — (1 - B)e /1" dt — Ey(u) + By (u), (5)
[t|>0

where E(u) and Ea(u) are error terms that will be estimated below. Converting the integral in (5) to polar coordinates

and by integration by parts, we derive

/ (1 _ Be*d—’kl/‘t'a _ (1 _ ﬁ)e*@cz/\ﬂa)dt — od/ (1 _ 5e*¢7k1/7“°‘ _ (1_6) e*@cz/ro‘)de*ldT
[t]>0 0

=0 [ Al (=g el ) =0y [T+ (1= o) —0ar (1- ) B,
0 0 a Y

for o > d. Recall that E(W%*) < oo, we have

d o0
E(Do|[Wy =0, = k) = 9dr(1 - E)E(gb%}j)/() (Auw)?* dF(u)

- u) — u u) = Ew Oolu—gu U
+/0 (B (u) — By(u))dF(u) = € +/0 (B (u) — Ba(u))dF(u)., (6)

where & = 90T (1 — d/a) E(¢y" ) E(W/®).

Now it remains to bound the error terms. As for Ej(u), since 1 — e~°l¥/"" is monotonically decreasing as |y|

increases, we have

0< Er(u)=y_ (1=Be mmn/l” — (1—g) e dowawn/ ") —/

y#0

(1_ﬁe—>\¢k1wu/\y\a _(1_6) e_>‘¢"2wu/‘y‘a)dy§6’d.
ly|>1

As for E5(u), a similar calculation as the one following (5) yields

Es(u) = ()\uu;)d/a/ (1 — Be PR /11T _ (1— 5)e—¢k2/|t\a)dt — gd(l — Be~PrAuw _ (1— ﬁ)e—mz)\uw
[t]< (Auw) =2/«
Q) [ (G e (1 Bz ) ds).
Auw
Since
()\uw)d/a/ g~ d/e (6@5161 e 5Pkl (1 _ 6)¢k2 eiqukz)dS < / (/B¢k1 e8Pkl (1 _ 6)¢k2 eis¢k2)d5
Auw Auw

_ ﬁe—dml)\uw + (1 _ ﬁ)e_¢k2>‘“w,

we obtain 0 < Fs(u) < 4. Combining these bounds with | Let the type probability 5 = 0.4 and type matrix & =

(6) yields
|E(Do|Wo = w, o = k) — &w™?| < .
The statement for in-degree D{, can be proved similarly.
O
Next, we provide a simulation example to illustrate the

conditional out/in-degrees of our model G(\, oo, W, 3, ®).
Taked =2, « =4, and 7 = 2. Hence, vy = a(r—1)/d = 2.

(8'; 8'? ) Take the percolation parameter A\ = 1 and the

distribution F' of weights satisfying
2 \Inw
Fw)=1- ()=, w22
(w) In2 v

We can easily verify that the conditions of Theorem 2
hold. Fix ¢y = 1. Straightforward calculation gives
0g = m, E(WY?) = 4(14+1nv/2)/v2In2, T(1/2) = /7,

w
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E(¢)}) ~ 0.8, E(¢)}’) ~ 0.6 and thus ¢ ~ 25.1 and
& =~ 16.9. Given g = 1, we plot the simulation results of
conditional out-degree Dy and in-degree Dj as functions
of weight w in Fig. 1. We find an excellent agreement be-
tween numerical solutions and theoretical values £+/w and
&'v/w. This phenomenon is further explained by Fig. 2,
where we plot the histograms of 100 samples of out-degree
Dy and 100 samples of in-degree D}, conditional on w = 5,
1o = 1. We observe that the both frequency distributions
are bell-like shaped with highest frequencies occurred near

V5~ 56.1 and €/\/5 ~ 37.7.

120
110p

- conditional out-degree D

- conditional out-degree D

—_
=3
(=

90
80
701
601
50
40
301
20

e

Conditional vertex degree

2 4 6 8 10 12 14 16 18 20
w

Fig. 1 Conditional vertex degrees versus weight w from

numerical simulations with out-degree (Dqlipo = 1) (tri-

angles) and in-degree (Dj|1o = 1) (squares), and our ex-

act values &/w and ¢'v/w (solid curves) from Theorem

2.

Theorem 38 (Power-law out/in-degrees for power-law

(1) with & > d and > 1. Then there exist two functions
I(s) and I’(s) which are slowly varying at infinity such that
P(Dy > s) =s7(s), P(D{ > s)=s"(s).

Under the assumption of the theorem, the out/in-
degrees have finite mean, i.e., v > 1. When « > d, finite
variance for the weights (i.e., 7 > 3) implies finite vari-
ance for the out/in-degrees (i.e., v > 2). Also note that
the variance of the out/in-degrees may be finite even if the
weights have infinite variance, since for 7 € (1, 3] we still
have v > 2 if « is large enough. The proof of Theorem 3
relies on Theorem 2 and is adapted from [29].

30
= conditional in-degree
m conditional out-degree
201 m
> -
5
=]
o -
=]
o
9]
-
=
10¢
0 . H —‘

25 30 35 40 4‘5 5b 55 60 65
Conditional vertex degree
Fig. 2 Sample frequency versus conditional out-degree
(Do|lw = 5,10 = 1) (right part) and conditional in-degree
(Dy|lw = 5,10 = 1) (left part).

Proof We only prove the out-degree case, and the corre-
sponding in-degree case can be proved likewise. For fixed

weights) Suppose that the weight distribution satisfies | s, we have

P(Do > S) = / ﬂP(DO > S|W0 =w, Py = 1) + (1 —/B)P(DO > S|W0 =w, Py = 2)dF(’LU)
0

= /BP(DO > S|W0 =w, Yy = 1) + (1 — 6)P(D0 > S|W0 = w, Yy = 2)dF(w)

Iy

+ ﬂP(DO > S|W0 =w, Py = 1) + (1 — 6)P(D0 > S|W0 =w, Py = 2)dF(w),

1>

where I = [0,m(s)), I = [m(s),00), and m(s) = [(s — s'/%Ins + O(1))/&]*/2.
We address the above two integrals separately. For k € {1, 2}, exploiting the Bernstein inequality, we have

P(Do > S|Wo =w, )y = k) < e—(s—E(Do\W():’w,’l/Jo:k))2/(2E(Do\W():w,w():k)+4s/3).

From Theorem 2, we know

E(Do|Wo = w,1po = k) = w™* + 0(1). (7)
Therefore,
inf {s—B(Do|[Wo = w, o = k)} > sY2Ins+0(1), sup {E(Do|Wo = w,1ho = k)} < s—s?Ins+0(1)<s.
wely wely

For s large enough, we then derive P(Dg > s|Wy = w, 1 = k) < e~09°/5 = g=Ins/5 which implies

§— 00

for any a > 0.

§—00

lim s“/ BP(Dg > s|Wo = w,1o = 1) + (1 — B)P(Dy > s|Wy = w, 1o = 2)dF(w) < lim s%s™ /5 =0, (8)
Iy

As for the integral over I, let X, ; denote a random variable with the same distribution as (Do|Wp = w, ¥ = k).
It follows from (7) that EX,, x = &w®® + O(1) and by a similar analysis as for the first moment in Theorem 2, we can

show

VarX, r = nwd/o‘ +0(1), 9)
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for some n < £. Define G(t) = f:;;t) BP(Xyp1>t)+ (1 —0B)P(Xy2 >t)dF(w), and then P(Dy > t) = G(t) + O(t~*),

for any a > 0, by virtue of (8).

Now, to prove the theorem, it suffices to show that (see [27] p. 275) limy— oo (P(Dg > st)/P(Dy > t)) = s~ 7, for
any s € (0,00), since P(Dg > s) is monotonic on (0,00). From (8), this in turn follows if we can show

G(st) Y
= 10
) , (10)
for any s € (0,00). To this end, note that G(t) < j;?l(t) dF(w) =1— F(m(t)). On the other hand, for any ¢ > 0,
c < [ BP(Xs > 1)+ (1= B)P(Xuz > ) dF(w)
(1+e)o/am(t)
=1 F((1+ 2 me) - BP(Xys < 8)+ (1= HP(Xy2 < )dF(w)
(1+2)2/dm(t)
Note that for w > (14 €)®/4m(t) and t large enough,
EXup = 0+ 0(1) > £(1 + &)m®)¥* + 0(1) > (1 + %)t
and then, by the Chebyshev inequality and (9),
VarX,,
P(Xuk <) = P(EXy ) — Xup > BEXyg —t) < P(IEXy ) — Xupl > BXyp—1) < ——2b
’ ’ ’ ’ ’ ’ ’ (EXypr —t)?
4o+ 0(1 C
nw* + 0(1) < (11)

= G e 10 =0 S &

for some constant C' > 0, where the last inequality (11) follows from the fact that Ew®/® — ¢ > (¢ — £/(1 +¢/2))w?/e.
Therefore, P(X,, x < t) — 0 uniformly in k and w > (1 4 €)*/4m(t) as t — co. Hence, we obtain by letting & — 0,

1—-F(m(st))

1—F((1+0(1))(st/£)~/9)

o (/9 UTDNL((A+0(1) (st

. G(st)
tli)rgo 0 = lim

which proves (10).

3 Percolation Properties

We investigate in this section the percolation proper-
ties of our model G(\, a, W, 3, @), where A > 0 is viewed
as the percolation parameter.

Write © «— y to denote the event that there is
an undirected path of occupied edges between x and y
in G(A\,a, W,3,®). Similarly, write + — y to rep-
resent the event that there is a directed path of occu-
pied edges from z to y in G(A\, o, W, 3,®). Denote by
WCC(z) = {y : * <« y} the weakly connected com-
ponent of z and SCC(z) = {y : + — y, y — =} the
strongly connected component of z. Write |[WCC(z)| and
|SCC(z)| the number of vertices in WCC(z) and SCC(x),
respectively. The corresponding percolation probabili-
ties are defined by #WCC()\) = P(JWCC(0)| = oo) and
63€C(\) = P(]SCC(0)| = oo), respectively. Thus, the
critical percolation values are defined as

awee A and A9 = inf ),

= inf =
#SCC(N)>0

©eWOC())>0
respectively.

For general introductions to percolation we refer the
reader to [30-31] and references therein. Clearly, \W©¢ <
ASCC and by a uniqueness result in [32], the model
G\, o, W, 3, ®) contains almost surely at most one in-
finite weakly connected component, and hence at most
one infinite strongly connected component. The following
result is a consequence of Theorem 1.

Theorem 4 (Zero critical values for « < d or v < 1)

oo 1-F(m(t)) t—ee 1—F((1+0(1))(t/€)o/d)

e T IL (Ao )T

O | Suppose that the assumptions (a) or (b) in Theorem 1

holds. Given Wy > 0, we have AWCC = 0. In addition, if
trace (®) > 0 holds, then A\$€C = 0.

Proof 1t follows straightforward from Theorem 1 that
P(JWCC(0)] = o0) = 1 for any A > 0. Therefore,
awee

Now, assume that trace(®) > 0. Without loss of gen-
erality, we may assume ¢1; > 0. For k = 1,2, let V}, be the
vertices in Z? with type k. Then Z? can be partitioned as
7% =V, U Va. For A > 0, we obtain

P(ISCC(0)] = o0) = BP(|SCC(0) N Vi| = oolthy = 1)
= BP(|WCC(0) N V1| = oothg = 1), (12)
since the edges in V7 are bidirectional. If ¢15 = 0, then by
Theorem 1, (12) is lower bounded by S8P(Dy = ooltyg =

1) > 0. If ¢12 > 0, we define a new type matrix @

as @ = (¢11A¢12 $11AP12
21 P22
tion of G(\,a, W, 3, ®) stochastically dominates that of

G = G()\,a,VV,ﬁ,ti)). Therefore, in view of Theorem 1,
(12) is lower bounded by
B2P(IWCC(0)] = ooy = 1) > 0,
where WCC (0) represents the weakly connected compo-
nent of 0 in G. Hence, we have A3°C = 0. O
In the sequel we will restrict to the case @ > d and
v > 1.

Then the edge configura-

3.1 Finiteness of Critical Values

A random field (X,),cza is said to be r-dependent if
for any two sets A,B C Z% at L*-distance at least r
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from each other we have that (X.),ca is independent of
(X.).en. Here, the L>-distance between A and B is de-
fined as

A~ Blloo = oo ea g%xd{'xi — il

The following site percolation result

dependent random field is useful.

Lemma 1?81 For each d > 2 and r > 1 there ex-
ists a p. = pc(d,r) < 1 such that the following holds.
For any r-dependent random field (X,),cz« satisfying
PX, =1 =1-P(X, =0) > p, with p > p,, the
1’s in (X,),eze percolate almost surely.

The following theorem provides sufficient conditions
and necessary conditions for AVCC < 0o and A5C < oo
so that our model percolates (in the senses of WCC and

SCC) for large enough .

Theorem &5 (Finiteness of critical values)
that o > d and v > 1.

(a) If d > 2, P(W > 0) = 1 and ® is a positive matrix,
then A\WCC < oco. In addition, if 3V (1 — 3) > p.(d,3),
then A\5CC < oco.

(b)Ifd=1,a € (1,2], P(W > w) =1 for some w > 0,
and & is a positive matrix, then )\XVCC < 0o. In addition,
if 3V (1 — ) is sufficiently close to 1, then A3¢C < oo.

(¢) If d =1, a > 2 and the weight distribution satisfies

1-Fw) <ecw Y, w>o0, (13)
for some ¢ > 0 and 7 > 1 such that v = a(r — 1)/d > 2,
then AWCC = 0o, and thus A3°¢ = cc.

Note that in the mono-type percolation, all the ele-
ments in the type matrix ® are set to 1, and we can take
the value of 3 sufficiently close to 1 (since different value of
£ makes no difference in that case). Therefore, the above
theorem can be seen as a generalization of [19, Theorem
3.1] to multi-type vertices case.

Proof (a) We begin with the WCC case. Denote by ¢ the
minimum entry of @, i.e., ¢ = min, ; ¢;; > 0 by assump-
tion. We will frequently use the quantity ¢. Say that a ver-
tex ¢ € Z4 is e-good, if W, > e. Note that if two nearest-
neighbor sites # and y are both e-good, then the proba-
bility that the edge (z,y) is occupied in G(A, «, W, 3, ®)
is at least 1 — e—2¢<”, Therefore, it suffices to show that
the edge configuration obtained by independently keeping
one of the two directed edges between every pair of e-good
nearest-neighbor vertices with probability 1 — e~ and
removing all other edges percolates (in the sense of WCC)
for some ¢ > 0. To this end, we say that a vertex z € Z¢
is e-open if 2d (directed) edges connecting its 2d nearest-
neighbors are present in this configuration (see Fig. 3 for
an illustration) and let X, = 1 precisely when z is e-open.
Note that this procedure defines a 3-dependent random
field and that

P(X, =1) = P(z is e-open)
> P(W > 8)2d+1(1 . e—,\¢52)2d'

By virtue of the assumption P(W > 0) = 1, the first fac-
tor can be made arbitrarily close to 1 by letting ¢ small

regarding -

Suppose

enough and the second factor can then be made arbitrarily
close to 1 by taking A large enough. Therefore, by Lemma
1, we can make P(X, = 1) large enough to ensure that
the e-open vertices percolate. Consequently, AWCC < oo.

(a) Q (b) S
Z Z
O+ O O O+——0----0
) 4 ) 4
@)
Fig. 3 (a) z is e-open since there are 4 occupied edges

connecting 4 nearest-neighbors to z. (b) z is not e-open
since there is 1 nearest-neighbor which is not connected
to z. An illustration of e-open vertex in Z?: directions of
occupied edges are signified by arrows, and unoccupied
edges are signified by dashed segments.

Ifgv(1—p5)>p.d,3), we assume 8 > 1 — [ without
loss of generality. For z € Z¢, define X/ = 1 if and only if
z is e-open and ¢, = 1. This then defines a 3-dependent
random field and we have

P(X! =1) > P(W > £)2H13(1 — e *<")2d,
If follows from the same reasoning as above that the 1’s
in (X7),cze percolate almost surely by using Lemma 1.
Since the edges between vertices of type 1 are all bidirec-
tional, the 1’s percolate in the sense of SCC. Thus, we
obtain A3¢¢ < oo.

(b) As for WCC case, it follows from P(W > w) =1
that the edge configuration stochastically dominates a
configuration with independent undirected edges between
every pair {x,y} of nearest-neighbor vertices occupied by
probability 1 — e—2w’/lz=yI* " Bond percolation results
(see Theorem 1.1 and Theorem 1.2 in [8]) show that,
for @ € (1,2] and d = 1, this model percolates (in the
sense of WCC) for large enough . Therefore, we derive
AVCC < o,

The SCC case is also a direct consequence of Theo-
rem 1.1 and Theorem 1.2 in [8]. We assume 8 > 1 —
without loss of generality. As in Theorem 4 we have a par-
tition Z* = V4 U Vs, since the edges in V7 are bidirectional,
we may view our model as the site-bond percolation with
site “alive” probability 5 studied in [8]. Thus, when 3 is
sufficiently close to 1 and A is large enough, this model
percolates, which yields that A3¢C < oco.

(¢) We modify the proofs in [9] and [19], and consider
two scenarios: (i) EW < oo and (ii) EW = oo, separately.

(i) For « € Z, let A, be the event that on ver-
tex y < x is connected to any vertex z > x. The se-
quence (14, )zez is stationary with common mean P(Ay).

For n > 1, write Aén) for the event that none of the
2n edges (0,n), (n,0),(-1,n—1),(n —1,-1),...,(—n+
1,1),(1,—n + 1) is present in the graph G(\, a, W, 3, @)
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(recall that we may have e.g. (n,0) = (0,n) by our conven-
tion, but we simply count as two here). By the conditional
independence, we have

- ([P

oo

> E(e* nzl(2)\||‘I>H/no‘)(WOWn+---+W,n+1W1))

)| 1/}z I€Z7(WI)mGZ))

3

where ||®|| is the maximum element of type matrix ® as
defined in Theorem 1. Employing the Jensen inequality,
we obtain
P(Ao) > e
o271 2] (W)

00:1(2>‘H<D”/na)E(WOWn+"'+W—n+1W1)

S0,
since @ > 2 and EW < oco. Applying the ergodic theorem
to the sequence (14, )zen, we have almost surely

E(HILH;O ELTll*“) = P(Ay) > 0.

Thus, infinitely many of A,’s occur for x € N. Similarly,
infinitely many of A,’s occur for z € Z\N. Hence, all
components are finite almost surely, which completes the
proof of case (i).

(ii) In general, we have

P(Ap) > E( —2 22T, (1,)#(0, o>(W*in/(J'+i)‘*)) <0

precisely when the double sum is finite almost surely. We
bound WowW
Z # < leQ )
i,5>0
(1,4)#(0,0)
where

Z=) yipr L= e
2 GV 2 vy

These two random variables have the same distribution,
and if we can check that Z; < oo almost surely, then the
remainder of the proof can be completed as in case (i).
Now, we want to prove Z; < oo almost surely. Given
>0, let a; =i/ =1 Since
PW;>a;))=1—-F(a;) < ca%_T =ci~
which is summable in ¢, the events {W; > a;} occur only
finitely often by the Borel-Cantelli lemma. Hence, if we

(14¢)

split Z1 = Y1 + Yo, where
s W, NAa; >0 (Wj—aj)l{w.>a.}
le ' J J and Y'2: - : J J ,
;0 (G v 1)er ; (G v 1)er

then Y5 is finite, since there are only finite terms in the
summation almost surely. To prove ¥; < oo almost surely,

| we note that, for any a > 0,

1+ 1<r<2,

E(Wj/\a):/ 1—F(y)dy§1+/ 1—F(y)dy§1+c/ y'"Tdy <{ 1+clna, 7=2,
0 1 1

by the assumption (13), and hence

1+ -5, 7>2,

(jv1)=/2 4 7=V 1)~e/2+0+a)C=7)/-D] | 1 <7 <2,
E(W; Naj , —a . —a :
W- GV 4 c(1+e) (V1) =2 . In(j V1), T=2,

L+ 755 V1), T> 2.

Since v = a(r — 1) > 2, we have —a/2+4 (2 —
—1. We then have —a/2+ (14¢€)(2—7)/(1—1) < —1 for
small enough £. Combining this with the fact that a > 2,
we derive £Y; < oo for all 7 > 1. Accordingly, Y7 < oo
almost surely. O

3.2 Positivity of Critical Values

Firstly, we want to show that when the out/in-degrees
have finite variance (i.e., v > 2), there is no percolation
(in the senses of WCC and SCC) for small A, and hence
AWCEC ASCC > 0. To this end, we first prove (see Theo-
rem 6) that AWCC ASCC > ( in the case when the weights
have finite variance (i.e., 7 > 3); and then we extend the
arguments to cover also the case 7 € (1, 3] (see Theorem
7).

Secondly, we show that, under some assumptions of
B and ®, when the out/in-degrees have infinite variance
(i.e., v < 2), there is percolation (in the sense of WCC
and SCC) for all A > 0, and hence AWVCC N\3CC = 0; see
Theorem 8. Recall that we assume throughout that a > d.

Theorem 6 (Positivity of critical values for finite-

T)/(1—=1) < | variance weights) Suppose that E(W?) < oco. Then,

for every A < 1/(||®||E(W?) > ez 217, HVCEC(N) = 0.
Thus,

)\WCC > 1
T IRNEW2) X, 0 2
and then
AS€C > 1 _
T RNEW?) 3 2l
We remark that the lower bound of the critical value
AWVEC (and A5CC) relies on the maximum norm || ®|| of the
matrix ®. From (2), we know that the connection proba-
bility py, increases with ¢y, 4, . Therefore, the above re-
sult discloses the relation between the critical percolation
values and the maximum connection probability between
two (possibly the same) types of vertices. This important
information is otherwise elusive in the scenario of mono-
type percolation (c.f. [19, Theorem 4.1]).
Proof First note that o > d implies »_ _,[z|™% < oco.
Since EW < oo, every vertex has finite out/in-degrees al-
most surely. We then deduce that
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HWVEC(N) = P(|WCC(0)|=o0) < Z P((0,21) or (z1,0)occupied, (z1,z2) or (ze,x1) occupied, .. .,
(117“'3171)

(Tp—1,%pn) OF (Tp, Tp_1) occupied)

= Z E(P((0,21) or (z1,0) occupied, (z1,x2) or (x2,z1) occupied, ... ,

(Tn_1,2y) Or (Tn,2n_1) occupied|(W. )wezd (1/11)162‘1)) )
where the sum is over (z1,...,2,) € (Z%)" such that every vertex occurs at most once in the path (0,z1,...,x,), and
by “(x;,x;) or (z;,;) occupied” we mean that at least one of them is occupied. By the conditional independence, we
have

P((0,21) or (x1,0) occupied, (x1,x2) or (x2,x1) occupied, ... ,
n
(Tn-1,2n) Or (Tn,Tn—1) occupied|(Ws)reza, (Vo)reza) H (Poiras + Poywia) s

where p,, is defined in (2) and zg = 0. Using the bound 1 — e~ < z, we obtam

oy < M @IWa Wy (14)
|z —yl*
and then
- ZN @ WL W,
s ¥ B0 o)<z X B[
(Z15e. ) i=1 (1,..,xn) i=1

i - 1 2(EW)? 1 \»
ool Y (%) (wwm%IIwﬂ)_ v (lelEw) Y o)
(orrony i 11— BEW?) el
by virtue of independence of weights and translation invariance. Therefore, when A < 1/(||®| E(W?) > w0 |2[7), the

right-hand side converges to 0 as n — oo, which implies W ()\) = 0. The proof is then complete. O

We will need the following lemma, which follows from the proof of Lemma 4.3 in [19].
Lemma 2I'") Suppose that the distribution function F satisfies (13) for some 7 > 1 and ¢ > 0. Let g(u) =
E((W1Wa/u) A 1)?), where Wy and Ws are independent copies of W. Then, there exists a constant C' > 0 such that
g(u) < C(1 4 Inu)?u~(T-DA2),
Theorem 7 (Positivity of critical values for finite-variance out/in-degrees) Suppose that there exist 7 > 1 and ¢ > 0
such that
1—Fw)=PW >w) <cw ™Y, w>0, (15)

with v = a(r — 1)/d > 2. Then, 6V ()\) = 0 for small enough A, that is, A¥Y“C > 0, and hence \3°€ > 0.
Proof The proof is adapted from that of Theorem 6. We use the more refined bound

Q| W,

< (MBI,

[z —yl*

instead of (14). Therefore, we have
AR W, W,
ICTOPPED SI) | (G LESUEPY
W= Z H |Tio1 — @]
(11;"';171) =1

Involving the Cauchy—Schwarz inequality and the independence of weights, we obtain

[r/2] [n/2]

(E(ﬁl(w—_x%m)))z <B( 1;[1 (AH@IIWM W, /\1)2) i 1;[1 (AH@UWM W M)Q)

|z2i—1 — 24| |x2i—o — x2i—1]*

(Lt 1))

i=1

and then by translation invariance

-1 — T @ \L/2\n
AROVESEDY H (lx /\1||<I>|T )1/2§2(;)9(A||9|6<|1>||)12) :

(wh 7371)7‘ 1

where the function g(u) is defined as in Lemma 2.
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In view of Lemma 2, we further obtain, for small enough A > 0,
9WCC()\) ( ()\H(I)H)((T 1)A2)/2 (1_|_1 ( | |a ))|I|fa((~rfl)/\2)/2)n
Z All @]l
2(C a2/ Z(l +Inja]")a (=022

z#0
where the last inequality holds due to the fact that | e >0,
a —In(A[@]) < a[|@[)~ DDA for any a > 1, lim P((z,y) A-occupied|z,y good) = 1.
when A is small enough. Since a > d and v > 2, A0
we have a((r — 1) A 2)/2 > 1, and then > (1 + Likewise, we have
In(|z|®))|z|~¢(T=DA2)/2 < o0, Consequently, when X is ;13% P((z,y) Aoccupied|z,y good, ¥y(x), Yyn))=1. (17)

small enough, we have WC(\) — 0 as n — oo, which
concludes the proof. O

Theorem 8 (Zero critical values for infinite-variance
out/in-degrees) Suppose that there exist 7 > 1 and ¢ > 0
such that

1—Fw)=PW>w)>cw " Y, w>0, (16)

with v = a(r — 1)/d < 2. Assume that ® is a positive
matrix. Then, 6WCC(\) > 0 for every A > 0, that is,
AVCC = 0. In addition, if BV (1 — 3) > p.(d,3), then
ASCC = 0.
Proof Take a radius ry = [A~7] for some ¢ > 0 to be
determined later. Let B(z,7) = {y : |y — x| < r} denote
the Euclidean ball of radius » around the center z, and
write B(r) = B(0,7). For vertex x € Z%, define

My(A\) = ¥C7D W, .

max
yEZINB(ryz,ry)

Thus, for small A > 0, we obtain by (16)
P(M,(\) >¢e) > 1— F(er?/=)rs
>1-(1- csf(Tfl)r;d)Tg

1—7

>1— e~ ¢
which tends to 1 uniformly in A as € — 0.

Say that = € Z% is good when M, (\) > ¢. The events
that two sites are good have the same probability. For
two nearest-neighbor vertices x,y € Z%, we say that the
directed edge (x,y) is A-occupied when there is a directed
edge (x(A\),y(N\)) from z(X) to y(A), where x()\) is the ver-
tex that maximizes W, for z € B(raz,ry) and y(A) the
vertex that maximizes W, for z € B(ryy, 7). Therefore,
when x and y are both good, we have

)

P((x,y) A-occupied|z,y good)
= E(pz(2yy(n) |7,y good)
> E(l _ e—>\¢WI(A)Wy(x)/|55(>\)—y(>\)|a‘x,y gOOd)

> 1 = ey T lz() -y

2d/(1—1)— o

>1— e—>\¢€2r>\ 37«

)

where ¢ > 0 is the minimum element of ® as defined
above. Since ry = [A~?], we have

)\rid/(ffl)fa > Alfq(2d/(7-71)fa),

and by the assumption v < 2, we have a(r — 1) < 2d.
By choosing ¢ > 1/(2d/(t — 1) — «), we derive, for every

Next, we define a nearest-neighbor directed bond per-
colation model on Z<¢, where the directed edge (x,y) be-
tween nearest-neighbor sites x,y € Z? is open when both
x and y are good and there is a directed edge (z(X),y(A))
from x(\) to y(\), that is, when (z,y) is A-occupied. As
proved before, the probability that a vertex is good can
be close enough to 1 by taking ¢ > 0 small enough, and
the edge probability can then be made close enough to 1
by taking A sufficiently small. Hence, by using Lemma 1
in the same way as in the proof of Theorem 5 (a), we con-
clude that the model will percolate (in the sense of WCC)
almost surely when ¢ and A are small enough.

Let 6(\, ¢) be the probability that 0 percolates in the
above bond percolation model. Note that 0 percolates (in
the sense of WCC) in our original model G(\, o, W, 3, @)
when (i) 0 percolates in the bond model; and (ii) 0 is con-
nected to 0(\) by a directed edge, where 0()\) is the vertex
that maximizes W, in B(0,r)). The probability that 0 is

connected to 0(A) by a directed edge, conditionally on the
“ape?rd/ D=

event {Wy > €}, is at least 1 — e . Conse-
quently,
HWCC()\) > P(W > 8)(1 _ e—)\¢52ri/(f—1)fa)9()\7€) >0

As a result, we have A\WC = 0.

Now we address the SCC case. Without loss of gener-
ality, we assume that 8 > p.(d, 3), where p.(d, 3) is given
in Lemma 1. We can derive (17) as above, and recall that
for any vertex x € Z<, Py =1) =0

Consider a nearest-neighbor directed bond percolation
model on Z¢ as in the WCC case above. Using Lemma 1
in a similar way as in the proof of Theorem 5 (a), that is,
for any z € Z¢, say X, = 1 if and only if z is e-open and
¥.n) = 1, we can derive that 1’s in (X.),ez¢ percolate
almost surely when ¢ and A are sufficiently small.

Let 6(\, ¢) be the probability that 0 percolates in the
above bond percolation model. Note that the edges be-
tween vertices of type 1 are all bidirectional, and that
0 percolates (in the sense of SCC) in our original model
G\, a, W, 3, ®) when (i) 0 percolates in the bond model;
(ii) 0 is connected to 0(\) by a directed edge; and (iii)
1o = 1. The probability that 0 is connected to 0(\) by a
directed edge, conditionally on the event {Wy > ¢}, is at
_>\¢€2 d/(t—1)—« Thus

et U VC T TO WS

least 1 — e

05°C(\) > P(W >¢)(1 -
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Accordingly, we have A3“C = 0, which concludes the infinite-variance out/in-degrees) Suppose that there ex-
proof. O ist 7 > 1 and ¢ > 0 such that (16) holds and such that

4 Graph Distances

For x € Z4, let J(O,x) denote the undirected graph
distance between 0 and z, that is, the minimal number of
occupied edges that form an undirected path between 0
and z. Similarly, denote by d(0,z) (and d(z,0), respec-
tively) the length of shortest directed path, consisting of
occupied edges, from 0 to z (and from x to 0, respec-
tively). If 0 and « are not connected by undirected paths,
we naturally define d(0,z) = oo, and similar statements
hold for d(0, x) and d(z,0).

We will first show that, conditional on different con-
ditions, d(0, z), d(z,0), and d(0, ) are of the same order
Inln|z| as |x|] — oo when the out/in-degrees have infi-
nite variance (see Corollary 1), by means of upper bounds
(Theorem 9) and lower bounds (Theorem 10). Next, when
the out/in-degrees have finite variance, we show that these
distances are at least of the order In |z| in the case of & > d
(see Theorem 11); and at least of order |z|® for some £ > 0
in the case of a > 2d (see Theorem 12).

Recall that x «—— y denotes the event that there is
an undirected path of occupied edges between = and y,
and x — y represents the event that there is a directed
path of occupied edges from z to y in G(\, o, W, 3, D). We
mention that we assume a > d throughout this section.

Theorem 9 (Doubly logarithmic upper bounds for |

v =a(r—1)/d € (1,2). Assume that A > 0 and ® is a
positive matrix. Then, for any n > 0,

) - 2Inln |z|
lim P(d0,2) <(1+n)————|0—2) =1,
P (( oy )
) 2Inln |z|
lim P(d0,2) <(1+n)———|0 —2x) =1,
P (( oy )
I P(d( 0) < (14 n)-2inlnlel 0) 1
im z,0) < —_—— | — =1.
ol o TGy = 1))

Proof We first show the statement for d(0,z). Let
(W), be iid. weight variables with distribution F.
For any ¢ € (0,1), we have
P( max Wign(l_é)/(T_l)) < (1_ c )ng e_cné'

1<i<n nl=9

Take x € Z¢ with |z| large and let b € (0,1) be a con-
stant, which will be determined later. For ¢ = 0,1,2,...,
write B(z,b') for the ball with radius |z|" /4 centered at
the point at distance |2z|* /2 from 0 on the line segment
from 0 to z. Let z; € Z% be the random vertex in B(z, b?)
with maximal weight. Since the number of vertices in
740 B(x,b') is of the order |z, we have by using (18)
that

(18)

|dbi5

P(Wz < |x|dbi((176)/(771))) < efc|ac
We then obtain

k—1

P(UlZy {neither (z;,z;11) nor (zi41,2) occupied}) < ZE(e*WWzZ'Wzm/Vi*ZHI\Q)

B
|
—

=0

< (E(e—A¢Wzini+1/\z¢—Zi+1\a‘WZi > |£C|dbi((1—5)/(7——1))7VVZi+1 > |x|dbi+l((l—6)/(r—1)))

+
k

.
L’WJO

IA
Y ng

INg

<
Il
o

({Wn < |x|dbi((1—5)/(7—1))} U {WZ¢+

Q1 _ it1leq— — —abt
(efcl|x|db ((1=68) /(7 1))|I|db ((1=68) /(7 1))‘1‘ ab

_ be(d(14b) ((1—6) /(T—1)) —a) ol 846°
(e c1lz| +2eclal )

L < |x|dbi“((1—5)/(7—1)) }))

+20clel™)

)

for some constant ¢; > 0, where, in the last inequality, we use the fact that |z — zi41| < |z|*". Fix b€ (y—1,1), we
2 k—1
have d(1 +b)(1 — d)/(T — 1) — a > 0 for sufficiently small §. Employing Zi:ol el = @(e " ) as k — oo, we

thus bound

k—1
—es(lz[” )4

P(Uf;ol {neither (z;, z;4+1) nor (zi4+1, 2;) occupied}) <cye ,

for large k, where cs, c3, and ¢4 are positive constants.

Fix € > 0. Take A = A(e) large enough so that cz e 4™ < ¢ and then choose k such that |gc|bkf1 = A, that is,

I{;:

Inln |z| —

InlnA
+1.

| Inb|

Denote by B the event that either (z;, z;41) or (z:41, 2;) is occupied, for alli = 0,1, ..

we have P(B) > 1 — ¢, and conditional on B, we have

., k—1. From the above arguments

d(0,z0) < k4d(0, z1,) ,

where |zi| < |a:|bk < A. By a similar procedure performed above (interchanging the role of 0 and z), we obtain some

random vertices z{, = 2o, 2], 25, . .

., 23, such that P(B’) > 1 — ¢, with B’ representing the event that either (z},z;, ;)
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1, z}) is occupied, for all i = 0,1, ...

( /
Z <A
Hence for every > 0 and |z| large enough, we have
2
(1+7n/2)Ilnln |x| ‘O . x)
[In b
1+n/2)Inln |x|

P(J(o,x) <

,k — 1. Likewise, conditional on B’, we have J(:z:, 20) < k+ J(x, z;.), where

- ( -
> < <
> P(d(O,zo) < = Jd(z, z) <

(14+n/2)Inln |z| ‘
[1In b|

> P(d(o, 20) <

(14+n/2)Inln |z| ’O

>(1-e)?. P(J(o,zo) < 1=

— zo) -P(CZ(:U,ZO) <

— ZO,B) -P(ci(x,zo) < (

(14+n/2)Inln |z| ‘
0
| <_’x)

(1+n/2)Inln |z| ‘

[Tl T ZO)

1+77/2)ln1n|x|’

B’) :
o] TR

Conditional on the events that B and 0 «— zo hold, we have d(0, z,) < oo almost surely (since |z;| < A), and hence,
for any k > 0, P(d(0, zx) < kInln|z|) > 1 — e when k is large. Therefore, for |z| large enough and x small enough,

(14+n/2)Ilnln |z| ’
0 B
T ] TR )

(14+n/2)Inln
[1In b|

P(J(Oa o) <

> P(J(O, 20) <

- (14+n/2)Inln
> (1—¢)- P(d(0,20) < o

(1—e)- P(d(0,20) < k
(1—¢)-P(d(0, ) < k+d(0,2,)|B) =

Similar, we have

1+7n/2)Inln |z
eyt

Combining the above arguments, we deduce that
~ 2(1 2)Inl
lim P(d(O,x)S (1+n/2) Intn Jz] ‘0 :C) > (1—¢)*.
Taking b close enough to v — 1 such that
1+n/2 1+7n
[Inb] — lln(”y -1’
and then the statement for d(0, x) follows readily.
In what follows, we show the statement for d(0, z). We
can similarly derive that

k—1

P(UiS
for large k, where ca, c3, and ¢4 are positive constants.

Fix ¢ > 0. Take A = A(e) large enough so that

cpe~¢A < ¢ and then choose k such that |z|" " = A,
that is,

P(CZ(I, 20) <

i e (laf? e
(2i41, 2i) not occupied}) < cpe

Inln |z] —Inln A
+1.

k =
[1In b|

2] ’cZ(O,zk) < klnln|z|,0 — ZQ,B) - P(d(0, z;) < k1nln |z||0 < 2o, B)

i ‘CZ(O,Z;C) < klnln|z|,0 — ZQ,B)

+d(0, z,) |d(0, z;) < kInln |z],0 — 20, B)
(1—¢).

2(1+n/2)Inln|z|
P(d(0,z) < |
(400.2) < T | 0
(14+n/2)Inln
[1n b|
(14+n/2)lnln |z|
0
[1n b|

> P(d(O,zo) <

> (1—¢)?- P(d(O,zo) <

| Denote by B; the event that each edge (z;41, %) is occu-

pied, for all: =0,1,...,k—1, and B> the event that each
edge (2, zi+1) is occupied, for alli =0,1,...,k—1. From
the above arguments we have P(B1) > 1—¢, P(B2) > 1—¢
and conditional on By, we have

d(0, z0) < k+ d(0, z,),

where |z| < |a:|bk < A. By a similar procedure (inter-
changing the role of 0 and z), we obtain some random
z;, such that P(B]) > 1 — ¢,
with B] representing the event that (], z; ) is occupied,
for all i = 0,1,...,k— 1, and P(B}) > 1 — ¢, with B}
representing the event that (z;,,,z;) is occupied, for all

i=0,1,...

vertices z), = zo, 21, Zb, .- .,

,k — 1. Likewise, conditional on B}, we have
d(z0, ) < k+d(z},7),

where |z;,| < A.

Hence, for every n > 0 and |z| large enough, we have

x) = P(d(0, 2) <
zo) .P(d(zo,x) < (1+7/2)Inln || }zo — x)

— zo,Bg) . P(d(zo,x) <

(1+7n/2)Inln |z| (20,7) < (1+77/2)lnln|:17|’0_)x)

[In b [Ind]

[1In b|

(14+n/2)Inln |z| ‘

B’).
T ] 0% 52

Conditional on the events that By and 0 — 2 hold, we have d(0, z;) < oo almost surely (since |zx| < A), and hence,
for any k > 0, P(d(0, zx) < klnln|x|) > 1 — ¢ when k is large. Therefore, for |z| large enough and ~ small enough,

(1+n/2)Inln|z| ‘O

P(d <
( (0, 20) < [T |

— 20, BQ)
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1+n/2)Inln
| Inb]

> P(d(O,zO) < ( i ’d(O,zk) < kInln|z|,0 — ZO,BQ) - P(d(0, z) < k1nln|z||0 — 20, B2)

1 2)Inl
>(1—¢) - P((0,29) < ( +77|/1 )b|n nel ’d(O,zk) < kInln|z|,0 — zo,Bg)
n
1 2)Inl
> (1= )2 P(d(0, ) < . +”|/1 )b|n el ‘d((),zk) < klnln|z),0 — ZO,Bl,BQ)
n
> (1 —¢)%- P(d(0,20) < k +d(0, 2)|d(0, z,) < klnln |z|,0 — 2o, By, Ba)
> (1—¢)?-P(d(0,20) < k+d(0,2)|B1) = (1 —¢)2.
Similar, we have | : 2Inln |5U |
()i Jim P(d0.2) 2 (=) =Tl — o) =1,
+ nin |xr x|—o00
P(d(ZOaI)SnllT’ZO — IaBé) > (1_6)2' 21n1n|$|
. > (1 _ 2z _
Combining the above arguments, we deduce that \zl\linoo P(d(x, 0) 2 (1=n) [1In x| T O) L
| llim P(d(O,x)§ 2(1+77|/12)b1|n1n|x| }0 — x) > (1—¢)%.  where k =7 —1when 7 € (1,2] and K = a/d — 1 when
x|—00 n

T > 2.

Taking b close enough to v — 1 such that In particular, we have

1+77/2< 1+7n

b = [In(y 1)’ lim P(mln{d(o 2),d(0,z), d(z,0)}
which ends the proof of the statement for d(0, x). el e
The statement for d(z,0) is similar with that for > (1 _n)M) -
d(0, z), and hence omitted. O |In k|

Theorem 10 (Doubly logarithmic lower bounds for Proof We first show the statement for d(0,z). Define
infinite-variance out/in-degrees) Suppose that there ex- % _
ist 7 > 1 and ¢ > 0 such that (15) holds and such that Sn() = sup {lz—y[}

d(z,y)<n
v =a(r—1)/d € (1,2). Assume that A > 0. Then, for (@)
any 1 > 0, to be the (undirected) distance between = and the farthest
) - 2Inln |z| vertex y € Z* that can be reached via at most n edges.
|x1|131mp(d(07 ) 2 (1-n) |In k| ‘0 - x) =1 Therefore, by translation invariance, we have

P(d(0,2) < 2n|0 — x) < P(S,(x) > |2]/2]0 — z) + P(S,(0) > |2[/2]0 — =)
= 2P(5,(0) > [2]/2(0 «— ) = 2P(5,(0) > |z[/2). (19)
For s <t, we derive
P(S8,(0) > t) < P(S,_1(0) > s) + P(S,_1(0) < 5,5,(0) > 1), (20)

and the second term on the right-hand side of (20) can be bounded by
P(S,_1(0) < 5,5,(0) >t) < P(3u,v € Z%, such that |u| < s, |v| >t, and u «—— v)
M@ ||W, W, u— vl
< Y Bews Y (MW os (Bt
‘ . fu—1l | NG
w,v: |u|<s,|v|>t w,v: |u|<s,|v|>t w,v: |u|<s,|v|>t

where g1(u) = E(W1W2/u) A1) with independent copies W1 and Ws of weight W. From the proof of Lemma 2, we
can easily derive that gi(u) < Oy (1 + Inu)?u=(("=DAD for some constant C; > 0. It follows from a similar argument
as in Theorem 2 that

P(8,-1(0) <5,5,(0) =) <C1 > |u_v|a<<”>M>(1+1n(|“A|—qf|l ))2 < Cyls|dd-attr—DAD+E
w,v: ful<s,|v| >t
where Cy > 0 is a constant, and £ > 0 can be made sufficient small. Fix A > 1 to be large, and take § > 0 so that
k—6€(0,1). We take t = A®=9)"" and s = A®=9"""" 5o that s = t*~%_ and
CQ| | |t|d a((t—1)AL)+E _ =, |t|d a((T=1)A1)+E+(k—0)d _ OQ(A(nfé)’")fg
where ( = a((T1 —1)A1l)—=d— (k= d)d — & > 0, since k = a((7 — 1) A1)/d — 1 by definition. Combining these with
(20), we obtain by recursion

P(8,(0)> A=) < P(S, 1 (0)> A=) £ 0y (A=) C< P(8(0) > AT +CQZA (k=0)"" (1),
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as A — oo, due to the fact that

P02 )< Y gl(iﬁgu
u: |ul>A

JSC ST A = o),

u: |u|>A

as A — oo, for some constant C' > 0, and £ > 0 may be taken arbitrarily small.
Now, for every 1 > 0, taking n = (1 — ) Inln|z|/|In x| in (19), we have A"=9"" < |z|/2 for sufficiently small 4.
Consequently, P(d(0,z) < 2n|0 «— x) = o(1), as |z| — oo, which ends the proof for the case of d(0, x).

Next, we show the statement for d(0,z). Define
Sp(z) =

sup {lz —yl}

d(z,y)<n

to be the distance between z and the farthest vertex y € Z¢ that can be reached via a directed path starting from z

of length at most n. Similarly, we can define
Sp(x) =

sup {[z —y[}.

d(y,r)<n

Therefore, by translation invariance, we have

P(d(0,2) < 20/0 — @) < P(S,(0) > |«]/2]0 — ) + P(S}(x) > |]/2/0 — 2)
= P(S,(0) > [2]/2]0 — ) + P(S,(0) > [a]/2}e — 0)

= P(Sn(0) = |21/2) + P(S,,(0) = [2/2) .

We can proceed exactly as above to deduce that |

P(S,(0) > Ax=9"") = o(1) and P(S’,(0) > AK=9"") =
o(1), as A — oo. The result then follows from (21) by
taking n = (1 — n) Inln |z|/|In k| as before.
The statement for d(x,0) may be proved similarly. [
Combining Theorem 9 and Theorem 10, we arrive at
the following weak law of graph distances.

Corollary 1 (Doubly logarithmic weak law for infinite-
variance out/in-degrees and infinite-mean weights) Sup-
pose that there exist 7 € (1,2) and ¢ > 0 such that (1)
holds and such that v = a(7 —1)/d € (1,2). Assume that
A > 0 and @ is a positive matrix. Then, conditionally on
{0 — a},

d(O,x) P 2 )
[In(y = 1)|’

Inln |z|

conditionally on {0 — z},
d(0,z) p 2
BEEN :
[In(y —1)]

Inln |z|
conditionally on {z — 0},
d(z,0) p 2
£, ,
[In(y —1)]

Inln |z|
as |x| — oc.
Proof By the Potter theorem (see e.g. [20] p. 25), for
every € > 0, there exist positive constants c. and C; such
that for all w large enough,
cow T < — F(w) < Cow~(T—19),

We choose ¢ sufficiently small such that the following four
inequalities hold:

-1
TH+He<2, T—e>1, %<2
—e—1
and % >1.
The results then directly follows from Theorem 9 and The-
orem 10. 0

(21)

Now we turn to the finite-variance out/in-degrees (i.e.,
~ > 2) situation.
Theorem 11 (Logarithmic lower bounds for finite-
variance out/in-degrees) Suppose that there exist 7 > 1
and ¢ > 0 such that (15) holds and such that v =
a(r —1)/d > 2. Then, there exists some n > 0 such
that

lim P(d(0,z) > nln|z|) =1,

|| —o0

and hence
| 1|1m P(d(0,z) > nln|z|) =1,
| llirn P(d(z,0) > nln|z|) = 1.

Proof 1In what follows, we will prove the statement for

d(0,z), and the other two statements follow immediately.

Following the proof of Theorem 7, we have

P(d(0,2) =n) <2 Z Hg(%)l/a

where we utilize the convention that xg = 0 and z,, = x.
Define a function h(x) = (1 + In|xz|)|z|~¢((T=D/DAD) for
x # 0 and h(0) = 0, involving Lemma 2, and then we can
deduce

P(d(0,2) = n) < (CAT=D/2Mppen )
where h*" represents the n-fold convolution of A with it-
self, and C' > 0 is some constant. Notice that

T1+Frp=xi=1
and when 21 + - -+ + x,, = x, there must be some z; such
that |z;| > |z|/n. Hence, we have

@) <l sap hly) (D0 h(u))"_l.

|2l /n =

Fix n < nln|z|, for some n > 0 which will be deter-
mined later. Since h(y) is decreasing, we can define some
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% > 0 such that
sup  h(y) < C'(In fz])"|a| ~T=D/DAD
lyl=|z]/n
for some constant C/ > 0. Since a > d and v > 2, we
have 3, o h(u) < co. Therefore, for |z| large enough and
1 small enough, we obtain

P(d(0,2) =n) < n(o)\((r—l)/z)m)"

x (In [a])" ||~ (TR < g2
where € > 0. Consequently, we derive
P(d(0,z) < nln|z]) < |z|*nln|z| — 0,
as || — oo, which then concludes the proof. O

The following result slightly improved the exponent &
in Theorem 5.50'% when v A (a/d) < 2 + (1/d).

Theorem 12 (Polynomial lower bounds for finite-
variance out/in-degrees when o > 2d) Suppose that there
exist 7 > 1 and ¢ > 0 such that (15) holds and such that
v=a(r —1)/d > 2 and a > 2d. Then, for every

__drn (/) -

d(y A (a/d)) —
we have hmm_,OO ( ( ,x) |z|*) = 1, and hence
z|f) = 1.

Proof As in Theorem 11, we only need to prove the

statement for d(0,z). Following the proof of Theorem 10,

we begin by investigating the probability P(S’n(O) > t).
| For t — oo and n = o(t), we obtain

P(8(0) = £) < P(8-1(0) = (”;1)’5) P(5,1(0) < w,gn(o) > 1)
. = Rt oo (k+1)t
SP(Sl(O) > n) +I;P(Sk(0) < S (0) 2 )
- nl —a((r—1)A1 n
s+ 2 a(Er) sewre (G

Py
lul<kt/n,|v|>(k+1)¢/n

<o(l)+

1d@=yA(a/d))+ny,d(yA(e/d)=1)=n

)

where C' > 0 is some constant, n > 0 can be made | distributions in a subtle manner. Moreover, this model is

sufficiently small, and we use the assumption v > 2,
a > 2d in the last but one inequality and use the fact
Z;ll k? = O(n?) in the last inequality.

Accordingly, it is easy to see that P(S,(0) >t) =

as t — oo, when n < t¢, where

< [d(y A(e/d)) = 2]/[d(y A (e/d)) = 1].

) we have

P(d(0,x) < 2n) < 2P(5,(0) > |z|/2),

and hence P(J(O,x) < |x|5) o(1) by taking n = |z|¢/2

and t = (2n)/¢ /2. O

o(1),

From (19

5 Conclusion

In this paper, we have investigated out/in-degrees,
critical percolation values, and graph distances in
a multi-type directed long-range percolation model
G\, o, W, 8, ®) with i.i.d. vertex weights. Our model fea-
tures multiple types of vertices, directed edges, power-
law degrees, small-world phenomenon, spatial structure as
well as relational structure, the properties of which vary
with the number of finite moments of its out/in-degree

based on the “scale-free percolation” model of Deijfen, van
der Hofstad, and Hooghiemstra,'? which shares a num-
ber of attractive characteristics of both inhomogeneous
random graphs and long-range percolation.

In addition to the open questions raised in [19], we
mention some of the problems that deserve further inves-
tigation. Firstly, in our model we have equaled the edge
(z,y) to (y,z) when ¢, = 1, in order to serve our pur-
pose. Although pg, = py, in this situation, we may still
view (x,y) and (y,x) separately as two different directed
edges. Some of our analyses, especially in Secs. 3 and 4
should be modified to cope with this new situation. Sec-
ondly, in view of our simulation example in Sec. 2, the
conditional out/in-degrees addressed in Theorem 2 pre-
sumably have some limit laws. Thirdly, some conditions
of the theorems, e.g. we have assumed that ® is positive
in some results, may be further weakened.
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